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Abstract We present the most relevant recent findings that allow for a rational time-
averaged description of laminar–turbulent transition of an incompressible nominally
two-dimensional and steady boundary layer along the impermeable surface of a rigid
blunt body. Rigorous application of matched asymptotic expansions for sufficiently
high values of both the Reynolds number and a turbulence-level gauge parameter
shows that the presence of a leading-edge stagnation point is associated with the
generation of a turbulent shear layer that exhibits an asymptotically small stream-
wise velocity deficit. Remarkably, however, the turbulenceintensity never reaches
its theoretically possible maximum that conforms to fully developed turbulent flow.

1 Motivation and Problem Formulation

Although desirable for engineering applications, a reliable prediction of the flow
past a more-or-less bluff body for realistically high values of the globally formed
Reynolds number,Re, is presently still unavailable, notwithstanding the undeniable
ongoing progress of computational methods like Direct Numerical and Large-Eddy
Simulation. That is, a self-consistent comprehensive description of the time-mean
process of gross separation that is essentially derived from first principles in the limit
Re → ∞ yet provides a challenging problem of theoretical hydrodynamics. As an
interesting step forwards, here we focus on the asymptotic structure of the attached
boundary layer (BL) evolving from the stagnation point,S, of the external flow.

Let the natural coordinatesx, y along and perpendicular to the (perfectly smooth)
body surface with origin inS, the corresponding Reynolds-averaged velocity com-
ponentsu, v, and the Reynolds stresses be non-dimensional with respectto a typi-
cal half-diameterL of the obstacle, the speedU of the incident parallel free-stream
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flow, and the uniform fluid density. Denotesν the constant kinematic viscosity of the
fluid, we accordingly defineRe := UL/ν and assume thatRe ≫ 1. Then the external
flow, [u,v] = [u0,v0], has to be sought in the class of potential flows with separating
streamlines, see [3]. It imposes the surface speedue = u0|y=0 at the outer edge of the
BL upstream of separation. The level of turbulence intensity in the BL is measured
by the so-called turbulence-level gauge factorT . To be more precise, cf. [1], [2], the
inclusion of the Reynolds shear stress,σ , in the classical (Prandtl-type) BL equa-
tions, suggests to express the order of magnitude ofσ asαu2, whereα := T Re−1/2.
Furthermore, we disregard free-stream turbulence and makethe following assump-
tions for the developed turbulent BL, merely based on physical reasoning:

1. each flow layer is characterised by a single typical turbulent velocity scaleut ,
such that all components of the Reynolds stress tensor are ofO(αu2

t ) there (hy-
pothesis of locally isotropic turbulence);

2. in the fully turbulent main portion of the BL, whereσ is much larger than the
viscous shear stress, the local streamwise velocity defectue −u is of O(ut);

3. in the viscous near-wall region, characteristic of wall-bounded turbulent flows
and whereσ and the viscous shear stress are of comparable magnitude,u = O(ut).

2 Asymptotic Analysis

In the limit Re → ∞ the region of laminar–turbulent transition shrinks to the point S,
cf. [4]. In other words, this limit is associated with the occurrence of a developed
turbulent BL forx = O(1), which is expected to exhibit the highest turbulence inten-
sity possible. As a consequence and physically reasonable strategy, we, therefore,
study solutions of the BL equations in the limitT → ∞. From the viewpoint of time-
or Reynolds-averaging, a sound understanding of the process of rapid transition tak-
ing place in a small region close toS (where|x| ≪ 1) then proves crucial for the
detection of the correct asymptotic structure of the BL originating there. Noting that
ue ∼ bx+O(x2), b > 0, asx → 0+, the aforementioned magnitude of the Reynolds
shear stressσ is seen to be comparable to that of its viscous counterpart inthe re-
gion of transition. One then infers that the latter has a streamwise extent ofO(1/T ).
In turn, forX := b1/2T x = O(1) the leading-order BL problem is cast into the form

h2
ζ −ρ(X/ρ)′ hhζ ζ +X(hζ hζ X −hX hζ ζ ) = 1+Xρsζ +ρ2hζ ζ ζ , (1a)

ζ = 0 : h = hζ = 0, s = O(ζ 3) , ζ → ∞ : hζ → 1, s → 0, (1b)

X → 0+ : h ∼ H(η) [+O(x2)] , s = O(X2) , ρ → 1, (1c)

H ′2−HH ′′ = 1+H ′′′ , H(0) = H ′(0) = H ′(∞)−1 = 0. (1d)

Herein,[h,s](X ,ζ ), ρ(X), andζ := ρ(bRe)1/2y are quantities ofO(1), whereh de-
notes a stream function such thatu ∼ hζ , σ ∼ bX2T−1Re−1/2s, andρ(X) > 0 is
chosen to properly account for the development of the pronounced outer “turbulent”
BL edge asX → ∞. Also, the correct near-wall behaviour ofσ is required by (1b).



Evolution of a Boundary Layer from Stagnation Towards Turbulent Separation 3

Most important,h matches the Hiemenz flow functionH(ζ ) asX → 0+, which is
well-known to describe purely laminar flow within a distanceof O(Re−1/2) from S.

The rigorous justification of the BL approximation adopted in the leading-order
problem (1) governing the transitional flow responds to the question, why its stream-
wise extent ofO(1/T ) is asymptotically larger than that normal to the surface, vary-
ing with Re−1/2. First, one may argue intuitively as follows: in case of the remaining
possibilityT = O(Re1/2) stretching of bothx andy with Re1/2 would retain the full
set of the Reynolds-averaged Navier–Stokes equations. These then formally exhibit
a Reynolds number equal to 1, which, in turn, does not point toa proper mecha-
nism that triggers fully developed turbulence within the region under consideration.
Hence, one infers that a BL-type approximation should be valid even for arbitrarily
small values ofx, which is receptive to the (presently) known scenarios of laminar–
turbulent transition. Consequently, the Hiemenz flow approximation is valid in a
subregion of the region of transition wherex = O(1/T ), having an extent ofRe−1/2.

In any of these cases, however, forX ≫ 1 but X ≪ T as T → ∞ the relation-
ships (1a,b) describe the flow with sufficient accuracy. Theyserve as the starting
point for studying the turbulent BL that takes place forx = O(1). There in each layer
σ ∼ αu2

t σ0 + · · · , σ0 = O(1). Accordingly, [h,s] ∼ [h0,s0](ζ )+ · · · for ζ = O(1),
X → ∞, which reveals two possibilities, see [2]: First, assumings0 6≡ 0 is consistent
with a large velocity defect, i.e.ut = O(1) for ζ = O(1), x = O(1). Hence, matching
the viscous wall region with the adjacent layer by exploiting the three assumptions
stated in Sect. 1 yieldsut = O(1/ lnT ), so thatσ0 → 0 asζ → 0. However, this im-
plies a mismatch forx → 0 as one finds thats0(0) > 0. Thus, we are left with the
second case,s0 ≡ 0, which predicts a small-defect BL. Here the analysis forx → 0
givesσ0 → 1 asζ → 0. This results in a direct match with the wall layer and a two-
tiered BL, characterised by the typical logarithmic velocity law in the overlap and a
single velocity scaleut ∼ ueκ/(2lnT ) with the von Ḱarmán constantκ .

= 0.384. By
noting thath′1 ∼−κ−1 lnζ +B, B > 0,ζ → 0 ands1(0) = 1, one obtains forX → ∞

[ζ −h, s] ∼ [γ h1(ζ ),γ2s1(ζ )] , γ = κ/(2lnX) , ρ ∼ 1/(∆Xγ) , ∆ = O(1) . (2)

3 Numerical Results

In order to solve the boundary–initial-value problem (1) numerically, it is supple-
mented with a turbulence closure that correctly accounts for the generation of the
small-defect BL as outlined above by suitably modelling both the scaling func-
tion ρ(X) and the Reynolds stress functions(X ,ζ ). Appropriate choices are given
by ρ(X) := 1/[1+∆X γ̂(X)], γ̂(X) := 1/[(2/κ) ln(Xeκ/2 +1)+1], and an algebraic
closure of the common forms = [ℓ(X ,ζ )hζ ζ ]2, where the mixing lengthℓ is mod-
elled in a slightly modified manner as usually adopted in caseof a fully developed
turbulent BL. For specific details of the closure and the numerical procedure see [2].

We first solve the boundary-value problem determining[h1,s1](ζ ), the constant
∆ , and, in turn,ρ(X). These data initiate downstream integration of (1). The results
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Fig. 1 Values ofĥ, ŝ (abscissae) versus values ofζ (ordinates); top abscissae/right ordinates:X = 0
(Hiemenz solution,dashed); bottom abscissae/left ordinates:X = X∗ exp[(i/10) ln(X10/X∗)],
X∗ := 100,X10 = 4×106, i = 1,2, . . . ,10, andX = ∞ (dashed-dotted)

for the rescaled velocity defectĥ := (1−hζ )/γ̂ and Reynolds stress ˆs := s/γ̂2 are
displayed in Fig. 1: they clearly indicate the evolution of the extremely thin wall
layer, having a thickness ofO(ρ2) relative to that of the outer tier, and the associated
logarithmic portion ofĥ as[ĥ, ŝ](X ,ζ ) → [h′1,s1](ζ ), X → ∞, according to (2).

4 Conclusions and Further Outlook

The analysis of Sect. 2 suggests that the turbulent BL sufficiently far fromS is of
two-tiered small-defect type, but the turbulence intensity parameterT is asymptoti-
cally smaller thanRe1/2; perfectly developed turbulence is indicated byα = O(1).

The triple-deck structure the small-defect BL is subjectedto close to separation,
cf. [1], provides a stringent rationale for the turbulent BLevolving on a bluff body
being a slightly “underdeveloped” one in the limitRe → ∞: in a fully developed tur-
bulent BL the viscous wall layer is exponentially thin compared to its main region.
Then the displacement effect on the irrotational flow in the upper deck exerted by
the slow motion in the lower deck adjacent to the surface is too weak to induce a
sufficiently strong pressure feedback there that allows fora singularity-free descrip-
tion of the separation process. This inconsistency is only avoided if the ratio of the
widths of the inner and outer layer varies merely algebraically with Re, implying
α → 0. The detailed flow structure near separation is a topic of the current research.
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