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Abstract— The aim of this paper is to propose an effective
realization, i.e. taking into account all the aspects of FWL
implementation. Alternatively to the ρDFIIt recently proposed
by G. Li et al., and leaning on the specialized implicit form for
a unified (hence fair) analysis, a new effective and sparse struc-
ture, named ρ-modal realization, is developed. This realization
meets simultaneously accuracy (low sensitivity, round-off noise
gain and overflow risk), few and flexible computational efforts
with a good readability (thanks to sparsity), and simplicity
(no tricky optimization is required to obtain it) as well. Two
numerical examples are presented to confirm the theoretical
results and illustrate the ρ-modal realization interest.

I. INTRODUCTION

It is well-known that there exists an infinite set of re-
alizations to represent a given filter. These realizations are
equivalent in infinite precision since they yield the same
input-output relationship. However, when digital filters are
implemented, they have to be represented with finite word
length (FWL) in a computing device. The FWL effects stem-
ming from the digital implementations, lead to a deterioration
of realizations’ numerical properties. Hence, the equivalent
realizations are no more equivalent in finite precision. One
realization may be better suited for implementation than
another.

Generally speaking, the FWL effects depend naturally on
the chosen word length and arithmetic format (floating-point,
fixed-point, etc.). However, they also depend strongly upon
the type of realization considered. For example, δ-operator
has much better numerical properties than the usual delay
operator q for fast sampling [1].

The optimal filter implementation problem consists in
minimizing the digital deterioration imposed by FWL effects.
Diverse structures (like the cascade framework, the balanced
state-space realization, etc.) and different digital operators
(δ-operator) have been proposed with this aim since the late
1970s. In [2], rational operators suitable for discretization
of both LTI and LPV systems are introduced with taking
potentially into account the frequency bandwidth of each
sub-system. The ρDFIIt realization proposed in [3], [4] is
interesting as it is sparse and is designed in such way to
minimize the transfer function sensitivity or the round-off
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noise gain. Other methods to establish the optimal realiza-
tions may be found e.g. in [5], [6].

In this paper, based on a multivariable ρ-operator and a
modal representation, a new structure, denoted as ρ-modal
realization is constructed within the specialized implicit
framework state-space form (SIF) [7]. Associated to a filter
of order n, this sparse and scaled realization contains few
inexactly-implemented1 parameters, and holds n free param-
eters to minimize the FWL effects. It will be also be shown
that the realization proposed is resilient to numerical errors
and may be obtained without using optimization tools.

This paper is briefly outlined as follows. After recalling
the specialized implicit form and the related analysis criteria
in Section II, the dynamic-range scaling and the standard
modal representation will be presented in Section III as
preliminary results. Then, the particular ρ-modal realization
is proposed in Section IV and its properties are studied in
Section V. Numerical illustrations are given in section VI
before concluding.

II. SHARED CRITERIONS IN A UNIFYING
FRAMEWORK

A. Specialized Implicit Form

There exists plenty of useful and well-known realizations,
such as the direct form I or II, the cascade/parallel decom-
position etc., and many of these require (although implicitly
in the literature) intermediate computational variables. The
specialized implicit form proposed in [7] provides an explicit
description of the parameters and variables involved during
the implementation. It allows a fair analysis of the FWL
effects, while being still a macroscopic description. The SIF
representation is: J 0 0
−K In 0
−L 0 Ip

T (k + 1)
X(k + 1)
Y (k)

 =

0 M N
0 P Q
0 R S

T (k)
X(k)
U(k)


(1)

where the following statements are true:
1) U(k) is the vector of the m current inputs, Y (k) the

p current outputs, X(k) and T (k) the vectors of n and
l generalized variables; T (k + 1) is the vector for the
intermediate variables used in the calculations of step k
while X(k+ 1) is the vector new state variables stored
till the next sampling time;

2) J is a lower triangular matrix with 1’s in the diagonal;

1Exactly-implemented parameters mentioned here are those that are not
modified by the process of quantization.



3) The computations associated with the realization (1) are
executed in row order:

[i] JT (k + 1)←MX(k) +NU(k)
[ii] X(k + 1)← KT (k + 1) + PX(k) +QU(k) (2)
[iii] Y (k)← LT (k + 1) +RX(k) + SU(k)

Equation (1) is equivalent in infinite precision to the
classical state-space form:T (k + 1)

X(k + 1)
Y (k)

 =

 0 J−1M J−1N
0 AZ BZ
0 CZ DZ

T (k)
X(k)
U(k)

 (3)

with

AZ , KJ−1M + P, BZ , KJ−1N +Q, (4)

CZ , LJ−1M +R, DZ , LJ−1N + S. (5)

It is of importance to notice that these two realizations,
though equivalent in infinite precision, are different concern-
ing the parameters involved.

The related transfer function is defined by:

H : z 7→ CZ(zIn −AZ)−1BZ +DZ . (6)

Let us now recall some additional definitions.

Definition 1 ([7]) A realization R is defined by the specific
set of matrices J , K, L, M , N , P , Q, R and S used in (1).

R :, (J,K,L,M,N, P,Q,R, S) (7)

The coefficients can also be regrouped into one matrix Z:

Z ,

−J M N
K P Q

L R S

 (8)

and R can be defined by R :, (Z, l,m, n, p) where l, m, n
and p are the matrix dimensions given above.

For example, a cascade realization of two systems (Fig.1)
can be presented under the SIF as:

Z =

−I C1 0 D1

0 A1 0 B1

B2 0 A2 0
D2 0 C2 0

 (9)

where (A1, B1, C1, D1) and (A2, B2, C2, D2) are the state-
space matrices associated to sub-systems R1 and R2.

U1 Y2T = Y1 = U2
R1

R2

Fig. 1. Cascade form

Moreover, equivalent structured realizations may be de-
fined through bloc diagonal similarity transform [7]:

Z1 =

Y U−1

Ip

Z0

W U
Im

 (10)

where Y , U and W are invertible matrices.

B. Criterion Analysis

In order to evaluate how much the digital implementations
modify filters’ characteristics, the I/O sensitivity measure is
introduced. Let consider the state-space system (A,B,C,D).
Measure of the transfer function sensitivity through its L2-
norm is one way pointed in [1]:

ML2 ,

∥∥∥∥∂H∂A
∥∥∥∥2

2

+
∥∥∥∥∂H∂B

∥∥∥∥2

2

+
∥∥∥∥∂H∂C

∥∥∥∥2

2

+
∥∥∥∥∂H∂D

∥∥∥∥2

2

. (11)

It may be generalized as follows, to the context of the
SIF. Considering that the coefficients which can be quantized
without error do not make any contribution to the overall I/O
sensitivity measure, a weighting matrix WZ associated with
Z and defined by (12) is introduced:

(WZ)i,j ,

{
0, if Zi,j is exactly represented ∈ {0,±1};
1, otherwise.

(12)
Consider a realization R := (Z, l,m, n, p) with an as-

sociated weighting matrix WZ . The I/O transfer function
sensitivity is then defined (in the SISO case) by:

MW
L2

,

∥∥∥∥∂H∂Z ×WZ

∥∥∥∥2

2

(13)

where × is the Schur product.
The following lemma describes the sensitivity with regard

to each matrix of the implicit form.

Lemma 1 The sensitivity with regard to each matrix in-
volved in the associated SIF may be explicated as:

∂H

∂Z
= H>1 H

>
2 (14)

with
H1 : z 7→ CZ(zIn −AZ)−1M1 +M2

H2 : z 7→ N1(zIn −AZ)−1BZ +N2

M1 =
(
KJ−1 In 0

)
,M2 ,

(
LJ−1 0 1

)
N1 ,

(
M>J−> In 0

)>
, N2 ,

(
N>J−> 0 1

)>(15)

Another measure based on pole sensitivity is also com-
monly used. During the quantization process, the Z matrix
is perturbed to Z + ε ×WZ where ε represents the digital
perturbation. Hence, the poles of the implemented realization
may be shifted outside the unit circle even if the initial
realization is stable. Based on this consideration, a stability
measure is proposed as [8]:

µ0(Z) = inf
ε

{
‖ε‖max

/
Z + ε×WZ instable

}
(16)

It depicts directly the smallest perturbation leading to
instability. As this measure is difficult to evaluate, so the
following measure is most often used [7]:

µ(Z) , min
16k6n

1− |λk|

‖WZ‖F
∥∥∥∂|λk|∂Z ×WZ

∥∥∥
F

(17)

where λk denote the poles of the system, and ‖.‖F the
Frobenius norm.



It is based on how close the poles are to the unit circle
and how sensitive they are to the parameter perturbation.

Another criterion allowing to analyze the relevance of a
realization for implementation is the round-off noise gain
(RNG).

It is possible to aggregate all of them as an additive noise
ξ
′
(k) on the output. This (colored) noise results from the

filtering of the white noise ξ(k) dadded respectively on the
intermediate variables, the state and the output, through the
transfer function H1 defined in (15) (cf. Fig.2).

+!(k) !!(k)

Y (k)U(k)
H

H1
Y !(k)

Fig. 2. Equivalent noised model

The round-off noise gain is then defined by:

G = trace
(
dZ(M>1 WoM1 +M>2 M2)

)
(18)

where dZ is a diagonal matrix with (dZ)i,i defined as the
number of non-trivial parameters in the ith row of Z (except
0, ±1 and powers of 2) and Wo is the observability Gramian
of the state-space system (AZ , BZ , CZ , DZ). See [9], [10]
for proof.

III. L2-SCALING & THE MODAL FORM

A. Relaxed L2-scaling

The L2-dynamic-range scaling constraints have been in-
troduced by Jackson in [11] and Hwang in [12]. It consists
in scaling the state variables in a way to prevent overflows
or underflows. Furthermore, L2-scaling also contributes to
normalize the format of different state variables and the
sensitivity criteria mentioned above.

Moreover, a SISO state-space system (A,B,C,D) is said
to be L2-scaled if the transfer functions from input to each
state have a unitary L2-norm (1 6 i 6 n):∥∥e>i (zI −A)−1B

∥∥
2

= 1 (19)

with ei denoting the ith elementary vector, whose elements
are all zeros except the ith which is one.

Recently in [13], new dynamic-range-scaling constraints
have been proposed.It appears that, in fixed-point format,
the classical L2-scaling constraints may be uselessly too
strict. It is enough, for preventing overflows, to force all state
and intermediate variables to possess the same binary-point
position, say the same as the input.

A fixed-point position is represented according to Fig. 3. β
is the total word-length in bits of the representation, whereas
γ is the fractional part word-length (it gives the binary-
point position of the representation). They are fixed for each
variable and coefficient, and implicit, unlike the floating-
point representation. In this paper, β and γ will be suffixed
by the variable/state/coefficient they refer to.

± 2
1

2
0

2
!1... ...

.2!!"!2

! ! " ! 1

!

!

2!!

integer part fractional part

s

Fig. 3. Fixed-point representation

To represent a value x without overflow, a fixed-point
representation (βx, γx) may satisfy:

βx − γx − 1 >
⌊

log2 |x|
⌋

+ 1 (20)

where the bac operator rounds a to the nearest integer lower
or equal to a.

It has been proved that the overflows are avoided if the
binary-point position of each state Xi is carefully chosen
such that

γXi = βXi − 2−
⌊

log2

max

Xi

⌋
, (21)

where the upper bound
max

Xi can be obtained by a L2-norm
estimation

max

Xi ' κ
∥∥e>i (zI −A)−1B

∥∥
2

max

U (22)

max

U is the maximum amplitude of the input and κ can be
interpreted as a representation of the number of standard
deviation of Ei, if the input is unit-variance white centered
noise (κ > 1). Since the L2-norm estimation in (23) does
not give a strict bound, κ can be seen as a safety parameter.
A L1-norm can also be used, but it is often too much
conservative and less tractable.

The idea of the scaling is to choose a binary-point position
for each state (usually the same as for the input), and to apply
a scaling on them so as to adapt the peak values of each state
to the chosen binary-point positions.
Whereas the classical L2-scaling imposes

max

U =
max

Xi (that
leads to eq. (20)), we can deduce that it is sufficient to choose
all the fixed-point positions to be equal to the one of the
input, (i.e. γXi = γU ) and to scale accordingly, in order to
prevent overflow [13].
In the case where the wordlength of all variables is equal
(i.e. βU = βXi ),

max

U a power of 2 and κ set equal to 1, the
classical L2-scaling is replaced by a relaxed-L2-scaling

1 6 (Wc)i,i < 4 (23)

This is here extended to the SIF framework, with (1 6
i 6 n, 1 6 j 6 l):

max

Xi = κ
∥∥e>i (zI −AZ)−1BZ

∥∥
2

max

U (24)
max

Tj = κ
∥∥e>j (J−1M(zI −AZ)−1BZ + J−1N

)∥∥
2

max

U

(25)



These L2-norm can be computed thanks to the controllability
Gramians associated with the state and intermediate variables
respectively:{

WcX = AZWcXA
>
Z +BZB

>
Z

WcT = J−1MWcXM
>J−> + J−1NN>J−>

(26)

Proposition 1 (Relaxed L2-scaling constraints) In order
to implement input and the descriptor variables with the
same binary-point position, it makes sense to relax the L2-
scaling constraints as (1 6 i 6 n, 1 6 j 6 l):{

2
2αXi

κ2 6 (WcX)i,i < 4 2
2αXi

κ2

2
2αTj

κ2 6 (WcT )j,j < 4 2
2αTj

κ2

(27)

where 
αXi = βXi − βU −F2

(
max

U

)
αTj = βTj − βU −F2

(
max

U

) (28)

and F2(x) is defined as the fractional value of log2(x):

F2(x) , log2(x)− blog2(x)c (29)

Proof: γU is given by γU = βU − 2−
⌊

log2

max

U

⌋
, so

γU = γXi leads to

βU−
⌊

log2

max

U

⌋
= βXi−

⌊
log2

(
κ
∥∥e>i (zIn −A)−1B

∥∥
2

max

U

)⌋
(30)

and⌊
log2

(
κ
√

(WcX)i,i

)
+ F2

(
max

U

)⌋
= βXi − βU (31)

So
2αXi 6 κ

√
(WcX)i,i < 2αXi+1 (32)

The same applies to the intermediate variables, with
max

Tj = κ
√

(WcT )i,i
max

U . (33)

Corollary 1 For micro-controller or DSP implementation,
the word-length of all variables are equal, i.e. βXi = βTj =

βU . Also
max

U could be set to a power of 2. Then, if κ = 1 (as
for classical L2-scaling constraints), the relaxed L2-scaling
constraints become:

1 6 (WcX)i,i < 4, 1 6 (WcT )j,j < 4, (34)

It is important to remark that relaxing constraints as
proposed gives additional degree of freedom to get optimal
realizations, which will be used in Section V to propose a
practical way for implementation.

Proposition 2 (a posteriori relaxed L2-scaling)
Considering a given SIF realization, it is possible to
get an equivalent one which meets constraints (28) (i.e.
relaxed L2-scaled one), just by applying the similarity

transform (see (10)) with U and W diagonal matrices such
that:

Ui,i = κ
√

(WcX)i,i2
−F2

(√
(WcX)i,i

)
−αXi (35)

Wj,j = κ
√

(WcT )j,j2
−F2

(√
(WcT )j,j

)
−αTj (36)

Not specified, yet Y should be chosen to preserve the
structure of the realization, for example Y = In or Y =
W−1.

Proof: F2 acts as a modulo operator. For x ∈ R, x ,
2F2(x)+α is such that 2α 6 x < 2α+1.

Since the constraints (28) are equal to{
2αXi 6 κ

√
(WcX)i,i < 2αXi+1

2αTj 6 κ
√

(WcT )j,j < 2αTj+1 (37)

and U and W transform WcX in U−1WcXU−> and WcT in
W−1WcTW−>, then Ui,i and Wi,i should such that:

κU−1
i,i

√
(WcX)i,i = 2F2

(√
(WcX)i,i

)
+αXi (38)

κW−1
j,j

√
(WcT )j,j = 2F2

(√
(WcT )j,j

)
+αTj (39)

B. Modal Representation

Let us consider the transfer function H(z) and its related
modal realization (Λ, B,C,D):

H(z) = D + C(zI − Λ)−1B

= D +
n∑
i=1

cibi
1− λiz−1

(40)

with λi 6= λj for all i 6= j so that Λ may be chosen as a
diagonal matrix.

Rather to diagonalize the A-matrix, it is preferred in the
sequel to combine the complex-conjugate pole-pairs to form
a real “block-diagonal” section in which Λ has two-by-two
real matrices along its diagonal as follows:

Λ =



α1 β1

β2 α2

α3 β3

β4 α4

. . .
αn−1 βn−1

βn αn


(41)

where αi and βi are linked to the real part and the imaginary
part of the ith pole, respectively. If the ith pole is real, then
βi = 0; if the ith and (i+1)th poles are complex-conjugate,
then αi = αi+1 and βi = −βi+1 = Im(λi).

The modal representation is not unique since B and
C may be scaled and also the diagonal elements of Λ
may be permuted in different ways so as to to produce
the same transfer function. One invariant however is that
modal representation decouples the dynamic modes λi and
is closely related to the partial-fraction expansion of H(z).



IV. A PARTICULAR ρ-MODAL REALIZATION
The sparse ρ-modal realization is introduced in this sec-

tion. Based on the L2-scaled modal realization previously
defined, the proposed transformation preserves the dynamic
scaling while improving the implementation.

Let us first define the following sequence of 1st-order
polynomial operators, named ρ-operators:

ρi =
q − γi

∆i
, 1 6 i 6 n (42)

{γi} and {∆i > 0} are two sets of constants to determine.
The particular choice γi = 0 and ∆i = 1 (resp. γi = 1) leads
to the shift operator (resp. the δ-operator). The specialized
implicit form related to the ρ-operator has the particular
structure: I 0 0
−∆ I 0
0 0 I

T (k + 1)
X(k + 1)
Y (k)

 =

0 Aρ Bρ
0 γ 0
0 Cρ Dρ

T (k)
X(k)
U(k)


(43)

with

Aρ = ∆−1(Λ− γ), Bρ = ∆−1B,Cρ = C and Dρ = D (44)
∆ = diag(∆1, · · · ,∆n), γ = diag(γ1, · · · , γn) (45)

Proposition 3 (ρ-modal realization) The algorithm to es-
tablish what is named the ρ-modal realization is depicted as
follows:
1) State with a q-based modal realization;
2) L2-scale it according to Proposition 2;
3) Build the equivalent ρ-realization described in (44)

and (45), then choose appropriate {γi} to minimize the
FWL effects;

4) Deduce {∆i} to L2-scale the intermediate variables.

Steps 3) and 4) will be detailed later, and the results are
given in Proposition 4 and the equation (49).

Otherwise, according to the number of real and complex
poles, the number of inexactly-implemented coefficients is
between 3n + 1 and 4n + 1, plus 2n free parameters {∆i}
and {γi}.

To make more precise the way to perform the relaxed
L2-scaling on both the state and the intermediate variables
of the ρ-modal realization, let us reconsider the Gramian’s
equation (27){

WcX = ΛWcXΛ> +BB>

WcT = ∆−2[(Λ− γ)WcX(Λ− γ)> +BB>] (46)

The relaxed L2-scaling of T (k), the intermediate variables
of the ρ-modal SIF, may be fulfilled by simply choosing
appropriate {γi} and {∆i} sets. It is clear from (47) that
this choice does not modify WcX . As X(k) is nothing else
than the state of the q-L2-scaled modal realization obtained
in step 2) of Proposition 3, it is still (relaxed) L2-scaled
(WcX meets condition (35)).

In order to explain the way to get a scaled T (k), let us
denote W̃cT as the solution of WcT in (47) when ∆ = In.
Consequently the condition 1 6 (WcT )i,i < 4 is equal to:

1 6 ∆−2
i (W̃cT )i,i < 4 (47)

Obviously all ∆i ∈
]

1
2

√
(W̃cT )i,i,

√
(W̃cT )i,i

]
achieves

relaxed L2-scaling. So given the set of {γi}, it is always
possible to choose the set of {∆i} as a power of 2 according
to the following expression for assuring the relaxed L2-
scaling.

∆i = 2

⌊√
(W̃cT )i,i

⌋
(48)

The choice of the {γi} will be further discussed in the
next section.

V. PROPERTIES ANALYSIS

The properties of the proposed ρ-modal realization are
investigated in this section and its numerical performance
will be considered in terms of transfer function sensitivity,
pole sensitivity and round-off noise gain. Furthermore an
analytical solution to the optimized sensitivity of the ρ-modal
realization will be exhibited.

A. Transfer Function Sensitivity Minimization

According to (49), ∆i can be implemented exactly (e.g.
as a power of 2), and from (45) the modification of γi will
only consequently affect the sensitivity of matrices Aρ, Bρ
in (44). With (14), the sensitivity with respect to these two
matrices are developed as follows:

∂H

∂Aρ
=

(
C(zI − Λ)−1∆

)>((zI − Λ)−1B
)>

(49)

∂H

∂Bρ
=

(
C(zI − Λ)−1∆

)>
(50)

These two transfer matrices can be respectively repre-
sented with the following state-space systems:((

Λ BC
0 Λ

)
,

(
0
∆

)
,
(
In 0

)
, 0

)
, (51)(

Λ,∆, C, 0
)
. (52)

By considering these two systems, it is quite clear that
minimizing the L2-norm of ∂H

∂Aρ
and ∂H

∂Bρ
requires to take

∆i as small as possible. Having the inequality (48) in mind,
it appears that the minimization of ∆i is linked to the
minimization of (W̃cT )i,i.

Proposition 4 (Optimal {γi}) Consider the ρ-modal real-
ization. In this context, the best choice for the γi in order to
minimize the diagonal terms of W̃cT is given by:

γi =


αi +

βi

(
WcX

)
i+1,i(

WcX

)
i,i

, i is odd;

αi +
βi

(
WcX

)
i,i−1(

WcX

)
i,i

, i is even.
(53)

Proof omitted by lake of place.

Corollary 2 The choice of γi in (54) leads to the lowest I/O
sensitivity.



Remark 1 When the sampling frequency is high relatively
to the cut-off frequency of system considered (analog filter
or process), the poles of the resulting digital transfer are very
close to 1 and their imaginary parts are tiny. Consequently
the value of γi shown as (54) will be close to one. Hence,
similar results should be obtained with δ-operator and ρ-
operator when a narrow low-pass filter is implemented as in
Example I (Section VI).

Remark 2 The ρ-modal realization proposed here retains
the best combination of {∆i} and {γi} according to (49)
and (54), for obtaining a low digital degradation under the
relaxed L2-scaling constraints. Once the {γi} are computed,
the {∆i} are consequently determined to meet the L2-scaling
constraints.

B. Pole Sensitivity Minimization

The pole sensitivity is an interesting indicator to analyze
the FWL effects during the digital implementation. Its defi-
nition under the specialized implicit form is given in (17).

Proposition 5 With the ρ-modal realization, the optimiza-
tion of the pole sensitivity requires to choose ∆i as small as
possible.

Proof omitted by lake of place.

C. Round-off Noise Gain Minimization

As a processor performs with a finite precision, the
round-off noises are introduced during computation, e.g.
during each addition or multiplication. Thanks to its par-
allel structure and second-order/first-order sub-sections, the
modal realization is less sensible to the quantization noises.
According to (18) the round-off noise gain of the ρ-modal
realization is

G = trace
(
dZ
(
∆ In 0

)>
Wo

(
∆ In 0

)
+
(
0 0 1

)> (0 0 1
))

(54)

As Wo is the observability Gramian of (Λ, B, C,D), it is
constant with respect to ∆i. The minimization of G is hence
equal to choose ∆i as small as possible, converging to the
same optimal condition as previously encountered for I/O
sensitivity minimization. Accordingly, the proposed ρ-modal
realization has the nice feature to get small sensitivity and
round-off noise gain simultaneously.

VI. NUMERICAL EXAMPLES

In this section, two numerical examples (see [3]) are
presented to illustrate the performance of the proposed
realization, confirm the theoretical results of Section V, and
also compare it with some existing structures.

In these examples, L2-dynamic-range scaling is applied,
and the optimal {γi} (given by (54)) for the ρ-modal realiza-
tion is rounded to the nearest exactly-implemented number.
Here, only 5 bits are used to represent {γi}.

Four different realizations are engaged:

TABLE I
PERFORMANCE COMPARISON OF 4 REALIZATIONS OF EXAMPLE I

Realization MW
L2

(Z) µ(Z) G(Z) N.+ N.×
Z1 469.34 1.2326 11.277 8 12
Z2 7.1600 0.5848 5.0231 12 16
Z3 12.051 0.5952 5.2839 16 20
Z4 7.1048 0.2221 6.8033 16 25

TABLE II
PERFORMANCE COMPARISON OF 4 REALIZATIONS OF EXAMPLE II

Realization MW
L2

(Z) µ(Z) G(Z) N.+ N.×
Z1 48.899 2.6938 5.4092 12 18
Z2 26.369 9.1963 16.405 18 25
Z3 79.921 10.500 21.609 24 30
Z4 17.299 1.5880 11.523 24 34

Z1: Cascade form with q-based second-order companion
canonical sections

Z2: Optimized ρ-based direct-form II transposed2 [3]
Z3: δ-modal realization, with {γi = 1}
Z4: ρ-modal realization

Numerical simulations are launched by using the FWR
Toolbox3 developed with MATLAB, and the I/O transfer
function sensitivity is chosen as the criterion to optimize Z2.

Example I: This is a fourth-order low-pass Butterworth fil-
ter with narrow bandwidth, generated by the MATLAB com-
mand butter(4, 0.05). Its normalized bandwidth is 0.025,
and the corresponding poles are λ1,2 = 0.9319 ± j0.1364,
and λ3,4 = 0.8630±j0.0523 that are clustered around z = 1.

For this example, the ρ-modal realization yields a trans-
fer function sensitivity of 7.1048. The corresponding pole
sensitivity and round-off noise gain are 0.2221 and 6.8033,
respectively. The set of γ is computed as:

γopt = (15, 15, 15, 13)× 2−4

Example II: The second example is a sixth-order pass-
band Butterworth filter which is obtained by the MAT-
LAB command butter(3, [0.75 0.90]). Its poles are λ1,2 =
0.6237 ± j0.5747, λ3,4 = 0.8809 ± j0.2937 and λ5,6 =
0.7071± j0.3359. These poles, in contrast to the first filter,
are not longer clustered around z = 1.

The optimal I/O sensitivity measure obtained with the
proposed realization is 17.299. The corresponding pole sen-
sitivity and round-off noise gain are 1.588 and 11.523,
respectively. The set of ρ is computed as:

γopt = (−9,−11,−13,−15,−19,−14)× 2−4

Table I and II reveal the improved numerical properties
of the ρ-modal realization over other yet good realizations,
with a comparable number of computation. Concerning with
pole sensitivity, the proposed structure performs equally the
best because of the decoupling of dynamic modes and the
second-order sub-sections.

2ρDFIIt is evaluated by the methods proposed in [3]. It is under the strict
L2-scaling constraints, without L2-scaling on intermediate variables.

3Source available at http://fwrtoolbox.gforge.inria.fr



The δ-modal realization yields quite similar results as the
ρ-modal one in Example I. This is coherent with Remark 1
in the previous section. This is however not any longer true
for Example II. The expression of γi in (54) highlights this
point. When using a high sampling frequency compared to
the filters dynamics (i.e. a small discrete cut-off frequency
in the command butter), the real part of the poles tends to
one while the imaginary part tends to zero, hence bringing
γi tending towards 1 and operator ρ tending towards δ.

By lack of space, no more examples are given here. It
should be noticed however that the ρ-modal realization is
not the optimal one (but what is “optimal” in such a case
with multi-objective), but it is always a very good one with
respect to all the criteria. Even in the case of oversampling,
the results are good (which is not surprising according to the
known properties of the ρ-operator), and for example much
better than those achieved with the ρDFIIt realization.

VII. CONCLUSION

This paper deals with the FWL implementation problem
of digital LTI filters/controllers. Leaning on the specialized
implicit form, it allows to take into account all the important
aspects of a FWL implementation accurately and to make
fair comparison between realizations.

Its principal contribution consists in the proposition of
a systematic way to get a realization managing well the
compromises between the different aspects for making a
desirable FWL implementation. Although modeled thanks to
the specialized implicit form, the proposed structure is quite
easy to get. It is deduced from a modal realization and the
use of a ρ-operator adapted to each mode. Among its main
features, it has a spare parameterization, leading to a low
computational effort (the number of coefficients is less than
4n+ 1 for an nth-order filter/controller), small pole and I/O
parametric sensitivity (to the FWL degradation), as well as
a small round-off noise gain. All of these are obtained under
the relaxed L2-scaling constraints allowing to normalize the
intermediate computational variables (including the state),
and to limit the risk of overflow as well. Last but not
least, contrary to other works that ask some tricky non-linear
optimization, the method to develop the proposed realization
requires the optimization of only parameters whose optimum
can be obtained analytically thanks to (54).
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