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Abstract 

Noise, which has influence on performance, reliability 
and durability of systems, is a fundamental system 
property. Especially, in cases of mixed Analog and 
Digital (A/D) communication systems, effects of noise 
can cause erratic behavior such as missed processor 
operations or imprecise signal representations. However, 
unfortunately it is impossible to avoid noise in practical 
systems completely. Therefore system designers need to 
consider carefully its impact on the system prior 
developing it, to guarantee the correct operation and 
performance of the system. Recently, various articles 
and studies about methods for noise analysis have been 
released. The result of a noise analysis and simulation 
can be a criterion to decide specific system properties. 
However, improvements are needed to support the 
analysis, modeling and simulation of noise. In this paper, 
we provide a range based method for a noise analysis 
which models and simulates noise of a simple example 
system by using affine arithmetic in conjunction with the 
simulation environment SystemC AMS. 1 

1 Introduction 

By using microcontrollers, additional sources for noise, 
such as quantization, round-off and truncation errors are 
typically introduced. However, although unwanted no 
possibility to completely remove noise from the system 
exists. In fact, it follows the same path than the input 
data and consequently is amplified and attenuated 
according the algorithmic process of the system. This 
can cause erratic behavior when the noise influences the 
system in a way that the output violates the expected 
signal ranges or that weaker system signals are overlaid 
by the noise signal. Especially, in cases of mixed Analog 
and Digital (A/D) communication systems, effects of 
quantization noise can be the cause of critical faults such 
as missed processor operations when influencing control 
relevant signals. That is one of the reasons to analyze the 
effect of noise on the system before actually developing 
it. 

In recent time, studies about reducing system noise and 
generally analyzing its influence are evolving. Especially 
there is a significant research effort about modeling the 
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various aspects of noise to make it analyze able. One 
approach to model, verify and optimize the bit width of a 
system to reduce quantization noise is to use the concept 
of affine arithmetic (AA) [1],[7]. Also, symbolic analysis 
[2] or even formal verification [3] can provide more 
insight and reliable results for the analysis of system 
noise. 

One of the main objectives of system designers is, to 
find the optimum system parameters. For example, to 
find optimization statements about the relationship 
between analog to digital converter (ADC) resolution 
and the noise caused by the quantization error on the 
system. High resolution ADCs will reduce this 
contribution, but will stress the project budget by its 
higher costs. An ADC converts analog signals to its 
digital counterparts for using them in algorithms or 
control loops of digital processors such as 
microcontrollers. Converting analog signals to digital 
signals generates additional quantization noise. Dynamic 
parameters which estimate the level of noise 
contributionss are Signal-to-Noise Ratio (SNR), Signal-
to-Noise-and-Distortion (SINAD), Total Harmonic 
Distortion (THD) and Spurious-Free Dynamic Range 
(SFDR), respectively. 

In this paper we simulated the effects of quantization 
noise on the system behavior, by tracking the SNR of the 
system, caused by the quantization error of the signal 
converter, through some simple digital filter examples. 

We modeled and simulated the digital filter system 
which represents a possible signal processing design by 
using SystemC AMS. Additionally the quantization error 
of the signal converter part is modeled by using affine 
arithmetic in the SystemC AMS environment. 

 

The main contributions of this paper are as follows: 

• To model, simulate and track the impact of noise on 
the system with affine arithmetic and SystemC AMS. 

• To find an optimum system property, for our example 
a signal resolution, by analyzing the results of the 
simulation and the tracking of the noise. 

2 Specification and Modeling with Affine 
Arithmetic 

Affine Arithmetic (AA) [5] which is an improvement 
of the standard Interval Arithmetic (IA) [11] is a method 



that allows modeling for a self-validated numerical 
analysis. IA often yields an interval that is much wider 
than the exact range of the computed function, which is 
called an over-approximation. That means it widens the 
signal interval at every computation point due to the 
uncorrelated nature of the interval representatives even 
when subtracting identical intervals. 

 AA deals with that so called dependency problem of 
IA as mentioned above, by labeling the single ranges 
with identifiers. This allows correlated computations of 
the ranges which deliver also reduced resulting intervals 
when performing subtractions of correlated ranges. 

In each affine expression, x


 is represented as a sum of 
an ‘ideal’ or central value 

0x and a sum of partial 
deviation terms 

iix  . The 
i  are unknown values from 

the interval [-1, 1], and the partial deviations 
ix  scale the 

sources of uncertainty. One symbol 
i  may contribute to 

the uncertainty of two or more quantities in the system. 
The sharing of symbols 

i  among two affine forms x
 , 

y
  indicates some partial dependency in the 

corresponding quantities. As a result, the basic AA and 
its mathematical operations are defined as given below 

The basic AA form is defined by: 
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Basic mathematical operations are defined by: 
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We get formally precise limits with  no additional over-
approximation as results of the above affine operations. 
Non affine operations, one which differ from the above 
operations, can be principally defined and are formally 
precise, but usually introduce over-approximation to 
safely include the resulting quantity. Such over-
approximations present a limitation of the system 
simulation expressiveness and must therefore carefully 
be considered. 

3 Modeling and Implementation of 
Uncertainties 

In this paragraph, methods for modeling typical 
uncertainties and deviations are discussed and presented. 
Effects of mixed-signal systems, which typically contain 
analog and digital signal processing components as well 
as signal converters parts, are considered [4],[6],[10]. 

All these effects are modeled by summarizing ranges to 
affine terms which represent uncertainties to a signal as 
following: 
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Herein we will refer to the actual quantities with the 
letter y, to distinguish it to the formal definition of an 
affine form which we earlier denoted as x. Static 
uncertainties such as tolerances as well as dynamic 
uncertainties such as noise can be described by its ideal 
value and additional deviations. In the case of static 
uncertainties, they can be represented by adding one 
constant deviation to an ideal signal. Contrary, in the 
case of dynamic uncertainties, they are modeled by 
adding a range value to the ideal signal at every 
simulation time. In this case, ][n  are extended with an 
index to access the noise symbols at a given point in 
time n. 

In the following section we discuss methods for 
modeling typical uncertainties of a non-ideal 
implementation by adding affine terms to a signal y

 . 

 

Production tolerances: Analog implementations often 
have a static deviation e  from the ideal behavior. It 
can be modeled by adding a term 

1me : 

tol 1),(  meyey 
 

 

Quantization: Quantization can be expressed by adding 
a noise symbol 

1m  with a partial deviation of a half 
quantization unit 2/Q  which represents the model of the 
worst case deviation. Also truncation of numerical 
operations, found in multiplications can be handled in 
the same way. 
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Noise: Noise is a dynamic uncertainty. We can express 
the noise term by using the standard deviation as partial 
deviation of 

i . A simple model for white noise is 
modeled with a sequence of statistical independent 
values with standard deviation   as follows: 

 ][),( 1 nyy  
 

 

Colored noise can be also expressed as form of filtered 
white noise by using a FIR filter as follows: 
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Note that each past value of 
1y  has its own noise 

symbol ][1 in  . 

 

The above effects are just examples or simple templates 
of uncertainties provided by our framework. In this 



paper, we modeled some simple digital filters such as 
IIR and FIR filters, which introduce quantization errors 
by using above models. 

4  SystemC AMS for Semi-Symbolic 
Simulation 

The idea of semi-symbolic block diagram simulation is 
as follows: We replace numerical operations by their 
affine arithmetic counterparts, which are mentioned in 
Section 3 to allow their use in an existing simulation 
environment. Thereby, the typical numeric 
representation is extended by an initially undefined 
symbol, the

i which resides by definition in the interval 
[-1, 1] and which is finally assigned the actual deviation 
to evaluate the specific behavior. 

By using affine arithmetic and its defined operations, 
we finally get a framework to formally model 
uncertainties of a system. Therefore, we introduce the 
ideal behavior of the system quantity which is described 
by the central value 

0y  and add the potential deviations 
which are modeled by a sum of 

iy . 

To implement a semi-symbolic simulation we 
performed a data flow based transient simulation, where 
data types such as floating point numbers are replaced by 
affine expressions. This can be implemented as 
following: 

• To use a simulator that is available in source code that 
supports templates and that can simulate a given 
model. 

• To add an abstract data type ‘affine expression’ which 
provides an efficient internal representation and 
which defines operations used in a given model. 

 

SystemC AMS [9],[8] is a promising candidate for this 
purpose. We combine a SystemC AMS prototype as 
simulator with an affine arithmetic library [12] which 
provides an ‘AAF’ (affine arithmetic form) class in C++. 
The AAF class symbolically handles affine terms and 
provides overloaded operations such as ‘+’. 

For example, designers can declare signals, and apply 
arithmetic operations, or add uncertainties as following: 

 

 
Figure 2. Example composition of an Affine expression  

 

SystemC AMS is a C++ library, and therefore allows 
designers to use templates. For example, most of the 
syntax of SystemC AMS is identical or similar to that of 
C++ and SystemC AMS ports and signals of a model are 
instantiations of certain classes. 

As a result, the combination of SystemC AMS and the 
affine arithmetic library allows us to describe and 
calculate operations on affine expressions in the 
SystemC AMS integrated simulation environment. 
Figure 3 shows an example implementation of an IIR 
filter. The input and output ports are of type AAF, and  

 
Figure 3. Example of an IIR filter 

 

consequently the inner class variable “output_old” also 
represents an affine arithmetic form. The operations ‘+’ 
and ‘*’ are overloaded versions, defined in the AAF 
class library. 

5 Example and Experimental Results 

In this paper, we simulated the effects of quantization 
errors on three example systems. The assumption for the 
simulation is that there is just one source of uncertainty, 
namely the quantization error at the input converter stage. 
All other error sources are neglected for this 
consideration.   

As example system, a digital filter has been chosen 
which is implemented as FIR as well as an IIR variant. 
We modeled the digital filter, which represents digital 
signal processing parts as given in Figure 4 by using 
SystemC AMS. The quantization error of the signal 
converter part has been modeled by affine arithmetic as 
previously explained. MATLAB has been used for 
processing the experimental data and for a visualization 
of the results. 

5.1 System Evaluation 

For a proof of concept we simulate three digital filters 
with uncertainties, modeled by a symbolic term at the 
input port as shown in Figure 4.  

The ideal value of a sine wave and the additional 
quantization error caused by a signal converter are 
combined in an affine arithmetic form, as depicted in 
Figure 4. The following digital filter part is chosen as 
computation process to evaluate and analyze the 
influence of finite signal resolutions on an overall system 
behavior. 

AAF Signal_A, Signal_B, Signal_C;
Signal_C = Signal_A +

quant(Signal_B,5) + noise(3);

SCA_MODULE(iir_filter)
{

sca_in<AAF> input;
sca_out<AAF> output;
AAF output_old;
void iir_filter::sig_proc()
{

output=(GAIN_1 * input)
+ (GAIN_2 * output_old);

output_old = output;
}

}



 
Figure 4. Block Diagram of the example system 

We designed 3 types of digital filters as examples: 

• FIR filter (with 10bit resolution for input signal) 

• IIR filter (with 10bit resolution for input signal) 

• IIR filter (with 8bit resolution for input signal) 

 

The properties of these digital filters are the same, 
especially the cutoff frequency (20KHz) and the 
sampling frequency (1MHz) were designed identically. 

 By analyzing the filtering results of these 3 digital 
filters, we could compare the effects of different input 
signal resolutions and its impact on the system noise 
floor. Also we were able to compare the influence of 
variations of the feedback loop on the overall 
quantization error. 

 The simulation input signal consists of two 
superimposed sine waves of 5 kHz and 50 kHz, 
respectively as shown in Figure 5.  

 
Figure 5. Input Signal 

 

The filter cut off frequency has been designed to be 20 
kHz. As a result of filtering, the output signal would be 
simply the 5 kHz sine wave without the 50 kHz 
contribution. 

5.2 Simulation Results 

Figure 6 shows the filtering result of the IIR filter 
which has an 8bit resolution for the input signal. Figure 
7 shows a detailed view of the output signal, giving the 
nominal result and the quantization error as 
superimposed band. 

 
Figure 6. Output signal of the IIR filter (8bit resolution) 

 

 
Figure 7. Detailed output signal of the IIR filter (8bit 

resolution) 

 

 
Figure 8. Quantization noise over time 

 

In Figure 8, we can see that noise, caused by the 
quantization error of the input signal converter, is 
different according to the different underlying 
calculation operations and the different signal resolutions 
in all three digital filter examples. 

When comparing the example digital filters in this 
paper, the IIR filter has a more complex structure and 
has more computations than the FIR filter. Therefore, 
comparing an IIR and a FIR filter which have the same 
input signal resolution shows, that the noise and its effect 
on the resulting signal is different according to the 
different filter structures. When using the same structure 
of the digital filter, that means systems which have the 
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same computational procedures, the noise difference 
simply reflects the contributions of the signal resolution. 
For such a comparison we modeled a 10bit and a 8bit 
IIR filter to evaluate the quantization noise and its 
system effect. This implies that noise, caused by a 
quantization error, is reduced when moving towards 
higher resolutions of the input signal in a system. 

In Figure 8, quantization noise is relatively small at the 
beginning of the simulation. Though, it increases while 
the simulation time advances. This is caused by the 
delayed loops which recursively contribute to the 
resulting signal. When the structure is completely filled 
with previous samples, the quantization noise converges 
to its maximum value. Following this observation it 
becomes clear that the quantization noise is influenced 
by the system characteristics such as its structure and its 
input signal resolution. In this example, the noise is 
increased proportional to the number of filter taps given 
by the order of the digital filter. After the quantization 
error has traversed the whole computation structure, the 
system quantization error converges to its final value. 

 

Despite absolute noise factors and variations of noise 
there are some dynamic parameters to estimate its effect 
on systems which can be defined as following: 

• Signal-to-noise ratio (SNR) 

• Signal-to-noise and distortion ratio (SINAD) 

• Effective number of bits (ENOB) 

• Total harmonic distortion (THD) 

In this paper, we used the Signal-to-noise ratio (SNR) 
definition to estimate the effect of quantization errors on 
the systems.  

 

Signal-to-noise ratio (SNR) : SNR is the ratio of an rms 
(root mean square) full-scaled analog input to its rms 
quantization error for an analog signal reconstructed 
from its digital samples. The rms value of a sine wave is 
its peak value divided by 2 , and the quantization error 
is the difference between the ideal analog signal and its 
digitally reconstructed value.  

The SNR for a sinusoidal input signal can be described 
as follows: 

])[/][(log20 10 rmsArmsASNR NOISESIGNALdB   

Where ][rmsASIGNAL
 represents the rms amplitude for 

the analog input signal, and ][rmsANOISE
is the rms sum of 

all noise sources. The SNR of the analyzed example 
systems is shown in Table 1. 

 

System FIR 10bit IIR 10bit IIR 8bit 

SNR 128.79dB 121.52dB 93.75dB 

Table 1. SNR of the example systems 

Additionally we calculated the SNR for each 
simulation time point and its variation over time by  
using the peak value of the output signal, not the rms 
value as used in Table 1.  This result can be seen in 
Figure 9. 

In the case of IIR filters, there are some SNR values 
that are lower than 0 dB. This means the noise is 
stronger than the ideal input signal. This can cause 
critical problems in system behaviors. 

 

 
Figure 9. Signal-to-Noise Ratio 

 

6 Discussion and Future work 

In this paper, we modeled and simulated the 
quantization error of mixed analog/digital systems with 
affine arithmetic and SystemC AMS. This has been 
performed to calculate and analyze the quantization error 
and its effect on the system behavior. We implemented 
and simulated three digital filters as example systems.  

Via simulation and tracking of the noise quantities, we 
showed that the noise which is caused by the 
quantization error is changed by the system 
characteristic and the input signal resolution. 

As previously mentioned, using microcontrollers in 
electronic systems introduce noise contributions caused 
by quantization, round-off, and truncation error. 
Especially, in cases of mixed Analog and Digital (A/D) 
communication systems, effects of noise can be the 
cause of erratic behavior such as missed operations. That 
is one of the reasons to carefully consider and simulate 
the effects of noise, before developing systems. 

 



To find an optimum system property which is sufficient 
for the objective of the system, noise estimation is an 
important aid for system designers. This article describes 
a method to simulate and track the noise quantities 
caused by the finite signal resolutions. For example, we 
illustrated the SNR of FIR and IIR filters with different 
signal resolutions in this paper with the results shown in 
Table 1 and Figure 9. The SNR of the maximum values, 
given in Table 1, indicates no problems. But when 
considering the noise SNR evolving over simulation 
time we could find some remarkable points in the SNR 
for some simulation time points as can be seen in Figure 
9. In IIR Filters, the SNR is lower than 0 at some points 
and therefore critical system behavior can be expected 
during operation. Thus, the FIR filter with a 10 bit input 
signal resolution is the most reliable system. 

We combined a SystemC AMS prototype as modeling 
and simulation environment with an affine arithmetic 
library, which provides an AAF class in C++. The AAF 
class symbolically handles affine terms and provides 
overloaded operations. Therefore designers can declare 
signals, and apply arithmetic operations, or add 
uncertainties when necessary. 

Only quantization errors which are caused by 
converting analog to digital signals are considered in this 
paper. Additionally other variations of noise 
contributions to systems, like offset error, round-off or 
truncation error could be modeled, simulated and tracked 
with affine arithmetic and SystemC AMS as 
demonstrated in this paper. Future work will, therefore, 
extend the error model by round-off and truncation error 
also typically for digital signal processing systems. 
Furthermore, advanced methodologies for estimating 
necessary signal resolutions to obtain requested noise 
levels should be created. 
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