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Abstract—The paper shows the theoretical derivation of sen-
sorless capability of a permanent magnet synchronous machine
due to saturation- and/or reluctance-based coupling effects. Only
due to an introduction of coupling terms in the rotor-oriented
inductance tensor a dependency of double the electrical rotor
position can be calculated.

I. I NTRODUCTION

A lot of publications handle with sensorless capability of
salient permanent magnet synchronous machines (PMSM)
[1] and therefore assume unequal inductances in direct and
quadrature direction of a rotor-oriented two-axis inductance
tensor. In most cases the coupling terms between the flux-
linkage space phasor in direct direction to the current space
phasor in quadrature direction and vice versa are neglected.
This work gives a theoretical derivation of sensorless capa-
bility of PMSM’s also due to these coupling terms which
consider saturation- and/or reluctance-based effects. These fic-
tive components of the inductance tensor in the rotor-oriented
reference frame are represented as rotor position dependent
phase inductances which also includes higher harmonics up to
second order to sufficiently describe the saliency of a PMSM
[2], [3]. Furthermore some simulation results are given for
better comprehension.
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II. FUNDAMENTALS

A. Phase Inductances

According to the ideas in [2] the self- and mutual phase
inductancesl, m
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are represented by their Fourier series expansion in depen-
dence of the angular rotor positionγ up to second order

elements with

luu = l0 + l2 cos (2γ) , (3)

lvv = l0 + l2 cos (2γ + 2π/3) , (4)

lww = l0 + l2 cos (2γ + 4π/3) , (5)

mwv = mvw = m0 +m2 cos (2γ) , (6)

muw = mwu = m0 +m2 cos (2γ + 2π/3) , (7)

mvu = muv = m0 +m2 cos (2γ + 4π/3) . (8)

B. Stator-Oriented Inductances

The linear transformation matrixTuvw
αβ for transforming

three-phase to equivalent two-phase quantities andT
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opposite direction
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yields to the self- and mutual stator-oriented inductances
lαα, lββ and mαβ in the stator-oriented fixed reference
frame expressed with the self- and mutual phase inductances
luu, lvv, lww, mwv, muw andmvu in a three-phase winding
configuration (zero-sequence self and mutual inductances are
neclegted)

l s,αβ(l0,2,m0,2) = T
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Furthermore with above representations eq. 3-8, the self- and
mutual stator-oriented inductances follow to
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With the components of the inductance tensor quantityl s,αβ
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C. Rotor-Oriented Inductances

1) With decoupled stator flux components:With the linear
transformation matrixTαβ

dq (γ) and T
dq
αβ(γ) for linear coor-

dinate transformations between the stator- and rotor-oriented
fixed reference frame and vice versa
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and the trigonometrical identities
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the self-ldd, lqq and mutualldq, lqd inductances in the rotor-
oriented fixed reference frame, the coefficientsla, lb, ma and
mb of the Fourier series expansion of the phase inductances
(eq. 3-8) and the inductance tensor quantityl s,dq
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follows to
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m = 0. (25)

According to the two-axis theory [4], [5] and defining the
components of the complex stator flux linkage space phasor

ψ
s,dq

, the complex stator current space phasori s,dq and the
complex stator flux linkage space phasor due to the permanent
magnetsψ

pm,dq
in the rotor-oriented fixed reference frame dq

and the tensor quantityl s,dq as follows
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the subsequent flux linkage equations are achieved

ψd = ldid + ψpm, (31)

ψq = lqiq. (32)

The self-lαα, lββ and mutualmαβ inductances in the stator-
oriented fixed reference frame (eq. 11) follows with the rotor-
oriented self inductancesld and lq to
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Furthermore subsequent abbreviations

lm =
ld + lq

2
, lm =

(

lm 0
0 lm

)

, (34)

l∆ =
ld − lq

2
, l∆ =

(

l∆ 0
0 l∆

)

, (35)

simplify to

l s,αβ =
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2) With coupled stator flux components:With the tensor
quantity l s,dq the components of the stator flux linkage space
phasor ψd, ψq in the rotor-oriented reference frame and
introducing mutual inductancesm = ldq = lqd according to
the rotor-oriented fixed reference frame leads to

ψd = ldid +miq + ψpm (37)

ψq = lqiq +mid. (38)

Again with eq. 33 and eq. 18-20 the self- and mutual induc-
tanceslαα, lββ andmαβ in the stator-oriented fixed reference
frame (eq. 11) follow with the self inductancesld, lq and
the mutual inductancem in the rotor-oriented fixed reference



frame to
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and yields to the components of the tensor quantityl s,αβ as
stator-oriented self- and mutual inductances

lαα = lm + l∆ cos 2γ −m sin 2γ, (41)

lββ = lm − l∆ cos 2γ +m sin 2γ, (42)

mαβ = l∆ sin 2γ +m cos 2γ, (43)

With comparison of eq. 13 and eq. 41 we get the relation
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The self- and mutual phase inductances follow with
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to a modified approach for the Fourier series expansion of the
phase inductances (see eq. 2)
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D. Stator-Oriented Flux Linkage Space Phasor

The stator flux linkage space phasorψ
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in the stator-
oriented fixed reference frameαβ follows to
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The expression of the stator-oriented stator flux linkageψ
s,αβ

with the rotor position independent stator-oriented equivalent
inductance tensorslm and l∆ follow to
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The expression of the stator-oriented stator flux linkage space
phasorψ

s,αβ
with therotor position dependent stator-oriented

equivalent inductance tensorl s,αβ(2γ) follows to

ψ
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= l s,αβ(2γ) · i s,αβ + ψ
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, (65)

and yields to the coherence of the rotor position dependent
inductance tensorl s,αβ and the rotor position independent
inductance tensorslm and l∆ with

l s,αβ = lm + (l∗∆ + m) · Tαβ
dq (2γ). (66)



III. S IMULATION AND MEASUREMENTRESULTS

Fig. 1 depicts the complex solution of the stator-oriented
flux linkage space phasor divided by the stator-oriented current
space phasor. Fig. 2 depicts the phase shiftε, difference
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Fig. 1. Simulation ofℑ
{

ψ
s,αβ

/i s,αβ

}

ov. ℜ
{

ψ
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with

ψpm = 0, lq = 1 and sinusoidal current supply at various directld,
quadraturelq and mutualm inductances

between measured and sensorless calculated angular rotor
position, over the magnitude of the quadrature current space
phasor of the PMSM according to fig. 3. The sensorless
calculation of the angular rotor position was done with the so
called INFORM method which is based on the second order
element of the Fourier series expansion.

Fig. 2. Angular phase shiftε over the magnitude of the quadrature current
load with iq at CH1: 1 p.u./div. andε at CH2: 22.5 deg./div.

IV. D ISCUSSION

Starting with the measureable self- and mutual phase induc-
tancesluu, lvv, lww, muv, mvw andmwu we firstly introduce
the ideas of [2] with a representation by their Fourier series
expansion in dependence of the angular rotor position. Next

Fig. 3. Picture of the used 400 Nm PMSM for measuringε

step was the well known transformation to the fictive self-
and mutual stator-oriented inductanceslαα, lββ and mαβ

with neglected self- and mutual zero sequence inductances.
Third step was introducing the self inductances in direct and
quadrature direction at rotor-oriented reference frame, with
the solution of non existing mutual inductances in the rotor-
oriented reference frame due to the given approach of the
Fourier series expansion up to second order elements. The
second order coefficients also show the dependency of the
angular rotor position. Next important step is introducing
mutual inductances in the rotor-oriented reference frame due
to saturation effects in the stator and/or rotor. With this
approach we obtain to the same coefficients of the Fourier
series expansion but with an additional angular phase shiftε.
That means that the sinusoidal spatial distribution of a given
phase inductance is shifted by a phase angleε due to saturation
effects. We also get an angular rotor position dependency due
to the these effects.

V. CONCLUSION

The paper discusses an analysis of the rotor-oriented refer-
ence frame mutual inductances, which results in coupled stator
flux components, with an additional phase shift according to
the Fourier series expansion of given self- and mutual phase
inductances.
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