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Abstract

Future wireless networks are expected to provide ubiquitous access to high data
rate services with a quality up to — and even beyond — today’s common standards
for fixed-line connections. To achieve this goal, modulation schemes with a high
spectral efficiency need to be utilised. However, these schemes are very susceptible
to nonlinear distortions.

On the other hand, the radio frequency power amplifiers employed in the transmit-
ters of mobile and stationary wireless equipment have to be operated near saturation
to attain their maximum power efficiency. This though, causes them to behave non-
linear.

Digital pre-distortion is one possible approach to mitigate the discrepancy between
power efficiency and linearity. Its basic idea is to drive the power amplifier with a
modified signal, such that its nonlinear behaviour is (partially) compensated.

In this work, two in literature proposed digital pre-distortion schemes are considered,
which allow for compensating time varying amplitude and phase distortions as well as
memory effects. Both schemes map the behaviour of the power amplifier to a model
which is then inverted. To keep track of changes in the behaviour, this process
is performed repeatedly. In one scheme the model is represented by a truncated
Volterra series. In the other scheme a Wiener model is applied which consists of a
linear filter and a nonlinearity that is described by a piecewise linear function.

This thesis presents the development of the algorithms implemented in Matlab
together with a detailed survey of the corresponding theory. It moreover evalu-
ates these algorithms by simulations based on measurements of two commercially
available radio frequency power amplifiers.
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Kurzfassung

In Zukunft sollen Breitbanddienste auch über Funknetze uneingeschränkt und mit
flächendeckender Verfügbarkeit zugänglich gemacht werden. Um dies zu erreichen
ist der Einsatz neuer, spektral höchst effizienter Modulationsverfahren notwendig.
Bekannter Weise sind diese neuen Verfahren besonders empfindlich gegenüber nicht-
linearen Verzerrungen entlang des Signalpfades.

Umgekehrt verhalten sich die in den Sendern der mobilen und stationären Fun-
knetzknoten befindlichen Hochfrequenz-Leistungsvertärker nichtlinear wenn sie mit
maximaler Leistungseffizienz betrieben werden. Somit steht die Forderung nach Li-
nearität im Gegensatz zum Bestreben nach Leistungseffizienz.

Eine Möglichkeit diesem Widerspruch zu begegnen ist es das Sendesignal im vor-
hinein so zu verzerren, dass die nichtlinearen Einflüsse des Verstärkers (teilweise)
ausgeglichen werden.

Diese Arbeit behandelt zwei in der Literatur beschriebene Methoden zur digitalen
Vorverzerrung, welche zeitlich veränderliche Amplituden- und Phasenverzerrungen
unter Berücksichtigung von Speichereffekten kompensieren können. Beide Verfahren
erreichen dies durch die fortlaufende Inversion eines adaptiv an das Verhalten des
Verstärkers angepassten Modells. Im einen Fall besteht dieses Modell aus einer end-
lichen Volterra Reihe. Im anderen Fall wird es durch ein Wiener Modell gebildet.
Letzteres besteht aus einem linearen Filter und einer Nichtlinearität, die durch eine
stückweise lineare Funktion beschrieben wird.

Neben einer ausführlichen Behandlung der theoretischen Hintergründe wurden im
Rahmen dieser Arbeit beide Verfahren in Matlab implementiert und ihr reales
Verhalten anhand von Messungen an handelsüblichen Hochfrequenz-Leistungsver-
stärkern evaluiert.

v



vi



Contents

1 Introduction 1
1.1 Detrimental Effects of RF PAs . . . . . . . . . . . . . . . . . . . . . 2
1.2 The considered DPD Schemes . . . . . . . . . . . . . . . . . . . . . . 5
1.3 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2 Measurement System 7
2.1 The Baseband Transceiver . . . . . . . . . . . . . . . . . . . . . . . . 7
2.2 The Radio Frequency Hardware . . . . . . . . . . . . . . . . . . . . . 12
2.3 The Reference Power Amplifiers . . . . . . . . . . . . . . . . . . . . . 12

3 Models using Truncated Volterra Series 15
3.1 Systems Representable by Volterra Series . . . . . . . . . . . . . . . 16
3.2 The Linearity Property of Volterra Series . . . . . . . . . . . . . . . 17
3.3 Volterra Kernel Symmetry . . . . . . . . . . . . . . . . . . . . . . . . 19
3.4 Baseband Representation of a Volterra system . . . . . . . . . . . . . 20
3.5 The Discrete Time Volterra Model . . . . . . . . . . . . . . . . . . . 27
3.6 The Volterra Model . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
3.7 Number of Parameters & Complexity . . . . . . . . . . . . . . . . . . 34

3.7.1 Number of Parameters . . . . . . . . . . . . . . . . . . . . . . 34
3.7.2 Computational Complexity . . . . . . . . . . . . . . . . . . . 35

4 Models using Piecewise Linear Functions 37
4.1 Passband and Baseband Representation . . . . . . . . . . . . . . . . 37
4.2 Static Nonlinearity & Dynamic Linearity . . . . . . . . . . . . . . . . 39

4.2.1 Separation of Dynamics & Nonlinearities . . . . . . . . . . . 39
4.2.2 Wiener Model & Hammerstein Model . . . . . . . . . . . . . 41

The Wiener Model . . . . . . . . . . . . . . . . . . . . . . . . 41
The Hammerstein Model . . . . . . . . . . . . . . . . . . . . 42

4.2.3 Sampling of the Wiener Model . . . . . . . . . . . . . . . . . 43
4.2.4 Sampling of the Hammerstein Model . . . . . . . . . . . . . . 44

4.3 SCPWL Approximation of Nonlinear Functions . . . . . . . . . . . . 45
4.3.1 Piecewise Linear Approximation . . . . . . . . . . . . . . . . 45
4.3.2 Canonical Representation of a PWL . . . . . . . . . . . . . . 46
4.3.3 Canonical Representation with Simplicial Partitioning . . . . 49
4.3.4 Relation among SCPWL and Traditional Coordinates . . . . 50
4.3.5 Partitioning of the Input Range . . . . . . . . . . . . . . . . . 52

vii



4.4 Number of Parameters/Computational Complexity . . . . . . . . . . 53

5 Adaptive Identification of RF PAs 57
5.1 Adaptive System Identification . . . . . . . . . . . . . . . . . . . . . 57

5.1.1 Least-Mean-Squares Estimation . . . . . . . . . . . . . . . . . 59
5.1.2 Least-Squares Estimation . . . . . . . . . . . . . . . . . . . . 60
5.1.3 Stochastic-Gradient Algorithms . . . . . . . . . . . . . . . . . 62

Least-Mean-Squares Type Algorithms . . . . . . . . . . . . . 63
The Recursive-Least-Squares Algorithm . . . . . . . . . . . . 64

5.2 Adaptive Identification of the Volterra Model . . . . . . . . . . . . . 64
5.2.1 Choice of Model Order and Kernel Lengths . . . . . . . . . . 65
5.2.2 Identification of the two Reference PAs . . . . . . . . . . . . 67

5.3 Adaptive Identification of the PWL-Wiener Model . . . . . . . . . . 68
5.3.1 Choice of the model dimensions . . . . . . . . . . . . . . . . . 72
5.3.2 Identification of the two Reference PAs . . . . . . . . . . . . 76

6 Linearisation by Digital Pre-distortion 78
6.1 The Secant Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79
6.2 Inverse Coordinate Mapping . . . . . . . . . . . . . . . . . . . . . . . 81
6.3 Linearisation Using the Volterra Approach . . . . . . . . . . . . . . . 82
6.4 Linearisation Using the PWL-Hammerstein Model . . . . . . . . . . 84
6.5 Linearisation of a Generic PA Model . . . . . . . . . . . . . . . . . . 84

Conclusions 91

A List of Measurement Equipment A-1

B Undersampling of Bandpass Signals B-1

C Piecewise Linear Functions C-1
C.1 Equivalence of CPWL and SCPWL for R �→ R . . . . . . . . . . . . C-1
C.2 Conventional Definition of a PWL function . . . . . . . . . . . . . . C-3

List of Acronyms I

Bibliography III

Online References V

viii



Chapter 1

Introduction

In wireless communications the current trend aims towards the provision of ubiqui-
tous high data rate services with a performance that meets — and even goes beyond
— the capabilities known from todays fixed-line connections. Data rates of up to
100 Mbit/s available at full mobility and 1 Gbit/s for static terminals are anticipated
([Ste07, HPNL02]). Research and development of systems with the necessary poten-
tial are under way. These systems will have to utilise new modulation schemes which
offer a high spectral efficiency and are robust against signal impairments introduced
by the communication channel. However, they will be very vulnerable to nonlinear
distortions. Hence, the devices along the signal path of such systems will be required
to behave extremely linear in order not to degrade the overall performance.

As a second measure the bandwidth of the communication channels will have
to be increased. Currently, bandwidths up to 40 MHz are already included in the
standards (e.g. wireless local area network (WLAN), worldwide interoperability for
microwave access (WiMAX)) and further extensions are conceivable.

On the other hand, in the transmitter of a current mobile terminal the power
amplifier (PA) consumes about 70% of the stored power, while the power added
efficiency (PAE) (cmp. (1.7)) typically is below 50% [OPB+04]. Therefore, it is
crucial to operate the PA as efficient as possible. In a widespread mobile network a
similar case applies also to the base sites. There, the available energy is not limited
by the capacity of an accumulator, nevertheless, for the operator of the network, the
incurring costs exclusively arising from the energy which is consumed by all transmit
PAs is not negligible [Ken00]. However, the PA reaches its maximum PAE if it is
driven up to the saturation area, where it inevitably behaves nonlinear. Moreover,
with increasing transmission bandwidth, the memory effects of the PA become more
dominant and impair the transmit signal by additional (linear) distortions.

Consequently, the utilisation of spectrally efficient modulation schemes is con-
trary to power efficiently operated amplifiers. A large number of different methods
has been developed (see e.g. [OBG+05, OPB+04] for a very condensed overview) to
bring those two antipoles nearer together. The digital pre-distortion (DPD) is one
type of these methods. In this thesis two DPD schemes will be treated.
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2 CHAPTER 1. INTRODUCTION

1.1 Detrimental Effects of Radio Frequency Power Am-
plifiers on the Transmit Signal

As mentioned above, a radio frequency (RF) PA behaves nonlinear if it is oper-
ated power efficiently. This section presents two commonly used characteristics to
describe such nonlinearities.

The main task of the RF PA is to increase the signal strength. In the ideal case
this means that the output signal y(t) is linearly related to the input signal x(t) by
some positive real valued factor a such, that

y(t) = a x(t). (1.1)

For small input powers this is a proper description of the functionality of a PA.
However, if the input level is increased, at some point the PA begins to saturate.
This means that the gain of the amplifier decreases with increasing input power.
Then, the factor a in (1.1) becomes dependent on x(t) and (1.1) is replaced by

y(t) = a(x(t))x(t). (1.2)

In the case of an RF PA the input signal generally is a bandpass signal centred
around some (angular) frequency ωc, and can be described by

x(t) = x̂(t) cos (ωct + ϕx(t)) , (1.3)

where x̂(t) represents the envelope (i.e. the magnitude of the modulation signal) of
the signal x(t) and φx(t) denotes the time-dependent phase offset (i.e. the phase
of the modulation signal). With this formulation, the input/output (I/O) relation
from (1.2) can be rewritten as

y(t) = NA {x̂(t)} cos (ωct + ϕx(t)) . (1.4)

The function NA {x̂(t)} is termed the amplitude modulation/amplitude modulation
(AM/AM) conversion of the PA. It describes the (nonlinear) relation between the
input amplitude (or power) and the output amplitude (or power).

In reality a second nonlinear effect can be noticed about PAs. Not only the
amplitudes of the input and output signal are nonlinearly related, also the phase
offset of the output signal depends on the input amplitude (or power). The charac-
teristic which describes this phenomenon is called the amplitude modulation/phase
modulation (AM/PM) conversion of the PA and is here denoted by NΦ {x̂(t)}. It
can be incorporated in (1.4) as follows

y(t) = NA {x̂(t)} cos (ωct +NΦ {x̂(t)}+ ϕx(t)) . (1.5)

Fig. 1.1 shows a possible structure which corresponds to (1.5), where the signal yΦ(t)
is given by

yΦ(t) = x̂(t) cos (ωct +NΦ {x̂(t)}+ ϕx(t)) . (1.6)

A possible behaviour of the AM/AM and the AM/PM conversion is depicted in
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x(t) yΦ(t) y(t)

AM/PM

NΦ

AM/AM

NA

Figure 1.1: A model of a PA described by the AM/AM characteristic and the
AM/PM characteristic.

Fig. 1.2. It also presents an example for the dependency of the PAE on the input
power. The PAE is a common figure of merit for PAs. It is defined by

PAE � PRF,out − PRF,in

PDC
, (1.7)

where PRF,in denotes the input power of the PA, PRF,out refers to the output power
and PDC indicates the supplied power [Asc05]. Fig. 1.2 also visualises the necessity
of a tradeoff between linear behaviour and power efficiency.

Up to this point the description of the PA only represents its static behaviour.
This means, that the response at time instant t only depends on the input at the
same time instant. As already mentioned, with increasing transmission bandwidth,
the memory effects of the PAs become more dominant [Asc05], which leads to a
frequency dependency of the AM/AM and the AM/PM conversion. Equivalently,
the PA output at time instant t then depends not only on the input at the same time
instant t but also on past values. The memory effects are caused by electrical and
electro-thermal effects. The former can be mastered by a careful circuit design, the
latter are determined by thermal time constants and are thus hardly accessible to
manipulations. For the signal transmission itself, memory effects can be neglected
in most cases. However, if some linearisation method is employed the sensitivity
to a phase offset is drastically increased, which makes their incorporation into the
linearisation scheme indispensable [VRM01].

The afore introduced nonlinear distortions are harmful in a twofold manner.
Firstly, the transmit signal is spoilt which entails an increased error probability at
the receiver. Secondly, the bandwidth of the original (undistorted) transmit signal
is broadened which causes interference to adjacent channels. Without linearisation
this can only be avoided by reduction of the signal power at the input of the PA
which reduces the nonlinear distortions, or by replacing of the PA with another type
which shows less nonlinear distortions. Latter measure in general implies the use of
a more expensive and (for the actual input power) less efficient PA.

This spectral regrowth can be described by another common figure of merit, the
adjacent channel power ratio (ACPR). It is defined as the ratio of the signal power
in a band of width B1 centred at some frequency fc to the signal power of the two
bands centred at the frequencies fc± fΔ with the bandwidth B2 each (see Fig. 1.3).
The two bandwidths B1 and B2 do not need to be the same.
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Figure 1.2: An example of the AM/AM and the AM/PM characteristic of a PA.
Input power and output power are linearly scaled and adequately normalised. The
dash-dotted lines indicate the desired behaviour (due to inherent delays, in reality a
phase offset of 0◦ is not achievable. Hence, from a more practical point of view the
desired characteristic is constant over the input power). The plots were generated
using a Saleh model (see Sec. 6.5) with αa = 2, βa = 1 and αφ = 3π

4 , βφ = 3. The
dashed line represents a possible characteristic for the PAE (cmp. (1.7)) [Bak03].
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fcfc − fΔ fc + fΔ

B1 B2B2

f0

PSD

Figure 1.3: Definition of the ACPR. Graphically, the ACPR can be interpreted as
the quotient of the hatched area in the middle to the sum of the hatched areas on
both sides.

1.2 The considered Digital Pre-Distortion Schemes

Linearisation in general allows to bridge the gap between power efficient operation
and linear behaviour of the PA. DPD is only one possible approach and in prac-
tice most probably it will be part of a hybrid scheme which combines at least two
linearisation techniques [OBG+05]. However, this thesis exclusively deals with DPD.

Fig. 1.4 shows the basic structure of a DPD system for a PA. The aim is to
achieve a purely linear relation between the discrete-time input signal x[n] and the
sampled version of the output signal y[n], such that

y[n] � y(nTs) = a x[n], (1.8)

where a again is a real valued constant and Ts is the sampling period. From a

x[n] yP [n] y(t)

y[n]

P digital
baseband

RF transmit
band

digital
baseband

RF transmit
band

N

PD PA

Figure 1.4: The principle of digital pre-distortion (DPD).

mathematical point of view it follows that the pre-distorter (PD) described by the
operator P{.} has to perfectly invert the behaviour N{.} of the PA up to a constant
linear gain, i.e.

y[n] = N {P{x[n]}} = a x[n]. (1.9)

A further detail of Fig. 1.4 is the feedback path. In reality, the behaviour of the
PA is not constant in time. Therefore, it is crucial to equip the PD with an adequate
tracking mechanism.
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It has to be noted that the two blocks in Fig. 1.4 which convert the signal from
the digital baseband to the analog RF band and vice versa, in practise consist of
a composition of several components which also behave not perfectly linear. The
nonlinearities introduced by the devices in the upper block do not affect the perfor-
mance of the DPD. The critical parts are those which belong to the lower block. The
reason for this is that they influence only the fed back signal y[n] but not the actual
output signal y(t). Thus, they should not be compensated by the PD. However, it
is impossible for the PD to distinguish between the different portions of distortion.
Consequently, the PD compensates the distortions along the whole loop, and by
this introduces new distortions at the PA output which are related to the nonlinear
behaviour of the feedback path.

Finally, a statement regarding the use of terms. In this work the term PA will
be used in two meanings. In most cases it will denote the whole cascade in Fig. 1.4
‘upper conversion block’ → PA → ‘lower conversion block’, only in few situations
it will solely refer to the physical device. If the specific use is not obvious by the
context, it will be explicitly clarified.

1.3 Outline

This thesis explores two possible DPD schemes which can be used to implement the
PD block in Fig. 1.4. Both schemes use the discrete-time signals x[n] and y[n] (cmp.
Fig. 1.4) as training data to adaptively fit a model to the behaviour of the PA.
The corresponding model is repeatedly inverted to perform the pre-distortion of the
transmit signal. The two schemes differ from each other by the underlying model
as well as by the inversion method which is employed to achieve the pre-distorted
signal yP [n].

One of the presented methods was implemented following [Asc05]. It uses a
Volterra model (Chap. 3) which can be seen as a Taylor series expansion of a non-
linear function that is extended to allow for the incorporation of memory effects.
The inversion of the model is implicitly done numerically by a root search method
(Sec. 6.1).

The other method (also referred to by the PWL-Wiener model) employs a Wiener
model (Sec. 4.2.2) which consists of a linear filter followed by a nonlinear block that
represents the AM/AM and the AM/PM conversion by two piecewise linear (PWL)
functions (Sec. 4.3). For the AM/AM characteristic, the inversion of the PWL
function is achieved by a computationally efficient transformation of its support
points (the inverse coordinate mapping (ICM), Sec. 6.2). The linear filter is again
inverted by the root search method (Sec. 6.1). The implementation of the model
as well as the inversion of the PWL function using the ICM is based on [Che06,
CWL+06]. The adaptive identification scheme was contributed by the author of
this work (Sec. 5.3).

The parameters of both models are estimated using common stochastic-gradient
algorithms (Sec. 5.1.3). The identification performance (Sec. 5.2.2, Sec. 5.3.2) for
both DPD schemes is evaluated by measured I/O data of two commercial RF PAs
(Sec. 2). The DPD schemes are solely evaluated by simulations using a generic PA
model (Sec. 6.5).



Chapter 2

Measurement System

A crucial task in the design of a digital PD is to first find an appropriate model for
the target system (i.e. the PA) and/or1 its inverse. The identification of the model
parameters requires a set of training data extracted from the target system. As seen
in Sec. 1.2, in a system using DPD this is done continuously and in real-time by
feeding back a sampled version of the output signal to the baseband unit, where it
can be compared with the input signal (i.e. the transmit desired).

It is out of the scope of this thesis to develop a real-time DPD system, therefore
the data acquisition can be performed blockwise. Consequently, measurements were
performed once, which provided the reference I/O data of the considered PAs. Based
on this data, it was possible to test the developed models and algorithms for real-
istic cases. This chapter describes the therefor used measurement system. Sec. 2.1
presents the baseband transceiver which is completely implemented in software (SW)
using Matlab [The07]. The baseband hardware (HW) as well as the RF HW is
covered by Sec. 2.2. Finally, Sec. 2.3 briefly introduces the RF PAs, which were
examined by the measurements.

2.1 The Baseband Transceiver

One aim of this thesis is to explore the behaviour of the considered algorithms for
general input signals as they occur in practical communication systems. Conse-
quently, the parameters of the PA models should be identified using typical radio
communication signals. For the performed measurements an m-ary quadrature am-
plitude modulation (QAM) is chosen, with a root-raised-cosine (rrc)2 shaped trans-
mit pulse (see Fig. 2.2). The digital-to-analogue converter (DAC) at the transmitter
output (see Fig. 2.2) approximately performs a piecewise constant interpolation with
a constant step size equal to the sampling period Ts = 2π

ωs
, this entails that the mag-

1In fact there exist pre-distortion methods which only need one of both models explicitly. Sec. 6.3
presents a DPD method which only relies on a model for the PA. In contrast, schemes based on
an indirect learning architecture [ZQC06] directly identify the parameters of the model for the PD;
hence, in the latter case modelling the PA is circumvented.

2A root-raised-cosine pulse p√
rc(t) is (as well as the raised-cosine pulse) a bandlimited Nyquist

pulse [Pro95] (i.e. if a sequences of symbols is filtered by a Nyquist pulse, no intersymbol interference

7



8 CHAPTER 2. MEASUREMENT SYSTEM

nitude of the desired spectrum at the transmitter output is weighted by

HDAC(jω) =
2π

ωs
sinc

(
π

ω

ωs

)
. (2.1)

If the spectral components of interest are located far below the first root (ωs) of
HDAC(jω) the distortion might be negligible, but in the objective case, the used
frequency band is the first image of the fundamental which is severely impaired by
the DAC (cmp. Fig. 2.1). Hence, the block ‘ 1

sinc ’ equalises the signal such that the
distortion introduced by the DAC is compensated.

−ωs −ωs
2 0

ωs
2

ωs
ω

0

m
a
g
n
it

u
d
e

used
image

fundamental1st image
fundamental
after DAC

1st image
after DAC

HDAC(jω)

Figure 2.1: Influence of the piecewise constant interpolation introduced by the DAC
on the fundamental and the 1st image of the transmit signal.

Since, the intermediate frequency (IF) is centred at 70 MHz the baseband spec-
trum is then modulated such that the first image of the transmitter output falls into
the IF band. Finally, the real valued transmit signal is mapped to integer values
and saved to a file in hexadecimal format, which can be transferred directly to the
memory of the transmitter (cmp. Fig. 2.4).

(ISI) is introduced). It has the following properties [Hla03]:

p√
rc(t) =

4α

π
√

Tsym

cos
(
(1 + α) πt

Tsym

)
+

sin

(
(1−α) πt

Tsym

)
4α t

Tsym

1 −
(
4α t

Tsym

)2

P√
rc(jω) = F {p√

rc(t)
}

=
√

Prc(jω)

with

Prc(jω) =

⎧⎪⎪⎨
⎪⎪⎩

Tsym ; |ω| ≤ (1 − α) π
Tsym

Tsym
2

(
1 − sin

(
Tsym
2α

(
|ω| − π

Tsym

)))
; (1 − α) π

Tsym
≤ |ω| ≤ (1 + α) π

Tsym

0 ; |ω| ≥ (1 + α) π
Tsym

,

where Tsym is the symbol period and α is the roll-off factor.
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Figure 2.2: The baseband transceiver implemented in Matlab. The provided values represent the configuration which was used
for the measurements with the PAs. Θg denotes the cut-off frequency in the discrete-time frequency domain.
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With the settings declared in Fig. 2.2, the resulting transmit signal measured at
the output of the DAC has a bandwidth of 5 MHz centred at the IF of 70 MHz.

-10

-20
-30
-40
-50
-60
-70
-80
-90

-100

es
ti

m
at

ed
P

SD
in

dB
m

56 63 70 77 84
frequency in MHz

reference level

-9 dBm

attenuation

20 dB

sweep time

2 s

resolution BW

50 kHz

video BW

500 Hz

Figure 2.3: Estimated power spectral density of the transmit signal, used to identify
the PAs. This screenshot was taken with SA2 (see App. A).

At the receiver, the IF signal is sampled at a rate of 100 MHz. Consequently, the
IF band is folded to the fundamental spectral band. However, since the bandwidth of
the IF signal is restricted to 20 MHz (cmp. Fig. 2.4), no aliasing occurs (cf. App. B).
After suppression of the DC offset, the received signal is down-converted to centre
frequency zero and synchronised with the transmit signal. These two signals form
the I/O information used for the training of the PA model identification.

The interconnection among the transceiver implemented in Matlab and the RF
system, is established by a rapid prototyping HW produced by Sundance [Sun07],
[Asc05, Bru05]. The two fast memory units act as first in, first outs (FIFOs) be-
tween the transmit file respectively the receive file on the hard disk and the DAC
respectively the analogue-to-digital converter (ADC). The Sundance board and the
host personal computer (PC) physically communicate via the peripheral component
interconnect (PCI) bus. However, a real-time operating system (Diamond DSP
[3L07]) running on the PC and on the Sundance HW facilitates to interchange the
contents of the fast memories with the files on the hard disk via high level commu-
nication routines. With the current configuration of the rapid prototyping HW a
maximum block length of roughly 200,000 samples can be captured at the receiver
side.
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2.2 The Radio Frequency Hardware

Aside from the PA, the RF measurement system (see Fig. 2.4) basically consists of
two mixers, the local oscillator and two bandpass filters. The mixer MX1 converts
the signal from the IF band centred at 70 MHz up to the transmission band centred
at 2.503 GHz; mixer MX2 acts reciprocal to MX1. The surface acoustic wave (SAW)
bandpass filter BP1 rejects images introduced by the leading mixer. The bandpass
filter BP2, which is also a SAW device, primarily limits the noise power at the input
of the low noise amplifier. The Rubidium frequency standard (RB) improves the
frequency stability of the local oscillator, moreover, it is used to synchronise the
sampling clock of the receiver and the transmitter as well as the additional mea-
surement equipment (which is not depicted in Fig. 2.4). The high power attenuator
ATT2 primarily acts as the main power consumer for the high output level of the
PA. The attenuator ATT1 allows to adjust the input power level of the PA; hence,
it is used to chose the desired saturation level of the PA. In contrast, with the cali-
bration wire ATT3 the input power of the low noise amplifier is roughly kept at the
same level to operate it below saturation and (under this constraint) to maximise
the available signal power at the receiver input.

Here, it should be pointed out again that the actual target of the modelling and
the linearisation described in this work is not only the PA, in fact, the whole system
as depicted in Fig. 2.4 is object of the considerations.

2.3 The Reference Power Amplifiers

During the measurements performed for this thesis, two RF PAs were available.
The Mini-Circuits ZVE-8G+ [Min07b] is a wideband PA with the following spec-

ifications

frequency range 2 GHz-8 GHz
gain >30 dB (flatness ±2 dB)

1 dB-compression point (output) >30 dBm
3rd order intercept point (output) typically 40 dBm

(refer to the data sheet for further information). Fig. 2.5 shows the power spectral
density (PSD) of the PA response for heavily saturated operation, measured at
the mixer (MX2) output. The hatched areas emphasise the spectral broadening
(‘shoulders’) caused by the nonlinear behaviour of the PA.

The Kuhne KU PA 2426 A [Kuh07] is a GaAs field-effect transistor (FET) PA
with the following ratings

frequency range 2.4 GHz-2.6 GHz
gain 56 dB (flatness ±2 dB)

1 dB-compression point (output) >43 dBm
3rd order intercept point (output) ∼57.5 dBm
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Figure 2.5: Response of the ZVE-8G+ driven far into its saturation area. The
hatched areas indicate the shoulders caused by the non-linear distortions of the PA.
The measurement was taken at the output of the mixer MX2 (measurement device
SA2, see App. A).
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Fig. 2.6 depicts the response of the KU PA 2426 A for the saturated case, mea-
sured at the mixer (MX2) output. Again, the hatched areas emphasise the spectral
regrowth (‘shoulders’) caused by the nonlinear behaviour distortions.



Chapter 3

Models using Truncated
Volterra Series

When the Italian mathematician Vito Volterra (1860-1940) was studying nonlinear
functionals in the 1880s he formulated a series of the form

y(t) = Vt {x(t)} = h0 +
∞∑

p=1

∫
· · ·
∫

Dt
p⊆Rp

h(p) (t, τ1, τ2, . . . , τp)
p∏

i=1

x(τi) dτ1 dτ2 · · · dτp

(3.1)
which is known as the Volterra series with the 0-order Volterra kernel h0, the Volterra
kernels of order p ≥ 1

h(p) (t, τ1, τ2, . . . , τp) =

{
continuous ; {τ1, τ2, . . . , τp} ∈ Dt

p

0 ; {τ1, τ2, . . . , τp} �∈ Dt
p

and t ∈ R (3.2)

and the Volterra series operator Vt.
In many cases the kernels can be assumed to be independent of the parameter

t, then (3.1) reduces to

y(t) = V {x(t)} = h0 +
∞∑

p=1

∫
· · ·
∫

Dp⊆Rp

h(p) (τ1, τ2, . . . , τp)
p∏

i=1

x(t− τi) dτ1 dτ2 · · · dτp .

(3.3)
Depending on the authors’ scientific background and the scope of the particular

article one can find several different interpretations of (3.3) in literature. It was
found to be referred to as

• functional series [Sch81]

• functional power series [Eyk74, Asc05]

• functional development [Eyk74]

• power series with memory [Sch81]

• generalisation of the Taylor series [Sch81]

15
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• Taylor series with memory [Sch81]

• generalisation of the convolution description for LTI [Eyk74, BC85]

This chapter presents some basic properties of Volterra series and their partial
sums (Sec. 3.1, Sec. 3.2). Sec. 3.4 introduces the continuous time equivalent baseband
representation of a Volterra system1. The extension to the discrete time case is
established in Sec. 3.5. It also shows the interesting fact that for system identification
it is sufficient, to sample the system response at the Nyquist rate of the system input.
By Sec. 3.6 the chapter closes with the introduction of the matrix/vector notation
as it was used for the implementation in Matlab.

3.1 Systems Representable by Volterra Series

In literature (e.g. [Sch80, San83, BC85]) many different statements can be found
regarding the functions (i.e. the nonlinear dynamic systems, in the framework of
this thesis) which can be represented by a Volterra series given a certain space of
input signals. Here only one is presented, Theorem 3.1.1 was (basically) proposed in
[BC85] and applies well to the signals and systems treated in this work. Accordingly,
the system needs to be time-invariant and with fading memory. As mentioned in
Sec. 5.1 on p.57, time-invariance is assumed to be sufficiently satisfied within (at
least) one adaptation cycle. The fading memory condition implies continuity and
causality. Roughly speaking it requires that the system forgets about the past within
finite time. Although for long term considerations this constraint might be violated,
measured by the duration of one adaptation cycle it is assumed to be true for the
modelled PAs.

Theorem 3.1.1 (Functions representable by a Volterra series). (The proof can be
found in [BC85].) Let K be the space2 of all bounded functions x : R �→ R with
|x(t)| ≤ M1 and |x(t)− x(t− τ)| ≤ M2τ, with τ ≥ 0. Suppose that N is any time-
invariant operator with fading memory3 on K. Then there is a finite4 Volterra series
operator V(N ) such that for all u ∈ K∥∥∥N{u} − V(N ) {u}

∥∥∥ ≤ ε. (3.4)

�
1As a convention in this work, a system which is (or can be) represented by a (truncated) Volterra

series will be briefly referred to by the term Volterra system.
2with the norm ‖x‖ � supt∈R

|x(t)|
3i.e. [BC85] there is a decreasing function m : [0,∞) �→ (0, 1] with limt→∞ m(t) = 0, such that

for each x ∈ K and ε′ > 0 there is a δ > 0 such that for all ξ ∈ K

sup
t≤0

{|x(t) − ξ(t)|m(−t)} < δ =⇒ |N{x(0)} − N{ξ(0)}| < ε′

4i.e. the sum in (3.3) has a finite upper limit
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3.2 The Linearity Property of Volterra Series

In the list at the beginning of this chapter (see p.16) one interpretation (amongst
others) considers the Volterra series as a generalisation of the convolution, known
from the description of linear time-invariant (LTI) systems. This point of view
is interesting for this work, since here the Volterra series are employed to model
nonlinear time-invariant systems. This section gives a further insight to this property
and presents some essential consequences arising out of it.

The well known convolution description of the I/O relation for a one-dimensional
LTI system (compare e.g. [OWN97]) is given by

η(t) =
∫ ∞

−∞
h(τ)ξ(t− τ) dτ (3.5)

with the system stimulus ξ : R �→ C, the system output η : R �→ C, the system-
specific impulse response h : R �→ C and the parameter t ∈ R, which frequently
refers to the time. Opposed to the summand of first order in (3.3)

y(1)(t) =
∫
D1⊆R

h(1)(τ)x(t− τ) dτ (3.6)

the similarity becomes obvious.
In the case of a two-dimensional LTI system (e.g. a linear filter operating on an

image, where t1 and t2 are the continuous coordinates which are used to specify a
point of the image) the equivalent description to (3.5) reads

η(t1, t2) =
∫∫
R2

h(τ1, τ2)ξ(t1 − τ1, t2 − τ2) dτ1dτ2, (3.7)

where the parameter t is replaced by the two independent parameters t1 and t2, and
with ξ, η and h redefined as R

2 �→ C. Assuming that ξ(t1, t2) can be factorised by

ξ(t1, t2) = x(t1)x(t2) (3.8)

Equ. (3.7) becomes

η(t1, t2) =
∫∫
R2

h(τ1, τ2)x(t1 − τ1)x(t2 − τ2) dτ1dτ2 (3.9)

The second order term of the Volterra series

y(2)(t) =
∫∫

D2⊆R2

h(2)(τ1, τ2)x(t− τ1)x(t− τ2) dτ1dτ2 (3.10)

can now be identified to be the two-dimensional convolution of the 2nd-order Volterra
kernel h(2)(t1, t2) with the signal x(t1)x(t2) evaluated along the diagonal in D2,
meaning that t � t1 ≡ t2.

The last result indicates a remarkable property of the Volterra series; although
the nth partial sum yn(t) of (3.3) (except n = 0, 1) is nonlinear with respect to x(t),
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it is constructed by linear operations (summation and integration) on the products
x(t1)x(t2) . . . x(tp) with p ≤ n.

Regarding a nonlinear single input single output (SISO) system with an I/O
relation describable by the P th partial sum of (3.3), it is possible to define a linear
multiple input single output (MISO) system with P inputs

x(p)(t1, t2, . . . , tp) = x(t1)x(t2) . . . x(tp), p = 1, 2, . . . , P (3.11)

which reacts with the same response

yP (t) =
◦
yP (t1, t2, . . . , tP )

∣∣∣
t1=t2=···=tP =t

, (3.12)

where

◦
yP (t1, . . . , tP ) = h0 +

P∑
p=1

∫
· · ·
∫

Dp⊆Rp

h(p) (τ1, . . . , τp)
p∏

i=1

x(ti − τi) dτ1 · · · dτp

= h0 +
P∑

p=1

(
h(p) ∗p x(p)

)
(t1, t2, . . . , tp) (3.13)

with the p-dimensional convolution of two functions α, β : R
p �→ C introduced by

(α ∗p β) (t1, t2, . . . , tp)

�
∫
· · ·
∫

Rp

α (τ1, τ2, . . . , τp)β (t1 − τ1, t2 − τ2, . . . , tp − τp) dτ1dτ2 · · · dτp. (3.14)

This property will lead to a convenient compact description for the discrete time
version of a model, based on the Volterra series (cf. Sec. 3.5).

A further notable consequence of the representation by a linear MISO system
is the possibility to express the system behaviour in a multidimensional frequency
domain5, which will also be reverted to by Sec. 3.5 to derive a lower bound for
the sampling frequency of the system output necessary for system identification.
Starting from (3.13) lets consider only one term

◦
y(p)(t1, t2, . . . , tp) of the sum, such

that
◦
yP (t1, t2, . . . , tP ) = h0 +

P∑
p=1

◦
y(p)(t1, t2, . . . , tp)

with
◦
y(p)(t1, t2, . . . , tp) �

(
h(p) ∗p x(p)

)
(t1, t2, . . . , tp) .

(3.15)

5Note that using the multidimensional Fourier or Laplace transform, (3.12) and (3.13) also allow
to solve some classes of nonlinear differential equations by methods similar to those employed in
the framework of linear differential equations with constant coefficients. A short introduction to
this technique can be found in [Eyk74, Sch80].
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Then it can be shown [Sch80] that with the p-dimensional Fourier transform

X(p)(jω1, jω2, . . . , jωp) = F
{

x(p)(t1, t2, . . . , tp)
}

�
∫
· · ·
∫

Rp

x(p)(t1, t2, . . . , tp)e−j(ω1t1+ω2t2+···+ωptp) dt1dt2 . . . dtp (3.16)

and its inverse

x(p)(t1, t2, . . . , tp) = F−1
{

X(p)(jω1, jω2, . . . , jωp)
}

� 1
(2π)p

∫
· · ·
∫

Rp

X(p)(jω1, jω2, . . . , jωp)ej(ω1t1+ω2t2+···+ωptp) dω1dω2 . . . dωp (3.17)

◦
y(p)(t1, t2, . . . , tp) can be rewritten (assuming convergence of the integrals) as

◦
y(p)(t1, t2, . . . , tp) = F−1

{ ◦
Y (p)(jω1, jω2, . . . , jωp)

}
(3.18)

with

◦
Y (p)(jω1, jω2, . . . , jωp) = H(p)(jω1, jω2, . . . , jωp)X(jω1)X(jω2) · · ·X(jωp) (3.19)

and

H(p)(jω1, jω2, . . . , jωp) = F
{

h(p) (τ1, τ2, . . . , τp)
}

, (3.20)

X(jω) = F {x(t)} . (3.21)

Finally, with (3.11) and (3.15) the response of the original SISO system is obtained
as

yP (t) = h0 +
P∑

p=1

F−1
{

H(p)(jω1, . . . , jωp)X(jω1) · · ·X(jωp)
}

t1=t2=···=tp=t
. (3.22)

3.3 Volterra Kernel Symmetry

From (3.3) it follows that by permuting the τi in the kernel argument, (assuming
convergence of the integrations) the overall result does not change. Hence, there
are in general as many different kernels as possible permutations, which is p! for the
Volterra kernel h(p) of order p. For a non-symmetric kernel the order of the argument
list is of relevance6; consequently, the Volterra kernels would not be unique. It is
possible without loss of generality [Sch80] to find a unique symmetric Volterra kernel
of order p by linearly averaging over all asymmetric kernels of order p

h
(p)
symmetric =

1
p!

(τ1, τ2, . . . , τp)
p!∑

l=1

h
(p)
asymmetric

(
τπ(1)l

, τπ(2)l
, . . . τπ(p)l

)
, (3.23)

6A dependency on the order of arguments would also influence the results in Sec. 3.2!
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where π(k)l denotes the kth element in the lth permutation of the ordered set
{1, 2, . . . , p}.

This fact is of importance of this work, since it reduces the number of necessary
model parameters roughly by one half (cf. Sec. 3.6).

3.4 Baseband Representation of a Volterra system

While the previous part of this chapter treated some general aspects of the Volterra
series, the remaining sections develop the model based on the Volterra series repre-
sentation of some nonlinear dynamic system.

In this thesis the target systems of the models are broadband RF PA, which
boost the power of the transmit signal before it is sent via the antenna. There-
fore, the (real) input signal of the target system is restricted to some bandwidth Ω
and centred around some angular transmit frequency ωc (compare Fig. 3.2), with
ωc � Ω. Well known from theory of communication systems [Pro95], such a signal
is a bandpass signal. Hence, there exists an equivalent (complex valued) representa-
tion in the baseband domain. This section derives the equivalent (complex valued)
lowpass system, assuming that the corresponding bandpass system has already been
identified by a finite (i.e. truncated) Volterra series (cf. [HG80]). This is a pre-
requisite for Sec. 3.5, where finally the discrete-time baseband Volterra operator is
obtained.

Definition 3.4.1. For the rest of this chapter some abbreviated notations are in-
troduced for sake of readability.

• A function f : R
p �→ R with the argument list (x1, x2, . . . , xp) is abbreviated

by

f
(
xp

)
� f(x1, x2, . . . , xp) (3.24)

with the p× 1 argument vector

xp �
[
x1 x2 . . . xp

]T
. (3.25)

• Similarly, an integral of dimension p over some Dp ⊆ R
p with some integrand

g : R
p �→ R will be denoted by∫
· · ·
∫

Dp

g
(
ξ
p

)
dξ

p
�
∫
· · ·
∫

Dp

g (ξ1, ξ2, . . . , ξp) dξ1dξ2 · · · dξp (3.26)

where the product of differentials dξ1dξ2 · · · dξp is abbreviated by

dξ
p

� dξ1dξ2 · · · dξp. (3.27)

• For a more compact notation the product of time-shifted versions of the signal
xPB(t) the symbol x

(p)
PB is introduced as

x
(p)
PB

(
t, τp

)
�

p∏
i=1

xPB(t− τi). (3.28)
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finite passband
Volterra operator

VPB

order PPB

xPB(t)

ωc, Ω

ỹPB(t) yPB(t)

lωc, Ωg

zonal filter

g(t)

lωc, Ωg

Figure 3.1: The passband Volterra model includes the nonlinear dynamic finite
passband Volterra operator followed by a zonal filter which selects the spectral area
of interest around lωc (the pair of values beneath the signals respectively blocks
specifies the corresponding centre frequency and bandwidth).

�

Fig. 3.1 shows the passband model representing the actual target system. The
dynamic non-linearity modelled by a finite Volterra series VPB of order PPB responds
to the real-valued bandpass input signal7 xPB(t) with

ỹPB(t) = VPB {xPB(t)} � h0 +
P∑

p=1

∫
· · ·
∫

Rp

h
(p)
PB

(
τp

)
x

(p)
PB(t, τp) dτp . (3.29)

While the input spectrum is non-zero only for |ω ± ωc| > Ω
2 (cf. Fig. 3.2), due to

the nonlinearities of VPB the frequency response

ỸPB(jω) = F {ỹPB(t)} (3.30)

in general contains signal components around the harmonics of ωc (i.e. 0,±ωc,
±2ωc,. . . ,±PPBωc), each8 with a one-sided bandwidth larger than Ω. Thus, ỹPB(t)
isn’t a bandpass signal; hence, no equivalent baseband representation exists. By
filtering the output of the Volterra system with an additional zonal filter g(t), this
problem can be overcome. The filter needs to be tuned to the desired angular centre
frequency lωc (in most cases the centre frequency of the output will be the same
as the centre frequency of the input, i.e. l = 1) and is assumed to be perfectly
linear over its passband with adequately chosen bandwidth Ωg (cf. Fig. 3.3). This
additional filtering allows to define an equivalent baseband signal yBB(t) for the
filtered passband model output. Consequently, Fig. 3.1 is identical to the system

7Note that the subscript BB denotes the baseband representation of the passband signal (or
system) which by contrast is marked by the subscript PB.

8The spectral components around ω = 0 are an exception, here the one-sided bandwidth is larger
than Ω

2
.
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Figure 3.2: An example for the spectrum of the bandpass input signal xPB(t) (since
xPB(t) is real-valued, the spectrum is conjugate symmetric).

depicted in Fig. 3.4 with the following correspondences [Pro95, Hla03]9

xBB(t) � 1√
2
A{xPB(t)} e−jωct (3.31)

yBB(t) � 1√
2
A{yPB(t)} e−jlωct, (3.32)

respectively

xPB(t) =
√

2 Re
{
xBB(t)ejωct

}
=

1√
2

[
xBB(t)ejωct + x∗

BB(t)e−jωct
]

(3.33)

yPB(t) =
√

2 Re
{

yBB(t)ejlωct
}

=
1√
2

[
yBB(t)ejlωct + y∗BB(t)e−jlωct

]
(3.34)

and with the equivalent baseband Volterra system VBB (cf. (3.45) on p.27).
The remainder of this section is devoted to the derivation of the correspondences

between the passband system and its baseband version. The derivation basically
expresses ỹPB(t) as a function of xBB(t) instead of xPB(t). Then after applying the
zonal filter, yBB(t) can be identified by comparison with (3.34).

Substituting x
(p)
PB(t) in (3.28) using (3.33) and examining the results for

p = 1:

x
(1)
PB(t, τ1) =

1√
2

[
xBB(t− τ1)ejωc(t−τ1) + x∗

BB(t− τ1)e−jωc(t−τ1)
]
, (3.35)

p = 2:

x
(2)
PB(t, τ2) =

1
2

[
xBB(t− τ1)ejωc(t−τ1) + x∗

BB(t− τ1)e−jωc(t−τ1)
]

9The operator A{.} returns the analytic part of its argument. In the frequency domain this
corresponds to

F {A{x(t)}} =

{
2F {x(t)} ; ω ≥ 0

0 ; ω < 0
.
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Figure 3.3: An example for the frequency response of a bandpass Volterra operator
to the input signal depicted in Fig. 3.2 (since the signals ỹPB(t) and yPB(t) are real
valued, the spectra are conjugate symmetric). Here it is assumed that the system
is of order PPB = 3. Since ωc > PPBΩ

2 is satisfied, the harmonic components don’t
overlap. The zonal filter g(t) Fig. 3.1 is tuned to the angular centre frequency ωc

i.e. l = 1.

[
xBB(t− τ2)ejωc(t−τ2) + x∗

BB(t− τ2)e−jωc(t−τ2)
]

=
1
2

[
xBB(t− τ1)xBB(t− τ2)ejωc(τ1+τ2)ej2ωct

+ x∗
BB(t− τ1)x∗

BB(t− τ2)e−jωc(τ1+τ2)e−j2ωct

+ xBB(t− τ1)x∗
BB(t− τ2)ejωc(τ1−τ2)

+ x∗
BB(t− τ1)xBB(t− τ2)e−jωc(τ1−τ2)

]
, (3.36)

and p = 3:

x
(3)
PB(t, τ3) =

1
2
√

2

[
xBB(t− τ1)ejωc(t−τ1) + x∗

BB(t− τ1)e−jωc(t−τ1)
]

[
xBB(t− τ2)ejωc(t−τ2) + x∗

BB(t− τ2)e−jωc(t−τ2)
]

[
xBB(t− τ3)ejωc(t−τ3) + x∗

BB(t− τ3)e−jωc(t−τ3)
]

=
1

2
√

2

[
xBB(t− τ1)xBB(t− τ2)xBB(t− τ3)ejωc(τ1+τ2+τ3)ej3ωct

+x∗
BB(t− τ1)x∗

BB(t− τ2)x∗
BB(t− τ3)e−jωc(τ1+τ2+τ3)e−j3ωct

+xBB(t− τ1)xBB(t− τ2)x∗
BB(t− τ3)ejωc(τ1+τ2−τ3)ejωct

+x∗
BB(t− τ1)x∗

BB(t− τ2)xBB(t− τ3)e−jωc(τ1+τ2−τ3)e−jωct

+xBB(t− τ1)x∗
BB(t− τ2)xBB(t− τ3)ejωc(τ1−τ2+τ3)ejωct

+x∗
BB(t− τ1)xBB(t− τ2)x∗

BB(t− τ3)e−jωc(τ1−τ2+τ3)e−jωct

+x∗
BB(t− τ1)xBB(t− τ2)xBB(t− τ3)ejωc(−τ1+τ2+τ3)ejωct
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Figure 3.4: The baseband Volterra model complemented by pre-bandpass-lowpass
transformation and post-lowpass-bandpass transformation behaves equivalently to
the passband model in Fig. 3.1.

+xBB(t− τ1) x∗
BB(t− τ2)x∗

BB(t− τ3)e−jωc(−τ1+τ2+τ3)e−jωct
]

(3.37)

gives the necessary insight to find a general expression by induction (without proof)

x
(p)
PB(t, τp) = 2−

p−2
2

� p
2�∑

q=0

(p
q)−1∑
m=0

Re

⎧⎪⎪⎨
⎪⎪⎩

∏
i∈Mm(p,q)

xBB(t− τi)
∏

k∈Mm(p,q)

x∗
BB(t− τk)

e
j(p−2q)ωct + jωc

⎛
⎝ ∑

i∈Mm(p,q)

τi − ∑
k∈Mm(p,q)

τk

⎞
⎠
⎫⎪⎪⎬
⎪⎪⎭ .

(3.38)

For a given pMm(p, q) with index m = 0, 1, . . . ,
(
p
q

)
− 1 collects all possible ordered

sets, which can be composed if 0 ≤ q ≤ p elements are selected out of the set
Pp � {1, 2, . . . , p} and no repetitions are allowed. Mm(p, q) is the complement of
each Mm(p, q) in Pp, consequently

Mm(p, q) � Pp \Mm(p, q). (3.39)

Inserting the expression for x
(p)
PB(t, τp) in (3.29) and exchanging the order of sum-

mation and integration in conjunction with extending the scope of the real-part
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operator10, the output at the passband Volterra operator is

ỹPB(t) = h0 + Re

⎧⎪⎪⎨
⎪⎪⎩

PPB∑
p=1

� p
2�∑

q=0

(p
q)−1∑
m=0

2−
p−2
2

∫
· · ·
∫

Rp

h
(p)
PB

(
τp

) ∏
i∈Mm(p,q)

xBB(t− τi)

∏
k∈Mm(p,q)

x∗
BB(t− τk) e

j(p−2q)ωct + jωc

⎛
⎝ ∑

i∈Mm(p,q)

τi − ∑
k∈Mm(p,q)

τk

⎞
⎠

dτp

⎫⎪⎪⎬
⎪⎪⎭ . (3.40)

Relying on the symmetry property, which was pointed out in Sec. 3.3, and examining
the structure of (3.40) it can be seen that the τi might be arbitrarily interchanged
with each other. Particularly, for some fixed values of p and q the integrand is
constant with respect to the index m belonging to Mm(p, q) and Mm(p, q). Thus
one possibility is to associate the index values i = 1, 2, . . . , p − q with Mm(p, q)
and the index values k = p − q + 1, p − q + 2, . . . , p with Mm(p, q). Since for some
fixed pair (p, q) all integrands are equal, the summation over m can be replaced
by one of these integrands multiplied by the number of summation steps, i.e.

(
p
q

)
.

Incorporating these two properties into (3.40) yields

ỹPB(t) = h0 + Re

⎧⎪⎨
⎪⎩

PPB∑
p=1

� p
2�∑

q=0

2−
p−2
2

(
p

q

)∫
· · ·
∫

Rp

h
(p)
PB

(
τp

) p−q∏
i=1

xBB(t− τi)

p∏
k=p−q+1

x∗
BB(t− τk) e

j(p−2q)ωct + jωc

(
p−q∑
i=1

τi−
p∑

k=p−q+1
τk

)
dτp

⎫⎪⎬
⎪⎭ . (3.41)

In the last equation, the term
ej(p−2q)ωct

in conjunction with the summation over p and q causes the occurrence of spec-
tral components around harmonics of the angular centre frequency ωc. Assuming
that these components do not overlap in frequency, which is true for (compare also
Fig. 3.3)

ωc >
PPBΩ

2
(3.42)

for each frequency point, there is always only one value q for which the summands
in (3.41) are not vanishing. In this case, it is possible, to choose the zonal filter
g(t) (cf. Fig. 3.1) such that only one value for q participates to the model output
yPB(t) = (ỹPB ∗ g)(t). If the Fourier transform G(jω) of g(t) satisfies for11 PPB ≥ 2
and one of the following cases

10Note that this is allowed since h
(p)
PB

(
τp

)
is real-valued.

11PPB = 0 is a degenerate case, since ỹPB(t) = const. For PPB = 1 the passband Volterra operator
VPB is linear, which makes the use of a zonal filter unnecessary.
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PPB + l even and l < PPB

G(jω) =

{
1 ; |ω ± lωc| ≤ PΩ

2

0 ; |ω| ≤ (l − 1)ωc + (P−1)Ω
2 or |ω| ≥ (l + 1)ωc − (P−1)Ω

2

PPB + l odd and l < PPB

G(jω) =

{
1 ; |ω ± lωc| ≤ (P−1)Ω

2

0 ; |ω| ≤ (l − 1)ωc + PΩ
2 or |ω| ≥ (l + 1)ωc − PΩ

2

PPB + l even and l = PPB

G(jω) =

{
1 ; |ω ± lωc| ≤ PΩ

2

0 ; |ω| ≤ (l − 1)ωc + (P−1)Ω
2

PPB + l odd and l = PPB

G(jω) =

{
1 ; |ω ± lωc| ≤ (P−1)Ω

2

0 ; |ω| ≤ (l − 1)ωc + PΩ
2

,

(3.43)

then only terms with q = p−l
2 participate to the model output yPB(t). As a further

consequence only even order non-linearities (i.e. p even) affect the response if l is
even, vice versa for an odd l only odd order non-linearities (i.e. p odd) influence
yPB(t). Both conditions are satisfied by constraining p + l to be even. A last
consequence of the zonal filtering with an angular centre frequency of lωc is that
non-linearities of order less than l do not produce spectral components which fall
into the passband of g(t), thus p ≥ l.

With these insights and some basic mathematical manipulations the output after
the zonal filter reads

yPB(t) = (ỹPB ∗ g)(t)

= h0δ[l] +
√

2Re

⎧⎪⎪⎪⎨
⎪⎪⎪⎩ejlωct

PPB∑
p=max{1,l}

p+l even

∫
· · ·
∫

Rp

2−
p−1
2

(
p

p−l
2

)
h

(p)
PB

(
τp

)

e

jωc

⎛
⎜⎝

p+l
2∑

i=1
τi −

p∑
k=

p+l
2 +1

τk

⎞
⎟⎠ p+l

2∏
i=1

xBB(t− τi)
p∏

k= p+l
2

+1

x∗
BB(t− τk) dτp

⎫⎪⎪⎪⎬
⎪⎪⎪⎭ . (3.44)
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By comparison with (3.34) the response yBB(t) of the equivalent baseband system
can be identified for l ≥ 1 as12

yBB(t) = VBB {xBB(t)}

�
PBB∑
p=l

p+l even

∫
· · ·
∫

Rp

h
(p)
BB

(
τp

) p+l
2∏

i=1

xBB(t− τi)
p∏

k= p+l
2

+1

x∗
BB(t− τk) dτp (3.45)

with PBB = PPB and the pth-order baseband Volterra kernel h
(p)
BB

(
τp

)
, which is

related to the corresponding passband kernel h
(p)
PB

(
τp

)
by

h
(p)
BB

(
τp

)
� 2−

p−1
2

(
p

p−l
2

)
h

(p)
PB

(
τp

)
e

jωc

⎛
⎜⎝

p+l
2∑

i=1
τi −

p∑
k=

p+l
2 +1

τk

⎞
⎟⎠

. (3.46)

3.5 The Discrete Time Volterra Model

In the previous section the continuous time model for a passband system was pre-
sented and the equivalent baseband formulation was derived. Since the focus of this
work lies on digital pre-distortion schemes, the models need to be adapted to the
discrete-time case. This task is dealt with in this section using [Mar99]13 as a guide-
line. The here used notation is adopted from Sec. 3.2, where the reader is referred
to for further details. The aim is to find an equivalent discrete time version of (3.45)
and its possibly existing restrictions. Anyway, the existence of all occurring Fourier
transforms and their inverses is implicitly assumed.

According to (3.11)-(3.14) and incorporating the abbreviations stated in Defi-
nition 3.4.1, it is possible to define the equivalent linear MISO-system for (3.45)
as

yBB(t) =
PBB∑
p=l

p+l even

◦
yBB

(p)(tp)
∣∣∣
t1=t2=···=tp=t

with
◦
yBB

(p)(tp) �
(
h

(p)
BB ∗p x

(p)
BB

) (
tp
)

(3.47)

and with the pth-order input signals (note that here xBB(t) is complex-valued in
contrast to (3.11), where x(t) was assumed to be real-valued which is reason for the
slight difference in the following definition)

x
(p)
BB(tp) � xBB(t1)xBB(t2) · · ·xBB(t p+l

2
)x∗

BB(t p+l
2

+1
) · · ·x∗

BB(tp) (3.48)

where p ∈ {N+ | p ≤ PBB and p + l even} and 1 ≤ l ≤ PBB. (3.49)

12In the case l = 0 yPB(t) is a real-valued lowpass signal and yBB(t) ≡ yPB(t)
∣∣∣
l=0

.
13In [Mar99] also the case of non-uniform sampling is considered.
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For the time being only one summand
◦
yBB

(p)(tp) of the finite sum in (3.47) will
be considered. The derivation is done in two steps, first the right hand side of
(3.48) is expressed using the sampled versions of x

(p)
BB(tp). In a second step, the

system response is sampled at the same rate which provides the desired discrete-
time baseband Volterra operator. As a further result this two-step derivation shows
that for system identification it is sufficient to sample the continuous-time response
yBB(t) at the Nyquist-rate of the continuous-time input signal xBB(t).

First Step - Nyquist Sampled Input As in Sec. 3.4 xBB(t) is assumed to be
band-limited with the two-sided bandwidth Ω. From the sampling theorem it follows
that xBB(t) can be sampled with a period

Ts =
1
fs
≥ 2π

Ω
=

1
fN

(3.50)

(where fN denotes the Nyquist rate of the signal xBB(t)) and reconstructed without
any loss of information. Hence, between the Fourier transform of the continuous-
time signals xBB(t) and the Fourier transform of the discrete-time signal

xBB[m] � xBB(t)
∣∣∣
t=mTs

(3.51)

exists the following equivalence

XBB(jω) =

⎧⎨
⎩TsXBB(ejθm)

∣∣∣
θ=ωTs

with − π ≤ ωTs < π

0 otherwise
(3.52)

with the Fourier transform XBB(ejθm) of the discrete-time signal xBB[m] given by

XBB(ejθm) = Fd {xBB[m]} =
∑
m∈Z

xBB[m]e−jθm. (3.53)

From (3.19) with appropriate simple modifications14 it follows that the Fourier trans-
form of

◦
yBB

(p)(tp) reads

◦
Y BB

(p)(jωp) =

H
(p)
BB(jωp)XBB(jω1) · · ·XBB(jω p+l

2
)X∗

BB(−jω p+l
2

+1
) · · ·X∗

BB(−jωp). (3.54)

14Since (3.48) contains also conjugate complex versions of xBB(t), in (3.19) the corresponding
spectra need to be replaced by X∗

BB(−jω).
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Substituting XBB(jω) by 3.52 and applying the inverse Fourier transform (cf. (3.17))

to
◦
Y BB

(p)(jωp) gives

◦
yBB

(p)(tp) =
1

(2π)p

∫
· · ·
∫

Rp

◦
Y BB

(p)(jωp)e
jωT

p tp dωp

=
T p

s

(2π)p

∫
· · ·
∫

[
− π

Ts
, π
Ts

[p
H

(p)
BB(jωp)XBB

(
ejω1Ts

)
· · ·XBB

(
e
jω p+l

2
Ts

)

X∗
BB

(
e
−jω p+l

2 +1
Ts

)
· · ·X∗

BB

(
e−jωpTs

)
ejωT

p tp dωp.

(3.55)

The p-fold product of XBB

(
ejωiTs

)
respectively X∗

BB

(
e−jωiTs

)
is band-limited on the

p-dimensional hypercube

C(p) �
[
− π

Ts
,

π

Ts

)p

. (3.56)

Therefore, the integration only needs to be performed on C(p), although the kernel of
order p might be non-zero outside C(p). Since the pth-order kernel is only excited for
frequencies in C(p), it can be assumed to be band-limited15 as well. Consequently,
h

(p)
BB(tp) can be sampled on a regular grid of dimension p with a Ts-spacing. The

corresponding discrete-time kernel16 is defined as

h
(p)
BB[mp] � T p

s h
(p)
BB(tp)

∣∣∣
tp=mpTs

(3.57)

and its p-dimensional Fourier transform is

H
(p)
BB(ejθT

pmp) = Fd

{
h

(p)
BB

[
mp

]}
=
∑

m∈ZP

h
(p)
BB

[
mp

]
e−jθT

pmp . (3.58)

Similar to (3.52), there exists the following relation to the Fourier transform of the
continuous-time kernel h

(p)
BB(tp)

H
(p)
BB(jωp) =

⎧⎨
⎩H

(p)
BB(ejθT

pm)
∣∣∣
θp=ωpTs

; ωp ∈ C(p)

0 ; ωp �∈ C(p)
. (3.59)

Merging (3.51) and 3.59 leads to

H
(p)
BB(jωp) =

∑
m∈ZP

h
(p)
BB

[
mp

]
e−jωT

pmpTs for ωp ∈ C(p). (3.60)

15From perspective of system identification, the components of H
(p)
BB(jωp) outside C(p) can’t be

estimated unless the input bandwidth Ω (and the Nyquist rate, consequently) is increased.
16As in the case of impulse-invariant digital filter design, the definition of the sampled impulse

response (i.e. h
(p)
BB[mp]) differs by the factor T p

s from the corresponding definition for any signal
(e.g. cf. (3.51)). This is done by convention as in [OS89] and not of practical relevance.
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Inserting (3.53) and 3.59 in (3.55) and moving the summations to the outside, ex-
presses the continuous-time response as a function of the sampled input and the
sampled kernel:

◦
yBB

(p)(tp) =
T p

s

(2π)p

∑
mp∈Zp

∑
rp∈Zp

h
(p)
BB

[
mp

] p+l
2∏

i=1

xBB[ri]
p∏

k= p+l
2

+1

x∗
BB[rk]

∫
· · ·
∫

C(p)

ejωT
p(tp−rpTs−mpTs) dωp. (3.61)

The integral can be solved

∫
· · ·
∫

C(p)

ejωT
p(tp−rpTs−mpTs) dωp =

(
2π

Ts

)p p∏
u=1

sinc
(

π

(
tu
Ts
− ru −mu

))
(3.62)

and with (3.47) finally it is obtained

yBB(t) =
PBB∑
p=l

p+l even

∑
mp∈Zp

∑
rp∈Zp

h
(p)
BB

[
mp

] p+l
2∏

i=1

xBB[ri]
p∏

k= p+l
2

+1

x∗
BB[rk]

p∏
u=1

sinc
(

π

(
t

Ts
− ru −mu

))
. (3.63)

Second Step - Sampling of the System Response In this second step, the
afore derived system response is sampled with the same sampling period Ts. From
(3.63) evaluated at the time instants t = nTs the sampled version of yBB(t) reads

yBB[n] = yBB(t)
∣∣∣
t=nTs

= Vd
BB {xBB[n]}

�
PBB∑
p=l

p+l even

∑
mp∈Zp

h
(p)
BB

[
mp

] p+l
2∏

i=1

xBB[n−mi]
p∏

k= p+l
2

+1

x∗
BB[n−mk].

(3.64)

Whereby in the end the discrete-time baseband Volterra operator is obtained.

3.6 The discrete-time baseband Volterra Model

This section introduces a different kind of notation for (3.64), which will allow to
seamlessly integrate the Volterra model into the adaptive identification schemes
presented in Chap. 5.

Known from theory (see e.g. [OWN97]), a linear discrete-time system with the
discrete-time impulse response g[n] of finite length Lg and with the input signal x[n]
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and the corresponding output signal y[n] can be described by the convolution sum
as

y[n] =
Lg−1∑
k=0

g[k]x[n− k]. (3.65)

Another way of notation uses the column vectors g and xn of length Lg, containing
the coefficients of the impulse response respectively the latest Lg input samples, such
that

xn �
[
x[n] x[n− 1] · · · x[n− Lg + 1]

]T
, (3.66)

g �
[
g[0] g[1] · · · g[Lg − 1]

]T
, (3.67)

(3.65) equivalently can be written as

y[n] = gTxn. (3.68)

Similarly, for (3.64) a vector notation can be found as well. Since in this work
simulations and measurements were exclusively performed for l = 1 (i.e. the centre
frequency of the output signal is equal to the centre frequency of the input signal)
the results presented in the sequel will be restricted to this case. Lets further assume
that the discrete-time Volterra operator has order P (i.e. h

(p)
BB

[
mp

]
≡ 0 for p > P )

and finite memory, with K
(p)
h being the length of the pth-order kernel h

(p)
BB

[
mp

]
(i.e.

K
(p)
h = 1 indicates a kernel with no memory). Then (3.64) becomes

yBB[n] =
�P

2 �∑
p′=1

m̂(2p′−1)∑
mu=m̌(2p′−1)

u=0,...,2p′−1

h
(2p′−1)
BB

[
m2p′−1

] p′∏
i=1

xBB[n−mi]
2p′−1∏

k=p′+1

x∗
BB[n−mk],

(3.69)
where the upper limit m̂(p) and the lower limit m̌(p) of the delay range for the Volterra
kernel h

(p)
BB of length K

(p)
h were introduced, obviously it needs to be satisfied that

m̂(p) − m̌(p) + 1 = K
(p)
h . (3.70)

Analogously to (3.67) each Volterra kernel of order p can be expressed by a column
vector h

(p)
V of length L

(p)
h (note that in general L

(p)
h is larger than the memory length

K
(p)
h of the kernel). With the vector x

(p)
n somehow related to the input x[n] (the

actual composition will soon be clarified alongside with the determination of the
length L

(p)
h ) of same length like the kernel vector h

(p)
V , (3.69) is equivalently written

as

yBB[n] =
�P

2 �∑
p′=1

h
(2p′−1)
V

T
x(2p′−1)
n . (3.71)

Equ. (3.71) is closest to the way how the model was implemented in Matlab in
the framework of this work. Nevertheless, the most compact description is given by

yBB[n] = hT
Vxn (3.72)
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with the vectors

hV �
[
h

(1)
V

T
h

(3)
V

T
· · · h

(�P−1
2 �2+1)

V
T
]T

, (3.73)

xn �
[
x
(1)
n

T
x
(3)
n

T
· · · x

(�P−1
2 �2+1)

n

T
]T

. (3.74)

The remaining step for completion of the model descriptions in (3.71) and (3.72) is
to identify the vector x

(p)
n and by that also the vector xn. The kernel vectors are then

inherently specified as well. The following definition will simplify the identification
of x

(p)
n .

Definition 3.6.1. Given a sequence x[n] of possibly complex valued scalars, then
let x

(p)
m̂,m̌[n] be the column vector with the elements

(
x

(p)
m̂,m̌[n]

)
i
each containing one

single product of the form(
x

(p)
m̂,m̌[n]

)
i
�
[
x [n− ni,1] x [n− ni,2] · · · x [n− ni,p]

]T
with

m̌ ≤ m̂

ni,1, ni,2, . . . , ni,p ∈ {m̌, m̌ + 1, . . . , m̂}
K � m̂− m̌ + 1
i = 1, . . . , Mp,K

p ≥ 1

such that no element
(
x

(p)
m̂,m̌[n]

)
i
of x

(p)
m̂,m̌[n] can be converted into another element(

x
(p)
m̂,m̌[n]

)
j

of the same vector by simply reordering of the factors x [n− ni,l] (where

i, j = 1, 2, . . . , Mp,K , i �= j and l = 1, 2, . . . , p). Consequently, the letter p determines
the order of the products, whereas the pair (m̌, m̂) defines the used sequence index
range. The length Mp,K of the vector x

(p)
m̂,m̌[n] is implicitly defined and can be

shown17 to be

Mp,K =
(

K + p− 1
p

)
.

Note that, the mapping between the element i of x
(p)
m̂,m̌[n] and the particular com-

position of {ni,1, ni,2, . . . , ni,p} is here not further specified (a possible construction
of x

(p)
m̂,m̌[n] can be found in Pseudocode 5.2.1 on p.66). �

With this definition it is easily seen that x
(p′)
m̂,m̌[n], with the abbreviations K =

K
(2p′−1)
h , m̌ = m̌

(2p′−1)
h and m̂ = m̂

(2p′−1)
h , incorporates all possible and different

17An analogue problem could be formulated as:
How many different ways exist to choose p elements out of a set S of K elements, under the

condition that each choice might contain elements of S more than once and the order of elements
inside the choices does not matter. In combinatorics Mp,K is also called the multiset coefficient.
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products of the term
p′∏

i=1

xBB[n−mi] (3.75)

in (3.69) and that x∗(p′−1)
m̂,m̌ [n] incorporates all possible and different products of the

expression
2p′−1∏

k=p′+1

x∗
BB[n−mk] (3.76)

in (3.69). Since each of the products in x
(p′)
m̂,m̌[n] needs to be multiplied by each of the

products in x∗(p′−1)
m̂,m̌ [n], x

(p)
n can be defined as the column vector18 built by successive

concatenation of the columns of the Mp′+1,K ×Mp′,K matrix

X(p′)
n � x

(p′)
m̂,m̌[n] x∗(p′−1)

m̂,m̌ [n]
T
, (3.77)

i.e.

x(p)
n �

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

(
X(p′)

n

)
1,1(

X(p′)
n

)
2,1

...(
X(p′)

n

)
Mp′+1,K ,1

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

T ⎡
⎢⎢⎢⎢⎢⎢⎢⎣

(
X(p′)

n

)
1,2(

X(p′)
n

)
2,2

...(
X(p′)

n

)
Mp′+1,K ,2

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

T

· · ·

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

(
X(p′)

n

)
1,Mp′,K(

X(p′)
n

)
2,Mp′,K

...(
X(p′)

n

)
Mp′+1,K ,Mp′,K

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

T⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

T

. (3.78)

Hence, the length L
(2p′−1)
h of x

(2p′−1)
n and, likewise, h

(2p′−1)
V is equal to the number

of elements in X
(p′)
n which is

L
(2p′−1)
h = Mp′+1,KMp′,K =

(
K

(2p′−1)
h + p′ − 1

p′

)(
K

(2p′−1)
h + p′ − 2

p′ − 1

)
, (3.79)

where in the last step K was replaced again by its original expression K
(2p′−1)
h . And

finally, the length Lh of xn and hV in (3.72) is given by

Lh =
�P

2 �∑
p′=1

(
K

(2p′−1)
h + p′ − 1

p′

)(
K

(2p′−1)
h + p′ − 2

p′ − 1

)
. (3.80)

The relation between the kernel vector h
(p)
V and the corresponding discrete-time

kernel h
(p)
BB[mp] is here not further approached. It would necessitate a more precise

definition of the vector x
(p)
n with respect to the symmetry of the Volterra kernels (see

Sec. 3.3). In the afore presented derivation the symmetry of the Volterra kernels
was silently implied.

18In fact x(p)
n can be defined arbitrarily as long as it contains each element of X(p′)

n exactly once.

Of course, the meaning of the elements in the kernel vector h
(2p′−1)
V (see (3.71)) has to be changed

accordingly.
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3.7 Number of Parameters and computational complex-
ity of the Volterra Model

In the previous section the compact vector notation of the discrete-time Volterra
model was presented. Based on these results, this section closes the analysis of the
Volterra model with a consideration of the number of parameters and the computa-
tional complexity.

3.7.1 Number of Parameters

Here the number of parameters is considered for two different cases. In the first case,
it is assumed that all kernel vectors h

(p)
V in (3.71) have the same length. Fig. 3.5

depicts the number of parameters as a function of the model order P and with
the kernel length K(p) as parameter. The solid lines represent the general case for
complex input signals. The dashed graphs show the number of parameters if the
input signal is a-priori known to be real valued, then the two products in (3.69) can
be coalesced. Note that according to the restrictions assumed at the beginning of
Sec. 3.6, only odd order kernels are involved.
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Figure 3.5: The solid lines show the number of parameters for a complex valued
system as defined by (3.72) where all kernels K

(p)
h (with 1 ≤ p ≤ P and p odd

have same length). For an equivalent system with input signals restricted to R the
amount of parameters is increasing slower with P and K

(p)
h .

The higher the order of a kernel h
(p)
V , the faster grows Lh if the corresponding

kernel length K
(p)
h is increased. Therefore, in most cases a system like in (3.72) will

be designed in a way that the length of higher order kernels is less than the length of
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kernels with lower order. During the simulations for this thesis it was also observed
that without reducing the accuracy of the PA identification, the lengths of higher
order kernels can be chosen smaller than the lengths for lower order kernels. This is
the reason, why here a second case is presented, where the kernel lengths K

(p)
h are

linearly decreasing with the order p of the form

K
(2p′−1)
h = M

⌈
P

2

⌉
− p′ + 1 with 1 ≤ p′ ≤

⌈
P

2

⌉
and M ∈ N0. (3.81)

Fig. 3.6 visualises the results, again for the general complex valued case and for the
system with input signals a-priori known to be real valued.
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Figure 3.6: The solid lines show the number of parameters for a complex valued
system as defined by (3.72). In contrast to Fig. 3.5, here the kernel lengths K

(p)
h

are linearly decreasing with the order 1 ≤ p ≤ P according to (3.81). Again, for
the equivalent system with input signals restricted to R the amount of parameters
is increasing slower.

Fig. 3.6 is more representable for the specific application of the Volterra model
in this thesis. Anyhow, both afore presented cases show the disadvantage of the
Volterra series approach, which is the rapid increase of model size with growing
memory length and/or growing order of nonlinearity. Specifically, the here pre-
sented Volterra model is inadequate to describe systems with high order kernels
that incorporate a long memory.

3.7.2 Computational Complexity

In the following the computational complexity of (3.72) is assessed. The complexity
will be measured by the number of complex additions O (ADDC) and the number of
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complex multiplications O (MLTC). The overall number of parameters Lh in (3.72)
is given by (3.80). Accordingly, temporarily discounting the necessary operations to
calculate the vector xn, the evaluation of (3.72) requires Lh complex multiplications
and Lh − 1 complex additions.

xn needs to be derived from the available set of input values x[n], x[n− 1], . . . ,
x[n−Kh,max + 1], with the maximum kernel length

Kh,max � max
1≤p≤P
p odd

{
K

(p)
h

}
. (3.82)

The calculation of each (except the first) x
(p)
n can utilise the results of its predecessor,

thus xn can be calculated by

L
(3)
h + L

(5)
h + · · ·+ L

(2�P
2 �−1)

h = Lh − L
(1)
h = Lh −K

(1)
h (3.83)

complex multiplications.
Gathering together the above results the computational complexity is given by

O (ADDC) = Lh − 1, (3.84)

O (MLTC) = 2Lh −K
(1)
h , (3.85)

with K
(1)
h being the length of the 1st order kernel and Lh given by (3.80). From which

it can be inferred that the graphs in Fig. 3.5 and Fig. 3.6 are roughly proportional
to the computational complexity of (3.72). In literature methods are proposed by
which the complexity can be reduced. For example in [CMS99] the elements of xn

are arranged in a structure (termed V-vector) which allows to reuse some of the
products that were calculated during the preceding sampling interval, whereby the
number of multiplications is decreased.



Chapter 4

Models using Piecewise Linear
Functions

In Sec. 1.1 it is illustrated how (disregarding arbitrary time-varying effects) the signal
distortion introduced by a memoryless PA can be approximated by two continuous
functions. The first one is the commonly used AM/AM1 conversion characteristic,
which relates the power of the output signal to the power of the corresponding input
signal.

To refine the accuracy of the description, the AM/AM response might be supple-
mented by the AM/PM2 response. Latter one characterises the dependency between
the phase distortion introduced by the PA and the input power.

This chapter presents two models based on both conversions – one for the de-
scription of the PA and one to model its inverse (i.e. the PD).

4.1 Passband and Baseband Representation

For the Volterra model in Chap. 3 the form of the baseband operator (3.45) on p.27
was not a-priori obvious. Thus, it had to be derived apart. In this section however,
it will be seen that the here employed AM/AM and AM/PM characterisations can
be used to describe the PA in passband and in baseband domain only with marginal
modifications.

Lets adopt the considerations from Sec. 3.4 on p.20 regarding the passband and
baseband representation of the system input and the system output (cf. (3.31) -
(3.34)) as well as the concerns mentioned regarding the zonal filter g(t) (cf. p.21).
Then similarly to Fig. 3.1, a passband system representing a static nonlinearity can
be depicted as in Fig. 4.1. With the corresponding I/O relation

yPB(t) = (ỹPB ∗ g) (t), (4.1)

where

ỹPB(t) = NPB {xPB(t)} .

1AM/AM . . . amplitude modulation/amplitude modulation
2AM/PM . . . amplitude modulation/phase modulation

37
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static
nonlinearity

NPB

xPB(t)

ωc, Ω

ỹPB(t) yPB(t)

lωc, Ωg

zonal filter

g(t)

lωc, Ωg

Figure 4.1: The static nonlinear behaviour can be described by a function NPB. The
zonal filter ensures that the system output is a bandpass signal. Thus, an equivalent
baseband system exits.

From (3.33) and (3.34) equivalent expressions based on the magnitude and the ar-
gument of the lowpass signal can be found to be

xPB(t) =
√

2 |xBB(t)| cos (ωct + arg (xBB(t))) , (4.2)

yPB(t) =
√

2 |yBB(t)| cos (lωct + arg (yBB(t))) . (4.3)

If the static nonlinearity of the PA is represented by the AM/AM and AM/PM
conversion, the nonlinear block in Fig. 4.1 denoted by NPB can be replaced by the
cascade structure in Fig. 1.1 on p.3. Consequently, referring to (1.5) on p.2 the
expression for ỹPB(t) in (4.1) is modified as follows

ỹPB(t) = NPB {xPB(t)} = NA {x̂PB(t)} cos (lωct +NΦ {x̂PB(t)}+ ϕxPB(t)) ,

= NA

{√
2 |xBB(t)|

}
︸ ︷︷ ︸√

2|ỹBB(t)|

cos
(
lωct +NΦ

{√
2 |xBB(t)|

}
+ arg (xBB(t))︸ ︷︷ ︸

arg(ỹBB(t))

)
. (4.4)

Accordingly, the signal before the zonal filter already has an equivalent lowpass
representation and the zonal filtering becomes unnecessary (or equivalently g(t) ≡
δ(t)). Hence, the nonlinear distortions in baseband and passband are closely related

|yBB(t)| = 1√
2
NA {x̂PB(t)} =

1√
2
NA

{√
2 |xBB(t)|

}
, (4.5)

arg (yBB(t)) = NΦ {x̂PB(t)}+ ϕxPB(t) = NΦ

{√
2 |xBB(t)|

}
+ arg (xBB(t)) . (4.6)

This result might be surprising on the first glance, but actually the AM/AM and
the AM/PM conversion as introduced in Sec. 1.1 already implicates a zonal filtering,
since it only describes the nonlinear behaviour for the spectral area around the
fundamental (i.e. ωc ⇒ l = 1). Thus, from Equations (4.5), (4.6) the equivalent
baseband operators can be defined as

NA,BB {|xBB(t)|} � 1√
2
NA

{√
2 |xBB(t)|

}
, (4.7)

NΦ,BB {|xBB(t)|} � NΦ

{√
2 |xBB(t)|

}
. (4.8)

and Fig. 4.2 shows a possible baseband structure which is equivalent to the passband
system depicted in Fig. 1.1.
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xBB(t) yBB(t)
| . |

arg(.)

|xBB(t)|

arg(xBB(t))

NA,BB

NΦ,BB ej( . )

|yBB(t)|

arg (yBB(t))

Δϕ(t)

Figure 4.2: A static baseband model using the AM/AM and AM/PM conversions.
It is equivalent to the system in Fig. 1.1 on p.3, if the Equations (4.7) and (4.8) are
incorporated. However, memory effects cannot be modelled if the two blocks NA,BB

and NΦ,BB implement simple one-to-one mappings.

4.2 Models with Static Nonlinearity and Dynamic Lin-
earity

In Sec. 1.1 it was pointed out that especially in the broadband case, also the memory
effects of the PA degrade the transmit signal significantly. However, the static
baseband model presented in Sec. 4.1 is based on the AM/AM and the AM/PM
conversions of the target PA, which – in their simple form – do not describe any
signal impairments introduced by memory effects. Hence, the model needs some
extensions, which first will be motivated in Sec. 4.2.1 and subsequently described in
Sec. 4.2.2.

4.2.1 Separation of Dynamic and Nonlinear Effects

Lets assume the existence of a discrete-time version3 of the baseband system depicted
in Fig. 4.2. The structure can be left unchanged, only4 the annotation needs some
modification. “(t)” has to be replaced by “[n]” and the symbols of the nonlinear
functions NA,BB and NΦ,BB are substituted by their discrete-time correspondents
N d

A,BB and N d
Φ,BB, respectively.

Assuming that for some physical PA the mappingsN d
A,BB andN d

Φ,BB are available
through measurements or simulations, a straightforward approach to implement a
static nonlinear function in digital hardware is to use a look-up table (LUT). Which
means that the input after quantisation is used to address the memory cells of a
digital storage, which contains a discretised version of the desired nonlinear function.

3For the time being this is a plain assumption, in Sec. 4.2.3 and Sec. 4.2.4 it will be justified for
the Wiener model and the Hammerstein model respectively.

4For reasons of readability again the symbols for continuous-time signals and the symbols for
discrete-time signals are the same. However, the argument of a continuous-time signal is enclosed
by parentheses (.) and the argument of its discrete-time correspondent is enclosed by brackets [.].
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������B
k

0 4 8

4 32 2.1 · 106 1.4 · 1011

8 512 2.2 · 1012 9.5 · 1021

12 8192 2.3 · 1018 6.5 · 1032

Table 4.1: The dependency of the necessary LUT size NLUT (number of entries) to
implement the discrete-time version of the model in Fig. 4.2 with a memory length
of k and a quantisation of the input magnitude with B bits.

In Sec. 1.1 it is mentioned that especially in the case of broadband PAs, a
considerable part of signal degradation may be caused by memory effects. The
above presented model is yet not able to cover them, without any further extension.
Keeping the same structure as in Fig. 4.2, dispersive behaviour can be incorporated
by equipping NAM/AM and NAM/PM with memory as well. In a straightforward
manner this could be achieved by not only using the current input value |xBB[n]|
but also k − 1 of its predecessors to determine the nonlinear responses at the time
instant n. In the memoryless case, LUT solutions are a broadly employed method.
The following example should disclose the problems arising from this approach, if
dynamic effects need to be modelled as well.

Example. Lets assume that the memory of the PA-model (cf. Fig. 4.2 modi-
fied for the discrete-time case) has length5 k and the input magnitude range (i.e.
[minn∈Z {|xBB[n]|} , maxn∈Z {|xBB[n]|}]) is quantised using B bits. The question is
how many entries NLUT need to be stored in the LUT, if the binary representation
of each quantised input value is used with full precision (i.e B bits) for addressing?

The model memory length of k means that k+1 input values are used to identify
one unique entry in the LUT. Therefore, the address-width of the LUT is (k + 1)B
bits and the resulting number of entries is 2(k+1)B. Since AM/AM and AM/PM
conversion should be carried out, in total the size needs to be doubled,

NLUT = 2(k+1)B+1 (4.9)

�

From this example and Tab. 4.1 it can be seen that the amount of necessary stor-
age grows rapidly with increasing memory length and the number of quantisation-
bits B. A LUT of such a large size is not only too expensive in most cases, moreover
an adaptive tracking of the model parameters which implies an updating of the LUT
entries, and possibly their collateral inversion (in linearisation applications) is not
feasible [Asc05, Cri02]. Hence, less complex schemes need to employed for reasons
of practicability.

5Note that it is assumed that a system with memory length L processes L former input values
and the current input value. Therefore, at each time instant L + 1 input values influence the state
of the system. In other words, memory length zero indicates that the system response only depends
on the current input value.
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4.2.2 The Wiener Model and the Hammerstein Model

As demonstrated in the previous section, the size of the LUT scheme quickly ex-
ceeds the limits of viability with increasing system memory length. Assuming that
the nonlinearities and the linear dynamics of the target system can be described sepa-
rately, the model can be significantly simplified by splitting up the elaborate dynamic
nonlinearities into compositions of static nonlinearities and dynamic linear systems.
The optimum structure for these compositions depends on the physical nature of
the effects which should be reproduced, as well as on the maximum tolerable model
complexity.

This section will alternatively to the Volterra model presented in Chap. 3, intro-
duce two models which are restricted to the cascading of only one linear dynamic sys-
tem and one static nonlinearity. The structure which first passes the signal through
the static nonlinearity is termed Hammerstein model (Fig. 4.3(a)), whereas the re-
versed case is called the Wiener model (Fig. 4.3(b)).

xH yHlinear
dynamic
system

static
nonlinearity

xW yW
static

nonlinearity

linear
dynamic
system

(a) Hammerstein model (PD) (b) Wiener model (PA)

Figure 4.3: The Wiener model consists of a linear dynamic system followed by a
static nonlinearity, it is used to model the PA. The topology of the PD is the same
but the function of the two blocks is interchanged; this structure is referred to as
Hammerstein model.

The Wiener Model

The Wiener model considered in this thesis has the structure of Fig. 4.3(b). It
should not be confused with the general Wiener model which is described in e.g.
[Sch80, Sch81] 6.

With the linear dynamic system and the static nonlinearity described by their
operators L and N respectively, the I/O relation of the Wiener model reads7

yW(t) = N {L{xW(t)}} = N {(hL ∗ xW) (t)} (4.10)

with the impulse response hL(t) of the linear dynamic system. Assuming further
that the nonlinearity is of the form as presented in Sec. 4.1 (i.e. it can be separated

6Norbert Wiener formed from the Volterra functionals an orthogonal set of functionals, referred
to as G-functionals [Wie58]. The class of systems representable by a series of the form given by
(3.3) on p.15 is significantly extended if the Volterra kernels h(p) (τ1, τ2, . . . , τp) are replaced by the
Wiener-kernels of the G-functionals for the input function x(t). This extended class is known as
the Wiener class. In this context, [Sch80, Sch81] presents a structure which can be used to describe
any system contained in the Wiener class, and terms it the (general) Wiener model.

The model in Fig. 4.3 bears a resemblance to this structure; hence, as well it is prevalently called
the Wiener model [Wig90, Asc05].

7Note that only the baseband case is considered, since Equations (4.7) and (4.8) directly allow
to find the passband representation.
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into an AM/AM part and into an AM/PM part) with Equations (4.5)-(4.8) the
continuous-time description of the Wiener model reads

|yW(t)| = NA,BB {|(hL ∗ xW(t)) (t)|} (4.11)
arg {yW(t)} = NΦ,BB {|(hL ∗ xW(t)) (t)|}+ arg {xW(t)} , (4.12)

or equivalently in the discrete-time case under the assumption that the linear dy-
namic system is a finite impulse response (FIR) filter with the discrete-time impulse
response hL

|yW[n]| = N d
A,BB

{∣∣∣hT
LxW,n

∣∣∣} (4.13)

arg {yW[n]} = N d
Φ,BB

{∣∣∣hT
LxW,n

∣∣∣}+ arg {xW[n]} , (4.14)

where similarly to Sec. 3.6 on p.30, the convolution sum is written in the vector form
with the vectors

xW,n �
[
xW[n] xW[n− 1] · · · xW[n− LL + 1]

]T
, (4.15)

hL �
[
hL[0] hL[1] · · · hL[LL − 1]

]T
. (4.16)

The Wiener model will be used in Sec. 5.3 to model the PA, whereas the Hammer-
stein model (described in the next section) will be implemented in the PD presented
in Sec. 6.4. This approach conforms with literature [Asc05, CWL+06] and it is also
intuitively justifiable. The Hammerstein model represents just a linearly filtered
version of the response of a static nonlinearity. The Wiener model in contrast, dis-
torts a pre-filtered version of the input signal. Thus additionally, the nonlinearity
mutually mixes variedly delayed versions of the model input signal. However, if the
components of the Wiener model are invertible, the Hammerstein model built by
the inverted blocks of the Wiener model represents its exact inverse.

The Hammerstein Model

Fig. 4.3(a) depicts the structure of the Hammerstein8 model. If the static nonlinear-
ity and the linear dynamic system are represented by the operator N respectively
by the impulse response hL(t), then in the baseband case, the I/O relation of the
Hammerstein model is given by9

yH(t) = L{N {xH(t)}} = (hL ∗ N {xH}) (t), (4.17)

which simply is the filtered output of a static nonlinearity. Therefore, after replacing
the general static nonlinearity by the combination of the AM/AM and the AM/PM

8In mathematics an equation of the form

u(x) +

∫
I

k(x, ξ)f(ξ, u(ξ)) dξ = v(x) with x ∈ I ⊆ R

is called a nonlinear integral equation of Hammerstein type on I. u(x) is the sought real valued
function, k(x, ξ) a given kernel, f(ξ, u) some nonlinear function and v an inhomogeneous term
[BB75].

9see footnote 7
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conversion (see Equations (4.5)-(4.8)) and by inserting (4.16), the discrete-time ver-
sion of (4.17) becomes

yH[n] = hT
LyN ,n

(4.18)

with the output of the nonlinear system yN [n] given by

|yN [n]| = N d
A,BB {|xW[n]|} (4.19)

arg {yN [n]} = N d
Φ,BB {|xW[n]|}+ arg {xW[n]} (4.20)

and its vector notation

yN ,n
�
[
yN [n] yN [n− 1] · · · yN [n− LL + 1]

]T
. (4.21)

4.2.3 Sampling of the Wiener Model

Up to this point it was only assumed that a discrete-time representation of the con-
tinuous time Wiener model exists. This section will treat the question regarding the
minimum allowed sampling frequency for system identification. It would be possible
to refer to the results of Sec. 3.5 on p.27, since the Wiener model with polynomial
nonlinearity can be expressed by a Volterra series. Nevertheless, here another ap-
proach will be followed which allows to find the same results and circumvents the
use of the equivalent Volterra representation. It was first presented in [Zhu92] and
is there formulated basically10 as follows

Theorem 4.2.1. (The proof can be found in [Zhu92].) Let f(t) be a function of
one variable t. If a one-to-one continuous mapping N{.} exists such that N{f(t)}
is band-limited, i.e. F {N{f(t)}} (jω) = 0 for |ω| ≥ Ω

2 , and if f(t) is sampled at the
points tn = n2π

Ω , then f(t) can be uniquely determined in terms of f (tn) as

f(t) = N−1

{∑
n∈Z

N{f(tn)} sinc
(

Ω
2

(t− tn)
)}∣∣∣∣∣

tn= 2π
Ω

(4.22)

where (N )−1 denotes the inverse of N . �11

The notation used here allows to directly apply the theorem to the static non-
linearity of the Wiener model, recognising that the function f(t) corresponds to the
output of the linear dynamic system (i.e. f(t) ≡ L{xW(t)}). Hence, if the non-
linearity is invertible (which is assumed here, since in the end the objective of the
pre-distortion is to invert the whole model) and the spectrum of its response is non-
zero on a finite frequency interval, then it can be completely identified by sampling
the output signal yW(t) with the Nyquist frequency of its input signal L{xW(t)}.

From theory for LTI systems it is well known [OWN97] that the frequency re-
sponse of a linear system is (at least) zero at those frequencies, for which its input

10The notation was slightly changed to blend with the particular context.
11This theorem can be verified by applying the operator N{.} to both sides of (4.22). The result

complies to the well known reconstruction formula appearing in the basic sampling theorem (see
e.g. [Pro95])
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is vanishing. Thus, the Nyquist frequency of L{xW(t)} is upper bounded by the
Nyquist frequency of xW(t). And together with the previous result, it follows that
for system identification it is sufficient to sample the system output yW(t) at the
Nyquist rate of the system input xW(t) (cf. Sec. 3.5 on p.27).

In practise, the bandwidth of the response yW(t) of the static nonlinearity will
always be bandlimited. Anyhow it has to be noted that in this thesis the static
nonlinearity of the target systems (i.e. the PAs) is approximated by a piecewise linear
function, which theoretically leads to an infinite bandwidth of the model response.
Hence, it might be questioned whether in this particular case it is sufficient to sample
the system output at the Nyquist rate of its input to identify the parameters for the
piecewise linear function of the model. However, this is not further explored here,
since in the framework of this thesis all the measured data used for simulations was
acquired at a sampling frequency, higher than the Nyquist rate of the system output.

4.2.4 Sampling of the Hammerstein Model

In the previous section it was shown that for system identification, it is sufficient to
sample the response of a Wiener system at the Nyquist rate of its input signal. This
section will end up with the equivalent result for a Hammerstein system. However,
here the convenient Theorem 4.2.1 is not applicable. Indeed it can be observed that
the static nonlinearity in Fig. 4.3 can again be identified by sampling its output at
the Nyquist rate of its input signal, but it is not as obvious that sampling the overall
system output yH(t) at the Nyquist rate of the system input xH(t) is as well sufficient
to identify the whole Hammerstein system (including the dynamic linearity, which
generally is excited by a signal with a bandwidth larger than the input bandwidth).
That this is actually true is ensured, if the equivalent Volterra system exists for the
Hammerstein system (cmp. Sec. 3.5 on p.27). Hence, it is only necessary to find the
equivalent Volterra system for the Hammerstein system.

Similarly to the derivation for the Wiener system, where the system response was
required to be bandlimited, in the following it is assumed that the static nonlinearity
can be represented by a polynomial in the system input xH,PB(t), i.e.

NPB {xH,PB(t)} =
P∑

p=1

ap (xH,PB(t))p . (4.23)

It can be shown [ZQC06] that the equivalent baseband model then is

NBB {xH,BB} = xH,BB(t)
�P

2 �∑
p=0

a2p+1 |xH,BB(t)|2p . (4.24)

Thus, with (4.17) the baseband response of the Hammerstein system with polynomial
static nonlinearity becomes

yH,BB(t) = LBB {NBB {xH,BB(t)}} = (hL,BB ∗ NBB {xH,BB}) (t) =

=
�P

2 �∑
p=0

∫ ∞

−∞
a2p+1hL,BB(τ) (xH,BB(t− τ))p+1 (x∗

H,BB(t− τ)
)p

dτ.
(4.25)
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And finally, with the multidimensional Dirac delta function δ(., ., . . . , .), the Volterra
representation of the baseband Hammerstein system is found to be (cmp. (3.45) on
p.27)

yH,BB(t) =
�P

2 �∑
p=0

∫
· · ·
∫

R2p+1

hL,BB(τ1)δ(τ2 − τ1, τ3 − τ1, . . . , τ2p+1 − τ1)︸ ︷︷ ︸
equivalent Volterra kernel

p+1∏
i=1

xH,BB(t− τi)
2p+1∏

k=p+2

x∗
H,BB(t− τk) dτ1dτ2 · · · dτ2k+1. (4.26)

By which together with Sec. 3.5 it follows that also for the Hammerstein system
with polynomial nonlinearity, for system identification it is sufficient to sample the
system output at the Nyquist rate of the system input.

4.3 Approximation of Nonlinearities by Simplicial Canon-
ical Piecewise Linear Functions

In the previous section it is left open, how to describe the two nonlinearities NA,BB

(N d
A,BB) and NΦ,BB (N d

Φ,BB) in detail. Common methods employ orthogonal poly-
nomials (see e.g. [RQZ04]). Also schemes based on LUTs are proposed [OBG+05].

Anyway, in this thesis the static nonlinearities are approximated by piecewise
linear (PWL)12 functions (cmp. Fig. 4.5) which are expressed by a linear combina-
tion of basis functions according to [Che06, CWL+06].

4.3.1 Piecewise Linear Approximation

If a function f : R �→ R is continuous on some closed interval I ∈ R, it directly
follows that it can be approximated by a PWL function p(x, β

s+1
). Meaning that

I is partitioned into s > 0 consecutive sub-intervals Ii ∈ I with i = 1, 2, . . . , s.
Therefore the subintervals Ii can equivalently be written as (cmp. Fig. 4.4)

Ii = [βi, βi+1] ∀i = 1, 2, . . . , s (4.27)

and with the partitioning points βi such that

k > l⇔ βk > βl, (4.28)

where
k, l = 1, 2 . . . s + 1 (4.29)

and
βk, βl ∈ I. (4.30)

12Note that this is an abbreviated version of the term, simplicial canonical PWL which is used
in literature. However, the reasons for these additional predicates will be clarified in this section.
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β1 β2 β3 βs βs+1

I1
I2 Is

x

y

f(x)

I

p(x, β
s
)

0
0

Figure 4.4: Function f(x) is approximated on the interval I by a PWL function
p(x, β

s+1
) according to the partitioning β

s+1
. Here a uniform partitioning is as-

sumed.

If the partitioning covers the whole interval I, it follows that

β1 = min{I} (4.31)
βs+1 = max{I} (4.32)

Ik ∩ Ik+1 = βk ∀k = 1, 2 . . . s (4.33)

and finally

I =
s⋃

k=1

Ik. (4.34)

According to the just stated properties, let β
s+1

denote the vector of partition points:

β
s+1

�
[
β1 β2 · · · βs+1

]T (4.35)

Given some partitioning the question is, how a general PWL function can be
specified?

There are various ways of description, but since the goal is to fit the PWL
function to some continuous function, the representations with a low number of
parameters are of special interest. Two of such will be presented in Sec. 4.3.2 and
Sec. 4.3.3.

4.3.2 Canonical Representation of a Piecewise Linear Function

The canonical piecewise linear (CPWL) representation [CY83, CD88, KO92] pre-
sented in this section is not only a compact way of description for a PWL function,
it also uses the minimal amount of necessary parameters [CD88, KC90, JDA99].
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Figure 4.5: Piecewise linear approximation of the AM/AM and the AM/PM con-
version depicted in Fig. 1.2 on p.4 with equidistant partition points.
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Moreover, in the one-dimensional case any continuous13 PWL function has a canon-
ical form. Lets first state the general definition14 [CD88].

Definition 4.3.1. A canonical piecewise linear (CPWL) function g : R
n �→ R

m is a
function such that it can be expressed by a global representation

g(x) = a + B x +
σ∑

i=1

c′i
∣∣α′

ix− β′
i

∣∣ , (4.36)

where B ∈ R
m×n, a, c′i ∈ R

m, α′
i ∈ R

n and β′
i ∈ R for i = 1, 2, . . . , σ. Hence, the

space R
n is partitioned by σ (n− 1)-dimensional hyperplanes. �

Adapting (4.36) for the case m = n = 1 (i.e. p : R �→ R), yields

g(x) = a + bx +
σ∑

i=1

c′i
∣∣αix− β′

i

∣∣ (4.37)

or in a different way

g(x) = a + bx +
1
2

σ∑
i=1

2c′i
∣∣α′

i

∣∣ ∣∣∣∣x− β′
i

α′
i

∣∣∣∣ (4.38)

and finally with

ci � 2c′i
∣∣α′

i

∣∣ (4.39)

βi � β′
i

α′
i

(4.40)

the CPWL for the one-dimensional case becomes

pCPWL

(
x, β

σ

)
� g(x)

∣∣∣
n=m=1

= a + bx +
1
2

σ∑
i=1

ci |x− βi| . (4.41)

In contrast to the general considerations of Sec. 4.3.1, in this case the function is
not restricted to a closed interval. Still it is partitioned by a finite set of partition,
though outside the interval I = [β1, βσ] (i.e. R\I) it is defined to be a linear function
as well (see also App. C.1). If the nonlinearity of a PA is modelled by a CPWL this
is not an issue, since the input signal is bounded anyway.

With respect to curve fitting, (4.41) is already a convenient description of a PWL
function, since it is minimal in parameters. Nevertheless, in the following section an
equivalent15 notation will be presented, which inheres a few advantages.

13[KC78] presents the necessary modifications of (4.36) to extend its scope to discontinuous one-
dimensional PWL functions.

14In [CY83] and [CD88] to which definition Definition 4.3.1 is most similar, the cases f : R
n �→ R

n

and f : R
n �→ R were covered. [KO92] treats the more general situation of f : R

n �→ R
m. Alongside

with this it is pointed out that the dimension m of the range space is not of importance for the
partitioning of the domain space. Hence, if a proper partitioning is found, f : R

n �→ R
m always can

be decomposed into m independent mappings f : R
n �→ R with the same boundary configuration.

15It is only equivalent for the one-dimensional case!
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4.3.3 Canonical Representation with Simplicial Partitioning

Sec. 4.3.2 introduced the canonical representation of a PWL function. As mentioned
above, in the one-dimensional case a PWL function always has a canonical form.
However, if the domain space has higher dimension n > 1, only PWL functions
with a non-degenerate partitioning of the domain space (i.e. the dimension of the
intersection among any l of the σ partition-hyperplanes must be less or equal n− l,
see [CD88] for details) can be described by (4.36).

In [JDA99] the (compact) domain space D ⊂ R
n is assumed to be rectangu-

lar, then it is shown that any PWL function p : D �→ R with a special boundary
configuration HD can be represented by an equation of the form

p(x) = cTΛ(x), (4.42)

where c is a parameter vector and Λ(x) is a matrix of basis functions. The bound-
ary configuration has to be chosen such that D is divided into proper and non-
overlapping simplices16. In the one-dimensional case, with marginal modifications
(cmp. App. C.1) (4.41) coincides with (4.42), which becomes [CWL+06]

pSCPWL

(
x, β

σ

)
� cTλ(x), (4.44)

where

c =
[
c0 c1 · · · cσ−1

]T (4.45)

and

λ(x) =
[
1 λ1(x) λ2(x) · · · λσ−1(x)

]T (4.46)

with the basis functions for i = 1, 2, . . . , σ − 1 (cmp. Fig. 4.6)

λi(x) =

{
1
2 (x− βi + |x− βi|) ; x ≤ βσ

1
2 (βσ − βi + |βσ − βi|) ; x > βσ

. (4.47)

Thus, if a continuous function f(x) is approximated by a PWL function pSCPWL(x, β
σ
)

it can be seen to be projected into the function space of dimension (σ + 1), with
the basis functions 1, λ1(x), λ2(x), . . . , λσ−1(x). Consequently, given some metric,
fitting a PWL function to a continuous function, is the process of identifying the set
of expansion coefficients which leads to a minimum distance between the original
function and its approximation (in Chap. 5 an application of this process will be
found).

16A simplex S(v0, v1, . . . , vn) in an n-dimensional space is a convex shape spanned by (n + 1)
points vi [MS00], thus

S(v0, v1, . . . , vn) =

{
x

∣∣∣∣∣
n∑

i=0

μivi

}
(4.43)

with 0 ≤ μi ≤ 1, i = 0, 1, . . . , n and
∑n

i=0 μi = 1. The simplex S(v0, v1, . . . , vn) is said to be proper
if and only if it cannot be contained in a (n − 1)-dimensional hyperplane [JDA99].



50 CHAPTER 4. MODELS USING PIECEWISE LINEAR FUNCTIONS
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Figure 4.6: One of the basis functions of the SCPWL representation.
.

4.3.4 Relation among SCPWL and Traditional Coordinates

Sec. 6.2 presents a powerful method to find the nonlinear PD characteristic for a
given PWL approximation of the corresponding nonlinear PA characteristic. This
method referred to by ICM is very low in computational complexity but it requires
the PWL nonlinearity to be represented by the Cartesian coordinates of its support
points. Whereas, the adaptive identification (see Sec. 5.3) only provides the param-
eters of the equivalent SCPWL description. Thus, a scheme is needed to swap from
SCPWL coefficients to the traditional Cartesian coordinates.

Assume that the σ support points of some PWL function p(x) are given by their
Cartesian coordinates (βi, γi) (cmp. Fig. 4.7). Let further pSCPWL(x, β

σ
) be the

βi βi+1 βi+2

γi

γi+1

γi+2

Ii Ii+1

x

y

p(x) = pSCPWL

(
x, β

σ

)

0
0

Figure 4.7: Representation of a PWL function by the traditional Cartesian coordi-
nates of its support points.
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equivalent SCPWL representation, such that

p(x) = pSCPWL

(
x, β

σ

)
∀x ∈ I ⊆ R (4.48)

then evaluated at the partitioning points βi, it is obtained that

γi = p(βi) = pSCPWL

(
βi, βσ

)
= cTλ(βi) with i = 1, 2, . . . , σ. (4.49)

Let further L(xm) be the column of the lines λT(xk) for k = 1, 2, . . . , m, which leads
to the (m× σ) matrix

L(xm) �
[
λ(x1) λ(x2) · · · λ(xm)

]T (4.50)

and especially for xm = β
σ

it becomes

L(β
σ
) �
[
λ(β1) λ(β2) · · · λ(βσ)

]T (4.51)

or equivalently

L(β
σ
) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 · · · 0 0

1 β2 − β1 0 0 · · · 0 0

1 β3 − β1 β3 − β2 0 · · · 0 0
...

...
...

...
. . .

...
...

1 βσ−1 − β1 βσ−1 − β2 βσ−1 − β3 · · · βσ−1 − βσ−2 0

1 βσ − β1 βσ − β2 βσ − β3 · · · βσ − βσ−2 βσ − βσ−1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(4.52)

Consequently, collecting all γi in one vector γ, (4.49) can be compactly written for
all i = 1, 2, . . . , σ in the form [CAB+05]

γ = L(β
σ
)c (4.53)

where
γ �

[
γ1 γ2 · · · γσ

]T
. (4.54)

Whereby the relation between the SCPWL coefficients and the Cartesian coordinates
of the support points has been established.

As pointed out in [JDA99], the square matrix L(β
σ
) is nonsingular and can thus

be inverted, which allows to write (4.54) in the reverse direction

c = L−1(β
σ
)γ. (4.55)

It can be verified (e.g. by forward substitution [MS00] and induction) that the ith

SCPWL coefficient ci (i = 0, 1, . . . , σ − 1) depends on γ by

c0 = γ1 (4.56)

c1 = −γ1
1

β2 − β1
+ γ2

1
β2 − β1

(4.57)

ci = γi−1
1

βi − βi−1
− γi

(
1

βi − βi−1
+

1
βi+1 − βi

)
+ γi+1

1
βi+1 − βi

. (4.58)
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Thus the inverse of the lower triangular matrix L(β
σ
) has a tridiagonal shape

[CAB+05]

L−1(β
σ
) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 · · · 0 0 0

−B1,1 B1,1 0 0 · · · 0 0 0

B1,1 −B1,2 B2,2 0 · · · 0 0 0

0 B2,2 −B2,3 B3,3 · · · 0 0 0

0 0 B3,3 −B3,4

. . .
...

...
...

0 0 0
. . .

. . .
. . . 0 0

...
...

...
...

. . . −Bσ−3,σ−2 Bσ−2,σ−2 0

0 0 0 0 · · · Bσ−2,σ−2 −Bσ−2,σ−1 Bσ−1,σ−1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(4.59)
with

Bl,m �
m∑

k=l

1
βk+1 − βk

. (4.60)

4.3.5 Partitioning of the Input Range

In the previous sections the partitioning β
σ

of the input range was always assumed to
be given, uniform and fixed. Of course this is not necessarily the case. A fixed non-
uniform as well as an adaptively adjusted partitioning can be considered. Fig. 4.8
opposes two different uniform partitionings

β
3

=
[
0 0.5 1

]T (4.61)

β
6

=
[
0 0.2 0.4 0.6 0.8 1

]T
, (4.62)

of one and the same highly nonlinear function, which was designed using a Cann
model (see Sec. 6.5). From this extreme case, it can be observed that the finer
partitioning (i.e. more subdivisions and thus, more parameters and higher model
complexity) leads to a less accurate approximation of the original function f(x).
Consequently, especially in the case of a higher order nonlinearity and a partitioning
with only few sub-intervals, the position of the partition points plays a decisive role
in the quality of the approximation.

[Ugu06] presents an algorithm which alternately optimises the position of the
partitioning points and the SCPWL parameters for a given nonlinear function. Both
optimisations are done by an iterative least-squares (LS) algorithm. It is pointed
out that the initial subdivision of the input range needs to be adequately close to
the optimal configuration to ensure convergence. Therefore, additional methods are
investigated, which allow to estimate a first guess for the partitioning, based on an
initial model or measurements performed with a power swept input signal.

However, in the framework of this thesis the partitions are always assumed to be
fixed and uniform. On one hand, this might lead to slightly less accurate models,
on the other hand it allows a more transparent comparison of the presented models
and algorithms.
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Figure 4.8: Two examples of a piecewise linear function fitted to a highly nonlinear
continuous function (produced by the Cann model Sec. 6.5 with G = 2, Ka = 1 and
s = 30). The left hand case is partitioned by twice as many partition points than the
right hand case. Nevertheless, the approximation quality on the left side is roughly
half of the one on the right side (as measured by the maximum identification error).

4.4 Number of Parameters and Computational Com-
plexity of the Wiener model and the Hammerstein
model

Since the Wiener model and the Hammerstein model (cf. Fig. 4.3) consist of the
same blocks, the computational complexity for their implementation is the same.
In the following it is assumed that the linear dynamic system is realised by an FIR
filter with L coefficients, and that the nonlinear block has the structure depicted in
Fig. 4.2, where the AM/AM conversion and the AM/PM conversion is approximated
by a SCPWL function. This setting conforms with the implementations used for
the simulations in Matlab (see Chap. 5 and Chap. 6).

Hence, the response yN [n] of the static nonlinearity to the input signal xN [n]
has the form

yN [n] = N d
A,BB {|xN [n]|} ej(arg(xN [n])+Nd

Φ,BB{|xN [n]|}). (4.63)

Or equivalently, regarding that the nonlinearities in (4.64) are realised by SCPWL
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functions

yN [n] = pA
SCPWL

(
|xN [n]| , βA

σA

)
e
j
(
arg(xN [n])+pΦ

SCPWL

(
|xN [n]|,βΦ

σΦ

))
. (4.64)

Number of Parameters
Note that since |x[n]| ≥ 0, without loss of generality the lower bounds of the parti-
tioning intervals can be defined to be

βA
1 = 0,

βΦ
1 = 0.

(4.65)

In general, a model according to (4.64) would be specified by σA + σΦ parameters.
However, since the signal output of the PA is known to be zero for zero input signal
power, it follows that

pA
SCPWL

(
0, βA

σA

)
= 0 (4.66)

by which the parameter cA
0 corresponding to the partition point βA

1 = 0 is fixed to
zero.

Therefore, together with the FIR filter, the total number N of parameters for
the Wiener model as well as for the Hammerstein model is

N = σA + σΦ + L− 1. (4.67)

Computational Complexity
The computational complexity will be measured by

• the number of real valued additions O (ADDR)

• the number of real valued multiplications O (MLTR)

• the number of comparisons with N values17 O (CMPN)

• the number of Cartesian to polar conversions O (P→ C)

• the number of polar to Cartesian conversions O (C→ P),

where in contrast to Sec. 3.7.2 on p.35, the additions and multiplications are based
on real operations18.

For one (complex) input sample xN [n] given in Cartesian coordinates (i.e. in-
phase and quadrature component), first the polar representation needs to be deter-
mined, by which the magnitude and the argument of xN [n] become available. Then,

17Here, the comparison of one value (e.g. |xN [n]|) with more than one (i.e. N > 1) reference values
is not further stripped down to a set of binary comparisons. Anyhow, identifying the interval which
contains the current input magnitude can be achieved by �log2 (σ − 1) binary comparisons (using
a binary search or equivalently, successive approximation known from ADCs) since the partition
vector β

σ
is sorted.

18Note that the results in Sec. 3.7.2 can easily be converted to real operations, taking into account
that one complex addition requires two real additions, and that one complex multiplication is
composed of four real multiplications and two real additions.
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using the table of partition points, by comparison it can be determined into which
subdivision [βk, βk+1] (k = 1, 2, . . . , σ − 1) the magnitude of xN [n] falls. The result
of this comparison already allows to calculate the base functions in (4.47). In detail,
if βk ≤ |xN [n]| < βk+1

λi (|xN [n]|) =

{
xN [n]− βi ; i ≤ k

0 ; i > k
, (4.68)

or in the case |xN [n]| ≥ βσ

λi (|xN [n]|) = βσ − βi. (4.69)

Adding up c0 (for the AM/PM conversion only) and all non-zero (or equivalently
i ≤ k) basis functions λi (|xN [n]|) multiplied by the corresponding coefficient ci

yields the desired nonlinear response yN [n]. In this scenario the worst case occurs,
if |xN [n]| ≥ βσ−1, then σ − 1 additions need to be performed to calculate all basis
functions and afterwards the same amount of multiplications and (again) additions
is required. Hence, one SCPWL block with σ partition points, in the worst case
requires

• O
(
ADDN

R

)
= 2(σ − 1) (or 2σ − 3 if c0 = 0)

• O
(
MLTN

R

)
= σ − 2

• O
(
CMPN

σ−1

)
= 1.

The FIR filter with L coefficients consumes L complex multiplications and L−1
complex additions, thus19

• O
(
ADDFIR

R

)
= 4L− 2

• O
(
MLTFIR

R

)
= 4L.

Taking into account that in general the model output is required in Cartesian
coordinates, moreover one polar-to-Cartesian conversion is needed. Consequently,
in total the computational complexity to calculate one output sample of the Wiener
or the Hammerstein model is upper bounded by

• O (ADDR) = 4L + 2 (σA + σΦ)− 7

• O (MLTR) = 4L + σA + σΦ − 4

• O (CMPσ−1) = 2

• O (P→ C) = 1

• O (C→ P) = 1

19see 18
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if the AM/AM characteristic uses σA partitions and the AM/PM characteristic is
subdivided into (σΦ − 1) sub-intervals. If the partitioning of both characteristics is
the same with (σ − 1) subdivisions, the basis functions need to be determined only
once, therefore the upper bound is reduced to

• O (ADDR) = 4L + 3σ − 6

• O (MLTR) = 4L + 2 (σ − 2)

• O (CMPσ−1) = 1

• O (P→ C) = 1

• O (C→ P) = 1.

Finally, the complexity of (4.53) is considered here, since it is referred to by
Chap. 6. Assuming that all differences occurring in matrix L(β

σ
) need to be cal-

culated (and are not kept available by saving them in the storage), it can easily be
verified that the computational complexity of (4.53)20 including the construction of
the matrix is given by

• O
(
ADD(4.53)

R

)
= σ(σ − 1)

• O
(
MLT(4.53)

R

)
= 1

2σ(σ − 1).

20(4.55) will not be used in this work, anyhow, the computational complexity can be found to be

• O
(
ADD

(4.55)
R

)
= 4σ − 7

• O
(
MLT

(4.55)
R

)
= 2(σ − 1)

• O
(
DIV

(4.55)
R

)
= σ − 1.



Chapter 5

Adaptive Identification of
Radiofrequency Power
Amplifiers

Chap. 3 and Chap. 4 presented two different approaches to model the nonlinear
behaviour of a PA with memory. In both cases the relation between the passband
domain and the baseband domain was established. Assuming that a baseband rep-
resentation of a RF PA has been found by measurements, this chapter elaborates
methods to find the model parameters for the Volterra model and the Wiener model,
based on the measured data (cmp. Sec. 2).

First, Sec. 5.1 introduces the adaptive system identification from a general per-
spective. The two most popular estimation methods least-mean-squares (LMS) and
LS are cursorily described in Sec. 5.1.1 and Sec. 5.1.2 respectively. The algorithms
analysed in this thesis are intended for implementation on DSPs (possibly in con-
junction with field-programmable gate arrays (FPGAs)). Therefore, their complex-
ity should be kept as small as possible which requires the use of recursive approx-
imations of the solutions found for the LMS and LS estimation. Consequently,
Sec. 5.1.3 and Sec. 5.1.3 present stochastic-gradient methods to estimate the system
parameters adaptively, circumventing the derivation of the Jacobian (see App. C.2)
and costly matrix inversions. Sec. 5.2 and Sec. 5.3 will then integrate the adaptive
schemes into a system for identification of PAs.

5.1 Adaptive System Identification

Identifying or describing a real system in practice always requires to find an adequate
model first, which then can be fit to the real system. In this thesis, all the considered
systems are identified in discrete time baseband domain. Moreover, the (discrete
time) models presented in Chap. 3 and Chap. 4 are all described by a finite set of
parameters. Therefore, this chapter restricts to parametrised system identification
in the discrete-time case.

Fig. 5.1 depicts the general structure of parametric system identification, assum-
ing that the system response is non-vectorial. Thus, if the system maps the possibly

57
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fo{.}

ŵ

u[n] d[n]

e[n]

y[n]

system (PA)

model

u[n] . . . possibly vectorial system input
(system excitation signal)

d[n] . . . system response
y[n] . . . model response
e[n] . . . response error
fo{.} . . . (unknown) system behaviour
ŵ . . . (estimated) model parameters

Figure 5.1: General structure of parametric system identification (with scalar system
response).

vectorial input signal u[n] to d[n] by the function fo

d[n] = fo (u[n]) (5.1)

the task of the system identification is to find the set of parameters ŵ for which the
model is ‘closest’ to the actual system. Since no further knowledge is available it
is necessary to introduce a metric1 m(d[n], y[n]) (or more general, a cost function)
for the distance between the responses d[n] and y[n], which allows to quantify the
proximity among the model and the system. Then, the system identification is
equivalently written as

ŵm = arg min
w

{
m
(
fo (u[n]) , f (u[n], ŵ)

)}
, (5.2)

where f(., .) denotes the I/O mapping performed by the model. Hence, the quality
of the system identification is influenced not only by the suitability of the model
but also by the choice of the metric. Especially, if the metric shows more than one
minimum for a given pair (d[n], y[n]), the solution of (5.2) is non-unique and even if
there is exactly one absolute minimum amongst other minima, the question is how
to locate it.

Furthermore, it has to be noted that (5.2) is performed for a special input signal
u[n] which not necessarily implicates that the model behaves similar to the system
for other excitation signals as well. Therefore, for the identification process, also a
proper choice of the input signal u[n] is also crucial to obtain a reliable result.

1[MS00] A metric m : X × X �→ R is a function that is used to measure the distance between
elements in a set X. In order to be a metric it must satisfy the following properties, for all x, y ∈ X:

1. m(x, y) = m(y, x)

2. m(x, y) ≥ 0

3. m(x, y) = 0 ⇔ x = y

4. m(x, z) ≤ m(x, y) + m(y, z) ∀x, y, z ∈ X
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For the simulations performed in the framework of this thesis two estimation
methods were employed for system identification. Before both of them are intro-
duced, the afore presented scenario is restricted to linear-in-the-parameter2 models.
In particular, let the model function f(., .) be representable in the form

y[n] = f (u[n], ŵ) � ŵTg(u[n]), (5.3)

where g : C
nu �→ C

nŵ denotes a deterministic vectorial (possibly nonlinear) function
of the input vector u[n], and ŵ is (further on) the vector of model parameters. Note
that the dimension nŵ of the range space of g(.) is in general different from the
dimension nu of the input vector.

5.1.1 Least-Mean-Squares Estimation

As mentioned in the previous section, finding a proper set of model parameters
requires the choice of a proper cost function. The LMS (also called minimum mean-
square-error (MMSE)) estimation approach considers (at some time instant n) the
system input u as well as the outputs d and y as random variables, by which for the
scope of this section let

u[n] −→ u

d[n] −→ d

y[n] −→ y.

Whereas, the system response d is assumed to be statistically dependent on the
system input u and the model response y is related to the system input through the
deterministic function f(u). The goal is to find the function f(.) which optimally
fits the model to the system. In the LMS sense this is achieved by minimising the
mean-square error (MSE) between the system response and the model response with
respect to the function f(.), thus

f̂MMSE(.) = arg min
f(.)

E
{
|f(u)− d|2

}
. (5.4)

Accordingly, the MSE is the employed cost function to assess the similarity between
the model and the system.

Restricting (5.4) to the case of the linear-in-parameter model from (5.3) with the
given deterministic function g(.), the least-mean-squares estimator (LMSE) reduces
to the identification of the optimal model parameter vector ŵ

ŵMMSE = arg min
ŵ

E

{∣∣∣ŵTg(u)− d
∣∣∣2} . (5.5)

2A model is said to be linear-in-the-parameters if the (generalised) error is linear-in-the-
parameters [Eyk74].



60 CHAPTER 5. ADAPTIVE IDENTIFICATION OF RF PAS

If the system response and the by g(.) transformed system input is zero-mean3, i.e.

h̄u � E
{
g(u)

}
= 0 (5.6)

d̄ � E {d} = 0, (5.7)

and the second order statistics

Rg
u
,g

u
� E

{
g(u) g(u)H

}
(5.8)

Rd,g
u

� E
{
d g(u)H

}
(5.9)

are available, it can be found that all solutions4 of (5.5) are specified by [Say03]

ŵT
MMSE Rg

u
,g

u
= Rd,g

u
, (5.10)

and the corresponding MMSE is then given by

eMMSE = rd,d −Rd,g
u
R−1

g
u
,g

u
R∗

d,g
u

(5.11)

with
rd,d � E

{
|d|2
}

. (5.12)

If the solution of (5.4) cannot be described in a closed form, it can be approxi-
mated iteratively using steepest-descent algorithms [Say03]. Moreover, in many cases
the signal statistics are only partially known or completely unknown and possibly
varying with time. Then, the signal statistics need to be estimated based on the
observed values g(u[n]) and d[n]. Combining the steepest-descent approach with
the observation based approximation of the signal statistics leads to the stochastic-
gradient algorithms, of which two representatives will be described in Sec. 5.1.3.

5.1.2 Least-Squares Estimation

While in the previous section an estimation method based on the statistical depen-
dency among system input and system output was introduced, this section presents
the LS approach which solves (5.2) from a deterministic perspective. In particular,
(5.2) becomes (note that if in (5.4) the expectation operator is approximated by the
arithmetic average, the minimisation process also leads to (5.14) [Say03])

f̂LS(.) = arg min
f(.)

N−1∑
i=0

|f(u[i])− d[i]|2 (5.13)

3If d and/or g(u) are not zero-mean, it is always possible to define the zero-mean random
variables

d′ � d − d̄

g′(u) � g(u) − h̄u

for which (5.10) and (5.11) can be evaluated.
4Note that Rg

u
,g

u
can be shown to be nonnegative-definite, and that in the case that Rg

u
,g

u
is

positive-definite, the solution of (5.10) is unique [Say03].
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with N being the considered number of samples. Restricting f(.) again to the linear-
in-parameters function from (5.3), (5.13) becomes

ŵLS = arg min
ŵ
‖G(UN )ŵ − dN‖22 , (5.14)

where the following notations were used

G(UN−1) �
[
h(u[N − 1]) h(u[N − 2]) · · · h(u[0])

]T
, (5.15)

dN−1 �
[
d[N − 1] d[N − 2] · · · d[0]

]T
. (5.16)

The solutions of (5.14) are all characterised by the solutions of the linear system of
equations [Say03]

G(UN−1)
HG(UN−1)ŵ = G(UN−1)

HdN−1. (5.17)

It further can be shown [Say03] that the solution of (5.17) is unique if, and only if, the
data matrix G(UN−1) has full column rank (i.e. all columns are linearly independent
from each other), which entails that the number of samples N has to be at least as
large as the number of parameters nŵ (then (5.17) specifies an over-determined LS
problem). The corresponding parameter vector is then given by

ŵ =
(
G(UN−1)

HG(UN−1)
)−1

G(UN−1)
HdN−1, (5.18)

and the resulting minimum cost is

eLS = ‖dN−1‖22 − ‖yN−1
‖22 = ‖dN−1‖22 −

∥∥G(UN−1)ŵ
∥∥2

2
(5.19)

with
y

N−1
�
[
y[N − 1] y[N − 2] · · · y[0]

]T
. (5.20)

In contrast to the LMS estimation, here no statistical knowledge is required.
All the necessary data to solve the LS problem is available through the samples
of the system input and the system response. However, if the parameter vector is
determined using (5.18) it has to be ensured that the matrix G(UN−1)HG(UN−1) is
not rank deficient. To circumvent this problem, the cost function in (5.14) can be
modified (regularised) as follows

ŵreg.LS = arg min
ŵ

{
(ŵ − w̄)H Π (ŵ − w̄) + ‖G(UN )ŵ − dN‖22

}
(5.21)

with some positive-definite5 matrix Π (in many cases it can be chosen as a positive
multiple of the identity matrix with dimension nŵ) and the column vector w̄, which
acts as an offset for the parameter vector. Thus, if a first guess for the solution of
(5.21) is available, setting w̄ to this first guess prioritises solutions which are close to
it. Otherwise, w̄ is generally chosen to be zero. Finally, the (always) unique solution
of the regularised LS problem from (5.21) reads [Say03]

ŵreg.LS = w̄ +
(
Π + G(UN−1)

HG(UN−1)
)−1

G(UN−1)
H
(
dN−1 −G(UN−1)w̄

)
.

(5.22)
5A matrix A is said to be positive-definite if xHAx > 0 for all x �= 0 [MS00].
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If the behaviour of the target system changes with time (‘slowly’ compared to
the sampling period), past data might not be representative for the current state of
the system any more. Then it is desirable to emphasise the influence of recent data
and to neglect outdated samples. This can be achieved by the weighted regularised
LS estimation, which is defined by

ŵweight.reg.LS

= arg min
ŵ

{
(ŵ − w̄)H Π (ŵ − w̄) + (dN −G(UN )ŵ)H WN (dN −G(UN )ŵ)

}
(5.23)

with an adequately chosen positive-definite weighting matrix WN . The (always)
unique solution for (5.23) is given by

ŵweight.reg.LS

= w̄ +
(
Π + G(UN−1)

HWNG(UN−1)
)−1

GWN (UN−1)
H
(
dN−1 −G(UN−1)w̄

)
.

(5.24)

Equ. (5.24) would meet all requirements for an adaptive estimation of the model
parameters. However, due to limitations in storage and computational power, it is
not a feasible approach for an implementation on real HW. The algorithm presented
in Sec. 5.1.3 resolves this problem, by calculating ŵweight.reg.LS recursively, albeit for
the price of a high sensitivity to numerically limited precision.

5.1.3 Stochastic-Gradient Algorithms

While Sec. 5.1.1 and Sec. 5.1.2 introduced the basic ideas of two different approaches
for parameter estimation, this section concentrates on specific recursive algorithms
which allow an approximative solution of the expressions in (5.5) respectively (5.23).
Both equations define a minimisation problem on a scalar-valued quadratic function
over the domain space spread by the parameter vector ŵ (in Sec. 5.1.1 respectively
Sec. 5.1.2 the necessary assumptions for uniqueness can be found). Hence, the
minimum can be found by an iterative scheme

ŵk = ŵk−1 + μ[k]p
k

(5.25)

with the iteration index k ≥ 0, the iteration step-size μ[k] and some update direction
vector p

k
. Additionally, some initial guess ŵ−1 needs to be chosen to start the

iteration from. The choice of the sequence of (positive scalar) values μ[k] decides
whether and (if so) how fast the iteration converges towards the desired solution,
moreover it also influences the minimum achievable accuracy of the approximation.
Steepest-descent algorithms (which are not treated in this thesis, see e.g. [Say03])
determine μ[k] and p

k
based on statistical information about the signals, whereas the

(here employed) stochastic-gradient algorithms estimate the necessary information
directly from the available samples.
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Least-Mean-Squares Type Algorithms

LMS type algorithms are one of the most widely used classes of adaptive algorithms
in current practice [Say03]. The standard version of the LMS algorithm applied to
the minimisation problem (5.5) has the form

ŵk = ŵk−1 + μ′ g∗(uk)
(
d[k]− gT(uk) ŵk−1

)
(5.26)

with k ≥ 0, some initial guess ŵ−1 and the positive step-size μ′. Moreover, the
(deterministic) vector uk contains one realisation of the zero-mean random vector
u and the deterministic scalar d[k] is a realisation of the zero-mean scalar random
variable d.

It can be shown [Say03] that the standard LMS algorithm converges in the mean6

if μ is chosen according to7

0 < μ′ <
2

‖Rg
u
,g

u
‖2

(5.29)

where (5.8) was used.
The computational cost per iteration is evaluated by the number of real additions

O (ADDR) and the number of real multiplications O (MLTR), with nŵ being the
number of parameters:

• O (ADDR) = 8nŵ

• O (MLTR) = 8nŵ + 2

For the simulations the ε-NLMS (normalised least-mean-squares) algorithm was
used, which is obtained if μ′ in (5.26) is substituted by

μ′ =
μ

ε + ‖g(uk)‖22
(5.30)

where the small positive number ε in the denominator is introduced to prevent from
divisions by zero. This version of the LMS first avoids that the ‘length’ of the update
direction vector is proportional to the energy of g(uk), by which the convergence (in
the mean) condition becomes independent from g(uk),

0 < μ < 2. (5.31)

And second, the ε-NLMS algorithm shows a slightly faster convergence than the
standard version.

The computational complexity during one iteration cycle is marginally increased
and includes now one real division:

6Convergence in the mean here indicates that

lim
k→∞

E{ŵk} = ŵMMSE (5.27)

with ŵMMSE from (5.10).
7Note that the l2 norm of a (Hermitian) matrix A fulfils [MS00]

A = AH =⇒ ‖A‖2 = max
i

|λA,i| (5.28)

with the eigenvalues λA,i of A.
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• O (ADDR) = 10nŵ

• O (MLTR) = 10nŵ + 2

• O (DIVR) = 1

The Exponentially-Weighted Recursive-Least-Squares Algorithm

The here presented recursive algorithm solves (5.23) recursively for a weighting ma-
trix defined by

WN = diag{λN , λN−1, . . . , λ, 1} (5.32)

with a positive scalar λ slightly less than 1, i.e.

0� λ ≤ 1 (5.33)

The algorithm is given by [Rup06]

ŵk = ŵk−1 + kk

(
d[k]− gT(uk) ŵk−1

)
(5.34)

kk =
λ−1P k−1g

∗(uk)
1 + λ−1gT(uk)P k−1g

∗(uk)
(5.35)

P k = λ−1
(
P k−1 − kkg

T(uk)P k−1

)
(5.36)

with k ≥ 0, some initial guess ŵ−1 and the initial value of P−1 = Π−1.
The computational complexity of (5.34) can be found to be8

• O (ADDR) = 4n2
ŵ + 12nŵ − 1

• O (MLTR) = 4n2
ŵ + 16nŵ + 1

• O (DIVR) = 1

Consequently, compared to the LMS type algorithms the computational complexity
is one order higher in the number of parameters. Therefore, for a large number of
parameters still, the recursive-least-squares (RLS) algorithm is too costly, though,
during the simulations for this thesis it has been proven to be valuable in the case
of parameter estimation for the PWL functions (cf. Sec. 4.3).

5.2 Adaptive Identification of the Volterra Model

As it can be seen from (3.72) on p.31, the Volterra model is linear-in-parameters.
According to Fig. 5.1, the input vector u[n] reduces to a complex valued scalar u[n],
representing the discrete-time baseband version of the PA input signal (i.e. sTX,BB[k]
in Fig. 2.2). The deterministic function g(u[n]) converts the input samples u[n] into
the vector un from (3.72)9. Consequently, from (3.80) it follows that g : C �→ C

Lh .

8Note that a matrix inversion does not need to be performed explicitely.
9Note, that in contrast to Chap. 3 the input of the Volterra model is now denoted by u instead

of x, hence, xn → un.
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The exact specification of the function g(u[n]) is done in several steps. In a
reverse manner lets start at the result. By (3.74) the relation between un and the
vectors u

(p)
n is given. Via (3.78) together with (3.77) the relation of u

(p)
n to the

vectors u
(p)
m̂,m̌[n] and u∗(p)

m̂,m̌[n] is established. The construction of the latter two
vectors is described by Definition 3.6.1, however, it is ambiguous. Consequently, if
Definition 3.6.1 is restricted to a unique version, the relation among u[n] and un is
also uniquely specified. This leads to a unique specification of g(u[n]) for the case of
the Volterra model. This remaining task of restricting Definition 3.6.1 is performed
by Pseudocode 5.2.1, which is stated without formal proof (see also Tab. 5.2 which
helps to clarify the functionality of the algorithm).

i 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

k1 0 1 2 1 2 2 1 2 2 2 1 2 2 2 2
k2 0 0 0 1 1 2 1 1 2 2 1 1 2 2 2
k3 0 0 0 0 0 0 1 1 1 2 1 1 1 2 2
k4 0 0 0 0 0 0 0 0 0 0 1 1 1 1 2

Table 5.1: An example of the contents of k in Pseudocode 5.2.1 for p = 4, m̌ = 0
and m̂ = 2. In this case, the resulting vector u

(p)
m̂,m̌[n] has length 15.

Additionally, the considered Volterra models are restricted to be causal (i.e. the
model output at time instant n depends only on the current and past input values
but not on future input values). The reason for this is that by means of experimental
simulations in the framework of this thesis, it was found that the model accuracy
cannot be improved if acausal models are used10. With the length K

(p)
h of the

Volterra kernel of order p it follows that, m̌ = 0 and m̂ = K
(p)
h − 1.

By all the previously described steps, the ε-normalised least-mean-squares (NLMS)
algorithm can now be employed to approximate the solution of (5.5). The resulting
parameter estimate ŵ includes the kernel weights of all kernels of the Volterra model.

5.2.1 Choice of Model Order and Kernel Lengths

Finally, the model dimensions (i.e. model order P and the kernel lengths) need to be
chosen. In Sec. 3.7.1 it was shown that the computational complexity rapidly grows
with increasing order of the model as well as with the kernel lengths of higher order
kernels. This is one reason why to keep the order and the kernel lengths as small
as possible. Moreover, over-parametrising (i.e. dedicating more parameters than
necessary to optimally identify the target system) a model generally leads to less
accurate results than if the number of parameters is optimum [Say03]. This again
motivates to keep the number of parameters (and thus the order and the memory
lengths) as low as possible.

10Although, a real PA will never show acausal behaviour, in the case of system identification it
makes sense to experiment with acausal models. The reason for this is that the synchronisation of
the I/O data removes the delay introduced by the PA and hence, (seemingly) results in acausality.
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Pseudocode 5.2.1 Construction of u
(p)
m̂,m̌[n] (cf. Definition 3.6.1 on p.32)

Input:
u[n] – . . . input sequence
p ∈ N0 . . . number of terms in each product
m̌ ∈ Z . . . lower limit for delay indices
m̂ ∈ Z . . . upper limit for delay indices

Internal:
K ∈ N+ . . . sequence length

Mp,K ∈ N+ . . . number of products (i.e. length of
u

(p)
m̂,m̌[n])

k kl ∈ {m̌, m̌ + 1, . . . , m̂} . . . vector of length p which contains the
delay indices kl during iteration i, such
that

(
u

(p)
m̂,m̌[n]

)
i
=
∏p

l=1 u[n− kl]

l ∈ {1, 2, . . . p} . . . line index for vector k

i ∈ {1, 2, . . . Mp,K} . . . element index for u
(p)
m̂,m̌[n]

Δ ∈ {m̌, m̌ + 1, . . . , m̂} . . . some delay value

Output:
u

(p)
m̂,m̌[n] – . . . vector of products u[n − k1]u[n −

k2] · · ·u[n− kp]

i← 0
u

(p)
m̂,m̌[n]← 1(
u

(p)
m̂,m̌[n]

)
1
← up[n]

K ← m̂− m̌ + 1
if K > 1 then

Mp,K ←
(
K+p−1

p

)
for i← 2 to Mp,K do

Δ← k1 + 1
if Δ > m̂ then

l← 2
while kl ≥ m̂ do

l← l + 1
end while
k1...l ← kl + 1

else
k1 ← Δ

end if
for l← 1 to p do(

u
(p)
m̂,m̌[n]

)
i
←
(
u

(p)
m̂,m̌[n]

)
i
u[n− kl]

end for
end for

end if
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The optimum parametrisation of the model depends on the target system. Each
target system might lead to different model dimensions. In this work, the normalised
MSE

nMSE{d[n], y[n]} � 10 log

(∑N−1
n=0 |y[n]− d[n]|2∑N−1

n=0 |d[n]|2

)
in dB (5.37)

between the system response and the model response, with the signal length N ∈ N0,
is used as metric to choose the optimum dimensions of the Volterra model. Fig. 5.2
shows in a contour plot the results of simulations performed for the PAs Mini-Circuits
ZVE-8G+ and Kuhne KU PA 2426 A (cf. Sec. 2.3). The simulations were done for
lengths K

(5)
h = 0, 1, . . . , 4 of the fifth order kernel. Here, only the cases which lead to

the minimum nMSE are shown. The optimum points are marked by a white circle
(cmp. Tab. 5.2).
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(a) Mini-Circuits ZVE-8G+
min{nMSE{d[n], y[n]}} = −18.17 dB
Lh = 8

(b) Kuhne KU PA 2426 A
min{nMSE{d[n], y[n]}} = −20.89 dB
Lh = 3

Figure 5.2: Contour plot of the nMSE (cf. (5.37)) between system response d[n]
and model response y[n]. Dark areas correspond to low (‘good’) values light areas
to high values of the nMSE. The optimum model dimension is marked by a withe
circle. Along the dashed lines, the number of parameters is constant and equal to
the corresponding label number.

5.2.2 Identification of the two Reference Power Amplifiers

Fig. 5.3 and Fig. 5.4 depict the estimated PSDs of the PA response d[n] and the
model response y[n] as well as the relative error erel., which is defined as

erel. = 10 log
(

PSD{y[n]− d[n]}
PSD{d[n]}

)
in dB. (5.38)
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Mini-Circuits ZVE-8G+ Kuhne KU PA 2426 A

P 5 3
K

(1)
h 1 2

K
(3)
h 2 1

K
(5)
h 1 -

Lh 8 3

Table 5.2: The optimum Volterra model configuration according to the simulation
results depicted in Fig. 5.2.

The relative error facilitates to observe the quality of the model in the spectral
domain. For both amplifiers the accuracy of the model in the fundamental band
(i.e. −2.5 MHz. . . 2.5 MHz) is high with a low relative error of roughly −25 dB.
Outside of the fundamental band the result for the KU PA 2426 A is symmetric
with a rather high relative error. In the case of the ZVE-8G+, a strong asymmetry
occurs, whereas for positive frequencies the relative error is significantly lower than
for negative frequencies. Simulations for other configurations of the Volterra model
(with different order and kernel lengths) have shown that the asymmetry varies with
the model dimensions. Here, the nMSE was chosen to measure the quality of the
model, which lead to the presented model configuration. As a consequence it might
be considered to change from the nMSE to some other metric.

On the other hand, simulations where the I/O data of the PA was produced by
a generic model (cmp. Sec. 6.5), did not result in asymmetries for complex valued
white Gaussian excitation signals. This might indicate that the here used input
signals (see Sec. 2.1) are not adequate for a reliable system identification using the
Volterra model.

Compare also with Fig. 5.12 and Fig. 5.13 for the case system identification using
a Wiener model with PWL functions.

5.3 Adaptive Identification of the Wiener Model Con-
sisting of an FIR Filter and a PWL Function

Estimating the parameters of the Wiener model (cf. Sec. 4.2.2) in an optimal way,
requires to identify the FIR filter weights and the coefficients of the PWL function
jointly. However, the resulting minimisation problem is not linear-in-parameters
and the objective cost function most probably has several local minima. Conse-
quently, finding the optimal solution is drastically aggravated. Therefore, a com-
mon approach in the context of PA identification [Asc05, CWL+06] is to estimate
the parameters of the static nonlinearity and the linear dynamic part separately,
by which the joint optimisation problem is replaced by two independent (probably
suboptimal) problems.

Assuming that the nonlinearity has a strong linear component, it follows that
the linear dynamic system can be approximately identified disregarding the distur-
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Figure 5.3: Identification results for the Mini-Circuits ZVE-8G+ using the optimum
Volterra model configuration (cmp. Tab. 5.2). The relative error is defined by (5.38).

bances introduced by the nonlinearity. Assuming further that the memory effects are
independent from the excitation level of the PA and if it is possible to feed the PA
with special test signals, the linear dynamic portion can be conveniently measured
using low power input signals. Complementary, the nonlinearity can be determined
by power swept single-tone signals [CWL+06]. However, in this thesis the goal is
to circumvent the use of specifically designed test signals, since in the environment
of an operating communication system this generally causes difficulties or at least
reduces the throughput. Here, an rrc filtered QAM signal (cf. Sec. 2.1) is chosen as
an excitation signal which represents a possible communication signal in a wireless
transmission.

With the previous assumptions the estimation of the FIR filter weights can be
executed following the structure in Fig. 5.5(a) under assumption that the nonlin-
earity is already known. The such obtained optimisation problem is not linear-in-
parameters [Eyk74] as can be seen from Fig. 5.5(b).

The structure of the nonlinearity is given by Fig. 4.2. If the AM/AM conversion
NA is a strict monotonous (and thus bijective) function, the actual cost functions
in (5.5) and (5.23) are not quadratic any more but they still have only one local
(and identically absolute) minimum. Therefore, the convergence behaviour of the
corresponding stochastic-gradient algorithms (cf. Sec. 5.1.3) is changed but they are
still expected to converge to the unique solution. For the considered PAs it turned
out that the AM/PM conversion is almost constant (see Fig. 5.9); thus, the influence
of it is here discarded. However, AM/PM conversions with stronger variations would
need to be taken into account because in general, they affect the behaviour of the
stochastic-gradient algorithms.

The second part of the identification process is the estimation of the parameters
which determine the shape of the nonlinearity. Supposing again the structure from
Fig. 4.2, this task leads to two independent optimisation problems which are linear-
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Figure 5.4: Identification results for the Kuhne KU PA 2426 A using the optimum
Volterra model configuration (cmp. Tab. 5.2). The relative error is defined by (5.38)

in-parameters (see Fig. 5.6), since each of the nonlinearities are represented by a
linear basis expansion given by (4.44) on p.49.

Consequently, the stochastic-gradient algorithms from Sec. 5.1.3 are applicable.
The deterministic function g(u[n]) is in this case given by

g(u[n])→ λ(yFIR[n]), (5.39)

where λ(.) denotes the vector of basis functions from (4.46) and yFIR[n] is the output
of the FIR filter. Contrary to the estimation of the FIR filter weights, here the FIR
filter is assumed to be known a priori.

In [Asc05] (following [KWC97]) an adaptive scheme is presented, which first
estimates the weights of the FIR filter with an additional rough compensation of the
nonlinearity. In a second phase, the static nonlinearity is identified more accurately
based on the results of the first phase. This method is applicable if the nonlinearity
can be described by a linear combination of certain basis functions (like e.g. (4.44)).
If only the AM/AM conversion of the PA is considered, the nonlinearity is in fact
describable by (4.44) and the objective method can be utilised.

Though, if also the AM/PM conversion is taken into account, a description of
the nonlinearity by a linear basis expansion is in general not possible. Thus, here a
different approach is presented which estimates the parameters of the nonlinearity
and of the linear dynamic part in parallel and successively. The interpretation of
this seeming contradiction will become clear soon. In a first step, the training data
(i.e. a set of value pairs (d[n], y[n])) is split up into blocks of a certain length
LB. During one block, three adaptive algorithms independently approximate the
parameters for the AM/AM behaviour, the AM/PM behaviour and the FIR filter.
After each block, the algorithms interchange their results. Therefore, while the
following block of data is processed, the algorithms are ‘aware’ of the complete
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u[n] d[n]
FIR

nonlinear
block

N

(cmp. Fig. 4.2)

(a) Estimation of the coefficients of the FIR filter.

�

u[n] d[n]
FIR

nonlinear
block

N

(cmp. Fig. 4.2)

inverse of N

N−1

(b) Equivalent structure to case (a).

Figure 5.5: In (a) the basic structure is depicted which is used to estimate the
weights of the FIR filter. That this scheme is not linear-in-parameters (i.e. the
error depends nonlinear on the parameters [Eyk74]), becomes more obvious in the
equivalent structure (b). The nonlinear block is assumed to be known.

previous state of the model. The underlying structure is depicted in Fig. 5.7. It
basically consists of two branches. The upper branch filters the input signal by
the previously estimated FIR filter. It employs two exponentially weighted RLS
algorithms to estimate the SCPWL coefficients for the AM/AM nonlinearity and the
AM/PM conversion. Complementary, the lower branch approximates the weights
of the FIR filter by an ε-NLMS algorithm, which incorporates the nonlinearity by
the additional nonlinear block (cf. Fig. 4.2) between the output of the filter and the
summation point.

Since it is assumed that the linear portions predominate the nonlinear distortions,
after initialisation, during the first block only the lower branch is active and estimates
the FIR coefficients. The PWL block simply amplifies the filter output by some
expected gain. Starting with the second block of data, the whole systems executes
as described afore.

If the adaptive algorithms converge as well as the blockwise iteration, the model
is expected to successively improve the accuracy of the parameters. However, a
derivation of convergence criteria is not presented in this thesis. Nevertheless, by
simulations it has been verified that stability and convergence can be achieved by
adequate adjustment of the step size (of the NLMS algorithm) and the weighting
factors (of the RLS algorithms), together with a correct choice of the PWL partition
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u[n] d[n]yFIR[n]
FIR |.||.|

AM/AM

NA

(a) Estimation of the AM/AM characteristic.

u[n] d[n]yFIR[n]
FIR |.| arg(.)

arg(.)

AM/PM

NΦ

(b) Estimation of the AM/PM characteristic.

Figure 5.6: The parameters of the AM/AM and AM/PM can be estimated sepa-
rately. The FIR filter is here regarded as known.

range. Admittedly, convergence problems arose during experiments where the ε-
NLMS algorithm was also used to estimate the nonlinearities. This is the reason,
why for the identification of the nonlinearities, the computationally more costly
exponentially weighted RLS is used instead of the ε-NLMS algorithm.

5.3.1 Choice of the model dimensions

Before the just developed identification scheme can be utilised to estimate the model
parameters, it has to be decided, how many parameters are needed to adequately
describe the target system. The Wiener model using PWL functions to describe
the nonlinearity is defined by three parameter sets. The first set corresponds to
the weights ĥFIR of the FIR filter, the second and third set represent the canonical
coefficients ĉA and ĉΦ of the PWL functions which describe the AM/AM conversion
respectively the AM/PM conversion. Although, the optimal number of parameters
contained in each of these three sets might depend on the number of the parameters
in the other two sets, for simplicity reasons, here the number of partitions for the
PWL functions was determined independently from the filter length and vice versa.
Moreover, it might be reasonable, to chose different numbers of partitions for the
PWL functions, since the optimal number of partitions depends on the characteris-
tics of the approximated nonlinear function. Regardless, as a further simplification,
the number of partition points σ is chosen to be the same for both.

To decide on the appropriate number of parameters, (as in the Volterra case)
the nMSE (cf. (5.37)) is observed for a set of simulations. In a first run, the FIR
filter is bypassed and the variation of the nMSE with the number of PWL partitions
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Figure 5.7: The structure of the parallel and successive scheme used to identify the
parameters of the Wiener model.

is considered. Fig. 5.8 depicts the results for the reference PAs. The optimum (i.e.
minimum nMSE) number of partition points can be identified to be σopt,ZVE = 6 for
the ZVE-8G+ and σopt,KU = 9 for the KU PA 2426 A. It can be seen,that for more
than three partitions (i.e. σ ≥ 5) the nMSE is already near to its minimum value.
Furthermore, it (again) becomes apparent that increasing the number of parameters
not necessarily improves the accuracy of the model. Fig. 5.9 visualises the result of
the curve fitting process for the optimum values of σ. It also gives an insight to the
nonlinear behaviour of the two power amplifiers. The different shape of the AM/AM
characteristics is the reason, why the optimal value of σ is not the same for the two
PAs. Although, the ZVE-8G+ seems to show the stronger nonlinearity, the order is
probably (not further analysed) lower than the one of the KU PA 2426 A. Which is
why the latter requires a finer partitioning.

Finally, the optimal length of the FIR filter needs to be determined. Again,
the nMSE (cf. (5.37)) was used as metric to quantify the achieved model accuracy.
Fig. 5.10 presents simulation results which show the dependency of the nMSE on
the number of filter coefficients, performed for the two reference PAs. It reveals,
that in spite of the different target systems, both cases lead to similar results; if
the filter has more than eight coefficients, the nMSE increases with growing filter
length. The optimum (with respect to the nMSE11) filter length is five for the ZVE-

11Note that of course it would make sense to incorporate also the number of parameters, if for
the optimisation the computational complexity should be taken into account as well. In this case
other metrics (e.g. penalised MSE [Asc05]) need to be employed.
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Figure 5.8: The dependency of the normalised MSE (cf. (5.37)) on the number of
PWL partitions. The FIR filter was bypassed for this simulation. The optimum
points are emphasised.

8G+ and eight for the KU PA 2426 A. In both cases the nMSE can be reduced by
approximately 3 dB, compared to the nMSE which is achieved if the FIR filter of
the Wiener model is bypassed.
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Figure 5.9: The result of fitting the PWL function (Wiener model with bypassed
FIR filter) to the nonlinear behaviour of the PA. The grey dots represent the
measured I/O value pairs, the large black dots indicate the estimated support points
of the PWL functions. The magnitudes are normalised. The phase offset is given in
radians, whereas the absolute vertical position is of no significance, since the phases
of the training signals were not synchronised in advance.
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Figure 5.10: Dependency of the nMSE (cf. (5.37)) on the length of the FIR filter
in the Wiener model. The leftmost point corresponds to a bypassed FIR filter (i.e.
only the nonlinearity is estimated), the case of an FIR filter with one coefficient is
skipped. The estimation was done for σZVE = 6 and σKU = 9 over five blocks, with
a length of LB = 5000 samples over five blocks.



76 CHAPTER 5. ADAPTIVE IDENTIFICATION OF RF PAS

5.3.2 Identification of the two Reference Power Amplifiers

In this section the simulation results based on the previous descriptions are sum-
marised. Fig. 5.11 gives insight to the convergence behaviour of the structure from
Fig. 5.7. Especially, on the left hand side (ZVE-8G+) the improvement of the nMSE
after the first compensation of the nonlinearity (transition from block k = 2 to block
k = 3) becomes visible. On the right hand side (KU PA 2426 A) this step is much
smaller, because the estimation of the FIR filter already leads to a lower nMSE.
According to Fig. 5.9 the reason for this seems to be the stronger linear component
in the AM/AM conversion of the KU PA 2426 A, which allows a better matching
approximation by the FIR filter.
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Figure 5.11: Convergence behaviour visualised using the nMSE between the mea-
sured PA response and the output of the lower branch in Fig. 5.7. The iteration
index n coincides with the time index. The second index k references the current
block. Each block has a length of LB = 5000 samples, they are alternately coloured
in grey and black.

Fig. 5.12 and Fig. 5.13 present the results of the identification process for the
ZVE-8G+ and the KU PA 2426 A respectively. Again the relative error (cmp. (5.38))
is additionally depicted, to directly allow the evaluation of the accuracy of the mod-
els. In contrast to the Volterra case (cmp. Sec. 5.2.2), here no asymmetries occur
and the achieved accuracy is similar for both PAs. However, inside of the funda-
mental band (−2.5 MHz. . . 2.5 MHz), the relative error for the PWL-Wiener model
is higher (approximately 5 dB for the ZVE-8G+ and 10 dB for the KU PA 2426 A)
than for the Volterra model.
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Figure 5.12: Identification results for the Mini-Circuits ZVE-8G+ using the adaptive
structure depicted in Fig. 5.7. The relative error is defined by (5.38).
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Figure 5.13: Identification results for the Kuhne KU PA 2426 A using the adaptive
structure depicted in Fig. 5.7. The relative error is defined by (5.38).



Chapter 6

Linearisation of Radiofrequency
Power Amplifiers by Digital
Pre-distortion

The remaining task necessary to linearise1 the output of the PA by DPD is to find
an adequate system (i.e. the PD) which pre-processes the transmit signal in such
a way that the overall response of the cascade PD-PA is linear and memoryless (of
course, a constant time delay has to be tolerated).

More generally, lets assume that the target SISO system is described by the
operator N{.}. Then in the discrete time case, the (in the afore stated sense)
optimal pre-distorter described by the operator P{.} is implicitly given by (cmp.
Fig. 6.1)

N {P{u[n]}} = g u[n− n0] (6.1)

with some real valued constant gain g > 0 and some constant delay n0 ∈ N0. Or, if
the inverse of the behaviour of the target system exists, the explicit definition reads

P{u[n]} = N−1 {g u[n− n0]} . (6.2)

The such stated problem entails two difficulties which need to be overcome. Firstly,
since the behaviour of the target system is not known in detail, it has to be approx-
imated by an appropriate model. Chap. 3 to Chap. 5 are dedicated to approach
this task. Assuming that a sufficiently accurate model has been found, secondly, the
implementation of the PD requires to find a method to invert this model. The model
inversion is addressed in this chapter. Sec. 6.1 and Sec. 6.2 present two different
methods for the model inversion which are employed in Sec. 6.3 and Sec. 6.4 to find
the digital PD for the system described by the Volterra model respectively by the
PWL-Wiener model.

1Note that in the strict sense linearisation only comprises the compensation of nonlinear effects
[Asc05]. The elimination of the dispersive behaviour is an equalisation problem. However, in con-
formity with literature, in this thesis the term linearisation refers to a combination of linearisation
in the strict sense and equalisation.

78
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pre-distorter target system

P N
u[n] dlinearised[n]yP [n]

⇐
⇒

u[n] dlinearised[n]yP [n]
constant delay constant gain

gz−n0

Figure 6.1: Linearisation by pre-distortion

6.1 The Secant Method

If the model of the target system cannot be inverted analytically, one possible ap-
proach is to implicitly invert the model behaviour by solving the rearranged version
of (6.1)

Tu{yP [n]} � N{yP [n]} − g u[n− n0] = 0 (6.3)

with respect to the output of the PD yP [n] � P{u[n]}. (6.3) defines a root
search problem for which plenty of iterative solving techniques are available (see e.g.
[PTVP95, MS00]). Among them, the secant method combines an adequate conver-
gence rate with a low computational complexity. Hence, as proposed in [Asc05], it
is adopted in this thesis (see Sec. 6.3 and Sec. 6.4) to solve equations of the type
(6.3).

In general assume that a continuous function f : I ⊆ R �→ R is given explicitly.
The aim is to find a root ξ of this function, i.e. f(ξ) = 0. The secant method starts
from two different points P−1 = (x−1, f(x−1)) and P0 = (x0, f(x0)). The first guess
x1 for the root is found by the intersection of the secant (see Fig. 6.2)

s−1,0(x) � f(x0) +
f(x0)− f(x−1)

x0 − x−1
(x− x0) (6.4)

with the abscissa, which leads to the first iteration result

x1 = x0 −
x0 − x−1

f(x0)− f(x−1)
f(x0). (6.5)

Consequently, the iteration is given by

xi+1 = xi +
xi − xi−1

f(xi)− f(xi−1)
f(xi) (6.6)

with two starting values x−1 and x0. This scheme is not bounded by the two start-
ing values (as for example the false position method is). Hence, even if the two
initial values bracket the root, the iteration might diverge, if the function is not
smooth enough in this region around the root [PTVP95]. As pointed out in [Asc05]
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Figure 6.2: The secant method for a convergent case.

the derivation of appropriate criteria for convergence as well as their verification
for a specific case is rather complex. There, the method was applied in the same
context (i.e. inversion of Volterra models for RF PAs) and showed ‘good’ conver-
gence behaviour in the simulations. Therefore, a thorough treatment of convergence
is skipped in this text. However, during the simulations executed for this thesis,
especially the inversion of the Volterra model using the secant method posed tough
problems (see also Sec. 6.3).

The convergence rate, defined by

|xi − ξ|c ≤ |xi−1 − ξ|r (6.7)

with some positive constant c is superlinear with the (golden ratio) [PTVP95, Asc05]

r =
1
2
(1 +

√
5) = 1.618 . . . . (6.8)

Hence, it converges slower than Newton’s method, which converges quadratically
[Asc05], but in return it does not require to calculate the first derivative of the
function f(x) and is therefore significantly lower in computational complexity. The
computational complexity of one iteration is given by

• O
(
ADDsecant

R

)
= 3

• O
(
MLTsecant

R

)
= 1

• O
(
DIVsecant

R

)
= 1

• O
(
f(x)secant

R

)
= 2 (1)

where O
(
f(x)secant

R

)
denotes the number of necessary evaluations of f(x) per itera-

tion. The value in parentheses indicates that since f(xi−1) was already calculated
during the previous iteration, effectively only one new evaluation of f(x) is neces-
sary. Here, it is assumed that f : I ⊆ R �→ R, if the domain space and/or the



6.2. INVERSE COORDINATE MAPPING 81

range space are complex valued, then the above given numbers of operations refer
to complex valued calculations.

6.2 Inverse Coordinate Mapping

Sec. 4.3.4 shows how the simplicial canonical description of a PWL function relates to
the traditional representation by the Cartesian coordinates of its support points. The
reason for this is that on one hand the SCPWL description allows to conveniently
fit a PWL function to a nonlinear function (according to some metric), on the other
hand, the ICM, which is presented in this section, provides a highly efficient way to
find the inverse of a PWL function, represented by its Cartesian coordinates.

Fig. 6.3 depicts the principle of the ICM for the AM/AM representation of a PA.
The ICM maps the support points (βP̂A

i , γP̂A
i ) of the PWL function N d

A,P̂A
to the

support points (βP̂D
i , γP̂D

i ) of its inverse N d
A,P̂D

(the PD of the static nonlinearity)
by a simple linear operation [

βP̂A
i

γP̂A
i

]
= Q

[
βP̂D

i

γP̂D
i

]
(6.9)

with the (2× 2) matrix Q such that the cascade

N d
A,P̂A

{
N d

A,P̂D
{|x[n]|}

}
= g |x[n]| (6.10)

with some positive real valued gain g. In [Che06] it can be found that the matrix Q
can be developed based on two conditions.

1. Equ. (6.10) needs to be satisfied for all input values |x[n]| ∈ [0, 1
gβP̂A

σ ]

2. The range space of the PD (N d
A,P̂D

) needs to coincide with the domain space

of the PA (N d
A,P̂A

).

Condition 1 entails that for each linear segment i = 1, 2, . . . , σ the local gain δP̂A
i of

N d
A,P̂A

and the local gain δP̂D
i of N d

A,P̂D
are related by

δP̂D
i =

g

δP̂A
i

. (6.11)

Condition 2 requires that for each |x[n]| ∈ [0, 1
gβP̂A

σ ] and i = 1, 2, . . . , σ the following
identity holds

γP̂A
i + δP̂A

i (γP̂D
i + δP̂D

i (|x[n]| − βP̂D
i )︸ ︷︷ ︸

PD response

−βP̂A
i ) ≡ g |x[n]|. (6.12)

With (6.11) under exclusion of trivial solutions, this can only be achieved if

βP̂D
i =

γP̂A
i

g
(6.13)

γP̂D
i = βP̂A

i (6.14)
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Figure 6.3: Application of the inverse coordinate mapping (ICM) to transform the
estimated AM/AM characteristic of the PA represented by a PWL function N d

A,P̂A

to the corresponding PD characteristic N d
A,P̂D

. In this case, the desired gain g was
chosen to be one. The leftmost point is fixed to the origin. Note that each point of
N d

A,P̂A
which lies on the line y[n] = g x[n] coincides with the corresponding point of

N d
A,P̂D

; hence, (βP̂A
4 , γP̂A

4 ) = (βP̂D
4 , γP̂D

4 ).

which already provides the result

Q =
[
0 1

g

1 0

]
. (6.15)

The computational complexity of this transformation is very low, since only σ real
divisions need to be calculated (i.e. O

(
DIVICM

R

)
= σ).

The ICM only transforms points into other points, therefore, if the transforma-
tion is used to invert a PWL function additional care has to be taken, whether the
function which should be inverted is invertible. In Sec. 6.4 this concern is touched
again.

6.3 Linearisation Using the Volterra Approach

After a Volterra model has been identified using the scheme presented in Sec. 5.2,
its inversion has to be performed to finally pre-distort the transmit signal. For the
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case of a system represented by a Volterra series V {x(t)}, in [Sch80] it is described
how to analytically find its P th-order inverse VP

P {.}, such that

V
{
VP
P {x(t)}

}
= x(t) + Vres. {x(t)} (6.16)

with the residual nonlinear components represented by the Volterra operator (cmp.
(3.3) on p.15)

Vres. {x(t)} =
∞∑

p=P+1

∫
· · ·
∫

Dp⊆Rp

h(p)
res. (τ1, τ2, . . . , τp)

p∏
i=1

x(t− τi) dτ1 dτ2 · · · dτp (6.17)

which cannot be compensated by the P th-order inverse. The drawbacks related to
this approach of inversion, is the high complexity, the appearance of the higher order
nonlinear components [Asc05] and the fact that not for all input signals x(t) and for
all Volterra systems a P th-order inverse can be found [Sch80].

Consequently, as proposed by [Asc05] in the framework of this thesis the secant
method (see Sec. 6.1) is employed to find the inverse of the Volterra model. Fig. 6.4
depicts the whole DPD system. It is important to notice that the secant method
needs to perform several iterations per arriving input sample u[n] to calculate the
proper pre-distorter output yP [n]. Therefore, it is crucial that the applied root
search method (here the secant method) has a high convergence rate and a low
computational complexity. If it only satisfies one of both requirements, the amount
of dedicated HW2 will be very high and/or the clock frequency will need to be
increased significantly, which results in a higher power consumption.

u[n] d[n]yP [n]

g
desired

linear gain

PA

ĥV,PAcopy of

ĥV,PA

secant

method

higher rate!

pre-distortion system identification

Figure 6.4: Block diagram of the pre-distortion system based on a Volterra model.
In the pre-distorter, a copy of the current PA-model parameters is used to predict
the behaviour of the PA.

2Note that if the maximum number of necessary iterations to achieve the desired accuracy can
be determined in advance, it is possible to implement the root search method by a non-recursive
HW structure [Asc05].
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6.4 Linearisation Using the Hammerstein Model con-
sisting of a PWL Function and an FIR Filter

Sec. 4.2.2 introduced the Wiener model and the Hammerstein model. Considering
the structures depicted in Fig. 4.3 on p.41, it becomes obvious that if the static
nonlinearity and the linear dynamic part of a Wiener model are invertible, the
Hammerstein model composed by the inverted parts of the Wiener model is the
perfect PD, and vice versa. Consequently, the PD used for the PWL-Wiener model
is a PWL-Hammerstein model.

Fig. 6.5 shows the whole pre-distortion system for the PWL-Wiener model ap-
proach. According to the Hammerstein model, first the input signal is fed to the
PD of the nonlinearity. The structure of this part of the PD is the same as the
structure for the nonlinearity in the Wiener model and given by Fig. 4.2. However,
the coefficients are different. The parameters describing the PWL function of the
AM/PM conversion just need to be multiplied by minus one (the phase responses of
two cascaded systems are added) to provide the corresponding parameters for the
PD. The AM/AM conversion needs to be inverted. As explained in Sec. 6.2 this can
be done by the ICM. By which the coefficients of the PD for the nonlinearity are
completely identified. However, it has to be assured in advance that the previously
identified function is invertible. A typical case which violates this condition, is a
function with an extremum. Simulations with measured data have shown that such
a situation can occur due to signal noise and/or improper partitioning. In the here
presented algorithms, before the execution of the ICM an additional routine was
called which — if necessary — modified the support points of the PWL such that
it was ensured to be monotonous.

In a second step, the linear dynamic system of the Wiener model has to be
inverted. Assuming that the previously identified FIR filter of the PA model is
invertible, the secant method offers a computationally cheap option to implicitly
invert the filter. As mentioned in Sec. 6.3 this requires a few processing steps between
two consecutive sample values, since for each sample, the appropriate PD output is
calculated iteratively. The output samples of the secant method already represent
the desired PD output signal yP [n] which leads to a reduction of the distortions
introduced by the PA.

6.5 Linearisation of a Generic Power Amplifier Model

To evaluate the quality of a DPD scheme, it is necessary to observe the PA response
to the pre-distorted transmit signal. However, when the algorithms developed for
this thesis were completed, the HW of the measurement system (cmp. Chap. 2) was
not available. Hence, an objective analysis of the performance of the presented DPD
schemes is at this point not possible.

Nevertheless, to allow a basic test of their applicability, a generic PA model was
designed. It is not intended to represent a real PA, it rather should allow to examine
all facets of the algorithms. Fig. 6.6 depicts the structure of this model. It consists
of three main blocks and represents a Wiener model. The linear dynamic system
is realised by an FIR filter of length ten. The filter coefficients were first randomly
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ĥFIRcopy of

ĥFIR
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(cmp. Fig. 4.2)

ICM(ĉA)

−ĉΦ

Wiener model (PA)

secant

method

higher rate!

equalisation of FIR filter (ĥFIR) system identification

Hammerstein model (PD)

Figure 6.5: Block diagram of the pre-distortion system based on a Wiener model
with a nonlinearity described by a PWL function.

generated uniformly distributed on the complex square [−0.5, 0.5) + j[−0.5, 0.5).
Then the filter was ensured to be invertible by mapping the zeros from outside the
unit circle to the inside (using the Matlab function polystab). Finally, the filter
weights were normalised such that the magnitude of the largest weight equals one
(see Fig. 6.7).

For the AM/AM conversion a Cann model [Can80] was chosen, since it con-
veniently allows to adjust the sharpness of the knee in the compression area (see
upper part of Fig. 6.8). The dependency of the output magnitude A on the input
magnitude r is given by

A(r) =
Gr

s

√
1 +
(

Gr
Ka

)s
(6.18)

with the gain factor G (i.e. the slope in the origin), the saturation level Ka and the
parameter s which determines the order of the nonlinearity.

Since the Cann model does not include the description of an AM/PM conver-
sion, a third block is used to additionally introduce phase distortion. The therefor
used characteristic is adopted from the Saleh model [Sal81]. It describes the phase
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u[n] u′[n] d[n]

Figure 6.6: The generic PA model which is used to evaluate the behaviour of the
pre-distortion schemes.

distortion3 by (cmp. lower part of Fig. 6.8)

Φ(r) =
αφr2

1 + βφr2
(6.20)

with the input magnitude r and the phase shift Φ.
The model is excited by a signal which is generated in the same way as described

in Sec. 2.1. Then the resulting I/O data is used to determine the Volterra model
and the PWL-Wiener model. Finally, the generic PA model is inserted into the
structures depicted in Fig. 6.4 and Fig. 6.5 by which it is possible to observe the
behaviour of the whole pre-distortion schemes.

Here, only the results achieved with the PWL-Wiener approach (cmp. Fig. 6.5)
are presented, since the inversion of the Volterra model using the secant method
was not successful. Indeed the inversion converges but it does not converge to the
correct signal. In fact, if the signal of the pre-distorter output is passed through the
previously determined Volterra model, at its output the desired linearly amplified
version of the input signal u[n] is obtained almost without any remaining distortion.
Though, the generic PA model responds with a stronger distorted signal than if
operated with no pre-distortion. This behaviour allows to conclude that the designed
generic PA model leads to a Volterra model which is not uniquely invertible. The
question how to prevent such a malfunction in a real environment has to be left open
at this point.

3The AM/AM conversion of the Saleh model is defined as

A(r) =
αar

1 + βar2
. (6.19)

The Saleh model was developed to describe the nonlinear behaviour of travelling-wave tubes (TWTs)
and is therefore not a good choice to describe solid state amplifiers. However, for the here considered
generic PA model, this does not matter.
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Figure 6.7: The filter weights of the generic PA model.

Finally, the results for the second scheme (see Fig. 6.5) are presented. Fig. 6.9
and Fig. 6.10 show the estimated PSDs for the PA response without pre-distortion,
the pre-distorted response of the PA and the relative error (cf. (5.38)) between the
pre-distorted response and the adequately amplified input signal. Fig. 6.9 was
obtained without compensating the memory effects; consequently, in Fig. 4.2 only
the upper branch was active. In contrast, Fig. 6.10 was generated including the
FIR filter. In both figures the power of the input signal for the case without pre-
distortion was reduced such that the resulting output power was (approximately)
equal to the output power of the case with pre-distortion. The results were averaged
over 100 runs. Tab. 6.1 compactly summarises these results using the ACPR (see
Sec. 1.1). The table furthermore includes the results which are achieved, if the
AM/PM conversion remains uncompensated (no figures are presented). Note that
due to the power adjustment of the input signal, the excitation level in the case with
compensation of the memory effects was slightly less than in the case with bypassed
FIR filter.

no DPD AM/AM only AM/AM & AM/PM
no FIR 21.482 dB 21.255 dB 22.900 dB

with FIR 22.365 dB 19.729 dB 25.298 dB

Table 6.1: The ACPR for different configurations of the PD. According to Fig. 1.3
the used frequency bands are given by fc = 0, fΔ =5 MHz, B1 =5.2 MHz and
B2 =4.2 MHz.

The visualisation as well as the ACPR show the expected behaviour. If the
memory effects are compensated by the pre-distortion, the achieved quality of lin-
earisation is better compared to the pre-distortion without FIR filter. However, (for
the here considered generic PA model) if the compensation of the AM/PM conver-
sion is left out, the pre-distortion even increases the distortions at the PA output.
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Figure 6.8: AM/AM conversion and AM/PM conversion of the generic PA model.
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Figure 6.9: This figure visualises the results obtained with the DPD scheme from
Fig. 6.5 with bypassed FIR filter. The bold black line shows the linearised spectrum
at the PA output. For comparison the PA response without pre-distortion is repre-
sented by the dashed line. The dotted graph depicts the relative error (cmp. (5.38))
among the pre-distorted output and the adequately amplified input signal.
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Figure 6.10: This figure visualises the results obtained with the full DPD scheme
from Fig. 6.5. The bold black line shows the linearised spectrum at the PA output.
For comparison the PA response without pre-distortion is represented by the dashed
line. The dotted graph depicts the relative error (cmp. (5.38)) among the pre-
distorted output and the adequately amplified input signal.
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Conclusions

In this work two digital pre-distortion schemes were presented, tailored to compen-
sate the signal impairments introduced by the non-ideal properties of radio frequency
power amplifiers. During this thesis both schemes were implemented in Matlab
following the proposed methods in literature. One goal of this work was to examine
the behaviour of these schemes for the case that instead of training signals, general
communication signals are used to identify and invert the behaviour of the power
amplifier. The schemes were tested with by models generated input/output data as
well as with input/output data acquired by measurements on two commercial radio
frequency power amplifiers.

For the scheme based on the Wiener model a novel adaptive identification method
was developed. By this it is possible to track the behaviour of the power amplifier
without the need for special training signals. However, it was designed heuristically
and no formal convergence analysis has been carried out.

The truncated Volterra series as well as the linear filter of the Wiener model
were implicitly inverted by the secant method (i.e. a numerical root search method).
Eventually, this method did not show the expected performance. In most cases it did
not provide the desired inverse for the corresponding Volterra models. A detailed
investigation of this problem was not possible within the time frame of this work.
Especially two questions remain open:

(i) How does the method behave with input signals which are different to the ones
used during this work?

(ii) Which impact has a non (uniquely) invertible function (in this case a truncated
Volterra series) to the functionality of this method?

The identification using the truncated Volterra series yielded a slightly higher
(about 5 dB in the power spectral density) accuracy of the model inside the fun-
damental frequency band of the excitation signal. However, outside this band the
Wiener model using piecewise linear functions achieved a better match.

A comparison of both schemes with respect to the pre-distortion performance
was not possible, since the algorithm employed to invert the Volterra model failed.
Consequently, only the scheme based on the Wiener model was evaluated using a
generic power amplifier model. Measured by the adjacent channel power ratio the
achieved reduction of out-of-band interferences was almost 3 dB.

91
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Appendix A

List of Measurement Equipment
symbol
name

description manufacturer series number fmin

GHz
fmax

GHz
typical

max.
power

ATT1 variable attenuator Aeroflex [Aer07] 8310 Series - - max.attenuation 63 dB -
ATT2 attenuator Bird Electronic [Bir07] 50-A-MFA-20 0 2.6 20 dBbidirectional 50 W
ATT3 variable attenuator Rohde & Schwarz [Roh07] 334.6010.02 - - - -

ATT4
ATT5

attenuator Mini-Circuits[Min07a] VAT-x+ 0 6 (1 ≤ x < 20) dB
(20 ≤ x) dB

1 W
0.5 W

ATT6 attenuator Mini-Circuits[Min07a] VAT-20W2+ 0 6 20 dB bidirectional 2 W
ATT7 variable attenuator Rohde & Schwarz [Roh07] 334.6010.03 - - - -

BP1 bandpass Walter Krenn [Wal07] - 2.493 2.513 fc = 2.503 GHz,
i.loss = 0.64 dB

-

BP2 bandpass Walter Krenn [Wal07] - 2.493 2.513 fc = 2.503 GHz,
i.loss = 1.12 dB

-

DC1 DC triple output power supply Agilent Technologies [Agi07] E3630A - - 6 V/25 A,±20 V/0.5 A 35 W
DC2 DC triple output power supply Agilent Technologies [Agi07] E3630A - - 6 V/25 A,±20 V/0.5 A 35 W

DC3
DC4

fixed DC power supply (custom-built) - - - - -

LNA 13 cm-band HEMT-pre-amplifier Kuhne electronic [Kuh07] MKU LNA 232 A2-96 - - fc =2.35 GHz, G=41.2 dB
F=0.67 dB at 18 ◦C

1 mW

LO lowest noise phase locked
dielectric resonator oscillator

MITEQ[MIT07] DLCRO-010-02433-3-15P 0.8 15 2.433 MHz,10 MHz ref.,
15 V DC

13 dBm

MX1 mixer (IF-to-RF conversion) (custom-built) - 0.060 0.081 (see [May05] for details) -
MX2 mixer (RF-to-IF conversion) (custom-built) - - - (see [May05] for details) -
NA vector network analyser Rohde & Schwarz [Roh07] ZVA 24 0.01 24 - -
O1 synthesised CW generator Agilent Technologies [Agi07] HP83712A 0.01 20 max.output 10 dBm -
O2 synthesised sweeper Agilent Technologies [Agi07] HP83640A 0.01 40 max.output 10 dBm -
PM dual channel power meter Agilent Technologies [Agi07] E4417A EPM-Series 9 kHz 110 -70 dBm . . . 44 dBm -

PS power sensor Agilent Technologies [Agi07] E9327A 0.05 18 -60 dBm . . . 20 dBm
BW = 5 MHz

-

RB Rubidium frequency standard Stanford Research Systems [Sta07] FS725 - - 5 MHz, 10 MHz -

S1 1-to-4 power splitter Mini-Circuits[Min07a] ZX10-4A-27+ 2.225 2.4 4 way-0◦, i.loss ≈ 7 dB,
isol. ≈ 20 dB

2.5 W

S2 6 dB (resistive) power splitter Mini-Circuits[Min07a] ZFRSC-42-S+ 0 4.2 2 way-0◦ 0.75 W

S3 power splitter Mini-Circuits[Min07a] ZFSC-2-1-S+ 0.005 0.5 2 way-0◦, i.loss ≈ 3 dB,
isol. ≈ 20 dB

1 W

SA1 spectrum analyser Advantest [Adv07] R3271 100 Hz 26.5 - -
SA2 signal analyser Rohde & Schwarz [Roh07] FSQ 26 20 Hz 26.5 - -

Z01
Z02

50 Ω-termination Mini-Circuits[Min07a] ANNE-50+ 0 18 return loss 30 dB 1 W

http://www.aeroflex-weinschel.com/8310.htm
http://www.bird-electronic.com/products/product.aspx?id=234
http://www2.rohde-schwarz.com
http://www.minicircuits.com/products/attenuators_coax_fixed.html
http://www.minicircuits.com/products/attenuators_coax_fixed.html
http://www2.rohde-schwarz.com
http://www.krenn.at
http://www.krenn.at
http://www.home.agilent.com
http://www.home.agilent.com
http://www.kuhne-electronic.de/english/preamplifier.htm
http://www.miteq.com/micro/fresourc/c38/oscillators/dlcrofeatures.htm
http://www2.rohde-schwarz.com/product/zva.html
http://www.home.agilent.com
http://www.home.agilent.com
http://www.home.agilent.com/USeng/nav/-536902901.536881894/pd.html
http://www.home.agilent.com/USeng/nav/-536902921.0/pc.html
http://www.thinksrs.com/products/FS725.htm
http://www.minicircuits.com/products/psc_coax_4_0.html
http://www.minicircuits.com/products/psc_coax_2_0_resistive.html
http://www.minicircuits.com/products/psc_coax_2_0.html
http://www.advantest.com
http://www2.rohde-schwarz.com/product/FSQ.html
http://www.minicircuits.com/products/terminations_main.html
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Appendix B

Undersampling of Bandpass
Signals

Let x(t) be some real valued band-limited signal with the spectrum (cf. Fig. B.1)

X(jω) = F {x(t)} = 0 if |ω ± ωc| >
Ω
2

(B.1)

From the sampling theorem [OWN97] it is known that in theory the continuous-

X(jω+)
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Figure B.1: Initial point is an arbitrary bandpass signal with the shown constraints
in the frequency domain.

time signal x(t) can be reconstructed without any degradation, if it is sampled at
a frequency which is at least twice as high as the highest frequency for which the
spectrum X(jω) is non-zero (i.e. ωs ≥ 2ωc + Ω). However, lossless reconstruction
may also be possible for lower sampling frequencies, as will be derived here according
to [Mec90].

It can be verified that after sampling the periodic continuation of the continuous-
time spectrum does not show aliasing (i.e. spectral overlapping with images) if the
following three conditions are satisfied

ωs ≥ 2Ω
Nsωs − ωu

(Ns − 1) ωs − ωl

≥
≤

ωu

ωl

}
ωu

Ns
≤ ωs

2
≤ ωl

Ns − 1
(B.2)

B-1
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where as depicted in Fig. B.1 the spectrum of x(t) is non-zero only for

ωl < |ω| < ωu (B.3)

and Ω is the corresponding (angular) bandwidth Ω = ωu − ωl. Substituting the
following expressions in (B.2)

s � ωs

2Ω
u � ωu

Ω

(B.4)

leads to
u

Ns
≤ s ≤ u− 1

Ns − 1
(B.5)

Fig. B.2 visualises the areas in the {u, s}-plane with Ns as parameter, for which
(B.5) is satisfied. The dashed line marks the case u = 3.5 (which represents e.g. a
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Figure B.2: A visualisation of the dependency among sampling frequency (ωs), one-
sided signal bandwidth (Ω) and the upper frequency-limit of the signal spectrum
(ωu).

signal with a one-sided bandwidth of 23.333 MHz and a centre frequency of 70 MHz).
Then it follows, that no aliasing occurs if

s ∈ [3.5,∞)
s ∈ [1.75, 2.5]

s ∈ (1.16̇, 1.25]

or for the example with absolute frequencies, the sampling frequency fs = ωs
2π
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(rounded to 1 kHz) can be chosen from

fs > 163.333 MHz
fs = 81.667 MHz . . . 116.667 MHz
fs = 54.444 MHz . . . 58.333 MHz

Fig. B.3 depicts the spectra for s = 1.2 (for the example, fs =56 MHz), where the
dark triangles indicate the spectral components of the original signal and the light
triangles represent the resulting images (on the visualised frequency range). “+”
and “-” denotes an image of the positive respectively the negative frequency band of
X(jω). The number of the image is specified in parentheses and the additional sign
indicates whether the image was obtained by a shift towards positive frequencies or
towards negative frequencies.

Finally, Fig. B.4 shows a case, where s = 1.35 (for the example, fs =63 MHz).
Although it is sampled with a higher frequency than in Fig. B.3, aliasing occurs.
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Figure B.3: Generalised Sampling Theorem: Although the sampling frequency ωs is
far below the upper frequency limit ωu of the sampled signal x(t), no aliasing occurs.
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Figure B.4: Generalised Sampling Theorem: In this case the sampling frequency ωs

is higher than in Fig. B.3; nevertheless, the signal is distorted by aliasing due to the
overlapping regions in the spectrum.
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Appendix C

Piecewise Linear Functions

C.1 Equivalence of the Canonical Piecewise Linear Rep-
resentation and the Simplicial Canonical Piecewise
Linear Representation in the One-dimensional Case

Here it will be shown that (4.41) on p.48 and (4.44)-(4.47) on p.49 are in fact identical
if one of them is modified marginally.

Lets first restate equation (4.41)

pCPWL

(
x, β

σ

)
= a + bx +

1
2

σ∑
k=1

ck |x− βk| (C.1)

To both sides of the interval I = [β1, βσ], pCPWL can be represented by a linear
function. Thus, it can be assumed that (cmp. Fig. C.1)

pCPWL

(
x, β

σ

)
=

{
a + bx− 1

2

∑σ
k=1 ck (x− βk)

!= a′ + b′(x− β1) ; x < β1

a + bx + 1
2

∑σ
k=1 ck (x− βk)

!= a′′ + b′′(x− βσ) ; x > βσ

(C.2)
and it can be found that

a′′ = a′ − β1b
′ + βσb′′ −

σ∑
k=1

ckβk (C.3)

a =
1
2
(
a′ + a′′ − β1b

′ − βσb′′
)

= a′ − β1b
′ − 1

2

σ∑
k=1

ckβk (C.4)

b′′ = b′ +
σ∑

k=1

ck (C.5)

b =
1
2
(
b′ + b′′

)
= b′ +

1
2

σ∑
k=1

ck (C.6)

The ith linear segment of pCPWL is given by

pCPWL

(
x, β

σ

) ∣∣∣ βi≤x≤βi+1
i=1,2,...,σ−1

= a + bx +
1
2

i∑
k=1

ck (x− βk)−
1
2

σ∑
k=i+1

ck (x− βk) (C.7)

C-1
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β1 β2 βσ−1 βσ

a′

a′′

a′ + b′(x− β1)

pCPWL

(
x, β

σ

)
a′′ + b′′(x− βσ)

x

y

0
0

Figure C.1: The CPWL function is constructed such that it is linear outside the
interval [β1, βσ].

substituting a and b using (C.4) and (C.6) leads to

pCPWL

(
x, β

σ

)
= a′ + b′ (x− β1) +

⎧⎪⎨
⎪⎩

0 ; x < β1∑i
k=1 ck (x− βk) ; βi ≤ x ≤ βi+1∑σ
k=1 ck (x− βk) ; x > βσ

(C.8)

The connection to the SCPWL representation can now be established, since for
i = 1, 2, . . . , σ − 1

i∑
k=1

ck (x− βk) =
σ−1∑
k=1

ck
1
2

(x− βk + |x− βk|)︸ ︷︷ ︸
(λk(x) cmp. (4.47))

=
σ−1∑
k=1

ckλk(x) = cTλ(x)− c0 (C.9)

with the vector of coefficients from (4.47)

c =
[
c0 c2 · · · cσ−1

]T (C.10)

and further

σ∑
k=1

ck (x− βk) =
σ∑

k=1

ck (x− βσ + βσ − βk) (C.11)

=
σ−1∑
k=1

ck (βσ − βk) +
σ∑

k=1

ck (x− βσ) (C.12)

= cTλ(x)
∣∣∣
x≥βσ

− c0 + (x− βσ)
σ∑

k=1

ck (C.13)
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Hence, it follows that

pCPWL

(
x, β

σ

)
= a′ + b′ (x− β1)

+

⎧⎪⎨
⎪⎩

0 ; x < β1

cTλ(x)− c0 ; βi ≤ x ≤ βi+1

cTλ(x)− c0 + (x− βσ)
∑σ

k=1 ck ; x > βσ

(C.14)

The CPWL representation is then equivalent with the SCPWL representation, if

pCPWL

(
x, β

σ

)
= cTλ(x) = pSCPWL

(
x, β

σ

)
(C.15)

thus, the necessary conditions for the equality can directly be identified by compar-
ison of (C.14) and (C.15)

a′ = c0 (C.16)
b′ = 0 (C.17)

cσ = −
σ−1∑
k=1

ck = c0 − cT1 (C.18)

By which it further is confirmed that

pSCPWL

(
x, β

σ

)
= c0 +

{
0 ∀x ≤ β1∑σ−1

k=1 ck (βσ − βk) ∀x ≥ βσ

(C.19)

C.2 Conventional Definition of a Piecewise Linear Func-
tion

The following definition presents the conventional way to express a PWL function.

Definition C.2.1. A function f : R
n �→ R

n is called a piecewise linear (PWL)
function iff it satisfies the following three conditions [CY83, CD88]:

1. The domain space R
n is divided into a finite number of polyhedral1 regions

R1,R2, . . . ,RN by a finite number M of boundaries (Rk ∩ Rl with k, l =
1, 2, . . . , N and k �= l) such that each boundary is (or is a subset of) an (n−1)-
dimensional hyperplane characterised by

αT
i x = βi with βi ∈ R, i = 1, 2, . . . , M (C.20)

and cannot be covered by any (n−2)-dimensional hyperplane (i.e. there exists
no (n−2)-dimensional hyperplane which completely incorporates the boundary
of interest). x ∈ R

n is an independent vector in the domain space, αi ∈ R
n is

the normal vector to the ith hyperplane, βi ∈ R is a constant.
1A polyhedron is a geometric object with flat faces and straight edges (e.g. in R

3 a cube or a
pyramid).
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2. f is expressed by an affine representation

f(x) = J (k)x + wk (C.21)

for any x ∈ R(k), J (k) ∈ R
n×n is the Jacobian (see Definition C.2.2) matrix of

the region R(k) and wk ∈ R
n.

3. f is continuous on any boundary between two regions R(k) and R(l) (k �= l),
namely

J (k)x + wk = J (l)x + wl ∀x ∈ R(k) ∩R(l) (C.22)

�

Referring to (C.21), the linear function for each region R(k) is defined by n(n+1)
coefficients. In the specific case that a rectangular domain space is subdivided by
a uniform orthogonal grid, with l parallel hyperplanes along each dimension, the
domain space is separated into (l + 1)n regions. Hence, in total Pconventional =
n(n + 1)(l + 1)n parameters are needed to define the whole PWL. In contrast,
using the canonical description from (4.36) on p.48 (with n = m), the same PWL is
defined by PCPWL = n(n + 1) + nl(2n + 1) coefficients. Consequently, for n, l � 1
the conventional description requires approximately

Pconventional

PCPWL
= ln−1 (C.23)

times more parameters than the CPWL representation [CD86].
However, in the one-dimensional case both schemes can be described by the same

number of parameters 2(l + 1).

Definition C.2.2. The Jacobian matrix of a vector valued function f : R
n �→ R

m

is the (m× n)-matrix of all (assumed to be existing) first-order derivatives [MS00]:

Jf �
∂f

∂x
�

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

∂f1

∂x1

∂f1

∂x2
. . .

∂f1

∂xn
∂f2

∂x1

∂f2

∂x2
. . .

∂f2

∂xn
...

...
...

...
∂fm

∂x1

∂fm

∂x2
. . .

∂fm

∂xn

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

(C.24)

�



List of Acronyms

ADC analogue-to-digital converter

DAC digital-to-analogue converter

ACPR adjacent channel power ratio

AM/AM amplitude modulation/amplitude modulation

AM/PM amplitude modulation/phase modulation

CPWL canonical piecewise linear

DC direct current

DPD digital pre-distortion

DSP digital signal processor

FET field-effect transistor

FIFO first in, first out

FIR finite impulse response

FPGA field-programmable gate array

hex hexadecimal

HW hardware

ICM inverse coordinate mapping

IF intermediate frequency

I/O input/output

ISI intersymbol interference

LMS least-mean-squares

LMSE least-mean-squares estimator

LS least-squares

I
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LTI linear time-invariant

LUT look-up table

MISO multiple input single output

MSE mean-square error

MMSE minimum mean-square-error

nMSE normalised mean-square error

NLMS normalised least-mean-squares

PA power amplifier

PAE power added efficiency

PC personal computer

PCI peripheral component interconnect

PD pre-distorter

PSD power spectral density

PWL piecewise linear

QAM quadrature amplitude modulation

rrc root-raised-cosine

RF radio frequency

RLS recursive-least-squares

SAW surface acoustic wave

SCPWL simplicial canonical piecewise linear

SISO single input single output

SW software

TWT travelling-wave tube

WiMAX worldwide interoperability for microwave access (IEEE 802.16)

WLAN wireless local area network (IEEE 802.11)
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