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Abstract. Chaotic mode-locking of chirped-pulse oscillator has been analyzed on
the basis of generalized nonlinear cubic-quintic complex Ginzburg-Landau equa-
tion. It has been shown, that the chirped solitary pulse can be stabilized against
the vacuum excitation, if the fourth-order dispersion is nonzero and positive. How-
ever, the pulse evolves chaotically, if the dispersion reaches some threshold value.
Keywords: Chirped-solitary pulse, Pulse propagation and temporal solitons, Mode-locked
lasers.

1 Introduction

In the last decade, femtosecond pulse technology has evolved rapidly and al-
lowed achieving a few-optical-cycle pulse generation directly from an oscilla-
tor [1]. Applications of such pulses range from medicine and micro-machining
to fundamental physics of light-matter interaction at unprecedented inten-
sity level and time scale [2–4]. To achieve these regimes, about- and over-
microjoule pulse energies are required. It is desirable to find a road to the
direct over-microjoule femtosecond pulse generation at the over-MHz pulse
repetition rates without an external amplification.

To date, a promising approach has been proposed. It is based on a con-
siderable decrease of the oscillator repetition rate [5,6]. The catch is that
a long-cavity oscillator suffers from strong instabilities caused by enhanced
nonlinear effects owing to increase of the pulse peak power P0. The lever-
age is to stretch a pulse and, thereby, to decrease its peak power below the
instability threshold. Recently, a critical milestones, demonstrating the fea-
sibility of this approach, has been achieved for the Ti:sapphire oscillators
operating both in the negative- (NDR) [7,8] and positive-dispersion regimes
(PDR) [9,10], the near-infrared Yb:YAG thin-disk oscillators operating in the
NDR [11,12], and the fiber oscillators operating in the all-normal dispersion
(ANDi) regime (that is the PDR by definition) [13,14].

The fundamental difference between the NDR and the PDR is that, in the
first one, the Schrödinger soliton develops [15]. The soliton width increases
linearly with energy E (correspondingly, its spectral width decreases inversely
E). As a result, the energy scaling requires a huge negative group-delay
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dispersion (GDD), the obtained chirp-free soliton has a large width, and it is
not compressible linearly.

In the PDR [16], the pulse is stretched and its peak power reduced due
to a large chirp ψ [17,18]. The chirp compensates the spectrum narrowing
with energy [18].

The issue is that the chirped solitary pulse (CSP) is not a soliton in true
sense. It develops in a dissipative nonlinear system and, as a result, there is no
a uniform description of its properties and dynamics, because the underlying
nonlinear equation (so-called, nonlinear complex Ginzburg-Landau equation,
CGLE) [19] is not integrable. Moreover, since the spectrum in the PDR is
broad enough, the effect of high-order dispersion (HOD) is present and can
substantially transform the shape of CSP spectrum [20].

In this article, we demonstrate that the HOD affects substantially the
CSP dynamics so that the chaotic mode locking appears in the vicinity of
zero GDD. As a result, NDR and PDR are disjoined and the CSP cannot be
transformed into the Schrödinger soliton by continuous variation of disper-
sion.

2 Model

Both PDR and NDR can be described on the basis of the distributed gener-
alized CGLE model [19]:

∂A

∂z
=

[

σA + α
∂2A

∂t2
−

N
∑

k=2

ik+1βk

∂kA

∂tk

]

+
[

(κ − iγ)P − κζP 2
]

A. (1)

Here A(z, t) is the slowly varying field amplitude, P = |A|2 is the power, t
is the local time, z the propagation distance, α is the square of the inverse
spectral filter bandwidth, and σ is the spectrally independent saturated net
gain. The parameters βk describe the kth-order net dispersion (up to N th

order), and γ and κ are the self-phase and self-amplitude modulation coef-
ficients, respectively. Parameter ζ describes saturation of the self-amplitude
modulation. The distance z is normalized to the cavity length Lcav of oscil-
lator.

This equation is the generalized form of the master mode-locking equa-
tion [15,17,19,21], which provides an adequate description of mode-locked
oscillators (both fiber and solid-state). Areas of the nonlinear CGLE ap-
plication are quantum optics and laser physics, Bose-Einstein condensation,
condensate-matter physics, non-equilibrium phenomena and nonlinear dy-
namics, quantum mechanics of self-organizing dissipative systems and quan-
tum field theory [22]. Therefore, the study of CGLE is of interest not only
from the theoretical but also from the practical point of view.

It was found [23–25], that the CSP can be described as the soliton-like
solution of Eq. (1) for N =2. The analysis demonstrates that without HOD,
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the CSP is stable within the whole range of its existence, where σ < 0 [24].
The last condition means the stability of the CGLE vacuum and can be
provided by a certain minimum positive GDD growing with the pulse energy
E. Even in the case of stable vacuum, the CSP possesses rich dynamics
[26,27], which can be gained by HOD [28].

To study the CSP dynamics in the presence of HOD, we solved Eq. (1)
numerically by the means of the split-step Fourier method.

3 Chaotic dynamics of CSP

The simulations demonstrate that, when the dispersion term with k = 4
is nonzero and positive, the CSP can be stabilized against vacuum in the
immediate vicinity of zero GDD. However, the standard deviation of the pulse

peak power set (that is

√

M
∑

i=1

(

Pi − P̄
)2

/ (M − 1)/P̄ , where P̄ is the average

peak power, Pi is the peak power at ith-round-trip; M = 104) increases
with β4 (Fig. 1). Hence, the CSP dynamics becomes chaotic in the vicinity
of stability threshold (i.e. in the vicinity of minimum β2). Nevertheless,
the pulse is not destroyed and there is no vacuum instability in spite of the
strong chaotic auto-oscillations of the pulse peak power. Such an instability
substantially differs from multipulsing or continuous-wave amplification when
σ crosses the zero-level [29], and is similar to the parametrical instability
causing the picosecond supercontinuum generation in fibers [30].
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Fig. 1. Relative standard deviation of the peak power evolution in dependence on
β4 at the stability threshold. E =144 nJ. α = 1.1 fs2, κ = 0.04γ, ζ = 0.6γ, γ = 4.55
MW−1 (Ti:sapphire oscillator).
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The chaotical dynamics of CSP is strongly related to the GDD value.
Figure 2 demonstrates that there is a dispersion (β2) range (down to ≈ −8
fs2, then continuous-wave grows), where the pulse exists but there are strong
auto-oscillations of peak power. An example of CSP peak power evolution is
shown in Fig. 3.
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Fig. 2. Relative standard deviation of the peak power evolution as a function of
β2. E =144 nJ, β4 =4000 fs4.

In the real-world oscillators, the HOD is caused by the broad-band chirped-
mirrors providing the GDD control [31]. As a result, the wavelength-dependence
of GDD is oscillating (dash curve in Fig. 4).

The spectrum corresponding to the chaotic mode-locking has a perturbed
profile and smoothed edges. Such a spectrum differs substantially from the
not-perturbed one, because the edges of the last are truncated. However,
even in the absence of HOD, the truncated spectrum of CSP can suffer from
the perturbations (internal modes of solitary pulse), which evolve with the
propagation distance (Fig. 5) [27].

4 Conclusions

Numerical simulations on the basis of the nonlinear cubic-quintic CGLE have
demonstrated that the CSP can be stabilized against the vacuum instabil-
ity if the fourth-order dispersion is nonzero and positive. As a result, the
CSP exists even in the region of negative GDD. However, its peak power
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Fig. 3. The pulse peak power evolution.
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Fig. 4. The chaotic mode-locking: pulse spectrum (solid) and GDD (dash). The
horizontal datum is the frequency deviation from the pulse carrier frequency.

evolves chaotically (chaotic mode-locking). The spectrum corresponding to
this regime is perturbed and has the smoothed edges. When there exists no
HOD, the CSP has the truncated spectrum but with internal perturbations
evolving chaotically, as well. Thus, the CSP has highly non-trivial structure
and dynamics that differs it from true soliton developing in the NDR.
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Fig. 5. The evolution of CSP spectrum in the absence of HOD.
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