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Let us assume that the mapping v — z[u] is continuous in L; and Vy is
the same space, hence the infimum in v is achieved. (These assumptions are

fulfilled, as it will be the case in all considerations below.) Then there exists a
7wy : U — Vy such that , :

Example 1.

VN

Example 2.

sup [|z[mn (w)] — z[ulllcpr) = He(X, Xn),
uelU )

VN = VN,I ::{

or Example 3. Den

sup |z[my (w))(T) — z[ul(T)| = H(R, Rn),
uelU :
Vy =

respectively (the mapping mn needs not be the same in the two equalities). N
formulation has an advantage: one can study the information pattern of the m:
7 that provides the best approximations in (2) or (3), or at least some approxi
with a given order of accuracy with respect to V. Namely, we can distingui

following cases of a mapping y : U +— Vi

Clearly Vg C

Below we refo:
pattern of the a
the validity of ¢

Definition 1 (i) The mapping nny : U — Vi is called” “local” if for ever
0,...,N —1, and for every v/, u” € U with v'(t) = u"(t) on [tk,tr+1] it hol
v (W)() = T (W) (2) on [te, el

(ii) The mapping wn : U — Vy is called “non-anticipative” if for every k = 1,.
and for every ', v’ € U with u/'(t) = u"(t) on [0,tx] it holds that mn(u'
wn (u”)(t) on [0,tk]; .

() The mapping wn : W— Vi is called “anticipative” if it is not non-anticipal

One common

Obviously
equation”(1).

We shall see that for the same approximating set of inputs Vy it may happe
a certain order of approximation can be achieved by anticipative (non-anticipa
approzimating mappings wn but cannot be achieved by non-anticipative (resp:.l
mappings wy. That is, the information pattern of the approximating mappi
may play a role for the order of the accuracy.

Let us cons
a general
N U Vg

It is to be stressed that in different problems related to the control system (1) one
need to restrict the choice of the approximation mapping to a prescribed informs
pattern: local or non-anticipative. This is the case, for example, if one has to sim
a real system modeled by (1) only knowing the current, or the past information a
the input u. For other problems, say for an optimal open-loop control problem one
freely employ anticipative approximation mappings to pass directly to mathema
programming. '

In the same
mation mas
that

We mention

The concept. of information pattern in the approximation theory for control s
(or systems with “deterministic” uncertainties) opens a new filed of research in
area. The aim of this note is to revisit some known results in the area from
perspective.

mappings. '

An important &
mapping my ;.U
result opens. the
Of course, in view
be achieved in the

First we recall a few often used approximation sets V. For any natural number
denote h =T/N, t; =ih,i=0,...,N. ‘
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We recall also two results, again for a linear system as above, for the class Vy,; .0
approximating controls, restricted to polyhedral sets U. From the results in [5} it can
be deduced that there exists a local approximation mapping wy : U — Vy 1 for which
an estimation such as in 6 holds. On the other hand, the results in [1] show that ther
exists an anticipative wy : U — V1 such that

lzfrn (W)](T) — z[u](T)] < ch® Vuel.

Third order accuracy cannot be achieved in the class Vn,; by local approximation;
mappings. -

Now we turn to the non-linear case, assuming that the right-hand side in (1) has the
form

fz,u) =go(x)+2gi(x)u,;, u=(u1,...,un) € U.
i=1

~ We assume that U is convex and compact and that g; are sufficiently smooth. There
are only a few results obtaining higher than first order approximations in the nonlinear
case.3 The first is that in [12], where a second order approximation of X is proved
(or an approximation of order 3/2 for a more general form of f than the above one)
assuming, however, that f(z,U) is uniformly strongly convex, which is rather strong
for many applications. The implicitly involved approximation mapping 7y is local.
Another group of results concern the case of commutative affine systems, i.e. such that -
the Lie brackets [g;, g;] are all zero for 4,5 > 1. A rather general indirect (variational)
estimation of H(R, Ry) in the class Vo is obtained in [14]. It allows to obtain a
second order estimation of H(R, Ry) provided that R and Ry have the so called
external ball property. This property is present if R and Ry are convex, for example.
The approximation mappings 7y implicitly involve are anticipative. The drawback is
that the external ball property does not hold, in general, and is difficult for verification.-

A more advanced result for commutative systems is proved in a paper in preparation
by the author and M. Krastanov. Namely, there exists a constant C such that for
every N there exists an (anticipative) approximation mapping 7y : U — Vi, such
that

Ch, (7)
Ch'5. (8)

llzfrn (u)] = z[ulllclo,m
[z[mn (u)H(T) — z[u)(T)}

It is an open question if the estimation is sharp, but in any case the second estimation
cannot be achieved by using local approximation mappings only. Whether the,result

IA A

3Higher than first order approximations to optimal control problems are known. However, most
of these results are based on a priori assumption that the optimal control is sufficiently regular (i.e.
is Lipschitz with derivative having bounded variation), see e.g. [4, 7). The results recalled in the
present paper are applicable in the optimal control context without such assumptions.
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