
Chapter 10

Time-Frequency Methods for Non-stationary
Statistical Signal Processing

Abstract: Time-frequency (TF) methods can be used to analyze and process non-
stationary random processes in an efficient and intuitive manner. This chapter
presents some of the non-parametric methods in this area. We first discuss two
different definitions of a “TF spectrum” for non-stationary processes. For the
important subclass of underspread processes, it is demonstrated that the various
TF spectra are effectively equivalent and approximately satisfy several desirable
properties. Methods for estimating TF spectra are presented and studied. Finally,
we discuss the use of TF spectra for processing non-stationary random processes
of the underspread type. Simple formulations of quasi-optimum estimators and
detectors are proposed, which generalize methods for the stationary case (such
as, for instance, Wiener-type filters) to the case of underspread non-stationary
random processes. These “TF estimators/detectors” have the advantage of allow-
ing an intuitive interpretation and being numerically stable and efficient.

Keywords: underspread non-stationary random processes, statistical signal pro-
cessing, time-varying spectra, Wigner-Ville spectrum, evolutionary spectrum,
time-frequency analysis, non-stationary estimation, Wiener filter, non-stationary
detection.

10.1. Introduction

Although most work on time-frequency (TF) concepts and methods is placed
within a deterministic framework, the “TF philosophy” is also suited to non-stationary
random processes. As long as the random processes considered are stationary, there
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is little reason to use TF methods. In fact, for a stationary process x(t), the power
spectral density

r̂x(f) =

∫ ∞

−∞
rx(τ) e

−j2πfτ dτ , (10.1)

where rx(τ) = E{x(t+ τ)x∗(t)} with E{·} denoting the expectation operator, pro-
vides a complete description of the second-order statistical properties [PAP 91]. Due
to the stationarity of x(t), the spectrum r̂x(f) does not depend on time t. On the other
hand, when the process x(t) is non-stationary, it is quite evident that its spectral prop-
erties – and, thus, any relevant description of these properties – must depend on time.
Consequently, we will be interested in a time-dependent power spectral representation
of the Px(t, f) type. Such a spectrum can be interpreted as a TF representation of the
second-order statistics of x(t).

As we will demonstrate, this situation is closely related to the description of linear
systems. As long as a system is time-invariant, the transfer function

ĥ(f) =

∫ ∞

−∞
h(τ) e−j2πfτ dτ , (10.2)

where h(τ) is the impulse response, provides a complete description of the system’s
spectral properties [PAP 84]. On the other hand, in the case of a time-varying system,
the spectral characteristics will depend on time, and thus we are led to consider a
transfer function of the H(t, f) type. This function can be interpreted as a TF repre-
sentation of the system.

At this point, several fundamental questions arise:

– How can Px(t, f) and H(t, f) be defined? Is the definition unique as in the
stationary case?

– Can we use Px(t, f) and H(t, f) as we use r̂x(f) and ĥ(f) in the stationary
case? To illustrate what is meant by this question, let us consider, for example, the
estimation of a stationary process s(t) from a noisy version s(t) + n(t) by means of
a linear filter. The optimum filter according to the criterion of minimum mean-square
error (non-causal Wiener filter) is time-invariant with its transfer function given by
[PAP 91, VAN 68, POO 88, SCH 91, THE 92, WIE 49]

ĥ(f) =
r̂s(f)

r̂s(f) + r̂n(f)
. (10.3)

If, on the other hand, s(t) and n(t) are non-stationary, it is well known that the op-
timum filter is time-varying [VAN 68, POO 88, SCH 91, THE 92]. Can its transfer
functionH(t, f) be expressed in a similar manner as in (10.3), i.e., as

H(t, f) =
Ps(t, f)

Ps(t, f) + Pn(t, f)
? (10.4)
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In this chapter, we will discuss time-varying spectra and their application to the es-
timation and detection of non-stationary random processes. We will restrict ourselves
to non-parametric spectra; parametric spectra will be discussed in Chapter 11. To be-
gin with, the preparatory section 10.2 considers the TF representation of time-varying
systems, which will provide the fundamentals required for our treatment of time-
varying spectra. Some basic principles of non-stationary processes and the important
subclass of underspread processes are discussed in Section 10.3.

Two broad classes of time-varying spectra are considered in Sections 10.4 and
10.5. We will see that there exist an infinite number of different definitions of a time-
varying spectrum. However, we show in Section 10.6 that for an underspread process,
all these different spectra provide nearly identical results and satisfy several desirable
properties in an approximate manner. The estimation of time-varying spectra from a
single process realization is discussed in Section 10.7.

The application of time-varying spectra to the estimation (quasi-optimum filtering)
and detection of a non-stationary process is finally studied in Sections 10.8 and 10.9.
For underspread processes, it is possible to develop TF estimators and TF detectors
that are nearly optimum as well as numerically stable and efficient and, at the same
time, allow an intuitive interpretation in the spirit of (10.4).

10.2. Time-varying systems

Since time-varying systems will occur several times in the course of this chapter,
we first develop some of their basic principles. The input-output relation of a time-
varying system (operator)H with kernel h(t, t′) is

y(t) = (Hx)(t) =

∫ ∞

−∞
h(t, t′)x(t′) dt′.

The generalized Weyl symbol of a time-varying system H is defined as [KOZ 92a,
KOZ 97a, MAT 98c]

L
(α)
H (t, f) :=

∫ ∞

−∞
h(α)(t, τ) e−j2πfτ dτ (10.5)

with the generalized impulse response

h(α)(t, τ) := h

(
t+
(1

2
−α
)
τ , t−

(1

2
+α
)
τ

)
, (10.6)

where α ∈ R is a parameter. For the important subclass of “underspread” time-
varying systems (see below),L(α)

H (t, f) can be interpreted and used as a “time-varying

transfer function” generalizing the time-invariant transfer function ĥ(f) defined in

(10.2). In the case of a time-invariant system, L(α)
H (t, f) reduces to ĥ(f) and thus

is independent of time t. Some special cases are the Weyl symbol (α = 0), the Za-
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deh symbol (α = 1/2), and the Kohn-Nirenberg symbol (α = −1/2) [KOZ 97a,
FOL 89, JAN 89, KOZ 92b, SHE 94, MAT 98c, ZAD 50, BEL 63, KOH 65]. Due to
its symmetric structure, the choice α= 0 has some advantages over other choices of
α [KOZ 92b, MAT 98c, FOL 89].

A representation that is dual to L(α)
H (t, f) is given by the generalized spreading

function [KOZ 92a, KOZ 97a, MAT 98c]

D
(α)
H (τ, ξ) :=

∫ ∞

−∞
h(α)(t, τ) e−j2πξt dt . (10.7)

This representation characterizes the TF shifts of the input signal caused by the time-
varying systemH . D(α)

H (τ, ξ) is a function of the time-shift (delay) variable τ and the

frequency (Doppler) shift variable ξ. It can be shown that the magnitude ofD(α)
H (τ, ξ)

does not depend on α, so that we can write it as |D(α)
H (τ, ξ)| = |DH(τ, ξ)|. Moreover,

D
(α)
H (τ, ξ) is essentially the two-dimensional Fourier transform of the generalized

Weyl symbol defined in (10.5).

The generalized spreading functionD(α)
H (τ, ξ) is the coefficient function in an ex-

pansion ofH into elementary TF shift operatorsS(α)
τ,ξ defined by

(
S

(α)
τ,ξ x

)
(t) = x(t−

τ) ej2πξtej2π(α−1/2)ξτ [KOZ 92a, KOZ 97a, FOL 89, MAT 98c, KOZ 97b, SHE 94,
BEL 63]. In fact, we have

(Hx)(t) =

∫ ∞

−∞

∫ ∞

−∞
D

(α)
H (τ, ξ)

(
S

(α)
τ,ξ x

)
(t) dτ dξ . (10.8)

Thus, for a given (τ, ξ), |DH(τ, ξ)| measures the contribution of the shifted input sig-

nal
(
S

(α)
τ,ξ x

)
(t) = x(t − τ) ej2πξtej2π(α−1/2)ξτ to the output signal (Hx)(t). As a

consequence, the TF shifts caused by a time-varying system H are globally charac-
terized by the effective support of |DH(τ, ξ)|.

A time-varying system H is called underspread if it introduces only small TF
shifts; it is called overspread otherwise. In view of (10.8), the underspread property
amounts to the fact that |DH(τ, ξ)| is concentrated around the origin of the (τ, ξ)
plane [KOZ 97a, MAT 98c, KOZ 97b, MAT 00b]. As a quantitative measure of the
concentration of |DH(τ, ξ)|, let us introduce the weighted integral

m
(φ)
H :=

∫∞
−∞

∫∞
−∞ φ(τ, ξ) |DH (τ, ξ)| dτ dξ

∫∞
−∞

∫∞
−∞ |DH(τ, ξ)| dτ dξ ≥ 0 , (10.9)

where φ(τ, ξ) is a weighting function that penalizes the contributions of |DH(τ, ξ)|
located far from the origin, with φ(τ, ξ) ≥ φ(0, 0) = 0. Important special cases of

m
(φ)
H are given by the moments m

(k,l)
H (where k, l ∈ N0) whose weighting function

has the form φ(τ, ξ) = |τ |k|ξ|l. A system H then is underspread if certain weighted

integralsm(φ)
H and/or certain momentsm(k,l)

H are small.
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The underspread property is not equivalent to the property of slow temporal vari-
ation (quasi-stationarity property). In fact, slow temporal variation is expressed by
a concentration of |DH(τ, ξ)| with respect to ξ only. In contrast, the underspread
property is expressed by a concentration with respect to τ and ξ jointly, where the
concentrations with respect to τ and ξ are mutually interchangeable. Thus, a system
with slow temporal variation can be overspread if its memory (extension of |DH(τ, ξ)|
with respect to τ ) is too long, and conversely a system that does not exhibit slow tem-
poral variation can still be underspread if its memory is short enough.

10.3. Non-stationary processes

The main subject of this chapter is the analysis and processing of non-stationary
random processes. The second-order statistical properties of a non-stationary process
x(t) are characterized by the mean function mx(t) := E{x(t)} (which will generally
be supposed to be zero hereafter) and the correlation function

Rx(t1, t2) := E
{
x(t1)x

∗(t2)
}
.

Sometimes, we will interpret Rx(t1, t2) as the kernel of a linear operatorRx that we
will call the correlation operator of process x(t).

There is another link between non-stationary processes and time-varying systems
(operators). Under appropriate conditions, we can represent x(t) as the output of a
linear time-varying system H whose input is stationary white noise, denoted n(t),
with power spectral density r̂n(f) ≡ 1 [CRA 61]:

x(t) = (Hn)(t) =

∫ ∞

−∞
h(t, t′)n(t′) dt′. (10.10)

(If x(t) is stationary, H is time-invariant and the power spectral density of x(t) is
given by r̂x(f) = |ĥ(f)|2.) System H is called an innovations system of the process
x(t). It is obtained through the factorizationHH⋆ = Rx, whereRx is the correlation
operator of x(t) and H⋆ is the adjoint of H (i.e., the system with kernel h⋆(t, t′) =
h∗(t′, t)). Thus, H is a “square root” of Rx. This square root is only unique to
within a factor A satisfying AA⋆ = I: if H is an innovations system of x(t) (thus,
HH⋆ = Rx) and if A satisfies AA⋆ = I, then H ′ = HA is another innovations
system of x(t).

FromRx(t1, t2) (orRx), we can calculate various time-varying spectra that will be
discussed in Sections 10.4–10.6. A second-order representation whose interpretation
is different from that of a spectrum is the generalized expected ambiguity function
(GEAF) defined by [KOZ 97a, KOZ 94a]

Ā(α)
x (τ, ξ) :=

∫ ∞

−∞
r(α)
x (t, τ) e−j2πξt dt = E

{〈
x,S

(α)
τ,ξ x

〉}
, (10.11)
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Figure 10.1. Magnitude of the GEAF of (a) an underspread process and (b) an overspread
process. The small squares around the origin have an area of 1 and thus allow an assessment of
the underspread or overspread nature. The lowest contour level is at 20 dB below the maximum
value of the GEAF, Āx(0, 0)

with

r(α)
x (t, τ) := Rx

(
t+

(1

2
−α
)
τ , t−

(1

2
+α
)
τ

)
, (10.12)

where α ∈ R is a parameter. Comparing (10.11) with (10.7) we note that the GEAF
is the generalized spreading function of correlation operatorRx, i.e.,

Ā(α)
x (τ, ξ) = D

(α)
Rx

(τ, ξ) .

Thus, |Ā(α)
x (τ, ξ)| does not depend on α, so that it can be written |Ā(α)

x (τ, ξ)| =

|Āx(τ, ξ)|. The interpretation of the GEAF Ā(α)
x (τ, ξ) is that it characterizes the aver-

age correlation of all pairs of TF points separated by τ in time and by ξ in frequency
[KOZ 97a, KOZ 94a].

A non-stationary process x(t) is called underspread if all components of x(t) that
are sufficiently distant from each other in the TF plane (corresponding to values of τ
and/or ξ that are not too small) are effectively uncorrelated; it is called overspread in
the opposite case [KOZ 94a, KOZ 97a, MAT 00b, MAT 06]. The underspread prop-
erty is exhibited by many non-stationary processes occurring in applications. In view
of the interpretation of the GEAF, this property essentially states that |Āx(τ, ξ)| is
concentrated around the origin of the (τ, ξ) plane. The concentration of the GEAF
can be characterized by the weighted integral

m(φ)
x :=

∫∞
−∞

∫∞
−∞ φ(τ, ξ) |Āx(τ, ξ)| dτ dξ∫∞

−∞
∫∞
−∞ |Āx(τ, ξ)| dτ dξ

≥ 0 , (10.13)

where φ(τ, ξ) is a weighting function as in (10.9). We will also use the moments

m
(k,l)
x whose weighting function is φ(τ, ξ) = |τ |k|ξ|l. A process is thus underspread

if certain weighted integrals m(φ)
x and/or certain moments m(k,l)

x are small. Figure
10.1 contrasts the GEAF of an underspread process with that of an overspread process.
Some time-varying spectra of these two processes will be presented later in Section
10.6.1 (see Figures 10.3 and 10.4).
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The underspread property is not equivalent to the quasi-stationarity property, which
is expressed by a concentration of |Āx(τ, ξ)| with respect to the single variable ξ. In
fact, the underspread property is expressed by a concentration with respect to τ and
ξ jointly, where the concentrations with respect to τ and ξ are mutually interchange-
able. Consequently, it is possible that a quasi-stationary process is not underspread
if its temporal correlation horizon (extension of |Āx(τ, ξ)| with respect to τ ) is too
broad, and conversely a process that is not quasi-stationary can be underspread if its
temporal correlation horizon is sufficiently small (“quasi-white” process). We note
that definitions of limited TF correlation that are somewhat similar conceptually have
been proposed and discussed in [MAL 99, MAL 98, SIL 95a, SIL 95b].

The two concepts of underspread systems and underspread processes are related
because Ā(α)

x (τ, ξ) is the generalized spreading function of Rx; thus, a process x(t)
is underspread if and only if its correlation operator Rx is an underspread system.
Moreover, there is a relationship between the TF correlation structure of x(t) and the
TF shifts caused by the innovations system of x(t). If the innovations system H is
underspread, then the correlation operator Rx=HH⋆ is also underspread and, con-
sequently, the process x(t) is underspread as well. Conversely, if x(t) is underspread,
this does not imply that all innovations systemsH are underspread, but there is always
a particularH that is underspread.

10.4. TF analysis of non-stationary processes – type I spectra

As we have already observed, any spectrum of a non-stationary process must de-
pend on time t in addition to frequency f . To define a time-varying spectrum within
the non-parametric framework studied here, two different approaches are possible.
These approaches lead to two classes of spectra that will be termed “type I” and “type
II”. Type I spectra are the subject of this section, while type II spectra will be intro-
duced and studied in the next section.

10.4.1. Generalized Wigner-Ville spectrum

First, we consider an important family of type I time-varying spectra that is known
as generalized Wigner-Ville spectrum (GWVS) [FLA 89, FLA 97, KOZ 94a, MAT 06].
The GWVS is a simple extension of the power spectral density r̂x(f) defined in (10.1):

W
(α)

x (t, f) :=

∫ ∞

−∞
r(α)
x (t, τ) e−j2πfτ dτ , (10.14)

where r(α)
x (t, τ) with α ∈ R has been defined in (10.12). When process x(t) is sta-

tionary (in the wide sense), W
(α)

x (t, f) becomes equal to the power spectral density
r̂x(f) and, thus, independent of time t.
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A comparison with (10.5) shows that the GWVS is the generalized Weyl symbol
of the correlation operatorRx:

W
(α)

x (t, f) = L
(α)
Rx

(t, f) .

It is also the two-dimensional Fourier transform of the GEAF defined in (10.11):

W
(α)

x (t, f) =

∫ ∞

−∞

∫ ∞

−∞
Ā(α)
x (τ, ξ) e−j2π(fτ−tξ) dτ dξ . (10.15)

This relation generalizes the Wiener-Khintchine relation (10.1) to non-stationary pro-
cesses. Finally, under appropriate conditions [FLA 99], W

(α)

x (t, f) can be written as
the expectation of a TF signal representation that is known under the name of gener-
alized Wigner-Ville distribution and defined as [CLA 80, JAN 82, HLA 97]

W (α)
x (t, f) :=

∫ ∞

−∞
x

(
t+
(1

2
−α
)
τ

)
x∗
(
t−

(1

2
+α
)
τ

)
e−j2πfτ dτ . (10.16)

Important special cases of the GWVS are the Wigner-Ville spectrum (α = 0)
[MAR 70, MAR 85, FLA 89, KOZ 94a, MAT 06, FLA 97], which has certain advant-
ages due to its symmetric structure, and the Rihaczek spectrum (α = 1/2) [FLA 89,
FLA 97, RIH 68]. The Wigner-Ville spectrumW

(0)

x (t, f) is always real – although its
positivity is not guaranteed [FLA 86b, FLA 99, MAT 00b, MAT 06] – whereas other
spectra W

(α)

x (t, f) are complex-valued in general. However, we will see later on that
the problems of interpretation and representation caused by negative or even complex
values effectively disappear in the underspread case.

10.4.2. TF correlations and statistical cross-terms

The definition of some of the type I spectra can be justified by the effects that the
TF correlations of a non-stationary process have on its GWVS. For an underspread
process (TF correlations with small horizon), the GEAF is well concentrated around
the origin of the (τ, ξ) plane. It then follows from (10.15) that the GWVS is a low-
pass function, i.e., a smooth function with slow variations. On the other hand, if
the process is overspread (TF correlations with large horizon), its GEAF has compo-
nents located at some distance away from the origin of the (τ, ξ) plane. Thus, it fol-
lows from relation (10.15) that the GWVS will contain oscillatory and partly negative
components. These components can be interpreted as “statistical cross-terms”; they
are indicative of the presence of TF correlations in the process [THO 93, MAT 06,
MAT 00b, KOZ 97a].

To illustrate the mechanism and geometry of these statistical cross-terms, we study
the basic example of a process with two components x(t) = x1(t) + x2(t). The com-
ponents are given by

x1(t) = a1x0(t−t1) ej2πf1t , x2(t) = a2 x0(t−t2) ej2πf2t ,
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where x0(t) is a process whose GWVS is assumed to be localized around the origin
(t, f)=(0, 0) of the TF plane and a1, a2 are random factors that are uncorrelated with
x0(t). We note that components x1(t) and x2(t) are localized around the TF points
(t1, f1) and (t2, f2), respectively, and that they are correlated if and only if a1 and a2

are correlated. If x1(t) and x2(t) are correlated, we can then say that “the TF points
(t1, f1) and (t2, f2) are correlated”.

Let us now consider the Wigner-Ville spectrum (GWVS with α = 0) W
(0)

x (t, f)
of process x(t). It consists of (i) the two terms

W
(0)

x1
(t, f) = E{|a1|2}W

(0)

x0
(t−t1, f−f1)

W
(0)

x2
(t, f) = E{|a2|2}W (0)

x0
(t−t2, f−f2)

which are correctly localized around (t1, f1) and (t2, f2), respectively, and (ii) a “stat-
istical cross-term” given by

Ψ12(t, f) = c

(
t− t1+ t2

2
, f − f1+f2

2

)

with

c(t, f) := 2 |r|W (0)

x0
(t, f) cos

(
2π
[
(f1−f2)t− (t1−t2)f

]
+ ϕ

)
,

where r := E{a1a
∗
2} and ϕ := 2π(t1−t2)(f1−f2) + arg{r}. Thus, this cross-term

Ψ12(t, f) is localized around the middle point
(
t1+t2

2 , f1+f2
2

)
between points (t1, f1)

and (t2, f2); it oscillates, taking on negative as well as positive values. Its amplitude
is proportional to |r| =

∣∣E{a1a
∗
2}
∣∣ and thus constitutes a direct measure of the degree

of correlation of the components x1(t) and x2(t) or of the TF points (t1, f1) and
(t2, f2). It follows that W

(0)

x (t, f) will contain large statistical cross-terms if (and
only if) process x(t) has strong TF correlations, i.e., if it is overspread.

Figure 10.2 gives an example illustrating these results. We can verify, in particular,
that the amplitude of the statistical cross-term increases with the degree of TF correla-
tion. We note that the TF geometry of this cross-term is that of the cross-terms of the
Wigner-Ville distribution studied in Chapter 5 (this is not surprising, as the Wigner-
Ville spectrum is the expectation of the Wigner-Ville distribution). This geometry can
be generalized to the case α 6= 0 [HLA 97].

10.4.3. TF smoothing and type I spectra

While statistical cross-terms are indicative of TF correlations, they very often
have the disadvantage of covering and, consequently, masking the other terms of the
Wigner-Ville spectrum that characterize more particularly the signal components of
the analyzed process. Therefore, in the overspread case where the amplitude of stat-
istical cross-terms is large, it is often desirable to attenuate these terms. Due to their
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ξ
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τ
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f f f
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Figure 10.2. Statistical cross-term in the Wigner-Ville spectrum of a process with two compo-
nents for (a) zero correlation, (b) medium correlation, (c) maximum correlation of the two com-
ponents. Above: Wigner-Ville spectrum, below: GEAF magnitude. The small squares around
the origin have an area of 1 and thus allow an assessment of the underspread or overspread
nature

oscillatory behavior, cross-terms can be easily attenuated or even suppressed by a TF
smoothing that is expressed mathematically by a two-dimensional convolution:

C̄x(t, f) := φt-f(t, f) ∗t ∗f W
(0)

x (t, f)

=

∫ ∞

−∞

∫ ∞

−∞
φt-f(t−t′, f−f ′) W

(0)

x (t′, f ′) dt′df ′,
(10.17)

where φt-f(t, f) is a smooth function, of low-pass type.

If we now allow that φt-f(t, f) is an arbitrary function, not necessarily of the low-
pass type, then expression (10.17) defines a class of time-varying spectra that we will
here refer to as type I spectra. This class has an important theoretical interpretation: it
consists of all the spectra that depend linearly on Rx(t1, t2) and are covariant to TF
shifts [LOY 68, FLA 97, AMI 92]:

x̃(t) = x(t−t0) ej2πf0t ⇒ C̄x̃(t, f) = C̄x(t−t0, f−f0) . (10.18)

Under appropriate conditions, the class of type I spectra can also be written as the ex-
pectation of Cohen’s class of TF signal representations [FLA 97] (for Cohen’s class,
see Chapters 1 and 5 of this book and [COH 95, FLA 99, HLA 92]). The class of type
I spectra contains, in particular, all the members of the GWVS family. The GWVS
members are an example of the case where φt-f(t, f) is not of the low-pass type and,
thus, convolution (10.17) is not a smoothing. Other elements of the class of type I



Time-Frequency Methods for Non-stationary Statistical Signal Processing 289

spectra are the spectra of Page [PAG 52] and Levin [LEV 64] and the “physical spec-
trum” (expectation of the spectrogram) [MAR 70, FLA 89, FLA 97]. All these partic-
ular spectra are obtained by specific choices of the “kernel” φt-f(t, f) in (10.17). We
finally note that we can define the same class of type I spectra using “generators” other

than W
(0)

x (t, f) in (10.17), for example W
(α)

x (t, f) with α 6= 0.

10.4.4. Properties of type I spectra

All type I spectra satisfy covariance property (10.18). Other desirable properties
will be satisfied if the kernel φt-f(t, f) satisfies corresponding constraints. For ex-
ample, the normalization constraint

∫ ∞

−∞

∫ ∞

−∞
φt-f(t, f) dt df = 1 (10.19)

is necessary and sufficient for C̄x(t, f) to preserve the mean energy of the process
x(t): ∫ ∞

−∞

∫ ∞

−∞
C̄x(t, f) dt df = Ēx ,

with Ēx :=
∫∞
−∞Rx(t, t) dt = E{‖x‖2}.

It is often simpler to formulate such constraints in terms of the two-dimensional
Fourier transform φd-D(τ, ξ) :=

∫∞
−∞

∫∞
−∞ φt-f(t, f) e−j2π(ξt−τf)dt df of the kernel

φt-f(t, f). The kernelφd-D(τ, ξ) is a function of the time-shift (delay) variable τ and the
frequency (Doppler) shift variable ξ. For example, normalization constraint (10.19) is
then expressed by φd-D(0, 0) = 1. Table 10.1 lists some basic properties along with
their constraints on φd-D(τ, ξ). We note, in particular, that the statistical cross-terms
in C̄x(t, f) are attenuated if and only if φd-D(τ, ξ) is concentrated around the origin,
since this corresponds to a smooth kernel φt-f(t, f). In Section 10.6.2, we will see that
the properties of Table 10.1 are typically satisfied by type I spectra in an approximate
fashion if the analyzed process is underspread.

10.5. TF analysis of non-stationary processes – type II spectra

An alternative to type I spectra is offered by the class of type II spectra, which is
based on the innovations representation (10.10). First of all, we will study an impor-
tant family of type II spectra.

10.5.1. Generalized evolutionary spectrum

To justify the definition of this family, let us recall that in the case of a stationary
process, the power spectral density equals the squared magnitude of the transfer func-
tion of innovations system H (which is time-invariant): r̂x(f) = |ĥ(f)|2. Extend-
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Property Constraint

covariance to TF shifts:

x̃(t) = x(t−t0) ej2πf0t ⇒ C̄x̃(t, f) = C̄x(t−t0, f−f0)
—

real-valued:
C̄x(t, f) = C̄∗

x(t, f)
φd-D(τ, ξ) = φ∗

d-D(−τ,−ξ)

preservation of mean energy:R ∞

−∞

R ∞

−∞
C̄x(t, f) dt df = Ēx

φd-D(0, 0) = 1

time marginal:R ∞

−∞
C̄x(t, f) df = Rx(t, t) = E

˘
|x(t)|2

¯ φd-D(0, ξ) ≡ 1

frequency marginal:R ∞

−∞
C̄x(t, f) dt = Rx̂(f, f) = E

˘
|bx(f)|2

¯ φd-D(τ, 0) ≡ 1

Moyal-type property:R ∞

−∞

R ∞

−∞
C̄x(t, f) C̄ ∗

y (t, f) dt df |φd-D(τ, ξ)| ≡ 1

=
R ∞

−∞

R ∞

−∞
Rx(t1, t2)R

∗
y(t1, t2) dt1dt2

attenuation of statistical cross-terms φd-D(τ, ξ) concentrated
around (0, 0)

Table 10.1. Some properties of type I spectra and the corresponding
constraints on φd-D(τ, ξ)

ing this expression to the non-stationary case, we define the generalized evolutionary
spectrum (GES) as [MAT 97, MAT 06]

G(α)
x (t, f) :=

∣∣L(α)
H (t, f)

∣∣2,

where H is an innovations system of the non-stationary process x(t). In this defini-

tion, the generalized Weyl symbolL(α)
H (t, f) (see (10.5)) takes the place of the transfer

function ĥ(f). Evidently,G(α)
x (t, f) is always non-negative. For the special case of a

stationary process, we can always choose a stationaryH ; then L(α)
H (t, f) = ĥ(f) and

the GES becomes equal to the power spectral density: G(α)
x (t, f) = |ĥ(f)|2 = r̂x(f).

The GES G
(α)
x (t, f) =

∣∣L(α)
H (t, f)

∣∣2 depends not only on the parameter α ∈ R

but also on the choice of the innovations system H , which is not unique for a given
process x(t) (i.e., for a given Rx). This latter dependence may be regarded as a dis-
advantage of the GES with respect to the GWVS. Furthermore, in contrast to the
GWVS, G(α)

x (t, f) is not related to the correlation rx(t1, t2) or Rx by an invert-
ible mapping. Special cases of the GES are the evolutionary spectrum (α = 1/2)
[PRI 65, PRI 81, RIE 93, KAY 94] and the transitory evolutionary spectrum (α =
−1/2) [DET 94, MAT 97]. Finally, the Weyl spectrum is obtained by taking α = 0
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and choosing H as the positive (semi-)definite square root of operator Rx (which is
unique). This has certain advantages over other choices of α andH [MAT 97].

10.5.2. TF smoothing and type II spectra

When the process x(t) is overspread, the innovations system H is necessarily

also overspread. Therefore, the generalized spreading function D(α)
H (τ, ξ) contains

components that are located some distance away from the origin of the (τ, ξ) plane.

From this it follows thatL(α)
H (t, f), which is the two-dimensional Fourier transform of

D
(α)
H (τ, ξ), contains oscillatory components. These components correspond to “stat-

istical cross-terms” in G(α)
x (t, f) =

∣∣L(α)
H (t, f)

∣∣2. We note, as an important differ-
ence from the GWVS, that the statistical cross-terms of the GES are always positive
and thus cannot be attenuated by a smoothing of the GES. However, it is possible to
smoothL(α)

H (t, f) before taking the squared magnitude. For the case α = 0, we obtain

G̃x(t, f) :=
∣∣φt-f(t, f) ∗t ∗f L(0)

H (t, f)
∣∣2

=

∣∣∣∣
∫ ∞

−∞

∫ ∞

−∞
φt-f(t−t′, f−f ′)L(0)

H (t′, f ′) dt′df ′
∣∣∣∣
2

.
(10.20)

If we allow φt-f(t, f) to be an arbitrary function, not necessarily of the low-pass type,
this expression defines a class of time-varying spectra that will be called the class of
type II spectra. All members of the GES family belong to this class (they are, by
the way, an example where kernel φt-f(t, f) is not of the low-pass type, and thus the
convolution with φt-f(t, f) is not a smoothing). The same class of type II spectra can

also be defined by using “generators” other than L(0)
H (t, f) in (10.20), for example

L
(α)
H (t, f) with α 6= 0.

A type II spectrum preserves the mean energy, i.e.,
∫ ∞

−∞

∫ ∞

−∞
G̃x(t, f) dt df = Ēx ,

if and only if the two-dimensional Fourier transform of kernel φt-f(t, f), φd-D(τ, ξ) =∫∞
−∞

∫∞
−∞ φt-f(t, f) e−j2π(ξt−τf)dt df , satisfies |φd-D(τ, ξ)| ≡ 1. Other desirable prop-

erties are more difficult to characterize using explicit constraints, since their validity
also depends on the choice of innovations systemH . However, for the important case
of an underspread process, many properties will typically be satisfied in an approxi-
mate manner (see Section 10.6.2).

10.6. Properties of the spectra of underspread processes

As we have seen in the previous section, there is an infinite variety of type I and II
time-varying spectra. In general, these spectra can have very diverse properties, and
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they can provide very different results for a given process. This, however, is no longer
true when the processes are underspread.

10.6.1. Approximate equivalences

We first show that for an underspread process, the spectra tend to provide approx-
imately equivalent results. Thus, in the underspread case, the choice of the “correct”
spectrum is not too critical.

10.6.1.1. Approximate equivalence of type I spectra

Let C̄(1)
x (t, f) and C̄(2)

x (t, f) be two type I spectra with kernels φ(1)
d-D(τ, ξ) and

φ
(2)
d-D(τ, ξ), respectively. It can be shown that the difference between these two spectra

is bounded [MAT 06, MAT 00b]:
∣∣C̄(1)
x (t, f) − C̄(2)

x (t, f)
∣∣ ≤ ‖Āx‖1m

(φ)
x , (10.21)

where m(φ)
x is defined as in (10.13) with the weighting function given by φ(τ, ξ) =

|φ(1)
d-D(τ, ξ)−φ(2)

d-D(τ, ξ)|, and ‖Āx‖1 =
∫∞
−∞

∫∞
−∞ |Āx(τ, ξ)| dτ dξ. Let us assume that

φ
(1)
d-D(0, 0) = φ

(2)
d-D(0, 0) = 1 (thus, the spectra preserve the mean energy). Then

φ(0, 0) = 0, and usually |φ(τ, ξ)| will still be small in the immediate vicinity of (0, 0).
Consequently, for an underspread x(t) (which means that Āx(τ, ξ) is concentrated

around (0, 0)), m(φ)
x is small and it then follows from the bound (10.21) that the two

spectra are roughly equal:
C̄(1)
x (t, f) ≈ C̄(2)

x (t, f) .

As a special case, let us consider the difference between two GWVS with different
values of α. From (10.21), we can derive the bound [MAT 06, MAT 00b]

∣∣W (α1)

x (t, f) −W
(α2)

x (t, f)
∣∣ ≤ 2π |α1−α2| ‖Āx‖1m

(1,1)
x .

We recall from Section 10.3 that m(1,1)
x uses the weighting function φ(τ, ξ) = |τξ|.

Thus, m(1,1)
x is small if the GEAF Ā(α)

x (τ, ξ) is concentrated around the τ axis and/or
the ξ axis, which is a form of the underspread property; in this case, we will have

W
(α1)

x (t, f) ≈W
(α2)

x (t, f).

10.6.1.2. Approximate equivalence of type II spectra

Similar results exist for the case of type II spectra. Let us consider two type II
spectra G̃(1)

x (t, f) and G̃
(2)
x (t, f) with respective kernels φ(1)

d-D(τ, ξ) and φ
(2)
d-D(τ, ξ),

based on the same innovations system H . It can be shown [MAT 06, MAT 00b] that
the difference between G̃(1)

x (t, f) and G̃(2)
x (t, f) is bounded as

∣∣G̃(1)
x (t, f) − G̃(2)

x (t, f)
∣∣ ≤ 2 ‖DH‖2

1m
(φ)
H , (10.22)
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where the weighting function in m(φ)
H (see (10.9)) is given by φ(τ, ξ) = |φ(1)

d-D(τ, ξ) −
φ

(2)
d-D(τ, ξ)|. Therefore, if H is chosen underspread so that m(φ)

H is small (which is
possible if and only if x(t) is underspread), the two spectra are roughly equal:

G̃(1)
x (t, f) ≈ G̃(2)

x (t, f) .

In particular, the following bound on the difference between two GES can be de-
rived from (10.22) [MAT 06, MAT 00b]:

∣∣G(α1)
x (t, f) −G(α2)

x (t, f)
∣∣ ≤ 4π |α1−α2| ‖DH‖2

1m
(1,1)
H .

Thus, if m(1,1)
H is small, we have G(α1)

x (t, f) ≈ G
(α2)
x (t, f).

10.6.1.3. Approximate equivalence of type I and II spectra

Slightly more complicated bounds [MAT 06, MAT 00b] show that for an under-
spread process, even a type I spectrum and a type II spectrum tend to be roughly
equal, i.e.,

C̄x(t, f) ≈ G̃x(t, f) ,

provided that the innovations system H used in G̃x(t, f) is chosen as an underspread
system.

10.6.1.4. Numerical examples

Figure 10.3 depicts several type I and type II spectra, with and without smoothing,
for the underspread process1 whose GEAF has been shown in Figure 10.1(a). We note
that all these spectra provide essentially equal results, and that they are fairly smooth
(non-oscillatory, low-pass type) functions.

In Figure 10.4, these results are contrasted with the results obtained by the same
spectra for the overspread process whose GEAF has been shown in Figure 10.1(b).
Some of these results are very different. In fact, the GWVS and GES shown in Figures
10.4(a),(b),(d),(e) contain statistical cross-terms of an oscillatory shape. These terms
indicate strong correlations between the components “T” and “F” while partially or
completely masking the energy-bearing structures (“T” and “F”). In contrast, in the
smoothed spectra shown in Figures 10.4(c) and (f), these statistical cross-terms are ef-
fectively suppressed, which causes the energy-bearing structures to be better visible.
On the other hand, there is no indication of the correlations between the components
“T” and “F” and, again due to the smoothing used, the energy-bearing terms are rep-
resented with a lower resolution.

1. This process was generated using the TF synthesis technique introduced in [HLA 95].
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Figure 10.3. Some type I and type II spectra of an underspread process: (a) Wigner-Ville spec-

trum W
(0)
x (t, f), (b) real part of the Rihaczek spectrum Re

˘
W

(1/2)
x (t, f)

¯
, (c) type I spec-

trum with smoothing, (d) Weyl spectrum G
(0)
x (t, f), (e) evolutionary spectrum G

(1/2)
x (t, f)

(also transitory evolutionary spectrum G
(−1/2)
x (t, f) because the innovations system is posi-

tive semi-definite [MAT 97]), (f) type II spectrum with smoothing. The signal’s duration is 256
samples
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Figure 10.4. Same spectra as in Figure 10.3, but for an overspread process
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10.6.2. Approximate properties

The underspread case is also remarkable because for underspread processes, the
various spectra tend to satisfy several desirable properties in an approximate manner,
even if they do not satisfy them in the general case.

10.6.2.1. Approximate properties of type I spectra

Let C̄x(t, f) be a type I spectrum with kernel φd-D(τ, ξ). We decompose C̄x(t, f)
as

C̄x(t, f) = C̄+
x (t, f) + C̄−

x (t, f) + j Im
{
C̄x(t, f)

}
,

where C̄±
x (t, f) := 1

2

[
Re
{
C̄x(t, f)

}
±
∣∣Re
{
C̄x(t, f)

}∣∣] is the positive real part (+
sign) or the negative real part (− sign) of C̄x(t, f). It can then be shown [MAT 06,
MAT 00b] that the imaginary part of C̄x(t, f) is bounded as

∣∣Im{C̄x(t, f)}
∣∣ ≤ 1

2
‖Āx‖1m

(φ)
x ,

where φ(τ, ξ) = |φd-D(τ, ξ) − φ∗d-D(−τ,−ξ)|. Thus, for x(t) underspread such that
m

(φ)
x is small, C̄x(t, f) will be almost real. Furthermore, the negative real part of

C̄x(t, f) is bounded as2 [MAT 06, MAT 00b]
∣∣C̄−
x (t, f)

∣∣ ≤ ‖Āx‖1 inf
C≥0

{
m(φC)
x

}
,

with φC(τ, ξ) =
∣∣φd-D(τ, ξ) −D

(0)
C

(τ, ξ)
∣∣. Consequently, if x(t) is underspread such

that infC≥0

{
m

(φC)
x

}
is small, C̄−

x (t, f) will be almost zero. These results show that
type I spectra of underspread processes are approximately real and positive:

C̄x(t, f) ≈ C̄+
x (t, f) .

Other properties that are typically satisfied in an approximate manner in the un-
derspread case are the marginal properties (see Table 10.1)

∫ ∞

−∞
C̄x(t, f) df ≈ Rx(t, t) = E

{
|x(t)|2

}
,

∫ ∞

−∞
C̄x(t, f) dt ≈ Rbx(f, f) = E

{
|x̂(f)|2

}
.

In fact, it can be shown that [MAT 06, MAT 00b]
∣∣∣∣
∫ ∞

−∞
C̄x(t, f) df −Rx(t, t)

∣∣∣∣ ≤ λx and

∣∣∣∣
∫ ∞

−∞
C̄x(t, f) dt−Rbx(f, f)

∣∣∣∣ ≤ θx ,

2. The notation C ≥ 0 means that operator C is positive semi-definite.
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where the bounds λx and θx are degenerate forms of m(φ)
x defined as λx :=

∫∞
−∞ |1−

φd-D(0, ξ)| |Āx(0, ξ)| dξ and θx :=
∫∞
−∞ |1 − φd-D(τ, 0)| |Āx(τ, 0)| dτ . Thus, for an

underspread process where λx and θx are small, the marginal properties will be ap-
proximately satisfied. Finally, other bounds indicate that, typically, type I spectra of
two processes that are jointly underspread3 approximately satisfy a Moyal-type prop-
erty [MAT 06, MAT 00b]:

∫ ∞

−∞

∫ ∞

−∞
C̄x(t, f) C̄ ∗

y (t, f) dtdf ≈
∫ ∞

−∞

∫ ∞

−∞
Rx(t1, t2)R

∗
y(t1, t2) dt1dt2 .

10.6.2.2. Approximate properties of type II spectra

For type II spectra, it is generally more difficult to develop bounds on the various
approximation errors; in addition, these bounds depend on the innovations system
H [MAT 06, MAT 00b]. However, for an underspread H (which presupposes an
underspread process), also type II spectra tend to approximately satisfy our desirable
properties. This can be explained quite simply by the fact that for an underspreadH ,
type II spectra are roughly equal to type I spectra (see Section 10.6.1.3).

10.7. Estimation of time-varying spectra

Sometimes we need to estimate4 a time-varying type I or II spectrum from a single
realization of process x(t). Such an estimation can prove difficult since the non-
stationarity of process x(t) does not allow us to perform an extended temporal smooth-
ing (averaging). However, in the underspread case, the spectra are typically smooth
themselves; therefore, a TF smoothing can be employed to reduce the variance of the
estimate without incurring a high bias.

10.7.1. A class of estimators

Most time-varying spectral estimators proposed so far [MAR 85, FLA 97, FLA 89,
FLA 99, KOZ 94b, SAY 95b] are TF signal representations of Cohen’s class [COH 95,
FLA 99, HLA 92]. This class consists of all TF signal representations with the follow-
ing two properties: (i) quadratic dependence on the signal analyzed and (ii) covariance
to TF shifts (see Chapters 1 and 5). Cohen’s class is the “deterministic counterpart”
of the class of type I spectra, and we will thus concentrate on the estimation of these

3. Two non-stationary processes x(t) and y(t) are called jointly underspread if their GEAFs
Ā

(α)
x (τ, ξ) and Ā(α)

y (τ, ξ) are concentrated in the same region S of area |S| ≪ 1 around the
origin of the (τ, ξ) plane. For example, a quasi-stationary process and a quasi-white process
may be underspread individually but not jointly.
4. We note at this point that any estimator of a time-varying spectrum reversibly related to the
correlation Rx(t1, t2) directly leads to a correlation estimator.



Time-Frequency Methods for Non-stationary Statistical Signal Processing 297

spectra. However, these estimators can also be used for estimating type II spectra, due
to the approximate equivalence of type I and type II spectra in the underspread case.

Let us consider a type I spectrum C̄x(t, f) with kernel φt-f(t, f). A single real-
ization of the process x(t) is observed. Estimators of C̄x(t, f) belonging to Cohen’s
class are given by the expression

Ĉx(t, f) := φ̂t-f(t, f) ∗t ∗f W (0)
x (t, f)

=

∫ ∞

−∞

∫ ∞

−∞
φ̂t-f(t−t′, f−f ′) W (0)

x (t′, f ′) dt′df ′,
(10.23)

where W (0)
x (t, f) is the Wigner-Ville distribution of the realization x(t) (see (10.16))

and φ̂t-f(t, f) is a kernel that is generally different from the kernel φt-f(t, f) defining

C̄x(t, f). Let Ĉ be the linear operator such that φ̂t-f(t, f) = L
(0)

Ĉ
(−t,−f). We can

then write the estimator as

Ĉx(t, f) =
〈
Ĉt,f x, x

〉
with Ĉt,f := S

(α)
t,f ĈS

(α)⋆
t,f ,

where Ĉt,f does not depend on α (recall that S(α)
t,f is defined by

(
S

(α)
t,f x

)
(t′) = x(t′−

t) ej2πft
′

ej2π(α−1/2)ft).

10.7.2. Bias-variance analysis

If x(t) now indicates the random process, the estimator Ĉx(t, f) is also random.
For an analysis of the statistical behavior (bias and variance) of Ĉx(t, f) that is not
too complicated, we suppose that operator Ĉ is normal (i.e., ĈĈ⋆ = Ĉ⋆Ĉ; the set
of estimators generated by normal operators includes, in particular, all real-valued
estimators) and normalized as tr{Ĉ} = 1 where tr{Ĉ} denotes the trace of Ĉ (this
normalization is equivalent to φ̂d-D(0, 0) = 1, which means that Ĉx(t, f) preserves
the energyEx).

It can then be shown [KOZ 94b] that the bias of Ĉx(t, f),B(t, f) := E
{
Ĉx(t, f)−

C̄x(t, f)
}

= E
{
Ĉx(t, f)

}
− C̄x(t, f), is given by

B(t, f) =
[
φ̂t-f(t, f) − φt-f(t, f)

]
∗t ∗f W

(0)

x (t, f) ,

where W
(0)

x (t, f) is the Wigner-Ville spectrum of the process x(t) (see (10.14)). If
φ̂t-f(t, f) ≡ φt-f(t, f) or, equivalently, φ̂d-D(τ, ξ) ≡ φd-D(τ, ξ), B(t, f) is zero for all
(t, f) and thus the estimator Ĉx(t, f) is unbiased. On the other hand, if φ̂d-D(τ, ξ) 6=
φd-D(τ, ξ), B(t, f) can be large in those TF regions where W

(0)

x (t, f) is large. For the
squared norm of the bias, B2 :=

∫∞
−∞

∫∞
−∞ |B(t, f)|2 dt df , the following expression

can be shown:

B2 =

∫ ∞

−∞

∫ ∞

−∞

∣∣φ̂d-D(τ, ξ) − φd-D(τ, ξ)
∣∣2 |Āx(τ, ξ)|2 dτ dξ . (10.24)
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Therefore, B2 will be small if φ̂d-D(τ, ξ) ≈ φd-D(τ, ξ) on the effective support of
|Āx(τ, ξ)|. Consequently, to have B2 ≈ 0 in the case of an underspread process, it
suffices that φ̂d-D(τ, ξ) ≈ φd-D(τ, ξ) for (τ, ξ) close to the origin.

If the process x(t) is Gaussian, the variance of estimator Ĉx(t, f), V 2(t, f) :=

E
{∣∣Ĉx(t, f) − E{Ĉx(t, f)}

∣∣2}, can be expressed as [KOZ 94b]

V 2(t, f) = tr{Ĉt,fRxĈ
⋆
t,fRx} .

It can then be shown that V 2(t, f) is large in those TF regions where W
(0)

x (t, f) is
large. For the integral V 2 :=

∫∞
−∞

∫∞
−∞ V 2(t, f) dt df , we obtain

V 2 =

∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞
|D

Ĉ
(τ, ξ)|2 |Āx(τ ′, ξ′)|2 ej2π(τξ′−τ ′ξ)dτ dξdτ ′dξ′.

If Ĉ andRx are jointly underspread5, |D
Ĉ

(τ, ξ)|2 and |Āx(τ, ξ)|2 = |DRx(τ, ξ)|2 are
effectively zero outside a common small region around the origin of the (τ, ξ) plane.
We can thus set ej2π(τξ′−τ ′ξ) ≈ 1 in the above integral. This yields

V 2 ≈ ‖Rx‖2

∫ ∞

−∞

∫ ∞

−∞
|φ̂d-D(τ, ξ)|2 dτ dξ ,

where
∫∞
−∞

∫∞
−∞ |Āx(τ, ξ)|2 dτ dξ = ‖Rx‖2 and |D

Ĉ
(τ, ξ)|2 = |φ̂d-D(−τ,−ξ)|2

have been used. Thus, V 2 will be small if the integral of |φ̂d-D(τ, ξ)|2 is small. With
the normalization φ̂d-D(0, 0)=1, this essentially amounts to the condition that the ef-
fective support of |φ̂d-D(τ, ξ)| around the origin is small or, equivalently, that φ̂t-f(t, f)
is a smooth function. In this case, the convolution (10.23) corresponds to a smoothing

of W (0)
x (t, f). However, a small effective support of |φ̂d-D(τ, ξ)| around the origin

may cause
∣∣φ̂d-D(τ, ξ) − φd-D(τ, ξ)

∣∣2 to be large for (τ, ξ) outside this effective sup-
port. According to (10.24), this may entail a large bias B2 – unless the process is
underspread. In the underspread case, |Āx(τ, ξ)|2 in (10.24) is strongly concentrated
around the origin, and thus B2 will not be affected by the behavior of φ̂d-D(τ, ξ) out-
side a neighborhood of the origin.

These results demonstrate the existence of a bias-variance tradeoff . For a stronger
smoothing of W (0)

x (t, f) in (10.23), the variance of estimator Ĉx(t, f) decreases, but
the bias of Ĉx(t, f) may increase; this increase, however, will not be large in the
underspread case where the spectrum C̄x(t, f) is smooth.

5. Two linear operators A and B are called jointly underspread if their generalized spreading
functions D(α)

A (τ, ξ) and D(α)
B (τ, ξ) are concentrated in the same region S of area |S| ≪ 1

around the origin of the (τ, ξ) plane.
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10.7.3. Designing an estimator

The bias-variance analysis presented in the previous section leads us to the follow-
ing conclusion: when the process x(t) is underspread, it is advantageous to choose
φ̂d-D(τ, ξ) ≈ φd-D(τ, ξ) on the effective support of |Āx(τ, ξ)| and φ̂d-D(τ, ξ) ≈ 0 oth-
erwise. In fact, it has been shown in [KOZ 94b] that when the support S of |Āx(τ, ξ)|
is compact, the choice

φ̂d-D(τ, ξ) =

{
φd-D(τ, ξ) , (τ, ξ) ∈ S
0 , (τ, ξ) 6∈ S

yields the unbiased estimator with minimal variance (i.e.,B2 = 0 and, moreover,V 2 is
minimum among all estimators satisfyingB2 = 0). Unfortunately, the assumption that
|Āx(τ, ξ)| has compact support is rarely satisfied in practice; in addition, it is possible
that an even smaller mean-square error of Ĉx(t, f) can be achieved by allowing a
non-zero bias in favor of a smaller variance6.

We present here a simple heuristic method for designing an estimator Ĉx(t, f)
with the special structure of a multi-window spectrogram, which allows an efficient
implementation. We assume that the effective support of Āx(τ, ξ) – but not necessarily
the detailed form of Āx(τ, ξ) – is known. The kernel of the operator Ĉ defining
Ĉx(t, f) is chosen

(Ĉ)(t, t′) =
1

K

K∑

k=1

ck(t) c
∗
k(t

′) ,

with orthonormal functions ck(t), k = 1, . . . ,K . We can observe that the functions
ck(t) are the eigenfunctions of operator Ĉ, with the eigenvalues given by 1/K . The
kernels of estimator Ĉx(t, f) follow as

φ̂t-f(t, f) =
1

K

K∑

k=1

W (0)
ck

(−t,−f) , φ̂d-D(τ, ξ) =
1

K

K∑

k=1

A(0)∗
ck

(τ, ξ) .

With (10.23), the estimator is then obtained as

Ĉx(t, f) =
1

K

K∑

k=1

∫ ∞

−∞

∫ ∞

−∞
W (0)
ck (t′−t, f ′−f)W (0)

x (t′, f ′) dt′df ′

=
1

K

K∑

k=1

Sckx (t, f) , (10.25)

6. It should be noted at this point that a direct minimization of the mean-square error of Ĉx(t, f)
is not feasible. In fact, the result would depend on the second-order statistics of x(t) [SAY 95b].
However, these statistics are unknown (had they been known, we would not have to estimate
C̄x(t, f)!).
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where Sckx (t, f) :=
∣∣ ∫∞

−∞ x(t′) c∗k(t
′− t) e−j2πft

′

dt′
∣∣2 is the spectrogram of x(t) us-

ing ck(t) as analysis window (see Chapters 1 and 5). The TF representation (10.25) is
known as a multi-window spectrogram [CUN 94]; it generalizes the stationary multi-
window techniques proposed in [THO 82].

With this special structure, the design of the estimator reduces to the choice of
the order K and the orthonormal windows ck(t). According to our discussion at
the beginning of this section, we have to adapt the effective support of φ̂d-D(τ, ξ) =
1
K

∑K
k=1 A

(0)∗
ck (τ, ξ) to the effective support of Āx(τ, ξ), hereafter denoted by S. To

this end, we propose to choose the windows as

ck(t) =
√
a hk(at) or ck(t) =

√
a pk(at) , k = 1, . . . ,K ,

where the hk(t) are the K first Hermite functions [FOL 89, HLA 98], the pk(t) are
the K first prolate spheroidal functions [FLA 99, HLA 98], and a > 0 is a compres-
sion/dilation factor. Hermite functions are particularly appropriate when S has an
elliptical form, whereas prolate spheroidal functions are preferable for an S with a
rectangular form.

Parameter a allows us to adapt the ratio of the extensions of φ̂d-D(τ, ξ) in the τ and
ξ directions to that of Āx(τ, ξ). Such an adaptation is obtained by setting

a =

√
∆t

∆f

ξmax

τmax
, (10.26)

where ∆t and ∆f are respectively the effective duration and effective bandwidth of
h1(t) (or of p1(t)), and τmax and ξmax are respectively the effective time and fre-
quency correlation horizons of process x(t).

Finally, the choice of the order K can be based on the observation that the area
of the effective support of the kernel φ̂t-f(t, f) = 1

K

∑K
k=1W

(0)
ck (−t,−f) is approx-

imately equal to K [HLA 98]. Consequently, the area of the effective support of
φ̂d-D(τ, ξ) is approximately given by 1/K . Now φ̂d-D(τ, ξ) must be selected such that
the area of its effective support is equal to |S|, the area of S. Thus, we obtain the
following rule for the choice of K:

K = round

{
1

|S|

}
. (10.27)

Therefore,K will be larger for a process that is “more underspread”.

10.7.4. Numerical results

We illustrate the application of our method to the estimation of the Wigner-Ville
spectrum of an underspread process. This process was generated using the TF syn-
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Figure 10.5. Estimation of the Wigner-Ville spectrum of an underspread process x(t) by means

of the estimator (10.25) using Hermite functions: (a) Wigner-Ville spectrum W
(0)
x (t, f), (b)

GEAF magnitude |Āx(τ, ξ)| (the square around the origin has an area of 1 and thus allows
an assessment of the underspread nature of x(t)), (c) mean-square error of the estimator for
various values of the parameters K and a (the asterisk indicates the position of the minimum
error), (d) result of the quasi-optimum estimator withK = 9, a = 3.76 (these parameters were
obtained from the rules (10.26) and (10.27)), (e) result of the estimator with K = 9, a = 6
(duration too large), (f) result of the estimator with K = 1, a = 3.76 (order too small)

thesis technique introduced in [HLA 95]. The Wigner-Ville spectrum and the GEAF
of the process are represented in Figures 10.5(a) and (b); the area of the GEAF’s ef-
fective support S has been estimated as |S| = 0.107. Due to the nearly elliptical form
of S, the estimator was based on the Hermite functions hk(t). Figure 10.5(c) shows
the (normalized) mean-square error of the estimator for different values of order K
and compression/dilation factor a. The minimum of the mean-square error is 5.3%;
it is obtained for K = 8 and a = 3.15. Our heuristic rules (10.26) and (10.27) yield
parametersK= 9 and a = 3.76, corresponding to a mean-square error of 5.6%. Thus,
the performance loss relative to the optimum parameters is small. The result of our
quasi-optimum estimator obtained for a realization of the process is illustrated in Fig-
ure 10.5(d), while results obtained for the same realization with estimators designed
using “incorrect” values of K and a are shown in Figures 10.5(e) and (f).
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10.8. Estimation of non-stationary processes

Estimating non-stationary signals contaminated by noise or other interferences has
considerable importance in many practical applications. Therefore, the subject of this
section will be the application of time-varying spectra to the estimation of underspread
non-stationary processes. We will follow the approach introduced in [HLA 00], us-
ing the GWVS because of its simple mathematical structure. However, we recall
from Section 10.6.1 that for an underspread process, the GES and other spectra are
approximately equivalent to the GWVS; thus, these spectra can effectively be substi-
tuted for the GWVS in the equations below. We also note that other TF approaches
to estimating non-stationary processes are discussed in [ABD 69, SIL 95a, SIL 95b,
KHA 97, SAY 95c, LAN 97].

More specifically, we consider the estimation of a centered non-stationary random
signal s(t) from an observed signal x(t)=s(t) + n(t), where n(t) is a centered non-
stationary “noise” process that is uncorrelated with s(t). The correlation operators
Rs andRn are initially assumed known. The estimation of s(t) is performed using a
linear time-varying system H , i.e.,

ŝ(t) = (Hx)(t) =

∫ ∞

−∞
h(t, t′)x(t′) dt′. (10.28)

The non-causal systemH minimizing the mean-square estimation error E{|ŝ(t)−
s(t)|2} is the time-varying Wiener filter given by [VAN 68, POO 88, SCH 91, THE 92]

HW = Rs(Rs+Rn)−1. (10.29)

As we mentioned in Section 10.1, for s(t) and n(t) stationary, HW is a time-invari-
ant system whose transfer function is given by a simple expression involving the
power spectral densities of s(t) andn(t) [PAP 91, VAN 68, POO 88, SCH 91, THE 92,
WIE 49]:

ĥW(f) =
r̂s(f)

r̂s(f) + r̂n(f)
. (10.30)

This frequency-domain expression allows an easy design and interpretation of the
time-invariant Wiener filter, since it uses a simple division of functions instead of
products and inverses of operators as in (10.29).

In Section 10.1, we wondered whether in the non-stationary/time-varying case
there is an expression similar to (10.30), of comparable simplicity – of course ad-
mitting that the transfer function ĥW(f) and the spectral densities r̂s(f) and r̂n(f) are
replaced by non-stationary definitions that depend on time. We will now present an
answer to this question.
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Figure 10.6. TF interpretation of the time-varying Wiener filter HW for jointly underspread
signal and noise processes: (a) Effective TF support regions of signal and noise, (b) TF pass,
stop, and transition regions of HW

10.8.1. TF formulation of the optimum filter

In fact, a positive answer exists for jointly underspread processes s(t) and n(t)
(see footnote on page 296). It has been shown [HLA 00] that the time-varying Wiener
filter HW can be decomposed as HW = Hu

W +Ho
W, where the componentsHu

W and
Ho

W are characterized as follows:

– Hu
W is an underspread system that admits an approximate TF formulation in-

volving the GWVS of s(t) and n(t):

L
(α)
Hu

W
(t, f) ≈ W

(α)

s (t, f)

W
(α)

s (t, f) +W
(α)

n (t, f)
; (10.31)

– Ho
W is an overspread system that has only a small effect on the performance

(mean-square error) and can thus be ignored.

The TF formulation (10.31) is the desired extension of (10.30) to the underspread
non-stationary case. It allows a simple and intuitive interpretation of the time-varying
Wiener filter that is illustrated in Figure 10.6. Let Rs and Rn be the effective support
regions of W

(α)

s (t, f) and W
(α)

n (t, f), respectively. Regarding the action of the time-
varying Wiener filter, three TF regions can be distinguished:

– pass region. In the region Rs\Rn where there is only the signal, expression

(10.31) yields L(α)
Hu

W
(t, f) ≈ 1. This shows that TF components of the observed signal

x(t) that are not contaminated by noise are preserved without modification byHu
W;

– stop region. In the region Rn\Rs where there is only noise, (10.31) gives

L
(α)
Hu

W
(t, f) ≈ 0. Therefore, TF components of x(t) that contain no component of

signal s(t) are completely suppressed byHu
W;
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– transition region. In the region Rs ∩ Rn that contains both signal and noise,
L

(α)
Hu

W
(t, f) is approximately7 between 0 and 1. In this region,Hu

W performs an atten-
uation that varies with time and frequency according to the “TF signal-to-noise ratio”

W
(α)

s (t, f)/W
(α)

n (t, f). For instance, at those points (t, f) where signal and noise

are equally strong, i.e., W
(α)

s (t, f) = W
(α)

n (t, f) or W
(α)

s (t, f)/W
(α)

n (t, f) = 1,

expression (10.31) yields L(α)
Hu

W
(t, f) ≈ 1/2.

10.8.2. TF design of a quasi-optimum filter

The TF formulation (10.31) suggests a TF design of non-stationary estimators. Let
us define the “pseudo-Wiener filter” H̃W by identifying its generalized Weyl symbol
with the right-hand side of (10.31) [HLA 00]:

L
(α)
fHW

(t, f) :=
W

(α)

s (t, f)

W
(α)

s (t, f) +W
(α)

n (t, f)
. (10.32)

Note that H̃W depends on the value of the parameter α chosen in (10.32). For jointly
underspread processes s(t) and n(t), the approximation (10.31) is valid; with (10.32),

we obtain L(α)
fHW

(t, f) ≈ L
(α)
Hu

W
(t, f). This shows that in the underspread case, the

pseudo-Wiener filter H̃W is a good approximation of the Wiener filter HW (to be
more precise, of its underspread part Hu

W, but this effectively amounts to the same
thing). From this, we can also conclude that H̃W is approximately independent of the
parameter α chosen in (10.32) (cf. the results of Section 10.6.1.1). On the other hand,
for processes s(t), n(t) that are not jointly underspread, we must expect that H̃W is
very different fromHW and that its performance is significantly poorer.

According to (10.32), the pseudo-Wiener filter H̃W is designed in the TF plane.
However, the calculation of the estimated signal ŝ(t) can be carried out in the time
domain using the relation (see (10.28))

ŝ(t) =
(
H̃Wx

)
(t) =

∫ ∞

−∞
h̃W(t, t′)x(t′) dt′.

The impulse response h̃W(t, t′) of H̃W is obtained from L
(α)
fHW

(t, f) by inversion of

(10.5), (10.6):

h̃W(t, t′) =

∫ ∞

−∞
L

(α)
fHW

((1

2
+α
)
t+
(1

2
−α
)
t′, f

)
ej2πf(t−t′) df . (10.33)

7. Since H u
W is an underspread system, L(α)

H u
W
(t, f) is approximately real and even for α 6= 0

[MAT 00b].
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Alternatively, an efficient implementation of H̃W can be based on the multi-window
version of the short-time Fourier transform or the Gabor transform [KOZ 96, HLA 00,
MAT 02a].

The pseudo-Wiener filter H̃W has two practical advantages over the Wiener filter
HW:

– the a priori knowledge required for designing H̃W consists of the GWVS
W

(α)

s (t, f) and W
(α)

n (t, f). These functions are clearly more intuitive and easier to
handle than the correlation operatorsRs andRn arising in the design ofHW accord-
ing to (10.29); this is true despite the fact that the GWVS and correlation operator
are mathematically equivalent. This advantage can be particularly important when the
statistics have to be estimated from observed signals (see Section 10.7);

– the calculation of H̃W according to (10.32) is numerically less expensive and
more stable than the calculation of HW according to (10.29) since it uses a simple
division of functions rather than an inversion of operators (or matrices in a discrete-
time implementation).

We finally note that robust versions (in the minimax sense) of the time-varying
Wiener filterHW and the pseudo-Wiener filter H̃W have been proposed in [MAT 98a,
MAT 99a, MAT 00a, MAT 01].

10.8.3. Numerical results

Figure 10.7 shows the Wigner-Ville spectra and GEAFs of signal and noise pro-
cesses that are jointly underspread to a certain extent because the GEAFs are effect-
ively contained in a common region with area < 1. For these processes, Figure 10.8
shows the Weyl symbols of the Wiener filter HW, of its underspread part Hu

W, and
of the pseudo-Wiener filter H̃W. The TF pass, stop and transition regions of these
filters are easily recognizable (cf. Figure 10.6). Furthermore, it can be verified that
the Weyl symbol of H̃W is a good approximation to the Weyl symbol of Hu

W. The
improvement of the signal-to-noise ratio (SNR) achieved by the filtersHW and H̃W is
finally illustrated in Figure 10.9, which represents the output SNR as a function of the
input SNR. We see that for an input SNR of 0 dB, the SNR improvement is more than
6 dB for both filters. The performance of both filters is nearly identical for all values
of the input SNR. This shows that our TF design method produces quasi-optimum
estimators.

Our second example concerns the application of an adaptive “on-line” variant of
the pseudo-Wiener filter H̃W to the denoising of a speech signal contaminated by sta-
tionary white noise. The filter H̃W has been implemented in an approximate manner
by a multi-window Gabor filter [MAT 02a]. This implementation is very efficient – es-
pecially for signals of long duration – and it allows on-line estimation of the statistical
a priori knowledge during the filter operation. Figure 10.10 shows the noise-free sig-
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Figure 10.7. TF representations of the statistics of the signal s(t) and the noise n(t): (a)
Wigner-Ville spectrum of s(t), (b) GEAF magnitude of s(t), (c) Wigner-Ville spectrum of n(t),
(d) GEAF magnitude of n(t). In (b) and (d), the squares around the origin have an area of 1
and thus allow an assessment of the jointly underspread nature of s(t) and n(t). The duration
of all signals is 128 samples

nal, the noisy signal (input signal of the filter) and the denoised signal (output signal
of the filter, estimation result). The SNR is increased by 6.05 dB.

10.9. Detection of non-stationary processes

Just as their estimation, the detection and classification of non-stationary signals
are important tasks in signal processing. In this section, following the approach in-
troduced in [MAT 96, MAT 00b], we will study the application of time-varying spec-
tra to this task. We note that other TF approaches to the detection and classifica-
tion of non-stationary signals and processes are discussed in Chapter 13 as well as
in [FLA 86a, FLA 88b, FLA 88a, MAT 96, MAT 98b, MAT 99b, MAT 03, SAY 95a,
SAY 96, HEI 95, RIC 98, VIN 94, KAY 85, KUM 84, MAR 97, DAV 98, DAV 01,
LEM 94].

The processes are assumed Gaussian and jointly underspread. We will again use
the GWVS, with the understanding that, for jointly underspread processes, the GES
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10.7: (a) Weyl symbol of the Wiener filter HW, (b) Weyl symbol of the underspread part H u

W

of HW, (c) Weyl symbol of the pseudo-Wiener filter fHW

and other spectra can be substituted for the GWVS in the following equations. The
problem studied in this section is, more specifically, the discrimination between two
centered non-stationary Gaussian random signals x0(t) and x1(t). Thus, we have the
hypotheses

H0 : x(t) = x0(t) versus H1 : x(t) = x1(t) .

It is known that the optimum detector (likelihood ratio detector) [VAN 68, POO 88,
SCH 91] calculates a quadratic form of the observed signal x(t)

Λ(x) = 〈HLx, x〉 =

∫ ∞

−∞

∫ ∞

−∞
hL(t, t′)x(t′)x∗(t) dt dt′. (10.34)

Here, the operator (time-varying system)HL is given by

HL = R−1
x0

−R−1
x1

= R−1
x0

(Rx1−Rx0)R
−1
x1
, (10.35)

whereRx0 andRx1 denote the correlation operators of x0(t) and x1(t), respectively.
The test statistic Λ(x) is then compared to a threshold to decide whether H0 or H1 is
in force.
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For stationary processes,HL is a time-invariant system with transfer function

ĥL(f) =
r̂x1(f) − r̂x0(f)

r̂x0(f) r̂x1(f)
.

Consequently, the optimum test statistic (10.34) can be written as

Λ(x) =

∫ ∞

−∞
ĥL(f) |x̂(f)|2 df =

∫ ∞

−∞

r̂x1(f) − r̂x0(f)

r̂x0(f) r̂x1(f)
|x̂(f)|2 df . (10.36)

This expression involves simple products and reciprocals of functions, instead of
products and inverses of operators as in (10.35). We will now extend this formula-
tion to the underspread non-stationary case.
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Figure 10.10. Denoising of a speech signal using an adaptive “on-line” version of the pseudo-
Wiener filter fHW implemented by a multi-window Gabor filter with on-line estimation of the
statistical a priori knowledge: (a) Noise-free speech signal, (b) noisy signal (SNRinput = 3 dB),
(c) denoised/estimated signal (SNRoutput = 9.05 dB). The TF representations shown are smoothed
Wigner-Ville distributions. The signal duration is 4,096 samples

10.9.1. TF formulation of the optimum detector

It is well known [FLA 88a, SAY 95a, MAT 96] that the quadratic test statistic
(10.34) can be expressed as an inner product in the TF domain:

Λ(x) =
〈
L

(α)
HL
,W (α)

x

〉
=

∫ ∞

−∞

∫ ∞

−∞
L

(α)
HL

(t, f)W (α)∗
x (t, f) dtdf , (10.37)

for all α ∈ R. In this expression, W (α)
x (t, f) is the generalized Wigner-Ville distri-

bution of signal x(t) whose definition has been given in (10.16). Thus, Λ(x) can be

interpreted as a weighted integral of W (α)∗
x (t, f), where the weighting function is the

generalized Weyl symbol of operatorHL.

A simplification of the TF formulation (10.37) can be obtained if the processes
x0(t) and x1(t) are jointly underspread. In that case, similarly to Section 10.8.1, the
operatorHL can be decomposed asHL = Hu

L +Ho
L, where the componentsHu

L and
Ho

L have the following properties [MAT 00b]:
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– Hu
L is an underspread system that admits the approximate TF formulation

L
(α)
Hu

L
(t, f) ≈ W

(α)

x1
(t, f) −W

(α)

x0
(t, f)

W
(α)

x0
(t, f)W

(α)

x1
(t, f)

; (10.38)

– Ho
L is an overspread system that has only a small effect on the performance of

the detector and can thus be ignored.

Inserting (10.38) into (10.37) while omitting the component Ho
L (i.e., replacing

L
(α)
HL

(t, f) by L(α)
Hu

L
(t, f)), we obtain the following approximation to our optimum test

statistic:

Λ(x) ≈
∫ ∞

−∞

∫ ∞

−∞

W
(α)

x1
(t, f) −W

(α)

x0
(t, f)

W
(α)

x0
(t, f)W

(α)

x1
(t, f)

W (α)∗
x (t, f) dtdf . (10.39)

This TF formulation extends the pure frequency formulation (10.36) to the non-station-
ary (underspread) case. It allows a very simple and intuitive interpretation of Λ(x) in
the spirit of the interpretation given in Section 10.8.1 (see Figure 10.6). In fact, apart
from the “normalization” by W

(α)

x0
(t, f)W

(α)

x1
(t, f), Λ(x) collects more (less) energy

of the observation x(t) in TF regions where the GWVS W
(α)

x0
(t, f) and W

(α)

x1
(t, f)

are more (less) different. This is evidently reasonable, given that our task is to dis-
criminate between the two processes x0(t) and x1(t).

10.9.2. TF design of a quasi-optimum detector

From the TF formulation (10.38), we can easily obtain a TF design of non-station-
ary detectors. Similarly to Section 10.8.2, we define the system H̃L by identifying its
generalized Weyl symbol with the right-hand side of (10.38) [MAT 96, MAT 00b]:

L
(α)
fHL

(t, f) :=
W

(α)

x1
(t, f) −W

(α)

x0
(t, f)

W
(α)

x0
(t, f)W

(α)

x1
(t, f)

. (10.40)

We note that H̃L depends on the value of parameter α chosen in (10.40). Substituting
L

(α)
fHL

(t, f) for L(α)
HL

(t, f) in (10.37), we obtain the TF test statistic8

Λ̃(x) :=
〈
L

(α)
fHL
,W (α)

x

〉
=

∫ ∞

−∞

∫ ∞

−∞

W
(α)

x1
(t, f) −W

(α)

x0
(t, f)

W
(α)

x0
(t, f)W

(α)

x1
(t, f)

W (α)∗
x (t, f) dtdf.

(10.41)

8. To be able to compare this test statistic to a threshold, we propose using the real part
Re{Λ̃(x)}. In fact, the imaginary part of Λ̃(x) is small because of approximation (10.39).



Time-Frequency Methods for Non-stationary Statistical Signal Processing 311

For jointly underspread processes x0(t) and x1(t), the approximations (10.38) and
(10.39) yield L(α)

fHL
(t, f) ≈ L

(α)
Hu

L
(t, f) and Λ̃(x) ≈ Λ(x). Therefore, the TF detector

Λ̃(x) will be a good approximation to the optimum detector Λ(x) and, furthermore,
Λ̃(x) will be approximately real and approximately independent of the value of α
used in (10.41). On the other hand, if the processes x0(t) and x1(t) are not jointly
underspread, then Λ̃(x) can be very different from Λ(x) and its performance can be
significantly poorer.

Although the detector Λ̃(x) is designed in the TF domain, it can also be imple-
mented in the time domain. This is performed using the expression (see (10.34))

Λ̃(x) = 〈H̃Lx, x〉 =

∫ ∞

−∞

∫ ∞

−∞
h̃L(t, t′)x(t′)x∗(t) dt dt′,

where the impulse response h̃L(t, t′) is obtained fromL
(α)
fHL

(t, f) using the inverse gen-

eralized Weyl transformation (see (10.33)). An alternative implementation is based on
the multi-window version of the short-time Fourier transform or the Gabor transform
[MAT 98b, MAT 02a].

Compared to the optimum detector Λ(x), the detector Λ̃(x) has two practical ad-
vantages. First, the a priori knowledge needed to construct the operator H̃L consists

of the GWVS W
(α)

x0
(t, f) and W

(α)

x1
(t, f) – two TF functions that are much more in-

tuitive and easier to handle than the correlation operators Rx0 and Rx1 used in the
design ofHL. Second, the calculation of H̃L according to (10.40) is numerically less
expensive and more stable than the calculation of HL according to (10.35) since it
employs a simple division of functions instead of an inversion of operators.

10.9.3. Numerical results

Our first example concerns the detection of a signal contaminated by noise, which
corresponds to the special case given by x0(t) = n(t) and x1(t) = s(t) + n(t) where
s(t) and n(t) are uncorrelated. Signal s(t) and noise n(t) are assumed non-stationary,
centered, Gaussian and jointly underspread. More specifically, we will consider the
processes s(t) and n(t) whose Wigner-Ville spectra and GEAFs have been shown
in Figure 10.7. For these processes, Figure 10.11 compares the Weyl symbols of
the optimum operator HL, its underspread part Hu

L, and the operator H̃L designed
in the TF domain. We see that these operators are very similar, and we may thus
expect the performance of detectors Λ(x) and Λ̃(x) to be similar too. This similarity
is clearly demonstrated by the conditional probability densities, receiver operating
characteristics (ROC) [POO 88, SCH 91], and power curves [POO 88, SCH 91] of
Λ(x) and Λ̃(x) that are shown in Figure 10.12.

In this example, the noise contained a white component (see Figure 10.7(c)); thus,
the inversion of the operators Rx0 = Rn and Rx1 = Rs + Rn (which is required
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Figure 10.11. Weyl symbol of the various detection operators for the synthetic processes s(t)
and n(t) (see Figure 10.7): (a) Optimum operator HL, (b) its underspread part H u

L, (c) oper-

ator fHL designed in the TF domain

in order to calculate HL according to (10.35)) did not cause any problem. The next
example demonstrates that in practice a less lucky situation may be encountered, and
that the TF detector Λ̃(x) then allows a stabilization of the calculation which can result
in an improved performance.

We consider the application of the optimum detector Λ(x) and of the TF de-
tector Λ̃(x) to the detection of knock in internal combustion engines (see [MAT 98b,
MAT 99b, KÖN 94] for background and details). The processes x0(t) and x1(t) cor-
respond to pressure signals without and with knock, respectively. The correlation
operators and Wigner-Ville spectra of x0(t) and x1(t) were estimated from a set of
labeled training signals. The estimated Wigner-Ville spectra are shown in Figures
10.13(a) and (b). The operators HL and H̃L underlying detectors Λ(x) and Λ̃(x)
were calculated from these estimated statistics, and then the performance of these
detectors was evaluated by using another set of labeled signals.

The Weyl symbols L(0)
HL

(t, f) and L(0)
fHL

(t, f) of operatorsHL and H̃L are shown

in Figures 10.13(c) and (d); it is seen that these operators are quite different. In view
of the fact that L(0)

HL
(t, f) and L(0)

fHL
(t, f) are the TF weighting functions of detectors

Λ(x) and Λ̃(x) (see (10.37) and (10.41)), it is then not surprising that the performance
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Figure 10.12. Comparison of the performance of the optimum detector Λ(x) and of the “TF
detector” Λ̃(x) for the synthetic processes (see Figures 10.7 and 10.11): (a) Conditional prob-
ability densities of Λ(x) under the two hypotheses, (b) ROC of Λ(x), (c) power curves of Λ(x),
(d) conditional probability densities of Λ̃(x) under the two hypotheses, (e) ROC of Λ̃(x), (f)
power curves of Λ̃(x) (SNR = signal-to-noise ratio, PD = probability of detection, PF = prob-
ability of false alarm)

of these detectors is very different, too. In fact, the ROC curves shown in Figure
10.13(e) demonstrate that the performance of the TF detector Λ̃(x) is significantly
better than that of the detector Λ(x), in spite of the theoretical optimality of the latter.
This perhaps unexpected result is explained by numerical difficulties encountered in
the calculation of operatorHL – difficulties that were caused by the bad conditioning
of the estimated operators Rx0 and Rx1 (these operators are actually matrices in a
discrete-time implementation). Despite the use of pseudo-inverses, the inversion of
these matrices could not be stabilized sufficiently. In contrast, the calculation of H̃L

from the estimated Wigner-Ville spectra merely involves a simple division of functions
(see (10.40)), which can be stabilized more easily.

10.10. Conclusion

Time-varying spectra and, more fundamentally, the time-frequency (TF) domain
allow a natural extension of the spectral representation of random processes from the
stationary to the non-stationary case. As we have demonstrated in this chapter, it is
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Figure 10.13. Comparison of the optimum detector Λ(x) and of the “TF detector” Λ̃(x) for
real processes x0(t) and x1(t) (knock detection): (a) Estimated Wigner-Ville spectrum of x0(t),
(b) estimated Wigner-Ville spectrum of x1(t), (c) Weyl symbol of the operator HL, (d) Weyl

symbol of the operator fHL, (e) ROC curves of the detectors Λ(x) and Λ̃(x). In (a)–(d), the
horizontal axis represents the crank angle (proportional to time) and the vertical axis represents
frequency (in kHz). The signal duration is 186 samples

then possible to extend classical spectral techniques for statistical signal processing
(estimation and detection) to non-stationary processes, provided that the latter pos-
sess an “underspread” property. This property, which is often satisfied in practical
applications, means that the correlations of the processes have a small TF horizon.

Our study of statistical signal processing has been centered on the TF formulation
and TF design of the Wiener filter (estimator) and of the likelihood ratio detector.
However, the fundamental approach – substituting a time-varying spectrum for the
traditional power spectrum – can also be used to extend other concepts and methods
of stationary statistical signal processing to the underspread non-stationary case.

We finally note that other TF methods for non-stationary estimation and detec-
tion have been proposed: concerning estimation of time-varying spectra [MAR 85,
FLA 97, FLA 89, FLA 99, KOZ 94b, SAY 95b, RIE 93, KAY 94, KAY 92], esti-
mation of non-stationary processes [ABD 69, SIL 95a, SIL 95b, KHA 97, SAY 95c,
LAN 97], detection and classification of deterministic signals or non-stationary ran-
dom signals in non-stationary noise [KAY 85, KUM 84, FLA 86a, FLA 88a, MAR 97,
SAY 95a, SAY 96, MAT 96, HEI 95, FLA 88b, DAV 98, DAV 01, RIC 98, LEM 94,
VIN 94], estimation and detection in subspaces [HLA 98, HLA 00, MAT 98b,
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MAT 99b, MAT 02b], and robust estimation and detection using a minimax approach
[MAT 98a, MAT 00a, MAT 99a, MAT 03]. A training-based TF methodology for
classification will be presented in Chapter 13.
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