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By considering the time-mean motion, an asymptotic description of turbulent shear flows in the limit of high Reynolds
numbers, conveniently carried out by adopting the method of matched asymptotic expansions, is inherently based on (a
few) assumptions regarding the essential physical properties of the flow in the respective layer considered. Although this
procedure has substantiated some classical results, as, for instance, the logarithmic law of the wall, it is, nevertheless, not
completely satisfactory from a rational point of view: for this reason, we first demonstrate that a rigorous application of the
matching principle alone is not capable of deducing the aforementioned wall law in the case of boundary layer flows by
taking into account the widely accepted presumption of the so-called ‘inviscid’ nature of the fully turbulent main portion
of the shear layer. Therefore, to some extent, the usual approaches turn out to be incomplete, for (i) the motivation for the
assumptions commonly employed seems not stringent and, unfortunately, (ii) are, strictly speaking, insufficient for developing
a complete asymptotic theory. To be more precise, assumptions that are usually expressed by dimensional considerations can
not adequately enter the matching conditions derived from the non-dimensional form of the governing equations, which,
however, is required for an asymptotic analysis. Consequently, the time-mean scaling of the asymptotic structure of the
flow is seen to result from an asymptotic analysis of the Navier–Stokes equations by, as the only fundamental assumption,
considering an asymptotically slender turbulent shear layer. Amongst others, it is demonstrated briefly how a combination
of multiple-scales techniques and matched asymptotic expansions leads to the internal boundary layer splitting. Also, it is
outlined how the latter also reflects the time-mean characteristics of the flow, which have already been adopted successfully
in former studies, e.g. by using rather conventional mixing length arguments.

Specifically, we consider a nominally steady and two-dimensional, fully developed turbulent (wall-bounded) shear flow
streaming past a solid impermeable and (perfectly) smooth surface, driven by an incompressible and otherwise inviscid and
irrotational external bulk flow. As the basic ingredient for a rational description of that flow configuration, a globally defined
Reynolds number Re = Ũ L̃/ν̃ is taken to be sufficiently large. Here Ũ , L̃, and ν̃ denote, respectively, a reference velocity and
a reference length, both characteristic of the external bulk flow, and the (constant) kinematic viscosity. Furthermore, let x, y,
z, t, u, v, w, and p denote natural coordinates along and perpendicular to the surface under consideration, defined by y = 0,
as well as normal to the (x, y)-plane, the time, the velocity components in x-, y-, and z-direction, and the pressure. All those
quantities are non-dimensional with Ũ , L̃, and the (uniform) fluid density. We apply the common Reynolds decomposition
q = 〈q〉 + q′, where 〈q〉 and q′ stand for the time-mean and fluctuating contribution to any flow quantity, here indicated by q.

By focussing on the Navier–Stokes equations in the limit Re → ∞, the well-known cyclic behaviour in time of self-
sustained wall-bounded turbulence is expressed by a balance (holding close to the surface) of the nonlinear convective terms
and the viscous shear stress gradient, which accounts for the no-slip condition u = v = w = 0 at y = 0. This basic consid-
eration leads to the introduction of the so-called viscous wall-layer adjacent to the surface where the flow is characterised by
a single velocity scale, say u∗, which is conveniently identified with the (positive) skin-friction velocity, that is, u2

∗ equals
the wall shear stress Re−1∂u/∂y|y=0. Let furthermore ue(x) and pe(x) denote the surface velocity and the surface pressure,
respectively, imposed by the external inviscid potential flow, such that dpe/dx = −ue due/dx. Then the accordingly rescaled
wall layer variables, commonly indicated by the superscript ‘+’, are considered as quantities of O(1),

t+ = Re u2
∗ t, [x+, y+, z+] = Re u∗[x, y, z], [u, v, w] = u∗[u+, v+, w+], p−pe(x) = Re u3

∗ p̂′(x, t+)+u2
∗ p+. (1)

In turn, the appropriate expansion [u+, v+, w+, p+] = [u+
0 , v+

0 , w+
0 , p+

0 ](x, x+, y+, z+, t+) + · · · gives rise to a multiple-
scales approach with respect to the spatial short-scale wall-layer variables as well as the original streamwise coordinate x.
The latter accounts for the boundary-layer-type behaviour of the flow that holds for most of the fractions of the time and,
consequently, for the time-mean behaviour. For those ‘quiescent’ time periods the dependences on x+ then can be dropped
to leading order, such that to leading order v+

0 and w+
0 satisfy the full Navier–Stokes equations for plane flow in the y+- and

z+-direction, respectively. Those quantities then enter the leading-order streamwise momentum equation,

∂u+
0 /∂t+ +

(
v+
0 ∂/∂y+ + w+

0 ∂/∂z+
)
u+

0 = −∂p̂′/∂x +
(
∂2/∂y+2 + ∂2/∂z+2

)
u+

0 , (2)

which can, in principle, be solved independently. For a deeper discussion of the typical wall layer dynamics we refer to [1–3].
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The aforementioned local ‘quiescent’ flow state is characterised, amongst others, by the so-called low-speed streaks, which
are described by quasi-periodic solutions of u+

0 , v+
0 , and w+

0 with respect to z+. It occurs randomly in time and space,
accompanied with preceding and subsequent highly irregular ‘bursting events’ that presumably act on the wall layer scales
given by (1). As the impressed pressure gradient dpe/dx does not enter (2), any parametric dependence of u+

0 on x does not
enter the distribution of the time-averaged velocity 〈u+

0 〉. Hence, these considerations support the usually employed time-
mean expansion [−〈u′v′〉, 〈u〉] ∼ u2

∗[τ
+
0 , 〈u+

0 〉](y+) + · · · . Then the time-mean flow is governed by the well-established
equilibrium between the viscous and turbulent shear stresses and the wall shear stress for negligibly small pressure and
convective terms. Here, this balance is expressed in the form ∂〈u+

0 〉/∂y+ + τ+
0 = 1.

Still, one of the most challenging questions in an asymptotic theory of turbulent boundary layers concerns the ‘derivation’
of the celebrated wall laws that characterise the flow behaviour in the overlap with the fully turbulent outer flow region,

τ+
0 ∼ 1, 〈u+

0 〉 ∼ κ−1 ln y+ + C+, κ ≈ 0.384, C+≈ 4.1, y+ → ∞. (3)

Herein the numerical values refer to a perfectly smooth surface. The logarithmic behaviour in (3) is commonly deduced
by dimensional reasoning. For example, it follows from the (unnecessarily restrictive) assumption that the mixing length �,
defined by −〈u′v′〉 = �2∂〈u〉/∂y |∂〈u〉/∂y|, exhibits the usual linear variation, � ∼ κy, in the overlap regime, such that κ is
identified with the v. Kármán constant. From a strict asymptotic point of view, even κ may depend on y+. It is argued in [4]
that κ then is a constant, otherwise viscosity (in terms of Re) would affect the time-mean properties of the outer main region.

Unfortunately, the above rationale is questionable for the following reasons: (i) dimensional reasoning cannot feed dimen-
sionless equations with further ‘information’; (ii) the notion ‘inviscid’ usually applied to the outer fully turbulent part of the
boundary layer is not well-defined within the framework of a time-averaged flow description; (iii) even an artificially chosen
behaviour κ ∼ 1/ ln y+ as y+ → ∞ would be consistent with the requirement that the viscous stress term ∂〈u+

0 〉/∂y+ van-
ishes there and yields a scaling of the outer flow portion that only depends on u∗ but not explicitly on Re; (iv) yet, for the
only acceptable premise κ = const the statistical properties of the fully turbulent flow region even in the simplest case of a
two-tiered boundary layer depend on Re via the single scaling velocity u∗. The objection (iv) is associated with the outer-layer
expansion that, as a result from a match with (3), predicts the well-known asymptotically small streamwise velocity defect,

[−〈u′v′〉/u2
∗, (ue(x)−u)/u∗

] ∼ [T1, U1](x, Y )+O(u∗), Y = y/u∗, u∗/ue(x) ∼ κ/ ln Re, Re → ∞. (4)

In case of the usual investigation of a slender turbulent shear layer that adopts the non-dimensional representation of the
time-mean flow only, the above shortcomings of the commonly introduced scaling arguments can be surmounted by precisely
proposing a single assumption. It replaces the loss of information on the dynamics as a result of time- (or, equivalently,
Reynolds-) averaging and leads to (4) and, in course of the matching procedure, to (3). It is cast in the physically appealing

Hypothesis 1 In the limit Re → ∞ the time-mean motion is governed by a single velocity scale, say u∗, such that
〈u′v′〉 = O(u2

∗) and the contribution to 〈u〉 that accounts for the vorticity, asymptotically given by ∂〈u〉/∂y, is of O(u∗).
Considering the unsteady motion, the first asymptotic study, [5], of the whole flow field exploits the scaling (4). In contrast,

an advanced rigorous treatment of the wall layer as the source of turbulence presumably eliminates the need of additional
assumptions, here subsumed in Hypothesis 1. To this end, let the starting point of the ‘quiescent’ period after a specific
bursting event in the wall layer cycle and, as a consequence, of the evolution of a viscous sublayer, coincide with t+ = 0. Then
the investigation of (2) in the limit t+ → 0+ shows that the immediately preceding burst accounts for a singular behaviour of
u+

0 that is dominated by the time-derivative and the diffusive term. Therefore, in the emerging sublayer the Rayleigh variable
η = y+/(2

√
t+) is a quantity of O(1). One then infers that u+

0 ∼ ln t+f1(η, z+) + f2(η, z+) + · · · , where f1 is decomposed
as f1 = g1(z+)erf(η). Most important, an analogous expression for f2 predicts f2 ∼ g2(z+) ln η + · · · as η → ∞ and, thus,
a logarithmic behaviour on top of the viscous wall region, also for t+ = O(1). As a remarkable preliminary result, time-
averaging then reveals the classical law of the wall (3), and, in turn, the scaling of the outer defect region according to (4).
That is, the existence of the latter is traced back to the separation of scales as y+ → ∞, such that its correct time-dependent
description requires a multiple-scales approach in terms of Y and the inner scales by (1). This is a topic of the future research.

Finally, we note that in [6] the multiple-scales description has also proven successful in highlighting the two-tiered splitting
of the outer wake-type part of a boundary layer that undergoes separation, where the velocity defect is a quantity of O(1).
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