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Multiuser MIMO channel
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Joachim Wehinger, Thomas Zemen,
Harold Artés, and Franz Hlawatsch

In MIMO receivers, the channel state needs to be estimated for equalization, de-
tection, and for feedback to the transmitter in case of adaptive modulation and
coding. Most current iterative [1, 2, 3] and noniterative [4] schemes in the single-
user MIMO case are training-based and rely on the transmission of pilot sym-
bols. Alternatives to pilot-based algorithms are semiblind schemes which exploit,
for example, the known structure of the space-time code to allow reliable chan-
nel estimation during ongoing data transmission [5, 6, 7, 8]. Channel estimation
and equalization for multiuser MIMO systems involve both information-theoretic
[9, 10] and signal processing aspects.

Early contributions to the field of MIMO communications assumed that the
receiver has perfect channel state information. Recently there has been increased
interest in the case where neither the receiver nor the transmitter knows the chan-
nel state [11, 12, 13, 14]. We consider this case in Section 4.2. In [5], a linear space-
time modulation technique was proposed which allows the receiver to jointly es-
timate the channel and demodulate the data without prior channel knowledge at
the transmitter or receiver. In Section 4.2, this modulation scheme is extended to
the case of multiple users.

Section 4.3 investigates iterative equalization, detection, and interference can-
cellation for CDMA with random spreading. An iterative space-time receiver is
considered for the uplink of a coded CDMA system. This type of receivers was
studied in [15, 16, 17] for perfect channel knowledge. The extension to multi-
path fading channels incorporating soft decisions for improved estimation was
presented in [18]. We show that such multiuser MIMO communication systems
achieve low bit error rates at moderate complexity.

Section 4.4 treats equalization of time-variant MIMO multipath channels. We
propose a multiuser MIMO equalizer for OFDM using a basis expansion [19, 20]
with prolate spheroidal sequences to represent the time-variant mobile radio chan-
nel. The resulting blockwise estimator-equalizer fits well to OFDM receiver archi-
tectures [21, 22].
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Figure 4.1. (a) Multiuser MIMO system model. (b) Detail for user k.

4.1. Signal and system model

We consider the multiuser MIMO signal and system model for K simultaneous
users shown in Figure 4.1. In this model, the nth received sample at the qth receiver
antenna element is described by

rq[n] =
K∑
k=1

NT∑
p=1

L−1∑
�=0

hk,p,q[n, �]bk,p[n− �] + vq[n]. (4.1)

The (generally time-variant) equivalent baseband MIMO channel impulse re-
sponse for the kth user is denoted by hk,p,q[n, �]. Here, p = 1, . . . ,NT and q =
1, . . . ,NR index the transmit and receive antenna elements, respectively. The time
sample is denoted by n and � is the delay index. The pth antenna element of the
kth user transmits the waveform bk,p[n] at sample time denoted by n. The circu-
lar complex zero-mean Gaussian noise with variance σ2

v is denoted by vq[n]. In
matrix-vector notation, (4.1) is rewritten as

r[n] =
K∑
k=1

L−1∑
�=0

Hk[n, �]bk[n− �] + v[n], (4.2)

where the receive vector r[n] and noise vector v[n] have NR elements each,
Hk[n, �] is the NR ×NT MIMO channel impulse response matrix at sample n and
lag �, and the transmit sample vector bk[n] has NT elements.
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4.2. Space-time matrix modulation and demodulation

A linear space-time matrix modulation technique was proposed in [5] allowing the
receiver to jointly estimate the channel and demodulate the data. Prior channel
state knowledge is neither required at the transmitter nor required at the receiver.
Here, we extend space-time matrix modulation to multiple users. This extension
is enabled by a close analogy between the rank-deficient single-user case and the
multiuser case [6].

4.2.1. Review of single-user space-time matrix modulation

First, we briefly review space-time matrix modulation for the single-user case. The
single-user transmission system is shown in Figure 4.1b. We consider Nd < NT

input data streams d1[n], . . . ,dNd [n] with dl[n] ∈ C (i.e., no finite-alphabet as-
sumption is made), where n is the symbol time index. The modulator generates
the transmit signal vectors b[n] of dimension NT according to

b[n] =
Nd∑
l=1

dl[n]ml[n], n = 0, . . . ,M − 1, (4.3)

where M is the block length and the ml[n] are fixed sequences of modulation vec-
tors. Equivalently, we have

B =
Nd∑
l=1

MlDl, (4.4)

with the NT × M transmit signal matrix B � [b[0] · · ·b[M − 1]], the NT × M
modulation matrices Ml � [ml[0] · · ·ml[M − 1]], and the diagonal M ×M data
matrices Dl � diag{dl[0], . . . ,dl[M − 1]}, where l = 1, . . . ,Nd. The modulation
vectors ml[n] (or modulation matrices Ml) determine how the data is mapped to
the NT transmit antennas; they are known to the receiver.

For simplicity of exposition, we assume noiseless transmission (however, in
our simulation study in Subsection 4.2.5, we will use a noisy channel). For a single-
user, flat-fading, noiseless MIMO channel, (4.2) simplifies to

r[n] = Hb[n]. (4.5)

Defining R � [r[0] · · · r[M − 1]] and inserting (4.4) into (4.5), we obtain

R = HB = H
Nd∑
l=1

MlDl . (4.6)

From the received matrix R, the receiver jointly estimates the data dl[n] and the
unknown channel H .
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A set of modulation matrices {M1, . . . ,MNd} will be called admissible if the
data sequences dl[n] can be uniquely reconstructed (up to a single constant factor)
from the received matrix R, without knowledge of H . In [5], we showed that for
a sufficiently large block length (typically, M ≥ �(N2

T − 1)/(rank{H} − Nd)�), an
admissible set of modulation matrices exists if NR ≥ NT and rank{H} = NT, and
we proposed an efficient iterative demodulation algorithm for that case. Indeed,
for Nd < NT as assumed above, the structure enforced by (4.4) corresponds to a
redundancy of the transmit matrix B which constrains the reconstructed data such
that unique reconstruction is possible.

4.2.2. Multiuser space-time matrix modulation

We now consider the multiuser case as illustrated in Figure 4.1. There are K users,
each of them equipped with NT transmit antennas and transmitting simultane-
ously to a single receiver with NR receive antennas. The kth user has Nd,k in-
put data streams dk,l[n] with associated M × M diagonal data matrices Dk,l �
diag{dk,l[0], . . . ,dk,l[M − 1]}. By a natural extension of our space-time matrix
modulation format (4.4), we construct the transmit matrix of the kth user as

Bk =
Nd,k∑
l=1

Mk,lDk,l, (4.7)

with Nd,k modulation matrices Mk,l of size NT ×M. The input-output relation of
the multiuser channel is

R =
K∑
k=1

HkBk, (4.8)

where Hk and Bk are the (unknown) NR × NT channel matrix and the NT × M
transmit matrix, respectively, associated with the kth user. Inserting (4.7) in (4.8),
we obtain the overall input-output relation (which extends (4.6))

R =
K∑
k=1

Hk

Nd,k∑
l=1

Mk,lDk,l . (4.9)

We now reformulate this input-output relation for showing the similarity of
the multiuser case to the rank-deficient single-user case. Let H � [H1 · · ·HK ]
denote the overall channel matrix obtained by stacking the individual channel ma-

trices of all users. Furthermore, let Mk,l �
[

0T · · · 0TMT
k,l 0T · · · 0T]T

denote a
“zero-padded” modulation matrix of size KNT × M that is obtained by stacking
k−1 zero matrices 0 of size NT ×M aboveMk,l and K−k such zero matrices below
Mk,l. We rewrite (4.9) as

R = HB = H
K∑
k=1

Nd,k∑
l=1

Mk,lDk,l, (4.10)
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with B � ∑K
k=1

∑Nd,k

l=1 Mk,lDk,l. Comparing with (4.6), we see that the multiuser
case is equivalent to the single-user case with KNT transmit antennas, NR receive
antennas, NK � ∑K

k=1 Nd,k data streams, a channel matrix H of size NR × KNT,
and modulation matrices Mk,l of size KNT × M that are nonzero only in the NT

rows with indices kNT + 1, . . . , (k + 1)NT. Typically, there will be NR < KNT and
thus rank{H} < KNT (rank-deficient case).

4.2.3. Unique reconstruction and flexible user allocation

Based on the formulation above, we can use a theorem on identifiability or unique
reconstruction for rank-deficient channels [6] to prove the following statements.

Let NK < rank{H} and Nd,k < rank{Hk}, that is, the total number of data
streams is smaller than the rank of the composite channel and the number of
data streams transmitted by any user k is smaller than the rank of that user’s
channel. Furthermore, assume that the block length is large enough (typically,
M ≥ �((KNT)2 − K)/(rank{H} − NK )� is sufficient but larger block lengths are
advisable for faster convergence of the iterative demodulation algorithm to be pro-
posed in Subsection 4.2.4). Then there exist sets of admissible modulation matri-
cesMk,l allowing unique reconstruction of all data streams up to a single unknown
constant factor ck ∈ C per user.

Moreover, a set of modulation matrices {Mk,l} with k = 1, . . . ,K and l =
1, . . . ,Nd,k that is admissible in the above setting is also admissible for any single
NR ×NT matrix H (provided that rank{H} is sufficient for the NK data streams),
and the same is true for an arbitrary subset of {Mk,l}. The latter result provides the
basis for a flexible multiple-access scheme. Indeed, it means that the modulation
matrices of a given admissible set {Mk,l} can be arbitrarily assigned to the individ-
ual users according to their respective data-rate requirements. In the extreme case,
all NK modulation matrices Mk,l could be allocated to a single user.

4.2.4. Iterative blind demodulation algorithm

Given a received matrix R = HB and assuming admissible modulation matrices
Mk,l, our identifiability result implies the following. If the receiver is able to find
matrices Ĥ and B̂ that satisfy the two properties

(1) ĤB̂ = R,
(2) B̂ = ∑K

k=1

∑Nd,k

l=1 Mk,lD̂k,l with D̂k,l diagonal,
then the D̂k,l contain the correct data up to a single constant factor ck ∈ C per
user. This motivates an iterative blind demodulation algorithm that is primarily
suited for the uplink of a multiuser wireless system because it yields the signals of
all users. The ith iteration executes the following two steps.

Step 1. This step aims at enforcing property (1). That is, given B̂(i−1)
2 as a result

of Step 2 of the previous iteration (see below), we wish to find Ĥ
(i)

and B̂(i)
1 such

that Ĥ
(i)

B̂(i)
1 best approximates R.
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58 Multiuser MIMO channel equalization

As a first substep, we calculate Ĥ
(i)

such that Ĥ
(i)

B̂(i−1)
2 best approximates

R in the least-squares (LS) sense. This gives Ĥ
(i) = RB̂(i−1)#

2 , where B̂(i−1)#
2 de-

notes the pseudoinverse of B̂(i−1)
2 . As a second substep, we calculate B̂(i)

1 such that

Ĥ
(i)

B̂(i)
1 best approximates R in the LS sense. This gives the final result

B̂(i)
1 = Ĥ

(i)#
R =

(
RB̂(i−1)#

2

)#
R. (4.11)

Step 2. This step enforces property (2). That is, we approximate B̂(i)
1 from Step 1

above by a matrix B̂(i)
2 with the modulation structure of property (2), that is,

B̂(i)
2 = ∑K

k=1

∑Nd,k

l=1 Mk,lD̂
(i)
k,l. The diagonal matrices D̂

(i)
k,l are chosen such that B̂(i)

2

best approximates B̂(i)
1 in the LS sense. It can be shown that the nonzero (diago-

nal) elements of D̂
(i)
k,l are given by

(
D̂

(i)
k,l

)
n,n

= 1
NT

NT∑
j=1

(
B̂(i)

1

)
j,n

(
C(i)
λ(k,l)

)
j,n

, λ(k, l) �
k−1∑
κ=1

Nd,κ + l, (4.12)

where the C(i)
λ are matrices of size NT × M that are constructed as follows. Let

µk,l[n] with n = 0, . . . ,M−1 denote the (n + 1)th column of Mk,l, that is, Mk,l =
[µk,l[0] · · ·µk,l[M−1]]. Furthermore, for fixed n, letM[n] denote theNT×NK ma-
trix that contains the nth columns of all Mk,l for l = 1, . . . ,Nd,k and k = 1, . . . ,K ,
that is,

M[n] �
[
µ1,1[n] · · ·µ1,Nd,1

[n] · · ·µK ,1[n] · · ·µK ,Nd,K
[n]

]
. (4.13)

Then, the nth column of C(i)
λ is defined as the λth row of the NK × NT matrix

(Ĥ
(i)#

Ĥ
(i)
M[n])#, where Ĥ

(i)
was calculated in Step 1 above.

This algorithm yields an estimate Ĥ
(i)

of the channel matrix in Step 1 and

estimates D̂
(i)
k,l of the data matrices in Step 2. In the noise-free case, we always ob-

served the algorithm to converge to the correct channel and data matrices up to a
single complex factor per user. Results in the presence of noise will be shown next.

4.2.5. Simulation results and discussion

We carried out both a single-user experiment and a multiuser experiment, in
which we transmitted i.i.d. complex Gaussian signals dk,l[n] ∈ C over channels
with NT = 4 transmit antennas and NR = 4 receive antennas. The modulation
matrices Mk,l with block length M = 100 were constructed by taking realizations
of i.i.d. Gaussian random variables as matrix entries and then orthonormalizing
the corresponding columns of all Mk,l (in our simulations, this always resulted
in admissible modulation matrices). The channels were randomly generated for
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Figure 4.2. Performance of space-time matrix modulation and the iterative demodulation algorithm:
(a) Normalized MSE versus SNR. (b) BER versus SNR. �—�: Single-user case—two data streams
assigned to a single user; ◦—◦: multiuser case—one data stream assigned to each of two different
users.

each simulation run. The channel output signals were corrupted by white Gauss-
ian noise.

In the single-user case, we transmitted Nd = 2 data streams. In the mul-
tiuser case, we considered K = 2 users with one data stream each (thus, NK =
2). Figure 4.2a shows the total normalized mean square error (MSE) of the data
streams reconstructed by means of our iterative blind demodulation algorithm
versus the signal-to-noise ratio (SNR). We see that for high SNR, the MSE is sig-
nificantly smaller when the data streams are assigned to different users than when
one user transmits all data streams.

We discuss this result in the following. In the multiuser case, there are eight
transmit antennas (four per user) against four in the single-user case. Thus, even
though the individual users do not cooperate, the multiuser channel offers more
diversity than the single-user channel. The results show that the iterative blind
demodulation algorithm exploits some of this extra diversity in the multiuser case.
Note that we have not exploited channel knowledge, neither at the transmitter nor
at the receiver. In the multiuser case, we have to estimate twice as many unknown
channel parameters as in the single-user case.

Finally, Figure 4.2b shows the corresponding bit error rate (BER) versus the
SNR when a 4-QAM transmit alphabet is used instead of the Gaussian source.
The iterative demodulation algorithm is followed by a quantization to the 4-QAM
alphabet. It is seen that the BERs decrease more rapidly than the corresponding
normalized MSEs.

Space-time matrix modulation allows to transmit data streams from multiple
users over unknown MIMO channels. An efficient iterative receiver algorithm has
been proposed which exploits the modulation structure to jointly estimate data
and channels for multiple users. Unique demodulation in the noise-free case is
guaranteed theoretically. Simulations demonstrate good performance of the pro-
posed space-time matrix modulation/demodulation in the presence of noise.
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Figure 4.3. (a) Iterative multiuser MIMO equalization. (b) Uplink transmitter.

4.3. Iterative space-time equalization and
demodulation for coded CDMA

An iterative receiver with space-time processing is considered for the uplink of a
coded CDMA system. We assume that symbols are transmitted synchronously and
multipath propagation is modeled with a temporal granularity of a chip duration.
The receiver consists of a multiuser detector, a bank of single-user decoders, and a
channel estimator; see Figure 4.3. The behavior of iterative receivers which employ
ML channel estimation was reported in [23] for the special case of a single propa-
gation path with constant amplitude. The results in this section are obtained for a
receiver with NR antenna elements. We show that such multiuser MIMO commu-
nication systems achieve low bit-error rates at moderate complexity.

4.3.1. Signal model

We assume that the propagation channel has block-fading characteristic, that is,
the channel is constant over a block of M transmit symbols. Thus, hk,p,q[n, �]
in the system model (4.1) does not depend on n. The first J symbols are pilots
which are used for channel identification at each receiver antenna element. The
subsequent M− J symbols are QPSK symbols, derived from an uncoded informa-
tion bit stream dk[m′′] which is convolutionally encoded, randomly interleaved,
and Gray mapped. The resulting M QPSK symbols ak[m] of user k are spread by
the sequence sk of dimension N × 1. We reformulate (4.1) by separating the single
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term for � = 0 from the remaining terms at lags � > 0:

rq[n] =
K∑
k=1

(
hk[0]a

[⌊
n

N

⌋]
sk[nmodN]

+
L−1∑
�=1

hk[�]a
[⌊

n− l

N

⌋]
sk
[
(n− l) modN

])
.

(4.14)

The elements of the sequence sk are randomly drawn from the set {±1 ± j}/√2N
such that ‖sk‖2 = 1. The uplink transmitter is shown in Figure 4.3b.

The system model (4.1) reflects the superposition of intersymbol interference
(ISI) and multiple-access interference (MAI) components at the chip level n. Here,
we assume that each user has a single transmit antenna, NT = 1, and we will thus
omit the transmit antenna-element index p in the following. Note that a transmit
symbol at time m is spread to a signal of length N . The channel is modeled on the
chip level and has L taps such that the total receive vector affected by symbol a[m]
is of length N + L− 1. We denote this vector as

yq[m] �
[
rq
[
(m− 1)N

] · · · rq[mN + L− 1]
]T
. (4.15)

Note that yq[m] describes a vector of temporally successive chip samples for one
receive antenna, whereas r[n] in (4.1) describes a vector of chip samples at one
chip instant but for all receive antennas.

The receiver consists of three processing units exchanging information on
code symbols and channel estimates in an iterative manner. We will explain the
individual parts in the sequel.

4.3.2. Soft multiuser detection

We implement and investigate multiuser detection with a parallel interference can-
celling (PIC) unit and a subsequent single-user matched filter (SUMF) or a linear
minimum mean square error (LMMSE) filter. Parallel interference cancellation
is implemented using soft decisions ã′k[m] defined in (4.29). These are obtained
from the estimated extrinsic probabilities (EXT) of the code symbols available at
the output of the channel decoder; see Figure 4.3a. See Section 4.3.4 for further
details. The multiuser detector requires the signature sequences, their timing, and
an estimate for the channel state to be known. The interference canceller removes
MAI. ISI terms are explicitly considered in the cancellation since they can greatly
influence the receiver’s performance when the channel memory length L cannot
be considered much smaller than N . If exact knowledge of all interfering users’
symbols and the channel state were available, then the MAI could be eliminated
perfectly. However, due to inaccurate channel knowledge and errors in the feed-
back symbols, this cannot be achieved. Usually, the process of interchanging infor-
mation is done iteratively several times. The effective spreading sequence of user

k at antenna element q is s̃k,q = sk ∗ ĥk,q with ∗ denoting convolution and ĥk,q
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being the channel estimate. Stacking these vectors together leads to the effective
spreading matrix S̃q of dimension (N +L−1)×K . The observation window covers
ISI that is due to pre- and postcursors. The ISI length is

W =
⌈

(N + L− 1)
N

⌉
. (4.16)

The parallel interference canceller (PIC) calculates

ỹk,q[m] = yq[m] + s̃k,qã
′
k[m] −

W−1∑
w=−W+1

S̃q[w]ã′[m−w]. (4.17)

Terms indexed by w < 0 in the sum above correspond to ISI caused by future
symbols, while terms indexed by w > 0 are related to preceding symbols. The
matrices attributed to previous and current symbols are defined by

S̃q[w] =





s̃1,q[wN] · · · s̃K ,q[wN]

s̃1,q[wN + 1] · · · s̃K ,q[wN + 1]
...

. . .
...

s̃1,q[wN + ∆− 1] · · · s̃K ,q[wN + ∆− 1]

0wN · · · 0wN


for w > 0,

S̃q for w = 0,

(4.18)

with ∆ = (N + L− 1) −WN and correspondingly for w < 0. After MAI removal,
the signal is passed through a linear filter whose output is

zk,q[m] = f H
k,q[m] ỹk,q[m]. (4.19)

We focus our interest on the SUMF and LMMSE filter. The latter filter is more in-
volved due to the required matrix inversion. For certain system loads α = K/N , the
SUMF achieves the same BER as the LMMSE filter, but requires a higher number
of iterations [24]. Results for both filters are shown in Figure 4.4.

The single-user matched filter is

f k,q[m] = s̃k,q, (4.20)

and the LMMSE filter is defined as

gk,q[m] = argmin
g

E

{∣∣ak[m] − gH ỹk,q[m]
∣∣2

}
. (4.21)

A solution to (4.21) is found under the assumption of independent symbols ak[m]
and when known symbols ak[m] are replaced by their estimates ã′k[m] defined in
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SUMF - iter. 1
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LMMSE - iter. 1
LMMSE - iter. 3, no FB
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Figure 4.4. BER versus Eb/N0 for the PIC-SUMF and PIC-LMMSE detectors with and without the
use of soft decisions for channel estimation. The parameters are K = 24, N = 16, L = 5, M = 250, and
J = 20.

(4.29). Then the filter becomes

gH
k,q[m] = s̃Hk,q

(
σ2
v I + s̃k,q

∣∣ã′k[m]
∣∣2
s̃Hk,q +

W−1∑
w=−W+1

S̃q[w]V[m]S̃
H
q [w]

)−1

(4.22)

with V[m] denoting the diagonal covariance matrix

V[m] = E

{(
a[m] − E

{
a[m]

})(
a[m] − E

{
a[m]

})H
}
. (4.23)

Now, we substitute E{a[m]} by the extrinsic probability (EXT) ã′[m] defined via
(4.29). The resulting V[m] has diagonal elements Vk,k[m] = 1 − |ã′k[m]|2. When
Vk,k[m] is computed for each symbol individually, the resulting filter is termed
conditional. This, however, involves a matrix inversion for each symbol and every
user. We follow on alternative approach and average over all code symbols in a
single block to construct aV = diag(V1,1, . . . ,VK ,K ) which does not depend on the
symbol index m. In this way, the filter needs to be computed only once for every
user and iteration. The resulting filter gHk,q is called unconditional [25].

We have obtained a biased filter so far. The conditioned bias is β[m] =
E{zk,q[m]/ak[m]} = gH

k,q[m]s̃k,q[m]. An unbiased and unconditional modification

of (4.22) is g′H
k,q = (1/β)gH

k,q which results in

g′H
k,q =

s̃Hk,qZ
−1
q

s̃Hk,qZ
−1
q s̃k,q

, with Zq =
W−1∑

w=−W+1

S̃q[w]VS̃
H
q [w] + σ2

v I . (4.24)
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4.3.3. Antenna combining

The unbiased and unconditional LMMSE filter g ′
k,q is applied to the receive vector

ỹk,q[m]. A soft decision is obtained by maximum ratio combining (MRC) of all

antennas by using the estimate ĥk,q for the channel impulse response defined in
(4.34):

zk[m] =
∑NR

q=1

∥∥ĥk,q
∥∥2
g ′H
k,q ỹk,q[m]∑NR

q=1

∥∥ĥk,q
∥∥2 . (4.25)

4.3.4. Decoding

The soft-decision feedback supplied to the channel and the data estimator are
computed from the a posteriori probabilities (APP) and the extrinsic probabili-
ties (EXT). A soft-input soft-output decoder for the binary convolutional code is
implemented by the BCJR algorithm [26] which estimates these quantities. The
decoder’s input is given by the channel values xk[m′] which are obtained from the
zk[m] given in (4.25) through sequential demapping to a real sequence and dein-
terleaving (see Figure 4.3a). They are the received values for the 2(M − J) code
bits ck[m′]. The conditional probability density of the multiuser detector (MUD)
output values xk[m′] can be modeled by a Gaussian distribution with mean ±µ
and variance ν2

k . The decision-directed estimate for the mean is µ̂ = 1/(2(M −
J))

∑2(M−J)−1
i=0 |xk[i]| and for the variance is ν̂2

k = (1/2(M− J))
∑2(M−J)−1

i=0 |xk[i]|2 −
µ̂. The APP for having the value +1 as the code bit when observing the channel
value xk[m′] is given as APPk[m′] = Pr{ck[m′] = +1 | xk}, where the vector xk
contains all xk[m′] of the code block. The link between the APP and the EXT is
established via the relation

APPk[m′] ∝ EXTk[m′]p
(
xk[m′] | ck[m′] = +1

)
, (4.26)

where the last term denotes the channel transition function which is assumed to
be a Gaussian probability density in this section, estimated parametrically as

p
(
xk[m′] | ck[m′] = +1

) ∝ exp

(−∣∣xk[m′] − µ̂
∣∣2

ν̂2
k

)
. (4.27)

The APP values are normalized such that Pr{ck[m′] = +1|xk} + Pr{ck[m′] =
−1|xk} = 1; the EXT values are normalized in the same way. After interleaving,
these probabilities are used to obtain an estimate of the transmitted symbols. The
QPSK mapping for the APPs and the EXTs is given by

ãk[J + m] =
[
1 − 2 APPk[2m] + j

(
1 − 2 APPk[2m + 1]

)]
√

2
, (4.28)

ã′k[J + m] =
[
1 − 2 EXTk[2m] + j

(
1 − 2 EXTk[2m + 1]

)]
√

2
, (4.29)
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with m ∈ {0, . . . ,M − J − 1}. The symbol estimates ã′k[m] are used in the feed-
back branch to the detector with PIC and SUMF/LMMSE filtering, while the soft
decisions ãk[m] are used for channel estimation as if they were additional pilot
symbols.

4.3.5. Channel estimation

In a system with multiple receive antennas, all paths to the receive antennas need
to be estimated. The initial estimate is based on training symbols in the preamble
of the block of transmit symbols. In later iterations, the estimator is enhanced by
incorporating soft decisions ãk[m] derived from the APPs as described in (4.28).

It was shown in [27] that long spreading sequences with elements taken from
the unit circle exhibit nice cross-correlation properties. These sequences are called
perfect root-of-Unity sequences (PRUS) and are particularly well suited for multi-
path channel estimation with long delay spread. In our receiver, we choose a length
of JN .

For channel estimation, we need to estimate each single propagation path and
we model the signal somewhat different from (4.1):

yq =
(W−1∑

w=0

DwAw

)
hq + vq = Uhq + vq, (4.30)

where the various quantities involved are described below. The MN × 1 vector
yq contains samples at the chip rate received at antenna q. The MN ×MKL ma-
trix Dw is block diagonal and defined as

diag(Dw · · ·Dw︸ ︷︷ ︸
M

), where Dw = [Dw,1 · · ·Dw,K ] is of dimension N × KL.

(4.31)
The matrix Dw,k is derived from the WN × L matrix

Ck =



sk[0]
sk[1] sk[0]
sk[2] sk[1] sk[0]

...
...

. . .
. . .

sk[N − 1] sk[N − 2] sk[N − 3] · · · sk[0]

sk[N − 1] sk[N − 2] · · · sk[1] sk[0]

sk[N − 1] · · · sk[2] sk[1]
. . .

. . .
...

...
...

sk[N − 1]
...

sk[N − 1]
. . .

...
. . .



.

(4.32)
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Elements which are not covered by the shifted spreading sequence are zero. The
matrix Dw,k contains the rows from wN + 1 to (w + 1)N of Ck. An exception is
the construction of the first J matrices Dw for which the corresponding PRUSs are
taken instead of the vectors sk. Aw = [A[0−w]A[1−w] · · · A[M−1−w]]T is an
MKL× KL vertically stacked matrix consisting of the diagonal KL× KL matrices

A[m] = diag
(
a1[m]a2[m] · · ·aK [m]

)
, with ak[m] = ãk[m]1L. (4.33)

hq is a KL × 1 vector obtained by vertically stacking the L × 1 chip impulse re-

sponses hk,q of all users’ channels, that is, hq = [
hT

1,q hT
2,q · · · hT

K ,q

]T
. Finally,

vq designates an NM × 1 zero-mean complex Gaussian noise vector with covari-
ance matrix σ2

v INM . A least-squares (LS) estimator of hq requires the symbols to
be known. We replace the symbols ak[m] by their soft decisions ãk[m] from (4.28).
Using U introduced in (4.30), we obtain the estimate

ĥq = (
UHU

)−1
UHyq. (4.34)

4.3.6. Simulation results and discussion

For illustration of the iterative space-time receiver concept, we use spreading fac-
tor N = 16. The encoder is a nonsystematic, nonrecursive convolutional code
with rate CR = 1/2 and generator polynomials (5, 7)8. The channel estimator uses
the approximated LS approach formulated in (4.34). We assume an i.i.d. Rayleigh
fading channel model with a delay spread L of 5 chips. The taps are normal-
ized such that E{∑NR

q=1

∑L−1
�=0 |hk,q[�]|2} = 1. We consider the channel impulse re-

sponse to be constant during the transmission of a code block. The block length
is M = 250 symbols out of which J = 20 are pilots which corresponds to 8% of
the transmitted energy. To account for the energy loss due to the pilots, we de-
fine the ratio of energy per information bit and noise power spectral density as
Eb/N0 = (1/σ2

v CR)(M/M − J).
In Figure 4.4, the BER versus Eb/N0 is shown for the PIC detectors with the

SUMF and the LMMSE filter. The plot compares the difference in BER of the two
detectors as well as the impact of using soft decisions to support the channel es-
timator. For the moment, we consider single-antenna reception in an overloaded
system with load α = K/N = 1.5. We illustrate the BER after the first, third, and
sixth iterations together with single-user bound (SUB) which is defined as the BER
in case of a single user in the system having perfect channel-state information. We
notice that using feedback symbols in the multiuser detector and the channel esti-
mator allows BERs of 10−3 after 6 iterations at an Eb/N0 of 8.6 dB using an LMMSE
filter and at 12.7 dB in case of the SUMF. The gap in Eb/N0 between the two de-
tectors at a BER of 10−3 is 4.1 dB. The LMMSE-based receiver is able to approach
the SUB as close as 0.4 dB at an Eb/N0 of 8 dB after 6 iterations. Furthermore, the
results reveal that soft-decision feedback for channel estimation improves the re-
ceiver’s performance considerably. When comparing the LMMSE receiver with a
channel estimator using soft-decision feedback with a receiver which uses pilots
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Figure 4.5. Achievable BER versus the number of users K for the PIC-LMMSE detector with one and
two receive antennas. The parameters are N = 16, L = 5, M = 250, J = 20, and Eb/N0 = 8 dB.

only for channel estimation, we observe an improvement of more than 2 dB. This
improvement becomes even more pronounced in the SUMF-based receiver where
a reasonable BER cannot be obtained with just 6 iterations.

Finally, Figure 4.5 shows the BER versus the number of users K in the one-
and two-antenna cases. These results were obtained from simulations at an Eb/N0

of 8 dB. For a single antenna and 10 iterations, the system serves up to 30 users
while operating close to a BER of 10−3. The plot shows that the number of sup-
ported users is drastically increased if two receive antennas are used. More users
can be accommodated at the cost of an increased number of iterations. With two
receive antennas, more than 50 users can be served in simultaneous links with a
BER lower than 10−3 after 10 iterations. This is enabled by the reduced variability
of the receiver-side signal power when employing multiple receive antennas.

We have demonstrated that an iterative receiver impressively increases the
number of supported users when employing antenna diversity at the base-station
receiver. These performance gains are achieved in a multipath environments when
the soft-decision feedback is used for both channel estimation and interference can-
cellation.

4.4. Basis expansion for time-variant channel equalization

This section deals with the equalization of time-variant channels by extending
the iterative receiver concept developed in Section 4.3 for block-fading channels.
The variation of a wireless channel over the duration of a data block is caused by
user mobility and multipath propagation. The Doppler shifts on the individual
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paths depend on the user’s velocity v, the carrier frequency fC, and the scattering
environment. The maximum variation in time of the wireless channel is upper
bounded by the maximum (one-sided) normalized Doppler bandwidth

νDmax = BDTS, (4.35)

where BD = vmax fC/c0 is the maximum Doppler bandwidth, vmax is the maximum
velocity, TS is the symbol duration, and c0 denotes the speed of light.

We apply orthogonal frequency-division multiplexing (OFDM) in order to
transform the time-variant frequency-selective channel into a set of parallel time-
variant frequency-flat channels, the so-called subcarriers. We consider time-
variant channels which may vary significantly over the duration of a long block
of OFDM symbols. However, for the duration of each single OFDM symbol, the
channel variation is assumed small enough to be neglected. This implies a very
small intercarrier interference (ICI). Each OFDM symbol is preceded by a cyclic
prefix to avoid intersymbol interference (ISI).

The discrete-time sequence of channel coefficients for each frequency-flat sub-
carrier is bandlimited by νDmax. It was shown by Slepian [28] that time-limited
parts of bandlimited sequences span a low-dimensional subspace. A natural set of
basis functions for this subspace is given by the so-called discrete prolate spher-
oidal sequences. A Slepian basis expansion using this subspace representation was
proposed in [21] for time-variant channel equalization. It was shown in [22] that
the channel estimation bias obtained with the Slepian basis expansion is smaller by
one order of magnitude compared to the Fourier basis expansion (i.e., a truncated
discrete Fourier transform) [20].

An iterative time-variant channel estimation scheme is developed by combin-
ing pilot symbols with soft decisions for estimating the coefficients of the Slepian
basis expansion.

4.4.1. MIMO-OFDM multiuser signal model for doubly selective channels

Every user has a single NT = 1 transmit antenna, the base station has NR receive
antennas. There are K users. We consider the equalization and detection problem
for such a K × NR multiuser MIMO communications system. Each user’s data
symbols are spread over N subcarriers by means of a user-specific spreading code.
The transmission is block-oriented; a data block consists of M − J OFDM data
symbols and J OFDM pilot symbols.

The data symbols are chosen from a QPSK symbol constellation. The data
symbols are given by ak[m] ∈ {±1 ± j}/√2 for m /∈ P and ak[m] = 0 for m ∈ P ,
where the pilot placement is defined by the index set

P =
{⌊

M

J

(
i +

1
2

)⌋
| i = 0, . . . , J − 1

}
, (4.36)

and discrete time at rate 1/TS = 1/(PTC) is denoted by m. After the spreading
operation, pilot symbols pk[m] ∈ CN with elements pk[m, e] are added, giving
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the N × 1 vectors

dk[m] = skak[m] + pk[m]. (4.37)

The elements of the pilot symbols pk[m, e] for m ∈ P and e ∈ {0, . . . ,N − 1}
are randomly chosen from the QPSK symbol set {±1 ± j}/√2N . For m /∈ P , we
define pk[m] = 0N . Subsequently, an N-point inverse discrete Fourier transform
(DFT) is carried out and a cyclic prefix of length G is inserted. An OFDM symbol
including the cyclic prefix has length P = N + G chips.

The temporal channel variation for the duration of each single OFDM symbol
is small which translates to small ICI [29]. For neglecting the temporal channel
variation within a single OFDM symbol, νDmax is assumed to be much smaller
than the normalized subcarrier bandwidth P/N , for example, νDmaxN/P < 0.01.
Under this assumption, we represent the time-variant MIMO channel by the N×1
vector gk,q[m] = √

NF[hk,1,q[mP, 0], . . . ,hk,1,q[mP,L − 1]]T. The truncated DFT

matrix F ∈ CN×L has elements [F]i,� = (1/
√
N)e−j2πi�/N for i ∈ {0, . . . ,N − 1}

and � ∈ {0, . . . ,L− 1}. The received signal at the qth antenna element after cyclic
prefix removal and DFT is

yq[m] =
K∑
k=1

diag
(
gk,q[m]

)
dk[m] + vq[m], (4.38)

where complex additive white Gaussian noise with zero mean and covariance σ2
v IN

is denoted by vq[m] ∈ CN with elements vq[m, e]. We define the time-variant
effective spreading sequences

s̃k,q[m] = diag
(
gk,q[m]

)
sk, (4.39)

and the time-variant effective spreading matrix S̃q[m] = [s̃1,q[m], . . . , s̃K ,q[m]] ∈
CN×K . Using these definitions, we write the signal model for data detection as

yq[m] = S̃q[m]a[m] + vq[m] for m /∈ P , (4.40)

where a[m] = [a1[m], . . . , aK [m]]T ∈ CK contains the stacked data symbols for K
users. Equation (4.40) is identical to the signal model for CDMA in a frequency-
flat fading environment. Thus, we apply the PIC and MMSE multiuser detection
algorithms defined in Section 4.3 with ISI length W = 1 (cf. (4.16)). However, the
effective spreading sequence (4.39) is time-variant and (4.24) must be calculated
for every symbol, now.

The performance of the iterative receiver crucially depends on the accuracy
with which the time-variant frequency response gk,q[m] is estimated, since the
effective spreading sequence (4.39) directly depends on the actual channel real-
izations. The MIMO-OFDM signal model (4.38) describes a transmission over
N ×NR parallel frequency-flat channels. Therefore, we rewrite (4.38) as a set of
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equations for every subcarrier e ∈ {0, . . . ,N − 1} and receive antenna q ∈
{1, . . . ,NR}:

yq[m, e] =
K∑
k=1

gk,q[m, e]dk,q[m, e] + vq[m, e], (4.41)

where dk[m, e] = sk[e]ak[m] + pk[m, e]. The temporal variation of each subcarrier
coefficient gk,q[m, e] is bandlimited by the normalized maximum Doppler band-
width νDmax. We estimate gk,q[m, e] for an interval with length M using the re-
ceived sequence yq[m, e]. Slepian [28] analyzed discrete prolate spheroidal (DPS)
sequences that are maximally concentrated in a given time interval and to a given
bandwidth. Thus, the properties of these DPS sequences are directly relevant to
the channel estimation problem. The DPS sequences are doubly orthogonal over
the intervals [−∞,∞] and [0,M − 1]. We use the DPS sequences on the index set
{0, . . . ,M − 1} to define an orthogonal basis. The index-limited DPS sequences
will be termed Slepian sequences.

4.4.2. Slepian basis expansion

The Slepian basis expansion approximates the sequence gk,q[m, e] by a linear com-
bination of Slepian sequences ui[m]:

gk,q[m, e] ≈ g̃k,q[m, e] =
D−1∑
i=0

ui[m]ψk,q[i, e], (4.42)

where m ∈ {0, . . . ,M−1} and e ∈ {0, . . . ,N −1}. The Slepian sequences ui ∈ RM

with elements ui[m] are defined as the eigenvectors of the matrix C ∈ RM×M de-
fined as [C]i,� = sin[2π(i− �)νDmax]/(π(i− �)), where i, � = 0, 1, . . . ,M−1, that is,
Cui = λiui. The approximate dimension of the time-concentrated and bandlim-
ited signal space is D = �2νDmaxM� + 1 [28, Section 3.3], which means that the
eigenvalues λi rapidly decay to zero for i > D. In effect, (4.42) is a reduced-rank
representation for time-limited parts (or snapshots) of bandlimited sequences.
The mean squared error for one subcarrier is defined as (where we omit k, q, and e)

MSEM = 1
M

M−1∑
m=0

E

{∣∣g[m] − g̃[m]
∣∣2

}
. (4.43)

The mean squared error of the Slepian basis expansion is given by the sum of two
terms MSEM = bias2

M + varM . The autocorrelation of the subcarrier determines
bias2

M and this term decreases with growing dimension D of the basis expansion.
On the other hand, varM is proportional to D and the noise variance σ2

v [30]. An
analytic expression for bias2

M can be found in [19, 22]

bias2
M = 1

M

M−1∑
m=0

∫ 1/2

−1/2
E(m, ν)Sgg(ν)dν, (4.44)
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where Sgg(ν) is the power spectral density of the subcarrier and

E(m, ν) =
∣∣∣∣∣1 − f T[m]G−1

M−1∑
�=0

f ∗[�] e−j2πν(m−�)

∣∣∣∣∣
2

, (4.45)

with G = ∑M−1
m=0 f [m] f H[m] and f [m] = [u0[m], . . . ,uD−1[m]]T ∈ CD. The vari-

ance is independent of the selected basis, varM ≈ σ2
v D/M. The use of the Slepian

basis offers a significantly smaller square bias compared to the Fourier basis (i.e.,
the truncated discrete Fourier transform). This was demonstrated numerically and
analytically in [21, 22].

We emphasize that the selection of a suitable Slepian basis, parameterized
by M and νDmax, exploits the band limitation of the Doppler spectrum to νDmax

only. The details of the Doppler spectrum for |ν| < νDmax are irrelevant. Our ap-
proach therefore differs from a Karhunen-Loève transform which requires com-
plete knowledge of the second-order statistics of the fading process. This approach
was chosen since MIMO channel sounder measurements have shown that wireless
fading channels show stationary behavior for less than 70 wavelengths in a pedes-
trian typical urban environment [31]. We fear that meaningful short-term fading
characteristics (second-order statistics, to begin with) can hardly be acquired in a
multiuser MIMO system when users move at vehicular speeds.

For the purposes of performance analysis for a nominal ensemble of channel
realizations, we evaluate (4.44) for a nominal Doppler spectrum Sgg(ν).

4.4.3. Signal model for time-variant channel estimation

We insert the basis expansion (4.42) for the coefficients gk,q[m, e] in (4.41):

yq[m, e] =
K∑
k=1

D−1∑
i=0

ui[m]ψk,q[i, e]dk[m, e] + vq[m, e]. (4.46)

Thus, an estimate of the subcarrier coefficients ψ̂k,q[i, e] can be obtained jointly
for all K users but individually for every subcarrier e and receive antenna q. We
define the stacked vector ψe,q = [ψT

e,q,0, . . . ,ψT
e,q,D−1]T ∈ CKD containing the basis

expansion coefficients of all K users for subcarrier e, where ψe,q,i = [ψ1,q[i, e],

. . . ,ψK ,q[i, e]]T ∈ CK . Furthermore we introduce the notation ye,q = [yq[0, e],

. . . , yq[M − 1, e]]T ∈ CM for the received chip sequence for a single data block on
subcarrier e. Using these definitions, we write

ye,q = Deψe,q + ve,q, (4.47)
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where

De =
[

diag
(
u0

)
De, . . . , diag

(
uD−1

)
De

] ∈ C
M×KD, (4.48)

De =


d1[0, e] · · · dK [0, e]

...
. . .

...

d1[M − 1, e] · · · dK [M − 1, e]

 ∈ C
M×K , (4.49)

contains the transmitted symbols for all K users on subcarrier e. For channel es-
timation, the J pilot symbols in (4.37) are used. The remaining M − J symbols
are not known; we replace them by soft decisions that are calculated from the
APP obtained in the previous iteration. This enables a refinement of the chan-
nel estimates when the soft decisions gain reliability from these iterations. For the
first iteration, the soft decisions ãk[m] are set to zero. We define the soft-decision
matrix D̃e ∈ CM×K according to (4.49) by replacing dk[m, e] with d̃k[m, e] =
sk[e]ãk[m] + pk[m, e]. Finally, we define De ∈ CM×KD according to (4.48) by
replacing De with D̃e. Thus, De contains a priori known pilot symbols and soft
decisions for the unknown data symbols.

4.4.4. LMMSE channel estimation

We use the minimum mean square error (MMSE) criterion for estimating the ba-
sis expansion coefficients ψe,q (see [32] for the block-fading single-input single-
output case):

ψ̂e,q = (
D̃

H
e ∆

−1D̃e + IKD
)−1

D̃
H
e ∆

−1ye,q, (4.50)

where ∆ = Λ + σ2
v IM . The elements of the diagonal matrix Λ are defined as

[Λ]m,m = 1
N

K∑
k=1

D−1∑
i=0

u2
i [m] var

{
ak[m]

}
, (4.51)

and the symbol variance is var{ak[m]} = 1 − ã2
k[m]. The rows of D̃e are scaled

by the elements of the diagonal matrix ∆, taking into account the variances of the
noise and of the soft decisions. After ψ̂e,q is evaluated for all e ∈ {0, . . . ,N−1} and
q ∈ {1, . . . ,NR}, an estimate for the time-variant frequency response is given by
ĝk,q[m, e] = ∑D−1

i=0 ui[m]ψ̂k,q[i, e]. Additional noise suppression is obtained if we
exploit the correlation between the subcarriers ĝk,q[m] = FFHĝk,q[m]. Finally, the
data is detected by inserting the channel estimates ĝk,q[m] into (4.39).
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Figure 4.6. BER versus SNR on the uplink for multiuser MIMO-OFDM after 4 iterations and Slepian
basis expansion for D = 3; K = 64 users are static (v = 0 km/h) or moving at v = 100 km/h; receiver
employs NR = 1, 2, or 4 antennas.

4.4.5. Simulation results and discussion

Realizations of the time-variant frequency-selective MIMO channel hk,1,q[n, �] are
generated using an exponentially decaying power-delay profile (PDP) η2[�] =
e−�/4/

∑L−1
�′=0 e−�′/4, � = 0, . . . ,L − 1, with essential support of L = 15 [33]. The

time indices n and � correspond to sampling at rate 1/TC. The PDP corresponds
to a root-mean-square delay spread TD = 4TC = 1 microsecond for a chip rate
of 1/TC = 3.84 · 106 1/s. The autocorrelation for every channel tap is given by
Rh′h′[n, �] = η2[�]J0(2πνDPn) which results in the classical Jakes’ spectrum. We
simulate the time-variant channel using the model in [34] corrected for low veloc-
ities in [35].

The system operates at carrier frequency fC = 2 GHz and the K = 64 users
move with velocity v ∈ {0, 100} km/h. This gives a Doppler bandwidth of BD =
190 Hz corresponding to νD = 0.0039. The number of subcarriers is N = 64 and
the length of the OFDM symbol with cyclic prefix is P = G + N = 79. The data
block consists of M = 256 OFDM symbols with J = 60 OFDM pilot symbols.
The system is designed for a maximum velocity vmax = 100 km/h which results in
D = 3 for the Slepian basis expansion. The base station uses NR ∈ {1, 2, 4} receive
antennas. All simulation results are averaged over 100 independently generated
data blocks.

In Figure 4.6, we illustrate the multiuser MIMO-OFDM uplink performance
with iterative time-variant channel estimation based on the Slepian basis expan-
sion in terms of bit error rate (BER) versus Eb/N0 after 4 iterations. We also display
the single-user bound (SUB) which is defined as the BER for one user and perfect
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channel knowledge at the receiver, as well as the “basis expansion SUB” which is
the achievable BER with a channel estimation scheme based on the Slepian basis
expansion. With increasing number of coherently combined receive antennas, the
channel estimation variance described by varM becomes the limiting factor for the
receiver’s performance.

Simulation results show that an iterative receiver using the Slepian basis ex-
pansion for channel equalization handles a wide range of user velocities under full
load. Accurate channel estimates obtained with the Slepian basis expansion with
soft decisions allow to exploit the Doppler diversity. This leads to decreased BER at
higher velocities.
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Abbreviations

APP A posteriori probability

BCJR Bahl, Cocke, Jelinek, Raviv

BER Bit error ratio

CDMA Code division multiple access

DFT Discrete Fourier transform

EXT Extrinsic probability

ICI Intercarrier interference

ISI Intersymbol interference

LMMSE Linear minimum mean squared error

MAI Multiple access interference

MAP Maximum a posteriori

MIMO Multiple-input multiple-output

MSE Mean squared error

MRC Maximum ratio combining

MUD Multiuser detection

OFDMA Orthogonal frequency-division multiple access

OFDM Orthogonal frequency-division multiplexing

PDP Power delay profile

PIC Parallel interference cancellation

PRUS Perfect root of unity sequence

QPSK Quaternary phase-shift keying

SINR Signal-to-interference-and-noise ratio

SNR Signal-to-noise ratio

SUB Single-user bound

SUMF Single-user matched filter

TU Typical urban
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