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Abstract �e small open economy version of the Ramseymodel exhibits the coun-

terfactual outcome that consumption tends to zero in the long run in case that do-

mestic residents are relatively impatient. It is shown that incorporating either absolute

or relative wealth preferences allows for multiple interior steady states, while retain-

ing the standard steady state (no matter how much wealth is appreciated); moreover,

both frameworks can be observationally equivalent despite substantial di�erences in

preferences. Convergence to an interior steady state arises if the initial level of nonhu-

man wealth exceeds an endogenously determined threshold value. �is property of

a history dependent evolution is surprising for a strict concave framework (without

externalities in case of absolute wealth preferences).

Keywords Open economy, Ramsey model, wealth e�ects, history dependence

1. Introduction

�e small open economy version of the Ramsey model implies that the en-

tire capital stock and all future labor incomes are asymptotically mortgaged

if domestic residents are impatient, i.e., if their constant subjective rate of

time preference exceeds the exogenously given world interest rate. Barro and

Sala-i-Martin (1995, chapter 3), Turnovsky (1995, chapter 12), and Turnovsky

(1997, chapter 2) discuss severalmodi�cations in order to eliminate this para-
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doxical result such as the introduction of (i) a constraint on international

borrowing, (ii) a variable subjective rate of time preference, (iii) a variable

e�ective rate of time preference due to aggregation e�ects in a model with

�nite time horizon, or (iv) a variable domestic interest rate due to a debt-

dependent risk premium.

�e goal of this paper is to o�er two alternative modi�cations of the stan-

dard model in which the following results can be obtained under quite gen-

eral speci�cations of preferences: (i) there are multiple interior steady states,

in which both total wealth (= nonhuman wealth + human wealth) and con-

sumption are positive, (ii) the steady state of the standard model is retained,

(iii) the long-run outcome is history-dependent, where convergence to an

interior steady state arises if the initial level of nonhuman wealth exceeds an

endogenously determined threshold value. Both extensions yield a variable

e�ective rate of time preference (resp. a variable e�ective rate of return on as-

sets) that depends on own consumption and own nonhuman wealth, in spite

of the fact that the subjective rate of time preference and the foreign interest

are constant and exogenously given.

�e �rst extension of the standardmodel is analyzed in section 2.�ere, it

is assumed that the �ow of utility of the representative consumer depends not

only on own consumption, but also on own nonhuman wealth. �is speci-

�cation (henceforth, the absolute wealth approach) implies that wealth per

se is appreciated for various reasons, e.g., greed, intrinsic, non-consumptive

values, insurance, signals (who likes to be considered ‘poor’?), and large debts

can be life threatening if owed to the Ma�a or to a drug dealer. �e second

extension, a relative wealth approach, is studied in section 3. It is based on the

assumption that the instantaneous utility is a function of consumption and

social status, in which the latter is determined by a comparison of own non-

human wealth with average wealth in the economy. For convenience, it is as-

sumed that agents are identical in every respect which implies that attention

can be restricted to symmetric equilibria. �e relative wealth approach dif-

fers from the absolute wealth approach in two respects: (i) the accumulation

of own assets now creates negative externalities for the other agents, and the

decentralized solution is no longer socially optimal, (ii) the speci�cation of

the status function ensures that the �ow of utility is independent of the level

of wealth in a symmetric equilibrium.1 However, in spite of these signi�cant

di�erences, it is possible that an economy with relative wealth preferences is

observationally equivalent to an economy with absolute wealth preferences.

In this paper, observational equivalence studied in section 4 means that the

decentralized solutions for the time paths of consumption and nonhuman

1�e result that the introduction of relative wealth preferences may allow for multiple inte-

rior long-run equilibria has been shown in Corneo and Jeanne (2001a) in a closed economy

framework. Our paper di�ers, however, in several respects that will be described in section 3.
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wealth coincide in the two economies.

Scientists who either think that one should restrict the analysis to the sim-

plest possible framework (e.g. Ockham and Einstein) or dislike the status

approach could argue that the absolute wealth approach is su�cient for the

derivation of the main results, i.e., multiple interior equilibria and history

dependence. However, an increasing number of researches stresses the im-

portance of status preference and of relative magnitudes for economic deci-

sions and happiness2, so that the status approach is also introduced, brie�y

discussed and linked to the absolute wealth approach through observational

equivalence.

2. Extension #1: absolute wealth preferences

Our model extends the standard small open economy Ramsey model by al-

lowing for nonhuman wealth to a�ect the �ow of utility; Krawczyk and Shi-

momura (2003) is a recent example that attributes these kind of preferences

to capitalists in a game between capitalists and work within an AK-growth
model, yet their reason for multiple equilibria - multiplicity of Markov per-

fect equilibria in dynamic games - is di�erent from ours. To simplify, we will

abstract from population growth, depreciation of physical capital and tech-

nological progress, and employ an additively separable instantaneous util-

ity function.�e in�nitely-lived representative consumer maximizes overall

utility as given by

∫

∞

0
e−ρ t

[u (c) + v(a)] dt, (1)

subject to the budget constraint, the initial condition, and the no-Ponzi-game

condition

ȧ = r∗a +w − c, a (0) = a0 , lim
t→∞

a (t) e−r
∗ t
≥ 0, (2)

respectively, where the following notation is used: ρ = constant subjective

rate of time preference, c = per capita consumption, a = per capita stock of

nonhuman wealth, r∗ = world interest rate (= real rental rate in world capital

market), w = domestic real wage. �e function u (c) satis�es u′ > 0, u′′ < 0,

and the standard Inada conditions, limc→0 u′ (c) = ∞, limc→∞ u′ (c) = 0.

�e increasing and concave function v (a), whichmeasures the �owof utility

from nonhuman wealth a, is de�ned for a ∈ (ā,∞); a discussion about the

level ā follows below.�e special case v = 0 yields the standard model.

2�e importance of relative aspects was already stressed by J. Duesenberry, F. Hirsch and T.

Scitovsky. Empirical evidence for the signi�cance of relativemagnitudes is found in Frank (1985,

1997), Easterlin (1974, 1995) and in many experiments, which indicate that people hate to fall

below the average, see e.g. the recent survey in Fehr and Fischbacher (2002).
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Labor supply is exogenous and normalized to unity. �e domestic real

wagew, which is taken as given by each individual, is determined in the per-

fectly competitive domestic labor market. Since physical capital and loans

are perfect substitutes as stores of value, they must yield the same real return

r∗ that is exogenously given for the small open economy. Following Barro

and Sala-i-Martin (1995), we assume that r∗ is constant over time and less

than the subjective rate of time preference, r∗ < ρ, i.e., domestic residents are

relatively impatient.

�e current value Hamiltonian,

H = u (c) + v (a) + λ [r∗a +w − c] ,

of the optimization problem (1) and (2), is obviously concave in state and

control.�erefore, the necessary optimality conditions

Hc = u′ (c) − λ = 0, (3)

λ̇ = ρλ −Ha = (ρ − r∗) λ − v′ (a) , (4)

are also su�cient if the limiting transversality condition limt→∞ e−ρ tλa = 0

holds. Substituting u′ (c) = λ and u′′ (c) ċ = λ̇ into (4), and rearranging

yields ċ = [(ρ − r∗)u′ (c) − v′ (a)] /u′′ (c). �is Euler equation for con-

sumption can be rewritten as

ċ/c = σ (c) [r∗ − ρ +m (c, a)] , (5)

where σ (c) ≡ −u′ (c) / [cu′′ (c)] is the elasticity of intertemporal substitu-

tion and

m (c, a) ≡
v′ (a)
u′ (c)

, with mc = −
v′u′′

(u′)2
, ma =

v′′

u′
, (6)

is the marginal rate of substitution (MRS) of nonhuman wealth a for con-

sumption c. In the non-standard case in which v′ > 0 and v′′ < 0, the MRS

depends positively on c and negatively on a, mc > 0 and ma < 0. In (5),

ρe
≡ ρ −m (c, a) , (7)

and

re ≡ r∗ +m (c, a) , (8)

can be interpreted as the e�ective rate of time preference (ρe) and as the e�ec-
tive rate of return on nonhumanwealth (re), respectively. First, the normality

propertiesmc > 0 andma < 0 imply that the e�ective rate of time preference
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depends negatively on c and positively on a.3 In Blanchard’s (1985) model

in which people or dynasties die o� according to a Poisson process, the ef-
fective rate of time preference is positively related to the ratio of nonhuman

wealth to consumption due to aggregation e�ects. Second, the e�ective rate

of return depends positively on c and negatively on a. �e latter property is

assumed a priori inmodels that account for debt-dependent risk premia [e.g.

Turnovsky (1997, subsection 2.6)].

Using the de�nition of the marginal rate of substitution, (6), the transver-

sality condition can be written as

lim
t→∞

{a (t) exp [−∫

t

0
[r∗ +m (c (v) , a (v))] dv]} = 0. (9)

In the decentralized equilibriumof the small open economy that is socially

e�cient due to the lack of externalities, physical capital per capita k and the

real wage rate w are determined by the well-known conditions r∗ = f ′ (k)
and w = f (k) − k f ′ (k), where f is a neoclassical production function in

intensive form. Since the exogenously given r∗ is constant over time, the vari-

ables k andw do not exhibit any transitional behavior, and equal their steady

state values, k̃ and w̃, respectively. �erefore, the equilibrium evolution of

nonhuman wealth a and consumption c is governed by the generalized Eu-

ler equation (5), the domestic economy’s wealth accumulation equation

ȧ = r∗a + w̃ − c, (10)

the initial condition a (0) = a0, and the generalized transversality condition

(9).

In the standardmodel inwhichm (c, a) = 0 for all c > 0 and a > ā, the Eu-
ler equation and the transversality condition simplify to ċ/c = σ (c) (r∗ − ρ)
and limt→∞ ae−r

∗ t = 0. �e isoelastic instantaneous utility function u (c) =
(1 − θ)−1 (c1−θ − 1), in which σ (c) = 1/θ for all c, used in Barro and Sala-i-

Martin (1995), yields the following explicit solution:

a (t) = −
w̃
r∗
+ (a0 +

w̃
r∗

) e−(1/θ)(ρ−r∗)t
, (11)

c (t) = [r∗ + (1/θ) (ρ − r∗)] [a (t) +
w̃
r∗

] , (12)

with limt→∞ a (t) = −w̃/r∗ < 0, limt→∞ [a (t) + w̃/r∗] = 0, limt→∞ c (t) =
0. �at is, an impatient country (ρ > r∗) asymptotically mortgages all of its

3�is contrasts with the approach chosen in Gootzeit, Schneider and Smith (2002) in which

the subjective rate of time preference ρ depends on c and a due to the assumption that ρ is a

function of saving, ρ = ρ (ȧ).
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capital and all of its labor income so that both total wealth [nonhumanwealth

a + human wealth w̃/r∗] and consumption converge to zero. As will become

obvious below, this unpleasant long-run property holds also for more gen-

eral speci�cations of u (c). In order to avoid constraining the set of possible

steady states in our extended model a priori, we assume that the domain of

v (a) includes the steady state of the standard model, ā ≤ −w̃/r∗.
In contrast to the standard model, our extension allows for steady states

(ã, c̃) in which c̃ > 0. In terms of phase diagrams [in the (a, c)–plane], such
steady states are the points of intersection between the ȧ = 0 isocline and

the ċ = 0 isocline, see Fig. 1. �e ȧ = 0 isocline is given by the a straight

line c = r∗a + w̃ [see (10)], where c is positive for a > −w̃/r. Along this

isocline the level of consumption equals the sum of net interest income and

wage income. �erefore, any point above the ȧ = 0 line corresponds to a

level of consumption that induces a run down of the stock of assets, while a

consumption below this isocline allows for asset accumulation; see the laws

of motion shown by the arrows in Fig. 1. �e ċ = 0 isocline is implicitly

de�ned by m (c, a) = ρ − r. From the de�nition of the MRS, m, given in (6)

and the assumptions made above with respect to u′, v′, and ρ − r∗, it follows
that

lim
c→0

m (c, a) = 0 < ρ − r∗ <∞ = lim
c→∞

m (c, a) , ∀a ∈ (ā,∞) . (13)

�is, in turn, implies that a unique positive c = c (a, ρ − r∗) exists solving

m (c, a) = ρ − r∗ for all a ∈ (ā,∞). In other words, the ċ = 0 isocline does

not intersect the horizontal axis. From mc > 0 and ma < 0, it follows that

the slope of the ċ = 0 curve, −ma/mc , is positive. Further properties of this

isocline depend on the third derivatives u′′′ and v′′′:

caa ∣ċ=0 = −(
u′

u′′
)(

v′′

v′
)

2

[
u′′′/u′′

u′′/u′
−
v′′′/v′′

v′′/v′
] . (14)

Although di�erently shaped (but always increasing) isoclines are possible,

the following discussion focuses on speci�cations of u and v, in which the

ċ = 0 isocline is globally strictly convex. �is is ensured if the expression

between the brackets, which involves four elasticities, is positive (trivially if

u′′′ > 0 and v′′′ ≤ 0). Below, we will give two complying examples employing

simple and widely used speci�cations of u and v, yet non-trivial ones due to
v′′′ > 0.

A strictly convex shape of ċ = 0 implies generically either two intersections

with the ȧ = 0 isocline or none. �e laws of motions of consumption follow

from the Euler equation (5) and are displayed in Fig. 1. �e e�ective rate of

return, re = r∗ + m (c, a), equals the subjective rate of time preference, ρ,
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along the ċ = 0 isocline. An increase in consumption (i.e. any point above

ċ = 0) increases the e�ective rate of return (due to mc > 0), which implies

(similar to other growthmodels) growth in consumption, ċ > 0; the converse

holds for consumption levels below this isocline.

In the remainder of the paper we will restrict our attention to speci�ca-

tions of the instantaneous utility function u (c) in which (like for the stan-

dard CRRA speci�cation)

lim
c→0

[cσ (c)] = − lim
c→0

[u′ (c) /u′′ (c)] = 0 (15)

holds. Condition (15) implies that the horizontal axis, c = 0, is an asymptotic

ċ = 0 locus in both the standard and the extended model. In the standard

model, (15) implies that

lim
c→0

ċ (c) = lim
c→0

[cσ (c) (r∗ − ρ)] = 0.

In the extendedmodel, it follows from (15) and limc→0 m (c, a) = 0 [see (13)]

that

lim
c→0

ċ (c, a) = lim
c→0

{cσ (c) [r∗ − ρ +m (c, a)]} = 0, ∀a ∈ (ā,∞) .

Consequently, (−w̃/r∗ , 0) is a steady state in both versions. From the phase

diagram analysis given in Fig. 1 it follows that (0,−w̃/r∗) exhibits the saddle
point property in the extendedmodel.�e same result can be easily obtained

in the standard model.4

A linear approximation around an interior steady state with c̃ > 0 yields

(
ȧ
ċ ) = J(

a − ã
c − c̃ ) ,

where the Jacobian J and its determinant det(J) are given by

J ≡
⎛
⎜
⎝

r∗ −1

c̃σ (c̃)ma (c̃, ã) c̃σ (c̃)mc (c̃, ã)

⎞
⎟
⎠

=
⎛
⎜
⎝

r∗ −1

−v′′ (ã) /u′′ (c̃) (ρ − r∗)

⎞
⎟
⎠
,

(16)

4�e corresponding phase diagram for the standard case can be derived from Fig. 1. by re-

moving the positively sloped ċ = 0 curve as well as all upward pointing arrows.
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Fig. 1— Phase portrait (wealth a and consumption c) and optimal

paths contingent on initial wealth a(0)

det(J) = c̃σ (c̃) [r∗mc (c̃, ã) +ma (c̃, ã)] = r∗ (ρ − r∗) −
v′′ (ã)
u′′ (c̃)

. (17)

�e sign of det(J) is, in general, ambiguous: While mc is positive, ma is

negative. Alternatively, while r∗ (ρ − r∗) is positive, −v′′ (ã) /u′′ (c̃) is nega-
tive.�erefore, an instability can arise; compareWirl and Feichtinger (2005).

In fact it will be shown that multiple stationary equilibria and consequently

unstable steady states exist. det (J) > 0 implies an unstable node since the

eigenvalues are real due to a positive discriminant, [tr (J)]
2
− 4det (J) =

(2r∗ − ρ)2+4 [v′′ (ã) /u′′ (c̃)] > 0. Conversely, if det (J) < 0, then the steady

state is a saddlepoint. In terms of the phase diagram, saddlepoint stability

arises i� the ċ = 0 locus cuts the ȧ = 0 line at (ã, c̃) from below since it can

be easily veri�ed that det (J) < 0⇔ −ma (c̃, ã) /mc (c̃, ã) > r∗. In the phase

diagram shown in Fig. 1, the convex ċ = 0 isocline intersects the ȧ = 0 isocline

twice at (ã1 , c̃1) and (ã2 , c̃2) with ã1 < ã2 and c̃1 < c̃2 at levels of a exceed-

ing the minimum feasible level, −w̃/r∗ . Since the steady state of the standard
model is also a steady state of the extended model, either three steady states

result in total, or only the standard one (e.g. if ċ = 0 remains above ȧ = 0).
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From above (see Fig. 1) we know that the lowest steady state, i.e., the long-run

outcome of the standard model, (−w̃/r∗ , 0), is a saddlepoint.�e highest of

the three steady states depicted in Fig. 1, (ã2 , c̃2), is also a saddlepoint, since
ċ = 0 cuts ȧ = 0 from below, while the intermediate one, (ã1 , c̃1), is an unsta-
ble node.�is unstable node separates the domains of attractions of the two

stable steady states:

• If a0 > ã1, then (a, c)→ (ã2 , c̃2) as t →∞.�at is, the counterfactual

long-run behavior of the standard model is avoided.

• If a0 < ã1, then (a, c) → (−w̃/r∗ , 0) as t → ∞, and this convergence

must be asymptotic due to the Inada conditions. Although this long-

run outcome equals that of the standard model, the transient behavior

is di�erent.

�e consumption policy, albeit history dependent, is everywhere unique

(since the optimization problem is strictly concave), and continuous in the

state, in particular, at the unstable steady state ã1 (= threshold). As a conse-

quence, (ã1 , c̃1) itself is optimal (see Fig. 1).

Example 1 �e isoelastic function u (c) = (1 − θ)−1 (c1−θ − 1), θ > 0, and

the CARA-type function

v (a) = − (α/β) e−βa
, ∀a; α > 0, β > 0, (18)

satisfy all assumptions made in the paper with respect to u and v. �is rep-

resentation of preferences yields σ = 1/θ and m (c, a) = αe−βacθ . �e Euler

equation becomes ċ/c = (1/θ) (r∗ − ρ + αe−βacθ) so that the ċ = 0 curve is

given by the exponential function

c = (
ρ − r∗

α
)

1/θ

e(β/θ)a . (19)

�is isocline maps the real numbers into the positive real numbers. It is in-

creasing and strictly convex so that only two di�erent generic outcomes are

possible: no interior steady state or two interior steady states.

�e above example is now used to verify the existence of multiple equi-

libria for such an economy and to perform bifurcation analyses in model

parameters to show the two di�erent generic long-run outcomes: either the

one known from the standardmodel is the only long-run equilibrium, or the

possibility of an albeit history-contingent interior long-run equilibrium.
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Fig. 2— Bifurcation diagrams: Steady state levels of assets (a) as functions
of model parameters α, and ρ, respectively, for r = 0.05, θ = 2, β = 0.1,

and w̃ = 1 (arrows refer to the attracting steady state)

1. No interior long-run equilibrium exists if and only if

ρ > ρm
≡ r∗ + αβ−θ

(θr∗)θ eβ(w̃/r∗)−θ
.

In the bifurcation diagram for the parameter ρ (the right-hand side

panel of Fig. 2) ρm = 0.15. Hence, for subjective discount rates exceed-

ing 15%, the only steady state is that of the standard model. An alter-

native example of a bifurcation is to vary the parameter α, the weight
attached to the utility from wealth, see the panel on the le�-hand side

of Fig. 2. �ere exists a corresponding critical level αm = 0.05 such

that the standard outcome is retained for smaller weights.

2. If either ρ < ρm = 0.15 or α > αm = 0.05, three steady states result.

Of the two interior steady states, c > 0, the larger one is stable, the

other is unstable. Interestingly, the domain of attraction of the interior

and stable steady state becomes quickly dominating so that given ei-

ther su�cient patience or appreciation of wealth, only highly indebted

countries will converge to the standard, corner solution.

In example 1 the ċ = 0 curve is globally strictly convex for all admissible

preference parameters, i.e., for all θ > 0, α > 0, and β > 0. We will now give

a second example in which the properties of the ċ = 0 curve depend on the

parameters of u and v.

Example 2 If u is of the isoelastic form used in example 1 and v takes the

form

v (a) = γ (1 − ξ)−1 [(a − ā)1−ξ
− 1] for a > ā; γ > 0, ξ > 0, (20)
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then σ = 1/θ andm (c, a) = γcθ (a − ā)−ξ
.�is implies for the ċ = 0 isocline:

c = (
ρ − r∗

γ
)

1/θ

(a − ā)ξ/θ
, for a > ā. (21)

Obviously, it is globally strictly convex if and only if ξ > θ. In this case there

exist two points of intersection between the ȧ = 0 and ċ = 0 curves if and

only if ρ < ρm , where

ρm
≡ r∗ + γ (r∗)θ θθ ξ−ξ

(ξ − θ)ξ−θ
(−

w̃
r∗
− ā)

−(ξ−θ)

.

Conversely, if ρ > ρm , then there is no interior long-run equilibrium.

What are the mathematical and economic reasons for the possibility of

multiple equilibria? �is can be answered by drawing on the phase diagram

depicted in Fig. 1 and on the properties of the modi�ed Euler equation [see

(5)–(8)] and the asset accumulation equation. If the initial level of assets, a0,
is low (a0 < ã2), but exceeds the threshold ã1, then it is possible to choose an

initial value of consumption c (0) that allows for both ȧ > 0 and ċ > 0 along

the optimal path. On the one hand, ȧ > 0 requires that (a0 , c (0)) lies below
the ȧ = 0 line so that consumption is less than the sum of wage income and

interest income. On the other hand, ċ > 0 requires that (a0 , c (0)) lies above
the ċ = 0 curve (where ρe ≡ ρ − m (c, a) = r∗) so that ρe < r∗ holds due

to ρe
c < 0, i.e., consumers are patient enough due to a su�ciently high level

of consumption. Obviously, both requirements can be met if a0 > ã1. �is

allows for convergence to the interior saddlepoint-stable steady state (ã2 , c̃2).
However, if a0 < ã1, then it is impossible to satisfy both requirements: First,

an initial level of consumption c (0) that induces su�cient e�ective patience

is incompatible with asset accumulation. Second, a level of c (0) that leads
to asset accumulation is incompatible with ċ > 0 due to insu�cient e�ective

patience. In this case ȧ < 0 and ċ < 0 hold along the optimal path and the

economy converges to the standard steady state.

In Fig. 1 the strict convexity of the ċ = 0 curve plays a crucial role for

the existence of multiple equilibria. What does this property of this isocline

imply for the underlying preferences?5 From the discussions above it is well

known that along ċ = 0 the MRS of nonhuman wealth a for consumption c
is constant and equal to ρ − r∗. �is is not true for the ȧ = 0 curve, which

assigns to each level of nonhuman wealth a the corresponding stationary

consumption level r∗a + w̃. In example 1, for instance, in which the ċ = 0

5�e following interpretation was inspired by one of the referee’s comments.
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curve is unambiguously strictly convex, we havem (c, a) = αe−βacθ . Hence,

along the ȧ = 0 curve, the MRS is given by

Z (a) ≡ m (r∗a + w̃ , a) = αe−βa
(r∗a + w̃)

θ
.

It is easily veri�ed that Z is a hump-shaped function of a: Z′ (a) > 0 for

a < â and Z′ (a) < 0 for a > â, where â ≡ (θ/β) − (w̃/r∗). In other words,

as wealth a (and, hence, also consumption c = r∗a + w̃) increases from low

levels, the willingness to sacri�ce consumption in order to obtain an extra

unit of wealth initially rises, but then decreases as wealth exceeds the criti-

cal value â.6 If, in addition, ρ < ρm holds, where ρm is de�ned in example 1,

then Z (â) > ρ−r∗ so that we obtain two interior steady states (ã1 , r∗ ã1 + w̃)

and (ã2 , r∗ ã2 + w̃) in which Z (ã1) = Z (ã2) = ρ − r∗. Similar results can be

derived in example 2 for the case in which ξ > θ. Hence, in both illustra-

tions multiple interior equilibria arise from two features of preferences: i)

the subjective rate of time preference is less than a critical level, and ii) in

situations in which consumption equals its stationary level, i.e., along ȧ = 0,

there is a hump-shaped relation between the MRS and nonhuman wealth.

Since ρe ≡ ρ−m (c, a) and re ≡ r∗+m (c, a), the latter property implies that

along ȧ = 0 the e�ective rate of time preference ρe is a U-shaped function

of wealth, while the relation between the e�ective rate of return re and a is

hump-shaped. As wealth a and stationary consumption c = r∗a+ w̃ increase

from low levels, both the e�ective rate of return and the e�ective patience of

agents initially rise, but then decrease as wealth exceeds a critical value.

3. Extension #2: relative wealth (status)

�is extension serves two purposes: i) to account for a growing literature,

theoretical, empirical and experimental, that emphasizes relative magni-

tudes, ii) to highlight that interior equilibria result even if the level of wealth

does not matter. We will assume that the �ow of utility depends on both own

consumption and social status which in turn is determined by a compari-

son of own wealth and average wealth in the economy. In other words, we

will assume that individuals endeavor to keep up with the Joneses in terms

of wealth. In the macroeconomic literature on status the relative wealth

approach is, for instance, employed in Corneo and Jeanne (1997, 2001a,b),

Rauscher (1997a), Futagami and Shibata (1998), Fisher (2004), Van Long and

Shimomura (2004a, b), and Fisher and Hof (2005). In the relative consump-

tion approach used by Boskin and Sheshinski (1978), Galí (1994), Persson

6Recall that mc > 0 and ma < 0. Hence, as we move to the northeast along ȧ = 0, the rise

in consumption c causes the MRS to increase, while the rise in nonhuman wealth a causes the

MRS to fall. If a < â, the positive e�ect more than o�sets the negative e�ect so that the MRS

increases, while the opposite is true for a > â.
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(1995), Harbaugh (1996), Rauscher (1997b), Grossmann (1998), Ljungqvist

andUhlig (2000), Fisher andHof (2000), Dupor and Liu (2003), Abel (2005),

and Liu and Turnovsky (2005), the determination of status involves a com-

parison of own consumption and average consumption in the economy. It

can be shown that the relative consumption approach does not eliminate the

unpleasant properties of the standard model. For this reason it will not be

considered in this paper. A recent and related application of relative aspects

is to social interactions and dynamics, e.g. Durlauf and Young (2001) and

Glaeser, Sacerdote and Scheinkman (2002).

In the following, the overall utility function (1) used in the preceding sec-

tion will now be replaced by

∫

∞

0
e−ρ t

[u (c) + V(s)] dt, s = s (a,A) ,

where u is as above and V (increasing and concave) evaluates the bene�t

from social status s in which A denotes average wealth in the domestic pop-

ulation. We will assume that i) status s depends positively on own wealth a
and negatively on average wealth in the economy A, and ii) marginal status

of own assets sa is decreasing in a (for any given value of A)

sa > 0, sA < 0, saa < 0, ∀ (a,A) ∈ (ā,∞) × (ā,∞) , (22)

where ā < −w̃/r∗ by assumption. In the rest of this section we will use the

simplifying assumption that agents are identical in every respect. Under this

assumption it is common practice in the literature to focus attention on sym-

metric equilibria in which identical agents make identical choices so that

a = A holds at any point in time along an equilibrium path. With respect

to symmetric states we will assume that

s (a, a) = χ, ∀a ∈ (ā,∞) , χ = constant, (23)

dsa (a, a)
da

= saa (a, a) + saA (a, a) < 0, ∀a ∈ (ā,∞) (24)

hold. (23) implies that, contrary to the absolute wealth approach studied

in the preceding section, the �ow of utility is now independent of the level

of wealth a along any (symmetric) equilibrium path, u (c) + V(s (a, a)) =

u (c)+V(χ),∀a ∈ (ā,∞). Inequality (24) states that themarginal statuswith

respect to own wealth a declines if the economy moves from one symmetric

situation to another in which each individual has a higher level of wealth.

In the existing literature mentioned above, it is common practice to em-

ploy one of the following speci�cations of the status function:

s (a,A) = φ (
a
A
) , φ′ > 0, φ′′ ≤ 0, (25)

s (a,A) = φ (a − A) , φ′ > 0, φ′′ ≤ 0. (26)
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�e ratio speci�cation (25) satis�es both assumptionswith respect to sym-

metric states, (23) and (24). It also satis�es both (23) and (22) as long as a > 0

and A > 0. However, in our open economy framework in which a and Amay

become negative even in a symmetric equilibrium, the speci�cation (25) vi-

olates two conditions given in (22): First, from sa = (1/A)φ′, it follows that
sa < 0 for A < 0. Second, sA = − (a/A2)φ′ yields sA > 0 for a < 0. For

these reasons, the standard ratio speci�cation (25) cannot be used in this

open economy model. In example 3, however, we will adopt a modi�ed ver-

sion of the ratio speci�cation employed in Fisher andHof (2001), that satis�es

all assumptions made with respect to the status function.7

�e di�erence speci�cation (26) used, for instance, in Corneo and Jeanne

(2001a) satis�es all our assumptions about s with the single exception of (24),
since dsa (a, a) /da = 0 holds due to sa (a, a) = φ′ (0).�e consequences of

this violation of (24) will be discussed in detail at the end of section 3.

A crucial feature of the decentralized optimization problem under status

preferences is that the representative household takes the time path of average

wealth A as given. In other words, each individual is small enough to neglect

her own contribution to the average wealth level. It can be easily veri�ed

that in a symmetric macroeconomic equilibrium in which A = a holds, the

dynamic evolution of consumption is governed by the following modi�ed

Euler equation:

ċ/c = σ (c) [r∗ − ρ +M(c, a)] , (27)

where

M (c, a) ≡
V ′(χ)sa (a, a)

u′ (c)
=

V ′(s (a,A))sa (a,A)
u′ (c)

∣
a=A

(28)

is the marginal rate of substitution of own net assets a for consumption c
as perceived by the consumer in symmetric situations (henceforth, the sym-

metric private MRS).�e capital letter M is used to di�erentiate it from its

pendant m used in the absolute wealth approach. �e asset accumulation

equation and the initial condition are identical to those used in the preced-

ing section and in the transversality condition, (9), m has to be replaced by

M.�ese properties imply that—in spite of the induced externality—there is

no need for a separate dynamic analysis of the relative wealth case. All results

can be easily obtained by substitutingM form in the dynamic analysis of the

absolute wealth approach.

7�e focus of the analysis in Fisher and Hof (2005) is on the comparative dynamic behavior

of the small open economy, rather than issues such as existence of multiple equilibria or obser-

vational equivalence between absolute wealth and relative wealth preferences.
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Recall that in the absolute wealth model mc > 0 and ma < 0. In the rel-

ative wealth framework, it follows from (28) and u′′ < 0, that the symmet-

ric private MRS depends positively on consumption, Mc > 0. In addition,

M depends negatively on the level of net assets a, i.e., Ma < 0 due to (24).

�is in turn, implies that the ċ = 0 locus is positively sloped, −Ma/Mc > 0,

just as in the absolute wealth model (−ma/mc > 0). Further properties of

the ċ = 0 locus depend on u′′′ and d2sa (a, a) /da2; in particular, caa ∣ċ=0
can be obtained by substituting in (14): sa (a, a) for v′, dsa (a, a) /da for

v′′, and d2sa (a, a) /da2 for v′′′. Since there exist speci�cations of relative
wealth preferences that yield a strictly convex ċ = 0 locus (similar to that

given in Fig. 1), the status approach also allows for multiple interior equi-

libria and history-dependent evolution. In the following example we obtain

results that are analogous to those derived in examples 1 and 2 for absolute

wealth preferences: Multiple interior equilibria arise if i) the subjective rate

of time preference is below a critical level, and ii) the symmetric privateMRS

is a hump-shaped function of nonhuman wealth a along the ȧ = 0 curve.

Example 3 Assume that preferences are represented by u (c)+V (s (a,A)),
where u (c) = (1 − θ)−1 (c1−θ − 1), V is increasing and concave in s, and

s (a,A) = φ (
a − ā
A− ā

) , a,A > ā; φ′ > 0, φ′′ < 0. (29)

�ese speci�cations imply that M (c, a) = V ′(φ (1))φ′ (1) (a − ā)−1 cθ , and

σ (c) = 1/θ.�e resulting ċ = 0 curve,

c = [
ρ − r∗

V ′(φ (1))φ′ (1)
]

1/θ

(a − ā)1/θ ,

is unambiguously positively sloped. Obviously, it is globally strictly convex

if θ < 1. Since ā < −w̃/r∗ by assumption, it follows that if the ċ = 0 curve

is strictly convex, then it will intersect the ȧ = 0 line twice provided that

(ρ − r∗) / [V ′(φ (1))φ′ (1)] is su�ciently small. An alternative proof of this

result is based on the fact that along the ȧ = 0 curve the symmetric private

MRS is given by

Z (a) ≡ M (r∗a + w̃ , a) = V ′
(φ (1))φ′ (1) (a − ā)−1 (r∗a + w̃)

θ

If θ < 1, then Z is a hump-shaped function of a, i.e., Z′ (a) > 0 for a < â
and Z′ (a) < 0 for a > â, where â ≡ ā − (1 − θ)−1 (ā + w̃/r∗) > −w̃/r∗.
If, in addition, the subjective rate of time preference ρ is less than a critical

level, then Z (â) > ρ − r∗ and we obtain two interior steady states in which

Z (ã1) = Z (ã2) = ρ − r∗.
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�e result that the introduction of relative wealth preferences may allow

for multiple interior steady states has already been shown in Corneo and

Jeanne (2001a). Our paper di�ers, however, in several respects from their

work: First, while Corneo and Jeanne consider a closed economy in which

the interest rate is endogenously determined, we examine a small open econ-

omy in which the interest rate equals the exogenously given world interest

rate. Second, the focus of these authors is whether the quest for social status

can be an engine of economic growth. In the present paper, we are not in-

terested in growth without bound, since in this case the domestic economy

would eventually accumulate enough assets to violate the small-country as-

sumption. �ird, they do not examine whether their results could also be

obtained in a pure absolute wealth approach (i.e., in the absence of status

concerns). In our paper we will �nally also study the conditions for the ob-

servational equivalence between economies with absolute and relative wealth

preferences.

It turns out that two assumptions in Corneo and Jeanne (2001a) are cru-

cial for unbounded growth: �e �rst one is that the marginal productivity

of capital net of depreciation remains positive as capital increases. In terms

of our notation, the second one is equivalent to bounding sa (a, a) from

below by a strictly positive number.8 Obviously, the second assumption is

satis�ed for the di�erence speci�cation (26), s (a,A) = φ (a − A), due to

sa (a, a) = φ′ (0). For convenience, Corneo and Jeanne restrict their at-

tention to this simplifying speci�cation. When the status-seeking motive is

weak, i) there are two steady states (k̃1 , c̃1) and (k̃2 , c̃2) with k̃2 > k̃1, where
(k̃1 , c̃1) is saddlepoint-stable, while (k̃2 , c̃2) is an unstable node, and ii) long-
run growth only appears if the initial stock of capital k (0) exceeds k̃2. How-
ever, when the status-seeking motive is strong, long-run growth arises irre-

spective of the initial condition.�e growth process exhibits the interesting,

yet ‘extreme’ property that the capital stock and the output level growwithout

bound, while consumption converges to a �nite value.9

If the di�erence speci�cation of the status function (26), s (a,A) =

φ (a − A), were used in the present paper, it would yield a horizontal ċ = 0

line, −Ma/Mc = 0, intersecting the ȧ = 0 line from above. �e resulting

unique interior steady state would be an unstable node so that long-run con-

vergence to an interior steady state would be impossible irrespective of the

initial condition. Obviously, our result that the quest for status may allow for

8See Corneo and Jeanne (2001a, p. 356 and the footnote given on page 352).

9 ‘�e motive behind this inde�nite accumulation of capital is not to provide for future con-

sumption. . . . It is accumulated purely for the sake of social status. . . . Although individuals

would be collectively better o� consuming more of this accumulated wealth, it is rational for

each individual to hoard all additional income in order to maintain his social status’ [Corneo

and Jeanne (2001a, p. 356)].
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long-run convergence to an interior steady state, without being an engine of

growth, hinges crucially on the assumption that sa (a, a) depends negatively
on a. Note however, that this property of the status function, which at least in
our view is a quite natural one, is necessary, yet not su�cient. For instance,

for θ > 1 the speci�cation of relative wealth preferences used in example 3

yields a strictly concave ċ = 0 curve that intersects the ȧ = 0 line from above.

�e corresponding unique interior steady state is an unstable node, just like

the steady state that results from the di�erence speci�cation of the status

function (26).

4. Digression on observational equivalence

From the above analysis it is also clear that the decentralized solutions for a
and c obtained in the economywith absolute wealth preferences, represented

by u (c) + v (a), are identical to those of an economy with relative wealth

preferences, given by u (c) + V (s (a,A)), if M (c, a) = m (c, a) holds for

all c > 0 and a ∈ (ā,∞). �at is, both economies are observationally equiv-

alent, although the behavior of individuals is governed by di�erent psycho-

logical motivations. However, there remains a crucial di�erence in spite of

observational equivalence: in the model with relative wealth preferences, the

decentralized solution deviates from the socially optimal one due to wealth

externalities. It is easily veri�ed that the socially optimal solution coincides

with the solution of the standard model.

�e condition for observational equivalence can be rewritten as

V ′
(χ)sa (a, a) = v′ (a) ∀a ∈ (ā,∞) . (30)

For any economy with well-behaved relative wealth preferences there ex-

ists an observational equivalent economy with well-behaved absolute wealth

preferences and vice versa. In this context the word ‘well-behaved’ means

that the utility functions u, v, and V as well as the status function s satisfy all
assumptionsmade in the paper.�ese assertions are easily veri�ed as follows:

First, for given functions V and s, any function v (a) de�ned as

v (a) ≡ V ′
(χ)∫

a

ǎ
sa (z, z) dz,

where ǎ is an arbitrary constant with ǎ > ā, satis�es the condition for obser-

vational equivalence (30) as well as v′ > 0 and v′′ < 0.�is follows from

v′ (a) = V ′
(χ)sa (a, a) > 0, a ∈ (ā,∞) ,

v′′ (a) = V ′
(χ) [saa (a, a) + saA (a, a)] < 0, a ∈ (ā,∞) ,
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where the inequalities hold due to V ′ > 0 and the assumptions made in (22)

and (24).

Second, for given v, the simplest way to construct an observational equiv-

alent economy with relative wealth preferences is to assume that i) the status

function takes the additively separable form

s (a,A) ≡ v (a) − v (A) + χ,

where χ is an arbitrary constant, and ii)V is an arbitrary increasing and con-

cave function satisfying V ′(χ) = 1. Obviously, V and s satisfy the condition
for observational equivalence (30) and all assumptions made in the paper

due to

sa (a,A) = v′ (a) > 0, sA (a,A) = −v′ (A) < 0, (a,A) = v′′ (a) < 0,

s (a, a) = χ, saa (a, a) + saA (a, a) = v′′ (a) < 0.

In addition to this more or less trivial speci�cation of relative wealth pref-

erences, there may also exist non-trivial ones. �is is illustrated by means

of examples 2 and 3, in which the condition for observational equivalence,

m (c, a) = M (c, a), for all c > 0 and a ∈ (ā,∞), becomes

γcθ
(a − ā)−ξ

= V ′
(φ (1))φ′ (1) cθ

(a − ā)−1 for all c > 0 and a ∈ (ā,∞) .

Obviously, in the special case ξ → 1 in which v (a) simpli�es to the logarith-

mic speci�cation

v (a) = γ ln (a − ā) = lim
ξ→1

γ (1 − ξ)−1 [(a − ā)1−ξ
− 1] ,

non-trivial observational equivalent relative wealth preferences are given by

those of example 3, provided that V satis�es the condition V ′(φ (1))φ′ (1) =
γ.

5. Concluding Remarks

�e small open economy version of the Ramsey model exhibits the property

that both total wealth and consumption tend to zero in the long run in case

that the constant subjective rate of time preference of the domestic residents

exceeds the exogenously given world interest rate. �is counterfactual out-

come initiated variousmodi�cations and extensions of the standardmodel in

which the unpleasant standard steady state was replaced by a unique interior

steady state. In this paper it was shown that incorporating either absolute
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or relative wealth preferences may allow for multiple interior steady states,

while retaining the standard steady state. Convergence to an interior steady

state then arises if the initial level of nonhuman wealth exceeds an endoge-

nously determined threshold, which coincides with an unstable steady state.

All these results depend crucially on the fact that both extensions yield a vari-

able e�ective rate of time preference (resp. a variable e�ective rate of return

on assets) that depends on own consumption and own nonhuman wealth.

�e possibility of multiple interior steady states and history-dependent evo-

lutions implies that di�erent attitudes towards wealth per se and status, re-

spectively, could provide (at least partial) explanations of the persistent dif-

ferences between debt ridden (e.g. Latin America throughout the twentieth

century) and wealth accumulating economies (e.g. Singapore, Taiwan, South

Korea).

One might argue that it is not surprising that the incorporation of abso-

lute wealth preferences may allow for interior steady states such that impa-

tient agents accumulate net assets (instead of asymptotically mortgaging all

of their capital and labor income). Yet this objection overlooks that abso-

lute wealth preferences need not eliminate the unpleasant standard steady

state. On the contrary, it can still be the only saddlepoint-stable long-run

outcome and in fact is always a stable long-run equilibrium in our examples,

no matter how much wealth is appreciated. However, maybe more surpris-

ing is that multiple interior steady states may also arise under relative wealth

preferences in which the level of wealth does not a�ect the �ow of utility in

a symmetric equilibrium. �e reason is that the marginal rate of substitu-

tion of own net assets for consumption as perceived by the consumers (who

take average wealth as given) depends on both variables even in symmetric

states. Hence, just as under absolute wealth preferences, the e�ective rate

of time preference (resp. e�ective rate of return on assets) depends on both

consumption and own nonhuman wealth. �is property even allows for the

observational equivalence of an economy with absolute wealth preferences

and an economy with relative wealth preferences. In this context, a simple

condition was given which ensures that the equilibrium time paths of con-

sumption and wealth are identical in the two economies.

�e time path of the economy may be history-dependent under both rel-

ative and absolute wealth preferences, and thus in the latter case in a concave

economy without externalities. A particularly surprising �nding is that the

policy function is continuous in the state, in particular, at the unstable steady

state that equals the threshold. �ese (technical) properties contrast with a

large amount of the existing literature that introduces (locally) convex re-

lations (o�en attributed to increasing returns, recent examples of macroeco-

nomic approaches are Greiner and Semmler (1999) and Semmler and Sievek-

ing (1999)), and sometimes, in addition, an externality (see e.g. Krugman
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(1991)), in order to obtain similar hystereses e�ects. Furthermore, thesemod-

els with history-dependent evolutions are characterized by controls that are

indeterminate and discontinuous at the threshold.10 To sum up, the two al-

ternative wealth approaches studied in this paper provide additional and by

and large overlooked reasons for history dependent outcomes.11 As a conse-

quence, history dependence applies for a larger domain than so far empha-

sized in the existing literature with its focus on convex-concave relations.
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