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We show that an experimental demonstration of quantum contextuality using 2 degrees of freedom of
single neutrons based on a violation of an inequality derived from the Peres-Mermin proof of the Kochen-
Specker theorem would be more conclusive than those obtained from previous experiments involving
pairs of ions [M. A. Rowe et al., Nature (London) 469, 791 (2001)] and single neutrons [Y. Hasegawa
et al., Nawre (London) 425, 45 (2003)] based on violations of Clauser-Horne-Shimony-Holt-like

inequalities.
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Bell inequalities are constraints imposed by local
hidden-variable theories (LHVTs) on the values of some
specific linear combinations of the averages of the results
of spacelike separated experiments on distant systems.
From a conclusive experimental violation of a Bell in-
equality we would learn that no local hidden-variable
theory can describe the world we see. This “quantum
nonlocality” (i.e., the fact that quantum mechanics [QM]
cannot be reproduced by LHVTs [1]) is supposed to be
universal, in the sense that we should be able to detect it by
using any composite quantum system (photons, electrons,
neutrons, atoms, molecules). However, in practice, so far
we do not have a loophole-free experimental violation of a
Bell inequality, and, specifically we do not have any Bell
inequality test involving spacelike separated experiments
with any quantum system apart of photons [2-4].
Therefore, an interesting question is what can we learn
about the possibility of reproducing experimental observa-
tions with hidden-variable theories from experiments per-
formed on massive nonspacelike separated quantum
systems such as neutrons and atoms.

LHVTs are a subset of a larger class of hidden-variable
theories known as noncontextual hidden-variable theories
(NCHVTs). NCHVTs are defined as those in which the
result of a measurement of an observable is assumed to be
predetermined and not affécted by a (previous or simulta-
neous) suitable measurement of any other compatible (i.e.,
comeasurable) observable.

In this sense, some recent experiments testing Bell in-
equalities on pairs of two-leve] Be* ions separated by a
distance of 3 pm [5] and two two-level degrees of freedom
(spatial and spin components) of single neutrons [6] cannot
be considered tests of LHVTs, but only tests of NCHVTs
{see, for instance [7.5]). Both mentioned experiments have
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in common the fact that they test the Clauser-Horne-
Shimony-Holt Bell inequality [9],

[{AgBo) + (AgB|) + (A\Bg) — (A\B)) = 2. (1)

Common to both experiments is also the fact that they have
very good overall detection efficiency, both around 99%
(specially when compared with that of Bell tests with
photons which is around 5% {4]). This very good detection
efficiency would allow us to avoid the fair sampling as-
sumption (i.e., that the detected particles are a representa-
tive sample of all emitted ones) needed to reach any
conclusion in photon experiments of LHVTs [2-4].
However, common to both experiments is also the fact
that, due to experimental imperfections (imperfect state
creation, manipulations, and detection), the final experi-
mental results (2.25 = 0.03 [5] and 2.051 *+ 0.019 [6]) are
indeed closer to the hidden-variable bound, 2, than to the
maximal violation predicted by QM, 2+/2 =~ 2.82.
Therefore, an interesting question is whether we can design
a better “quantum contextuality” experiment (i.e., show-
ing us that no NCHVT can describe the world we see) for
these systems. By a better experiment we mean one in
which the observed violation expected from the hidden-
variable bound would be significantly higher than those
obtained in these previous experiments.

One possible answer comes from the fact that the ob-
servation that QM cannot be reproduced by NCHVTSs has
its own history starting from Kochen-Specker (KS) theo-
rem [10~12] and has developed its own proofs apart from
those of Bell’s theorem. These proofs are specifically de-
signed to stress the difference between QM and NCHVTs.
In this Letter, we show that it is possible to demonstrate
quantum coniextuality using massive quantum systems,
and specilically 2 degrees of freedom of single neutrons
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following the steps of a state-dependent multiplicative
proof of the KS theorem [13] proposed by Peres [14] and
Mermin (who extended Peres’ proof into a state-
independent proof [15,16], which can be converted into a
standard proof of the KS theorem [17], which indeed
contains the simplest possible [18] standard proof of the
KS theorem [19]).

The Peres-Mermin proof, suitably adapted, for instance,
to the case of the two two-level degrees of freedom (spatial
and spin components) of single neutrons [6] is as follows.
Consider a system prepared in the state

1
|¥) = Ti(l beln-inelm), 2

where | 1) and | |} denote the up-spin and down-spin states,
and |I) and |11 denote the two beam paths in an interfer-
ometer. s stands for spin and p for path. Let us suppose that
the six observables 0%, o, 0%, o, o50¥, and o50f have
predefined values v(o%), v(a3), v(af), v(ad), v(oiod),
and v(ojo¥), respectively. For the state |¥), the predic-
tions of QM used in the proof are the following five:

v(oHv(of) = —1, (3a)
v(o)v(ot) = —1, (3b)
v(giot)v(o)v(of) =1, (3¢)
v(oyofv(oyv(ol) = 1, (3d)
v(giovlolol) = —1. (e)

Equations (3a) and (3b) follow from the anticorrelations
designed into the state |¥), Egs. (3¢) and (3d) follow from
the fact that the values assigned to mutually commuting
operators whose product is the identity must obey the same
relation satisfied by the operators themselves, and Eq. (3¢)
follows from the fact that (o5 ® o7)(03 ® of) = o ® &
and the anticorrelations of the state |W¥).

To show that it is impossible to ascribe predefined values
—1 or 1 to each and every of these six observables, it is
enough to multiply both sides of Egs. (3a)-(3¢): Each
observable appears twice; therefore, we have 1 as the
product of the left-hand sides. However, we have —1 as
the product of the right-hand sides [14-16].

An ideal experiment for discarding NCHVTs would be
simply to confirm each and every of these five predictions
of QM. An important point is thai each equation corre-
sponds to a different experimental context. Therefore, the
experiment requires us to perform five different types of
experiments. A fundamental point is the measurement
apparatus used for measuring; e.g., oiol must be the
same in the experimental context corresponding to
Eq. (3¢) and in that corresponding to Eq. (3e).

Then, since the perfect correlations (or anticorrelations)
on which the proof is based are not obtained in real experi-
ments, one should derive a Bell-like inequality. Some
inequalities for quantum contextuality have been proposed
[20-23]. The one introduced here has two advantages: it is

the direct translation of the Peres-Mermin proof into an
experimentally testable inequality, and provides a signifi-
cant contrast between the prediction of QM and the hidden-
variable bound.

The relevant properties of the Peres-Mermin proof come
from Eqgs. (3a)-(3e). Then, a reasonable choice is to inves-
tigate the inequality obtained by the linear combination of
the averages of the results obtained in the five experimental
contexts, with the same coefficients (—1 or 1) appearing in
the quantum predictions [i.e., in Egs. (3a)-(3e)]. For this
inequality, it can be proven (for instance, by writing a
simple computer program) that, in any NCHVT,

—(o} o) — (ot - of)y + (030l - o} o)
+{ojof- o} of)— (oo} - ooy =3, (4)

while the prediction of QM is just 5, as can be seen from
the predictions of QM leading to Eqgs. (3a)—(3e). This is the
inequality that one should test. Such a test requires five
different types of experiments and requires measuring any
observable using the same apparatus independently of the
context in which it appears.

However, it is interesting to note that the five experi-
ments in Egs. (3a)~(3e) play different roles in the proof.
Note the difference between Egs. (3c) and (3d) and the
other three Egs. (3a), (3b), and (3e). While Eqgs. (3¢) and
(3d) should hold for any preparation (i.e., are state-
independent predictions of both QM and NCHVTs),
Egs. (3a), (3b), and (3e) are predictions specific for a
particular quantum state (2).

Since Egs. (3c) and (3d) hold both in QM and in
NCHVTs and do not depend on any particular preparation
of the state, we do not really need to test them. This
observation was first made in [24] and was used in several
Bell-like inequalities for NCHVTs. Therefore, it is enough
to test the following Bell-like inequality:

—{o} - of) — (o5 - of) —(oiof - ajol)y = 1. (5)

However, and this is an important point missed in previous
discussions, an experiment of this type cannot be consid-
ered a test of quantum contextuality unless we also de-
scribe how, at least in principle, the two predictions not
considered in the Bell-like inequality (5) can be tested
using the same measuring@pparatus used to measure the
observables in the inequality (5). This means that, for
instance, the measuring apparatus used for measuring
otof must be the same regardless of whether it is mea-
sured together with o and o¥, or together with oio?.
Without such a prescription, an experiment to test the
inequality (5) cannot be considered a contextuality experi-
ment, since the six observables involved are just tested in
one context and no description of how they can be tested in
a different context is provided.

Another motivation for this Letter comes from the fact
that a previous experiment on quantum contextuality with
single neutrons [25] does not satisfy the above require-
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ments. Specifically, in [25] the measurement of oio¥ -
oo} was accomplished by measuring o$a . This method
is unsuitable, because a measurement of oo gives only
the value of the product o}o?f « olof, and because the
observable oo is not compatible with the observables o
and o¥, and therefore o g} cannot be used (even poten-
tially) to perform the subsequent required measurements
(e.g., oioy together with o3 and o¥).

Measuring oot and ojof, the two observables in
Eq. (3¢), simultaneously is typically not a problem (see,
e.g., [26,27]). The challenge is to prove that the appara-
tuses used for measuring one of them can be combined
(potentially) with the subsequent measurements required
in Egs. (3¢) and (3d) (e.g., to show that the apparatus for
measuring oo can be combined with a subsequent mea-
surement of g% and o).

In the following we will describe how to test the inequal-
ity (5) using two two-level degrees of freedom (spatial and
spin components) of single neutrons, and satisfying all the
above mentioned requirements for a proper NCHVT inter-
ference experiment. (General descriptions of neutron in-
terferometer experiments are summarized in the literature
[28].) A schematic drawing, together with diagrams of the
experiments is depicted in Fig. 1. The first half of the
interferometer is used for a (Bell) state preparation and
the second half is used for the measurement of the path
observable, e.g., of. In addition to auxiliary phase shifters,
a pair of spin rotators (dc-coils), which enables arbitrary
relative phase and spinor manipulation, is inserted in both
parts. After the path measurement, the spinor component,
e.g., oy, is measured by the use of a conventional spin
analysis system, namely, a spin analyzer accompanied by a
spin rotator. Combinations of these path and spin measure-
ments will accomplish the measurements of o3 - of and
o} - of [illustrated in diagram (i)]. When a spin rotator in
one of the beams in the interferometer is tuned to a spin-flip
operation and a suitable spin analysis is activated, one can
perform the measurement of ofo? - oS0l [26,27] [cf.
diagtam (ii)]. The four outcomes correspond to a full
Bell-state analysis.

Since it is essential to state a prescription of how one can
realize the measurements corresponding to Eqgs. (3¢) and
3d) with the same apparatus as that corresponding to
Eq. (3¢), we describe a possible setup for a neutron inter-
ferometer experiment. Our proposal consists of using ex-
actly the same apparatus used in case (ii) for measuring
ool - olel, followed by a path and spin measurements
after going through a “state-mixer” [shown in case (iii)].
In practice, the “state-mixer” is a beam splitter plus an
unitary state rotation. This device forms a quantum eraser
[29], which eliminates the information about the results of
the noncommuting observable, ie., oo in case one
would want to measure ojo¥ - o} - of and vice versa:
this, in turn, enables measurement of other comeasurable
observables. The function of this component is given by a
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FIG. 1 (color online). Above: A proposed experimental setup
with a neutron interferometer. The interferometer has two func-
tions: the first half as a state generator, and the second half as a
path measurement apparatus. In both parts, a phase shifter (PS)
as well as a pair of spin rotators (SR) which enable relative phase
and spinor manipulations are inserted. The outgoing beam
suffers a spin measurement. Below: Three diagrams for the
different . measurements required to test the inequality (4).
(i) For measurements of o%- ot and o - of: After going
through a state generator (G), a state suffers a path measurement
(P) followed by a spin measurement (S5). Consequently, each
outgoing beam gives the results of the two measurements.
(i) For measurements of o§of - ojof: By tuning one of the
spin rotators to a spin-flip operation ‘in the path measurement
part, the second half of the interferometer together with a spin
analyzer (P + §) work as a Bell-state discriminator: four out-
going beams are assigned to the four possible results of the
measurements. (iii) For measurements of ¢jof - o - of and
ool - ol - of: After the apparatus P + S, a slate mixer (M)
eliminates the former information about the result of either
observable, and is followed by a path and a spin measurement.

projection operator to a state, e.g., |¥') = |¥,) + |¥,),
where |¥ ,) are eigenstates of the joint measurement of
aiaf and oo Tt is worth noting here that the device P +
S together with the mixer M practically works as a oo or

otof measurement apparatus. This can be tested easily in
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