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Within the effective quark model with chiral U(3) × U(3) symmetry we calculate the
S-wave and P -wave amplitudes of the nonleptonic decay Σ+ → pπ0, the partial width
and the dynamical polarization of the proton in the dependence on the polarization of
the Σ+-hyperon. The theoretical results agree well with the experimental data.
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1. Introduction

The theoretical analysis of the polarization properties of Σ-hyperons both in the

laboratory frame and in the rest frame of the Σ-hyperon is meaningful in connec-

tion with the theoretical and experimental investigations of a mechanism of the

production of the Σ-hyperons in high-energy heavy-ion collisions.

The Σ+-hyperon possesses the nonleptonic mode Σ+ → pπ0 with the probability

B(Σ+ → pπ0)exp = (0.516± 0.003) and the asymmetry αexp
pπ0 = −0.980+0.017

−0.015.
1 This

makes the mode Σ+ → pπ0 to be the most attractive from the point of view of the

experimental investigation of the polarization properties of Σ+-hyperons produced

in ultrarelativistic heavy-ion collisions. Indeed, the appearance of unpolarized Σ+-

hyperons can be a signal for the quark–gluon plasma in the intermediate state of

ultrarelativistic heavy-ion collisions.
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The effective low-energy Lagrangian responsible for the nonleptonic decays of

the Σ+-hyperon is2,3,a

Lweak(x) = −GF√
2

V ∗
udVus(c+O+(x) + c−O−(x)) + h.c. , (1.1)

where GF = 1.166 × 10−11 MeV−2 is the Fermi constant, V ∗
udVus = 0.218 are

Cabibbo–Kobayashi–Maskawa quark-mixing matrix elements1 c+ = 2.164 and c− =

0.680 are Wilson’s coefficients, calculated to leading order in gluon exchanges at

the normalization scale µ = 1 GeV,2,3 which is of order of Λχ = 0.94 GeV, the scale

of the spontaneous breaking of chiral symmetry in the effective quark model with

chiral U(3) × U(3) symmetry.4–11 The operators O+(x) and O−(x) are expressed

in terms of the quark fields and take the form2

O+(x) =
1

2

{

[ū`(x)γµ(1 − γ5)s`(x)][d̄`′ (x)γµ(1 − γ5)u`′(x)]

+ [ū`(x)γµ(1 − γ5)u`(x)][d̄`′ (x)γµ(1 − γ5)s`′(x)]
}

,

O−(x) =
1

2

{

[ū`(x)γµ(1 − γ5)s`(x)][d̄`′ (x)γµ(1 − γ5)u`′(x)]

− [ū`(x)γµ(1 − γ5)u`(x)][d̄`′ (x)γµ(1 − γ5)s`′(x)]
}

,

(1.2)

where u`(x), d`(x) and s`(x) are current quark fields. The summation over the

color indices `(`′ ) = 1, 2, 3 is assumed. The operator O−(x) is responsible for the

∆I = 1/2 transitions, whereas the operator O+(x) describes both the ∆I = 1/2

and ∆I = 3/2 transitions.2

The paper is organized as follows. In Sec. 2 we define the amplitude of the

Σ+ → pπ0 in terms of the matrix element of the effective Lagrangian (1.1) and apply

the soft-pion technique to the reduction of the π0-meson. We represent the matrix

element of the Σ+ → p in the factorized form and find that it can be saturated by

the contribution of the ∆++-resonance. In Sec. 3 we apply the effective quark model

with chiral U(3) × U(3) symmetry to the calculation of the matrix element of the

Σ+ → ∆++ transition. In Sec. 4 we calculate the S-wave and P -wave amplitudes

and the partial width of the Σ+ → pπ0 decay. We analyze also the angular distribu-

tion of the decay rate in dependence on the polarizations of baryons and calculate

the dynamical polarization vector of the proton. In the conclusion (Sec. 6) we dis-

cuss the obtained results. The effective Lagrangian of low-energy weak interactions

contains the contribution of quark–gluon interactions, which provide an appearance

of effective four-quark interactions called as QCD-penguin operators.2,3 In App. A

we show that the contribution of QCD-penguin operators to the amplitude of the

Σ+ → pπ0 decay, calculated in our effective quark model, vanishes. In App. B we

give a detailed calculation of the momentum integrals, defining the matrix element

of the Σ+ → ∆++ transition.

aSee Ref. 2 p. 104.
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2. Amplitude of the Σ+ → pπ0 Decay

The amplitude of the Σ+ → pπ0 decay is defined by the matrix element

M(Σ+ → pπ0) = −C+
GF√

2
V ∗

udVus

〈

π0(k)p(kp, σp)
∣

∣

[

d̄`′(0)γµ(1 − γ5)u`′(0)
]

×
[

ū`(0)γµ(1 − γ5)s`(0)
]
∣

∣Σ+(kΣ+ , σΣ+)
〉

. (2.1)

The coefficient C+ = (c+ + 2c−)/3 = 1.175 is obtained by a Fierz transformation

with the account for the color degrees of freedom of quarks.2,5,6

The amplitude of the Σ+ → pπ0 decay can be written in the following general

form:b

M(Σ+(kΣ+ , σΣ+) → p(kp, σp)π
0(k))

= ūp(kp, σp)(Apπ0 − Bpπ0γ5)uΣ+(kΣ+ , σΣ+) , (2.2)

where Apπ0 and Bpπ0 are the constants related to the contribution of the pπ0

pair coupled in the S- and P -wave states, and ūp(kp, σp) and uΣ+(kΣ+ , σΣ+) are

bispinorial wave functions of the proton and the Σ+-hyperon.

We propose to calculation the amplitude of the Σ+ → pπ0 decay in soft-pion

limit12 or differently to leading order in Chiral Perturbation Theory (ChPT)14–20

(see also Ref. 11).

In the soft-pion limit the amplitude of the Σ+ → pπ0 decay (2.2) is defined as

follows:12

M(Σ+ → pπ0) = −i
C+

Fπ

GF√
2

V ∗
udVus

× 〈p(kp, σp)|
[

Q3
5(0), [d̄`′(0)γµ(1 − γ5)u`′(0)]

× [ū`(0)γµ(1 − γ5)s`(0)]
]

|Σ+(kΣ+ , σΣ+)〉 , (2.3)

where Fπ = 92.4 MeV is the PCAC constant of the π−-meson and Q3
5(0) is the

axial-charge operator. In terms of the current quark fields it is defined by

Q3
5(0) =

∫

d3x
1

2
[u†

`(0, x)γ5u`(0, x) − d†
`(0, x)γ5d`(0, x)] . (2.4)

Using canonical anticommutation relations for the current quark fields we get

M(Σ+ → pπ0) = −i
C+

2Fπ

GF√
2

V ∗
udVus

× 〈p(kp, σp)|[d̄`′(0)γµ(1 − γ5)u`′(0)]

× [ū`(0)γµ(1 − γ5)s`(0)]|Σ+(kΣ+ , σΣ+)〉 . (2.5)

bSee Ref. 1 p. 864.
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For the subsequent analysis of this matrix element we propose to insert the complete

set of intermediate states21,22

∑

X

|X〉〈X | = 1 , (2.6)

where X is a state with a baryon number B = 1. This transcribes the right-hand

side (r.h.s.) of (2.5) as follows:

M(Σ+ → pπ0) = −i
C+

2Fπ

GF√
2

V ∗
udVus

∑

X

〈p(kp, σp)|[d̄`′(0)γµ(1 − γ5)u`′(0)]|X〉

× 〈X |[ū`(0)γµ(1 − γ5)s`(0)]|Σ+(kΣ+ , σΣ+)〉 . (2.7)

Since the lowest state is the ∆(1232)-resonance, i.e. X = ∆++, we propose to

saturate the r.h.s. of (2.5) with the intermediate state X = ∆++. This gives

M(Σ+ → pπ0) = −i
C+

2Fπ

GF√
2

V ∗
udVus

×
∑

σ=±1/2,±3/2

∫

d3Q

(2π)32E∆(Q)

× 〈p(kp, σp)|[d̄`′(0)γµ(1 − γ5)u`′(0)]|∆++(Q, σ)〉

× 〈∆++(Q, σ)|[ū`(0)γµ(1 − γ5)s`(0)]|Σ+(kΣ+ , σΣ+)〉 . (2.8)

The matrix element of the V − A quark current between the proton states can be

expressed in terms of the form factor22,23

〈p(kp, σp)|J1−i2
µ (0) − J1−i2

5µ (0)|∆++(Q, σ)〉 = −
√

2gAFA(q2)ūp(kp, σp)u
µ
∆(Q, σ) ,

(2.9)

where u∆++ν(Q, σ) is a spinorial wave function of the ∆++-resonance.24–26 We take

the form factor in the dipole form24–26 (see also Ref. 9):

FA(q2) =
1

(

1 + q2

M2
A

)2 . (2.10)

The slope parameter we set equal MA = 1096 MeV.9 It agrees well with the slope

parameters MA = (1050±140) MeV, obtained from the νµ-reactions,26 and M exp
A =

(1026± 21) MeV and M exp
A = (1069± 16) MeV obtained from neutrino scattering

and electroproduction, respectively.27

3. Matrix Element 〈∆++(Q, σ)| · · · |Σ+(kΣ+, σΣ+)〉

The calculation of the matrix element 〈∆++(Q, σ)|[ū`(0)γµ(1 − γ5)s`(0)]

|Σ+(kΣ+ , σΣ+)〉 we carry out within the effective quark model with chiral

U(3) × U(3) symmetry.4–11 After the application of the reduction technique
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Fig. 1. The Feynman diagram of the Σ+ → ∆++ transition in the effective quark model with
chiral U(3) × U(3) symmetry.

and the equations of motion, the matrix element 〈∆++(Q, σ)|[ū`(0)γµ(1 −
γ5)s`(0)]|Σ+(kΣ+ , σΣ+)〉 is

〈∆++(Q, σ)|[ū`(0)γµ(1 − γ5)s`(0)]|Σ+(kΣ+ , σΣ+)〉

= − g2
B√
2

∫

d4x d4y eiQ·x−ik
Σ+ ·yū∆ν(Q, σ)

× 〈0|T(ην
∆++(x)[ū`(0)γµ(1 − γ5)s`(0)]η̄Σ+(y))|0〉cuΣ+(kΣ+ , σΣ+) , (3.1)

where T is a time-ordering operator, the index c in 〈0| · · · |0〉c means the calculation

of the connected part of the vacuum expectation value, then, ηΣ+(x) and η∆++(y)

are the three-quark densities4

ηΣ+(x) = εijk [ūc
i(x)γµuj(x)]γµγ5sk(x) ,

ην
∆++(x) = εijk [ūc

i(x)γνuj(x)]uk(x)
(3.2)

coupled to the Σ+-hyperon and the ∆++-resonance as4

Leff(x) =
gB√

2
Σ̄+(x)ηΣ+ (x) + gB∆̄++

µ (x)ηµ
∆++(x) + h.c. (3.3)

The three-quark density η̄Σ+(x) is equal to

η̄Σ+(x) = −εijk s̄i(x)γµγ5[ūj(x)γµuc
k(x)] . (3.4)

The coupling constant gB has been calculated in Refs. 4 and 8: gB = 1.38 ×
10−4 MeV−2.

The matrix element Eq. (3.1) is defined by the Feynman diagram in Fig. 1.

In the coordinate representation the analytical expression of the matrix element

Eq. (3.1) is

〈∆++(Q, σ)|[ū`(0)γµ(1 − γ5)s`(0)]|Σ+(kΣ+ , σΣ+)〉

= 3
√

2g2
B

∫

d4x d4y eiQ·x−ik
Σ+ ·y tr

{

γνS
(u)
F (x − y)γβS

(u)
F (y − x)

}
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× ūν
∆(Q, σ)S

(u)
F (x)γµ(1 − γ5)S

(s)
F (−y)γβγ5uΣ+(kΣ+ , σΣ+)

− 3
√

2g2
B

∫

d4x d4y eiQ·x−ik
Σ+ ·yūν

∆(Q, σ)S
(u)
F (x − y)γβS

(u)
F (y − x)

× γνS
(u)
F (x)γµ(1 − γ5)S

(s)
F (−y)γβγ5uΣ+(kΣ+ , σΣ+) . (3.5)

In the momentum representation the matrix element Eq. (3.5) reads

〈∆++(Q, σ)|[ū`(0)γµ(1 − γ5)s`(0)]|Σ+(kΣ+ , σΣ+)〉

= 3
√

2g2
B

∫

d4q1

(2π)4i

∫

d4q2

(2π)4i
ūν

∆(Q, σ)

×
[

1

mu − q̂2
γµ(1 − γ5)

1

ms − q̂ − q̂2
γβγ5 tr

{

γν
1

mu − q̂1
γβ

1

mu + Q̂ − q̂1 − q̂2

}]

× uΣ+(kΣ+ , σΣ+) − 3
√

2g2
B

∫

d4q1

(2π)4i

∫

d4q2

(2π)4i
ūν

∆(Q, σ)

×
[

1

mu − q̂1
γβ

1

mu + Q̂ − q̂1 − q̂2

γν
1

mu − q̂2
γµ(1 − γ5)

1

ms − q̂ − q̂2
γβγ5

]

× uΣ+(kΣ+ , σΣ+) , (3.6)

where we have set q = kΣ+ − Q.

The integrations over virtual momenta are restricted from above by the Λχ =

940 MeV.4–11 In this region of relative momenta of quark–quark interactions chiral

symmetry is spontaneously broken and quarks become converted into constituents

quarks with dynamical masses of order O(m), where m ∼ 330 MeV is a dynamical

quark mass.4–11 According to effective quark models,28–34 in such a region of relative

quark–quark interactions hadronic interactions are described only by quark loops

with constituent quarks. The contribution of gluon interactions is taken effectively

in the form of effective constants of low-energy interactions,35–37 constituent quark

mass calculated in the chiral limit38–40 and quark condensate.38

The calculation of the momentum integrals we carry out in the heavy-baryon

limit, used for the analysis of baryon exchanges in the Chiral Perturbation Theory

(ChPT)14–20,41–45 (see also Refs. 4 and 22). Following the procedure for the calcu-

lation of the momentum integrals proposed in Ref. 4, we get (see App. B)

〈∆++(Q, σ)|[ū`(0)γµ(1 − γ5)s`(0)]|Σ+(kΣ+ , σΣ+)〉

=
g2

B〈ūu〉
24

√
2mN

ūν
∆(Q, σ)γµγν

×
{

(2ms + mu)〈ūu〉 − (2mu + ms)〈s̄s〉
m2

s − m2
u

− (2ms − mu)〈ūu〉 − (2mu − ms)〈s̄s〉
m2

s − m2
u

γ5

}

uΣ+(kΣ+ , σΣ+) , (3.7)
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where 〈q̄q〉 is the quark condensate10

〈q̄q〉 = −3mq

4π2

[

Λ2
χ − m2

q`n

(

1 +
Λ2

χ

m2
q

)]

(3.8)

and md = mu = 330 MeV and ms = 465 MeV are the mass of the constituent

u and s quarks.10,21 The constituent quark masses of q = u, d and s quarks are

different, since the SU(3)-flavor symmetry is broken. According to Refs. 4–11 and

28–34, the masses of constituent u, d and s quarks are defined by mu = m + m0u,

md = m + m0d and ms = m + m0s, where m0u = 4 MeV, m0d = 7 MeV and

m0s = 135 MeV are current quark masses, obtained at the normalization scale

µ = 1 GeV,46 which is of order Λχ = 0.94 GeV the scale of spontaneously broken

chiral symmetry. Since the contribution of current quark masses to the masses of

constituent u and d quarks is about 2%, we have set mu ' md = m.

4. Partial Width of the Σ+ → pπ0 Decay

Using the matrix elements, calculated in Sec. 3, we can obtain the parameters A

and B, defining the amplitude of the Σ+ → pπ0 decay. We get

Apπ0 = −iC+GF V ∗
udVus

gAg2
B〈ūu〉

96
√

2πFπmN

× (2ms + mu)〈ūu〉 − (2mu + ms)〈s̄s〉
m2

s − m2
u

M3
A = i3.0 × 10−7 ,

Bpπ0 = +iC+GF V ∗
udVus

gAg2
B〈ūu〉

96
√

2πFπmN

× (2ms − mu)〈ūu〉 − (2mu − ms)〈s̄s〉
m2

s − m2
u

M3
A = −i23.7× 10−7 .

(4.1)

The factors M3
A appear (4.1) due to the integration of the form factors (2.10) over Q.

The partial width of the Σ+ → pπ0 decay is equal to

Γ(Σ+ → pπ0) =
k

2π

mp

mΣ+

{

|Apπ0 |2 +
k2

4m2
p

(|Apπ0 |2 + |Bpπ0 |2)
}

= 3.80× 10−12 MeV , (4.2)

where k = 189 MeV is the relative momentum of the pπ0 pair.1 For the calculation

of the partial width Γ(Σ+ → pπ0) we have used the experimental values of the

masses of interacting particles.1

The theoretical value agrees with the experimental data1

Γexp(Σ
+ → pπ0) = (4.23 ± 0.03)× 10−12 MeV (4.3)

within an accuracy better than 10%.
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5. P -Wave Amplitude and Baryon Polarization Properties

Using the parameters Apπ0 and Bpπ0 , defined by (4.1), we can calculate the values

of the S-wave and P -wave amplitudes. They are determined byb

spπ0 = Apπ0 = i3.0× 10−7 , ppπ0 =
k

Ep + mp
Bpπ0 = −i2.4× 10−7 . (5.1)

For the ratio of the P -wave and S-wave amplitude we obtain

Rpπ0 =
ppπ0

spπ0

= −0.80 . (5.2)

This result agrees well with the experimental data Rexp
pπ0 = −0.82 ± 0.07. The

result is extracted from the experimental data on the asymmetry parameter

αexp
pπ0 = −0.980+0.017

−0.015.
1

For the calculation of the dynamical polarization vector of the proton Pp we

can use the results obtained in Ref. 9. In the laboratory frame the dynamical polar-

ization vector Pp is

Pp =

{

2Re(A∗
pπ0Bpπ0)

[

EΣ+(kΣ+)kp − mpkΣ+ − (kΣ+ · kp)kp

Ep(kp) + mp

]

−
[

(kp · kΣ+ + mpmΣ+)|Apπ0 |2 − (kp · kΣ+ − mpmΣ+)|Bpπ0 |2
]

×
[

−ζΣ+ +
(kΣ+ · ζΣ+)kp

EΣ+(kΣ+)mp
− (kp · ζp)kp

mp(Ep(kp) + mp)

]

+ (|Apπ0 |2 − |Bpπ0 |2)
[

EΣ+(kΣ+)

mp
kp − kΣ+ − (kΣ+ · kp)kp

mp(Ep(kp) + mp)

]}

×
{

(kp · kΣ+ + mpmΣ+)|Apπ0 |2 + (kp · kΣ+ − mpmΣ+)|Bpπ0 |2

− 2Re(A∗
pπ0Bpπ0)mΣ+(kp · ζΣ+)

}−1
, (5.3)

where

ζµ
B =

(

kB · ξB

mB
, ξ B +

kB(kB · ξB)

mY (EB(kB) + mB)

)

. (5.4)

The polarization vector ζµ
B satisfies the constraints ζ2

B = −1 and kB · ζB = 0. The

angular distribution of decay rate Σ+ → pπ+ is defined by9

4π
dB(Σ+ → pπ0)(ξΣ+)

dΩΣ+p

= B(Σ+ → pπ0)

[

1 −
2Re(A∗

pπ0Bpπ0)mΣ+(kp · ζΣ+)

(kp · kΣ+ + mpmΣ+)|Apπ0 |2 + (kp · kΣ+ − mpmΣ+)|Bpπ0 |2
]

,

(5.5)

where B(Σ+ → pπ0) = (0.5157± 0.0030).1
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In the rest frame of the Σ+-hyperon the dynamical polarization vector Pp

reduces to the formb

Pp =
αpπ0np + γpπ0ξΣ+ + (1 − γpπ0)(np · ξΣ+)np

1 + αpπ0np · ξΣ+

, (5.6)

where np = kp/|kp|. For the derivation of (5.6) we have neglected the contribution

of the term |s|2(k2
p/4m2

p). The parameters αpπ0 and γpπ0 are equal tob

αpπ0 =
2Re(s∗pπ0ppπ0)

|spπ0 |2 + |ppπ0 |2 = −0.98 ,

γpπ0 =
|spπ0 |2 − |ppπ0 |2
|spπ0 |2 + |ppπ0 |2 = 0.22 .

(5.7)

The theoretical value αpπ0 = − 0.980 agrees well with the experimental one αexp
pπ0 =

−0.980+0.017
−0.015.

1

In the rest frame of the Σ+-hyperon the angular distribution of the decay rate

(5.5) reduces to the from

4π
dB(Σ+ → pπ0)(ξΣ+)

dΩΣ+p
= B(Σ+ → pπ0)(1 + αpπ0np · ξΣ+) . (5.8)

Hence, the parameter αpπ0 characterizes the asymmetry of the Σ+ → pπ0 decay

for the unpolarized protons.1 The angular distribution has a maximum for the

Σ+-hyperons polarized antiparallel to the momentum of the proton.

6. Conclusion

Following the soft-pion technique, the procedure for the calculation of the matrix

elements of four-quark operators developed in Ref. 9 and the effective quark model

with chiral U(3) × U(3) symmetry, we have calculated the S-wave and P -wave

amplitudes and the partial width of the nonleptonic decay mode Σ+ → pπ0. All

theoretical results agree well with the experimental data. We have shown that the

violation of the SU(3)-flavor symmetry plays an important role for the correct

description of the experimental data. The saturation of the amplitude of the Σ+ →
pπ0 decay by the ∆++-resonance agrees well with the results obtained by Borasoy

and Holstein for the analysis of the contribution of resonances to the nonleptonic

decays of hyperons.41–45

Since the asymmetry of the decay mode Σ+ → pπ0 is very high αpπ0 = −0.980,

this modes seems to be the most attractive for the analysis of the polarization

properties of the Σ+-hyperon produced in ultrarelativistic heavy-ion collisions.

Indeed, the analysis of the angular distribution of the probability of the Σ+ → pπ0

decay shows that the maximum of the angular distribution can be reached only for

Σ+-hyperons polarized antiparallel to the momentum of the proton. The appearance

of unpolarized Σ+-hyperons can serve as a signal for the existence of the quark–

gluon plasma as well as the unpolarized Λ0-hyperons.7
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Appendix A. Contribution of the QCD-Penguin Operators

According to Refs. 2 and 3, the effective weak interactions, defining the transitions

with ∆S = 1, contain the contribution of the so-called QCD-penguin operators

LQCD-penguin
weak (x) = −GF√

2
V ∗

udVus(c3O3(x) + c4O4(x) + c5O5(x) + c6O6(x)) + h.c. ,

(A.1)

where the operators Oi(x) for i = 3, . . . , 6 are expressed in terms of the quark fields

and take the form2,3

O3(x) =
[

d̄`(x)γµ(1 − γ5)s`(x)
]

∑

q=u,d,s

[

q̄`′(x)γµ(1 − γ5)q`′(x)
]

,

O4(x) =
[

d̄`(x)γµ(1 − γ5)s`′(x)
]

∑

q=u,d,s

[

q̄`′(x)γµ(1 − γ5)q`(x)
]

,

O5(x) =
[

d̄`(x)γµ(1 − γ5)s`(x)
]

∑

q=u,d,s

[

q̄`′(x)γµ(1 + γ5)q`′(x)
]

,

O6(x) =
[

d̄`(x)γµ(1 − γ5)s`′(x)
]

∑

q=u,d,s

[

q̄`′(x)γµ(1 + γ5)q`(x)
]

.

(A.2)

The Wilson’s coefficients ci for i = 3, . . . , 6 are calculated to leading order in

gluon exchanges at the normalization scale µ = 1 GeV,2,3 which is of order

Λχ = 0.94 GeV, the scale of the spontaneous breaking of chiral symmetry in the

effective quark model with chiral U(3) × U(3) symmetry.4–11

In the soft-pion limit the contribution of the QCD-penguin operators δM(Σ+ →
pπ0) to the amplitude of the Σ+ → pπ0 decay is defined by

δM(Σ+ → pπ0) = − i

Fπ

GF√
2

V ∗
udVus 〈p(kp, σp)|

×
[

Q3
5(0),

6
∑

i=3

ciQi(0)

]

|Σ+(kΣ+ , σΣ+)〉 . (A.3)

Since the equal-time commutator is equal to

[

Q3
5(0),

6
∑

i=3

ciQi(0)

]

=

6
∑

i=3

ciQi(0) , (A.4)

the contribution of the QCD-penguin operators to the amplitude δM(Σ+ → pπ0)

of the Σ+ → pπ0 decay is

δM(Σ+ → pπ0) = − i

2Fπ

GF√
2

V ∗
udVus

6
∑

i=3

ci〈p(kp, σp)|Qi(0)|Σ+(kΣ+ , σΣ+)〉 . (A.5)
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As we have made in Sec. 2, we insert the complete set of intermediate states Eq. (2.6)

and keep the contributions only the lowest states, which are |X〉 = |p〉 and |∆+〉.
This gives

δM(Σ+ → pπ0) = − i

2Fπ

GF√
2

V ∗
udVus

×
{

CLL

∑

σ=±1/2

∫

d3Q

(2π)32Ep(Q)

∑

q=u,d,s

× 〈p(kp, σp)|[q̄`′(0)γµ(1 − γ5)q`′(0)]|p(Q, σ)〉

× 〈p(Q, σ)|[d̄`(0)γµ(1 − γ5)s`(0)]|Σ+(kΣ+ , σΣ+)〉

+ CLL

∑

σ=±1/2,±3/2

∫

d3Q

(2π)32E∆(Q)

∑

q=u,d,s

× 〈p(kp, σp)|[q̄`′(0)γµ(1 − γ5)q`′(0)]|∆+(Q, σ)〉

× 〈∆+(Q, σ)|[d̄`(0)γµ(1 − γ5)s`(0)]|Σ+(kΣ+ , σΣ+)〉

+ CLR

∑

σ=±1/2

∫

d3Q

(2π)32Ep(Q)

∑

q=u,d,s

× 〈p(kp, σp)|[q̄`′(0)γµ(1 + γ5)q`′(0)]|p(Q, σ)〉

× 〈p(Q, σ)|[d̄`(0)γµ(1 − γ5)s`(0)]|Σ+(kΣ+ , σΣ+)〉

+ CLR

∑

σ=±1/2,±3/2

∫

d3Q

(2π)32E∆(Q)

∑

q=u,d,s

× 〈p(kp, σp)|[q̄`′(0)γµ(1 + γ5)q`′(0)]|∆+(Q, σ)〉

× 〈∆+(Q, σ)|[d̄`(0)γµ(1 − γ5)s`(0)]|Σ+(kΣ+ , σΣ+)〉
}

. (A.6)

The coefficients CLL and CLR are defined by

CLL = c3 +
1

3
c4 , CLR = c5 +

1

3
c6 , (A.7)

for the definition of which we have taken into account that hadrons are colorless

states.

Using the results obtained in Refs. 4 and 8 and in Sec. 2 one can show that the

matrix elements of the operator [d̄`(0)γµ(1 − γ5)s`(0)] between states 〈X(Q, σ)|,
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where X = p or ∆+, and |Σ+(kΣ+ , σΣ+)〉 are proportional to the following momen-

tum integrals:

〈p(Q, σ)|[d̄`(0)γµ(1 − γ5)s`(0)]|Σ+(kΣ+ , σΣ+)〉

∝
∫

d4q1

(2π)4i

∫

d4q2

(2π)4i
ūp(Q, σ)γαγ5 1

md − q̂2

× γµ(1 − γ5)
1

ms − q̂ − q̂2
γβγ5uΣ+(kΣ+ , σΣ+)

× tr

{

γα
1

mu − q̂1
γβ

1

mu + Q̂ − q̂1 − q̂2

}

,

〈∆+(Q, σ)|[d̄`(0)γµ(1 − γ5)s`(0)]|Σ+(kΣ+ , σΣ+)〉

∝
∫

d4q1

(2π)4i

∫

d4q2

(2π)4i
ūν

∆(Q, σ)
1

md − q̂2

× γµ(1 − γ5)
1

ms − q̂ − q̂2
γβγ5uΣ+(kΣ+ , σΣ+)

× tr

{

γν
1

mu − q̂1
γβ

1

mu + Q̂ − q̂1 − q̂2

}

.

(A.8)

In the heavy-baryon approximation to leading order in the large mB expansion one

gets4,8

∫

d4q1

(2π)4i
tr

{

γα
1

mu − q̂1
γβ

1

mu + Q̂ − q̂1 − q̂2

}

= −1

3

〈q̄q〉
m2

B

tr{γαγβQ̂} = 0 , (A.9)

where Q2 = m2
B and mB = mN or m∆. The integral Eq. (A.9) vanishes as

tr{γαγβQ̂} = 0.

Thus, in our approach the contribution of the QCD-penguin operators to the

amplitude of the Σ+ → pπ0 decay vanishes.

Appendix B. Calculation of Matrix Element Eq. (3.6)

In this appendix we give a detailed calculation of the momentum integrals, defining

the matrix element of the Σ+ → ∆++ transition. As has been shown in App. A,

the momentum integral containing the trace of Green functions of the constituent

quarks, vanishes to leading order in the heavy-baryon approximation. Thus, in the
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heavy-baryon approximation the matrix element of the Σ+ → ∆++ transition is

defined by the following momentum integral

〈∆++(Q, σ)|[ū`(0)γµ(1 − γ5)s`(0)]|Σ+(kΣ+ , σΣ+)〉

= −3
√

2g2
B

∫

d4q1

(2π)4i

∫

d4q2

(2π)4i
ūν

∆(Q, σ)

×
[

1

mu − q̂1
γβ

1

mu + Q̂ − q̂1 − q̂2

× γν
1

mu − q̂2
γµ(1 − γ5)

1

ms − q̂ − q̂2
γβγ5

]

uΣ+(kΣ+ , σΣ+) , (B.1)

where we have set q = kΣ+ − Q.

Following the technique in Ref. 4 and keeping only the leading we reduce the

r.h.s. of Eq. (B.1) to the form

〈∆++(Q, σ)|[ū`(0)γµ(1 − γ5)s`(0)]|Σ+(kΣ+ , σΣ+)〉

= −3
√

2
g2

B

m2
N

∫

d4q1

(2π)4i

∫

d4q2

(2π)4i

× ūν
∆(Q, σ)

[

1

mu − q̂1
γβQ̂γν

1

mu − q̂2
γµ(1 − γ5)

1

ms − q̂2
γβγ5

]

uΣ+(kΣ+ , σΣ+) .

(B.2)

Integration over q1 gives9–11

∫

d4q1

(2π)4i

1

mu − q̂1
=

mu

16π2

[

Λ2
χ − m2

u`n

(

1 +
Λ2

χ

m2
u

)]

= − 1

12
〈ūu〉 . (B.3)

Using Eq. (B.3) we transcribe the matrix element Eq. (B.2) as follows:

〈∆++(Q, σ)|[ū`(0)γµ(1 − γ5)s`(0)]|Σ+(kΣ+ , σΣ+)〉

=
g2

B〈ūu〉
2
√

2m2
N

∫

d4q2

(2π)4i
ūν

∆(Q, σ)

×
[

γβQ̂γν
1

mu − q̂2
γµ(1 − γ5)

1

ms − q̂2
γβγ5

]

uΣ+(kΣ+ , σΣ+) . (B.4)

Integrating over directions of four-vector q2, we get

〈∆++(Q, σ)|[ū`(0)γµ(1 − γ5)s`(0)]|Σ+(kΣ+ , σΣ+)〉

=
g2

B〈ūu〉
4
√

2m2
N

∫

d4q2

(2π)4i
ūν

∆(Q, σ)γβQ̂γνγµγβ

×
[

2mums + q2
2

(m2
u − q2

2)(m
2
s − q2

2)
+

2mums − q2
2

(m2
u − q2

2)(m2
s − q2

2)
γ5

]

uΣ+(kΣ+ , σΣ+) . (B.5)
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Due to algebra of the Dirac matrices γβQ̂γνγµγβ = −2γµγνQ̂, we obtain

〈∆++(Q, σ)|[ū`(0)γµ(1 − γ5)s`(0)]|Σ+(kΣ+ , σΣ+)〉

= − g2
B〈ūu〉

2
√

2m2
N

∫

d4q2

(2π)4i
ūν

∆(Q, σ)γµγνQ̂

[

2mums + q2
2

(m2
u − q2

2)(m
2
s − q2

2)

+
2mums − q2

2

(m2
u − q2

2)(m
2
s − q2

2)
γ5

]

uΣ+(kΣ+ , σΣ+)

= − g2
B〈ūu〉

2
√

2mN

∫

d4q2

(2π)4i
ūν

∆(Q, σ)γµγν

[

2mums + q2
2

(m2
u − q2

2)(m
2
s − q2

2)

− 2mums − q2
2

(m2
u − q2

2)(m
2
s − q2

2)
γ5

]

uΣ+(kΣ+ , σΣ+) , (B.6)

where we have used the Dirac equation Q̂uΣ+(kΣ+ , σΣ+) = mNuΣ+(kΣ+ , σΣ+) valid

to leading order in the heavy-baryon and chiral expansion.

The momentum integrals are equal to

∫

d4q2

(2π)4i

2mums + q2
2

(m2
u − q2

2)(m
2
s − q2

2)

=
2ms + mu

m2
s − m2

u

∫

d4q2

(2π)4i

mu

m2
u − q2

2

− 2mu + ms

m2
s − m2

u

∫

d4q2

(2π)4i

ms

m2
s − q2

2

=
2ms + mu

m2
s − m2

u

[

− 〈ūu〉
12

]

− 2mu + ms

m2
s − m2

u

[

− 〈s̄s〉
12

]

= − 1

12

(2ms + mu)〈ūu〉 − (2mu + ms)〈s̄s〉
m2

s − m2
u

,

∫

d4q2

(2π)4i

2mums − q2
2

(m2
u − q2

2)(m
2
s − q2

2)

=
2ms − mu

m2
s − m2

u

∫

d4q2

(2π)4i

mu

m2
u − q2

2

− 2mu − ms

m2
s − m2

u

∫

d4q2

(2π)4i

ms

m2
s − q2

2

=
2ms − mu

m2
s − m2

u

[

− 〈ūu〉
12

]

− 2mu − ms

m2
s − m2

u

[

− 〈s̄s〉
12

]

= − 1

12

(2ms − mu)〈ūu〉 − (2mu − ms)〈s̄s〉
m2

s − m2
u

.

(B.7)
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Substituting Eq. (B.7) into Eq. (B.6) we get the expression

〈∆++(Q, σ)|[ū`(0)γµ(1 − γ5)s`(0)]|Σ+(kΣ+ , σΣ+)〉

=
g2

B〈ūu〉
24

√
2mN

ūν
∆(Q, σ)γµγν

{

(2ms + mu)〈ūu〉 − (2mu + ms)〈s̄s〉
m2

s − m2
u

− (2ms − mu)〈ūu〉 − (2mu − ms)〈s̄s〉
m2

s − m2
u

γ5

}

uΣ+(kΣ+ , σΣ+) . (B.8)

This confirms our result Eq. (3.7).

We would like to emphasize that the parameter Λχ = 940 MeV has a meaning

of the energy scale at which chiral symmetry is spontaneously broken. The physical

coupling constants such as the leptonic decay constant Fπ = 92.4 MeV, which is

also the PCAC of pseudoscalar mesons, can be expressed in terms of Λχ = 940 MeV

and m = 330 MeV, the constituent quark mass calculated in the chiral limit9–11

(see also Refs. 28–34). The constant Fπ is defined by logarithmically divergent

momentum integral and depends on `n(1 + Λ2
χ/m2). Therefore, for the definition

of other physical observables we have to keep the contributions proportional to

`n(1 + Λ2
χ/m2

q). This explains the appearance of such a term in the definition of

the quark condensate.

We would also like to mention that the heavy-baryon approximation used in our

effective quark model corresponds to the large NC expansion,47 which provides a

nonperturbative analysis of low-energy interactions of hadrons.47–58
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