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ABSTRACT

We propose advanced compressive estimators of doubly dispersive

channels within multicarrier communication systems (including clas-

sical OFDM systems). The performance of compressive channel es-

timation has been shown to be limited by leakage components im-

pairing the channel’s effective delay-Doppler sparsity. We demon-

strate a group sparse structure of these leakage components and ap-

ply recently proposed recovery techniques for group sparse signals.

We also present a basis optimization method for enhancing group

sparsity. Statistical knowledge about the channel can be incorpo-

rated in the basis optimization if available. The proposed estimators

outperform existing compressive estimators with respect to estima-

tion accuracy and, in one instance, also computational complexity.

Index Terms— OFDM, multicarrier modulation, channel esti-

mation, doubly dispersive channel, doubly selective channel, com-

pressed sensing, group sparsity, block sparsity, union of subspaces.

1. INTRODUCTION

The methodology of group sparse compressed sensing (GSCS) [1]

allows the efficient reconstruction of signals whose support is con-

tained in the union of a small number of groups (sets) from a collec-

tion of predefined disjoint groups. GSCS is closely related to block

sparse compressed sensing [2, 3], model-based compressed sensing

[4], and recovery of signals from a union of subspaces, e.g., [2]. Con-

ventional compressed sensing (CS) is a special case of GSCS, with

each group containing only a single element. Several CS recovery

algorithms like basis pursuit denoising (BPDN) [5] and orthogonal

matching pursuit (OMP) [6] have been extended to the group sparse

case [2, 3]. In this paper, we apply GSCS to the estimation of doubly

dispersive (doubly selective, doubly spread) channels [7]. We con-

sider pulse-shaping multicarrier (MC) systems, which include clas-

sical OFDM systems [8] as a special case.

Compressive channel estimation (e.g., [9–15]) uses CS recov-

ery algorithms for channel estimation, exploiting the fact that many

wireless channels tend to be dominated by a relatively small number

of clusters of significant paths [16]. As observed in [9, 10], the per-

formance of compressive channel estimation tends to be limited by

leakage effects which are caused by the finite bandwidth and block-

length, and which impair the effective delay-Doppler sparsity of dou-

bly dispersive channels. We have previously shown [10] that leakage

effects can be significantly mitigated by the use of a basis expansion

that is optimized for maximum sparsity.

Here, we explore a new approach (which can still be combined

with an optimized basis expansion). We demonstrate that the leak-

age components in the channel’s delay-Doppler representation ex-
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hibit a group sparse structure, which can be exploited by the use of

GSCS recovery techniques. GSCS techniques are interesting also

because the propagation paths of typical wireless channels are of-

ten structured in clusters; this is an additional, physical reason why

the channel’s delay-Doppler components occur in groups. As we

will demonstrate, GSCS-based channel estimation outperforms CS-

based channel estimation. Furthermore, one specific GSCS tech-

nique is significantly less complex than its CS counterpart.

We also present a refined GSCS-based channel estimator using

an optimized basis expansion. This is based on a group sparsity ex-

tension of the basis optimization method of [10], whose optimality

criterion is maximum group sparsity instead of maximum sparsity.

If available, statistical knowledge about the channel can be incorpo-

rated in the basis optimization.

This paper is organized as follows. In Section 2, we recall the

MC system model. Some GSCS fundamentals are reviewed in Sec-

tion 3. In Section 4, the GSCS-based channel estimator is presented.

Section 5 investigates leakage effects and the group sparse structure

of doubly dispersive channels. A basis optimization method for en-

hancing group sparsity is described in Section 6. Finally, simulation

results demonstrating performance gains achieved by the proposed

GSCS methods are presented in Section 7.

2. MULTICARRIER SYSTEM MODEL

We consider a pulse-shaping MC system [17, 18] with K subcar-

riers, symbol duration N ≥ K, transmit pulse g[n], and receive

pulse γ[n]. A block of L MC symbols is transmitted. Let al,k ∈A
(l = 0, . . . , L−1; k = 0, . . . ,K−1) denote the complex data sym-

bols, drawn from a finite symbol alphabet A. As described in [10], a

discrete-time transmit signal s[n] is calculated from the data symbols

al,k using the transmit pulse g[n], and converted to a continuous-

time transmit signal s(t) via an interpolation filter with impulse re-

sponse f1(t) and sampling period Ts. The continuous-time receive

signal obtained at the output of a noisy, doubly dispersive (or doubly

selective) channel is given by

r(t) =

Z ∞

−∞
h(t, τ )s(t− τ )dτ + z(t) , (1)

where h(t, τ ) is the channel’s time-varying impulse response and

z(t) is complex noise. At the receiver, r(t) is converted to the

discrete-time receive signal r[n] by means of an anti-aliasing filter

with impulse response f2(t) and sampling with period Ts. From

r[n], demodulated symbols rl,k (l= 0, . . . , L−1; k= 0, . . . ,K−1)

are calculated using the receive pulse γ[n]. Finally, the demodulated

symbols rl,k are equalized and quantized according to the data sym-

bol alphabet A. Details about the MC modulator, interpolation filter,

anti-aliasing filter, and MC demodulator can be found in [10].
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Neglecting intersymbol and intercarrier interference—which is

justified if the channel dispersion is not too strong—and assuming

a causal channel with maximum delay at most (K−1)Ts, the data

symbols al,k and demodulated symbols rl,k are approximately re-

lated as
rl,k = Hl,kal,k + zl,k , (2)

for l = 0, . . . , L−1 and k = 0, . . . ,K−1 [17]. Here, the time-

frequency channel coefficients Hl,k describe an equivalent “system

channel” that subsumes the MC modulator, interpolation filter, phys-

ical channel, anti-aliasing filter, and MC demodulator, and zl,k is an

equivalent discrete noise sequence. It can be shown [10] that

Hl,k =

K−1
X

m=0

L/2−1
X

i=−L/2

F [m, i] e−j2π( km
K

− li
L

)
(3)

(L is assumed even for mathematical convenience), with

F [m, i] ,

N−1
X

q=0

Sh[m, i+ qL]A∗
γ,g

“

m,
i+ qL

LN

”

. (4)

Here, Sh[m, i] denotes the discrete-delay-Doppler spreading func-

tion [7] (which depends on f1(t), h(t, τ ), and f2(t) as discussed

in [10]) and Aγ,g(m, ξ) ,
P∞

n=−∞ γ[n] g∗[n−m]e−j2πξn is the

cross-ambiguity function [19] of γ[n] and g[n]. The function F [m, i]
is a representation of the system channel in terms of the discrete-

delay variable m and the discrete-Doppler variable i.
We note that traditional cyclic-prefix (CP) OFDM is a special

case of the pulse-shaping MC framework, corresponding to a rect-

angular transmit pulse g[n] that is 1 for n = 0, . . . , N −1 and 0
otherwise, and a rectangular receive pulse γ[n] that is 1 for n =
N−K, . . . , N−1 and 0 otherwise (N−K ≥ 0 is the CP length).

3. REVIEW OF COMPRESSED SENSING FOR

GROUP SPARSE SIGNALS

To prepare the ground for the compressive channel estimators pro-

posed in Sections 4 and 6, we next review some GSCS fundamentals.

Let J , {Ib}B
b=1 be a partition of the set {1, . . . ,M}, i.e.,

SB
b=1 Ib

= {1, . . . ,M} and
PB

b=1 |Ib| = M . For a vector x∈C
M, we de-

fine x[b] ∈ C
|Ib| as the subvector of x that comprises all entries xi

whose indices i are in the group Ib. Then, x ∈ C
M is called group

S-sparse over J , with 0 ≤ S ≤ B, if at most S group subvectors

x[b] are nonzero (i.e., not identically zero).

A typical GSCS reconstruction task is to estimate from a mea-

sured vector y ∈ C
Q an unknown vector x ∈ C

M that is (approxi-

mately) group S-sparse over J , based on the linear model

y = Φx + z . (5)

Here, Φ ∈ C
Q×M is a known measurement matrix and z ∈ C

Q is

an unknown noise vector. The “group sparsity” S is known but the

group indices b for which the x[b] are nonzero are unknown. Typi-

cally, Q≪M . Several GSCS reconstruction algorithms have been

proposed recently. Here, we will consider the group variants of basis

pursuit denoising (G-BPDN) [2] and orthogonal matching pursuit

(G-OMP, also known as block orthogonal matching pursuit) [3].

Let x ∈ C
M, not necessarily sparse or group sparse. G-BPDN

solves the convex problem

min
x′∈CM

‖x′‖2,J subject to ‖Φx
′−y‖2 ≤ ǫ , (6)

where ‖x′‖2,J ,
PB

b=1 ‖x′[b]‖2. Comparing BPDN with G-BPDN,

we see that the ℓ1-norm is replaced by ‖·‖2,J . Let xS denote the best

group S-sparse approximation to x [2]. It is shown in [2] that the so-

lution of (6), denoted x̂, satisfies

‖x−x̂‖2 ≤ C1S
−1/2 ‖x−x

S‖2,J + C2 ǫ ,

provided that ‖Φx−y‖2 ≤ ǫ and δ2S|J <
√

2−1. Here, the group

restricted isometry constant δ2S|J is defined as the smallest constant

δ such that the measurement matrix Φ satisfies (1− δ) ‖x′‖2
2 ≤

‖Φx′‖2
2 ≤ (1+ δ) ‖x′‖2

2 for all x′∈ C
M that are group 2S-sparse

over J . Furthermore, C1 and C2 decrease with decreasing δ2S|J .

Since every group 2S-sparse vector over J is certainly also 2S′-
sparse, where S′ is the sum of the S largest |Ib|, it follows that

δ2S|J ≤ δ2S′ , where δ2S′ is the conventional (non-group) restricted

isometry constant of Φ. We can expect that δ2S|J < δ2S′ , even

though this has not been formally proven for most of the typical

measurement matrices. This would imply the existence of improved

performance guarantees for G-BPDN compared to BPDN.

G-OMP, on the other hand, extends OMP in that the index set

corresponding to the nonzero components of the iterated x′ is aug-

mented not only by a single index in each recursion but by all in-

dices of the best matching group. Performance guarantees are here

phrased in terms of group-coherence and sub-coherence rather than

in terms of the group restricted isometry constant δ2S|J [3]. An im-

portant advantage of G-OMP over OMP is its reduced computational

complexity, especially for larger groups, since the search space for

the best matching indices is substantially reduced.

4. COMPRESSIVE CHANNEL ESTIMATION

EXPLOITING GROUP SPARSITY

We now present a GSCS-based channel estimator that is able to ex-

ploit group sparsity. This estimator generalizes the CS-based estima-

tor of [9, 10]; as a consequence, the following development is largely

parallel to (but less detailed than) that in [10].

For practical (underspread [7]) wireless channels and practical

transmit and receive pulses, F [m, i] in (4) is effectively supported

in {0, . . . , D−1} × {−J/2, . . . , J/2−1} (within the fundamental

i period), with some D and J that divide K and L, respectively (J
is assumed even). Because of the 2-D DFT relation (3), the Hl,k

are then uniquely specified by their values on the subsampled time-

frequency grid G = {(l, k) = (λ∆L, κ∆K) : λ = 0, . . . , J−
1 , κ= 0, . . . , D−1}, where ∆L , L/J and ∆K , K/D. Due to

(3), these subsampled values are given by

Hλ ∆L,κ ∆K =
D−1
X

m=0

J/2−1
X

i=−J/2

F [m, i] e−j2π( κm
D

− λi
J

) . (7)

To mitigate leakage effects in F [m, i] (see Section 5) and, thus,

to enhance group sparsity, we generalize (7) to an orthonormal 2-D

basis expansion:

Hλ ∆L,κ∆K =

D−1
X

m=0

J/2−1
X

i=−J/2

αm,i um,i[λ, κ] . (8)

A suitable construction of the basis {um,i[λ, κ]} will be presented in

Section 6. Evidently, the 2-D DFT (7) is a special case of the general

orthonormal 2-D basis expansion (8), with αm,i =
√
JD F [m, i]

and um,i[λ, κ] = 1√
JD

e−j2π( κm
D

− λi
J

). The functions Hλ ∆L,κ ∆K

and um,i[λ, κ] are defined for λ = 0, . . . , J−1 and κ = 0, . . . , D−1



and may thus be considered as J × D matrices. Let us form the

vector h , vecλ,κ

˘

Hλ ∆L,κ ∆K

¯

of length JD by stacking all

columns of the respective matrix (i.e., h = [h1 · · · hJD]T with

hκJ+λ+1 = Hλ ∆L, κ ∆K ) and the unitary JD × JD matrix U

whose
`

(i + J/2)D + m + 1
´

th column is given by the vector

vecλ,κ

˘

um,i[λ, κ]
¯

. We can then rewrite (8) as

h = Uαα , (9)

where αα , vecm,i

˘

αm,i

¯

.

For pilot-aided channel estimation, we assume that pilot sym-

bols al,k = pl,k are transmitted at time-frequency positions (l, k)∈
P, where P ⊂ G. Based on the known pl,k, the receiver calculates

estimates Ĥl,k of the channel coefficients Hl,k at the pilot positions

according to Ĥl,k , rl,k/pl,k, (l, k)∈P . Using (2), it follows that

Ĥl,k = Hl,k +
zl,k

pl,k
, (l, k)∈P . (10)

Thus, |P| of the JD entries of h are known up to noise. Let us re-

duce (9) to these pilot positions, i.e., we consider the reduced system

h(p) = U(p)
αα that is formed by the corresponding length-|P| sub-

vector h(p) of h and the corresponding |P| ×JD submatrix U(p)

of U. Furthermore, we scale the columns of U(p) so that they have

unit ℓ2-norm, i.e., Φ , U(p)D with a nonsingular diagonal scaling

matrix D. This yields h(p) = Φx, where x , D−1
αα equals αα up

to (known) scaling factors. Finally, we consider instead of the un-

known subvector h(p) its pilot-based estimate, denoted as y. Since

the entries of y are given by the Ĥl,k in (10), we have

y = h
(p) + z = Φx + z , (11)

where z is the vector with entries zl,k/pl,k

˛

˛

(l,k)∈P . Thus, we have

obtained a measurement equation of the form (5), with dimensions

Q= |P| and M=JD. In practice, |P|≪ JD.

We will show in Section 5 that for a channel with a moderate

number of scatterers, and using the 2-D DFT basis um,i[λ, κ] =
1√
JD

e−j2π( κm
D

− λi
J

), x is (approximately) group sparse over a cer-

tain partition J . The same will be true if um,i[λ, κ] is constructed

using the basis optimization algorithm presented in Section 6. We

can therefore use G-BPDN, G-OMP, or any other GSCS recovery

algorithm to obtain an estimate of x from y, based on (11), and, in

turn, to obtain an estimate of αα =Dx. Subsequently, using (8), we

obtain estimates of the subsampled channel coefficientsHλ ∆L,κ ∆K .

Finally, inverting (7) and using (3) yields estimates of all Hl,k.

For consistency with the standard construction of measurement

matrices [20], the pilot positions P are randomly (uniformly) chosen

from the subsampled grid G. Accordingly, the measurement matrix

Φ is constructed by randomly (uniformly) drawing |P| rows from

the unitary matrix U and normalizing the columns to unit ℓ2-norm.

For |P| chosen sufficiently large, this guarantees small restricted

isometry constants δ2S|J ≤ δ2S′ (see Section 3) with overwhelm-

ing probability [20]. As pointed out in Section 3, we expect an im-

proved performance of GSCS recovery algorithms relative to their

CS counterparts. This will be verified experimentally in Section 7.

Furthermore, a specific GSCS recovery algorithm (G-OMP) is sig-

nificantly less complex than its CS counterpart (OMP).

5. DELAY-DOPPLER GROUP SPARSITY

In this section, we analyze the group sparse structure of x, assuming

that the 2-D DFT basis um,i[λ, κ] = 1√
JD
e−j2π( κm

D
− λi

J
) is used.

J/2−1

L/2−1

LN−1

0

−J/2

K−1D−1

m

i

∆m′

∆i′

∆m

∆i

2-D block Bb

effective support

of Λ(p)[m, i]

NΛ blocks con-
taining support

of Λ(p)[m, i]

Fig. 1. Illustration of the 2-D block tiling {Bb}B
b=1, the effective

support of a shifted leakage kernel Λ(p)[m, i], and the NΛ blocks

jointly containing the effective support of Λ(p)[m, i]. In this figure,

∆m=2, ∆i=4, ∆m′=1, ∆i′ =2, and NΛ =9.

This amounts to studying the group sparse structure of the delay-

Doppler representation of the system channel, F [m, i], because x is

identical to F [m, i] up to scalings and a stacking. We assume1 that

the physical channel comprises P paths corresponding to P specular

scatterers characterized by time delay τp and Doppler shift νp for

each p = 1, . . . , P . The channel impulse response in (1) thus has

the form

h(t, τ ) =
P

X

p=1

ηp δ(τ−τp) e
j2πνpt,

where ηp characterizes the attenuation and initial phase of the pth

propagation path and δ(·) is the Dirac delta. The discrete-delay-

Doppler spreading function involved in (4) then becomes [10]

Sh[m, i] =
P

X

p=1

ηp e
jπ(νpTs− i

LN
)(LN−1)Λ(p)[m, i] , (12)

with the shifted leakage kernels

Λ(p)[m, i] , φ(νp)
“

m− τp

Ts

”

ψ(i−νpTsLN) ,

where φ(ν)(x) ,
R ∞
−∞f1(Tsx− t)f2(t)e

−j2πνt dt and ψ(y) ,

sin(πy)/[LN sin(πy/(LN))]. It is shown in [10] that, under suit-

able assumptions on f1(t) and f2(t), each Λ(p)[m, i] within

{0, . . . ,K − 1} × {0, . . . , LN − 1} is effectively supported in a

box of size ∆m × ∆i, where ∆m and ∆i can be chosen such that

the energy of Λ(p)[m, i] outside the box is guaranteed to be below a

prescribed threshold.

We now consider the tiling of Z
2 into 2-D blocks Bb of equal

size ∆m′×∆i′, where ∆m′ and ∆i′ divideD and J/2, respectively,

and the tiling is such that {0, . . . ,∆m′−1}×{0, . . . ,∆i′−1} is one

of these blocks. Such a tiling is depicted in Fig. 1. Then, the effective

support of Λ(p)[m, i] within {0, . . . ,K−1}×{0, . . . , LN−1} will be

contained in at most NΛ blocks Bb, where NΛ = (⌈∆m/∆m′⌉ +
1)(⌈∆i/∆i′⌉ + 1). Furthermore, due to (12), the number of blocks

jointly containing the effective support of Sh[m, i] is at most PNΛ.

1This assumption is only made for analyzing group sparsity and moti-
vating the basis optimization method in this and the next section; it is not
required for the proposed channel estimation methods.



Since ∆i′ divides L, the summation in (4) defining F [m, i] only

adds whole blocks and therefore does not create any “new” nonzero

blocks. Also, since ∆m′ divides D and ∆i′ divides J/2, the sup-

port restriction of F [m, i] to {0, . . . , D−1}×{−J/2, . . . , J/2−1}
(see Section 4) is compatible with the block boundaries (note that

Sh[m, i] is LN -periodic in i [10]). Therefore, the number of blocks

jointly containing the effective support of F [m, i] within {0, . . . , D−
1} × {−J/2, . . . , J/2−1} is at most PNΛ.

We will now show that the vector x in (11) is (effectively) group

PNΛ-sparse over a suitably defined partition J . Let Bb, b = 1, . . . ,
B (withB , JD/(∆m′∆i′)) denote the 2-D blocks of size ∆m′×
∆i′ tiling {0, . . . , D−1}×{−J/2, . . . , J/2−1} as described above.

Furthermore, let us define the one-to-one mapping S : {0, . . . , D−
1} × {−J/2, . . . , J/2−1} → {1, . . . , JD} given by S(m, i) =
(i+J/2)D+m+1. Note that S corresponds to the stacking opera-

tion carried out in Section 4, i.e., [αα]S(m,i) = [αα](i+J/2)D+m+1 =
F [m, i] for the 2-D DFT basis. We now convert the 2-D blocks Bb

of size ∆m′× ∆i′ into the 1-D groups

Ib , S(Bb) ⊆ {1, . . . , JD} ,

of size |Ib| = ∆m′∆i′. Then, J , {Ib}B
b=1 constitutes a parti-

tion of {1, . . . , JD}. From the fact that the number of blocks con-

taining the effective support of F [m, i] within {0, . . . , D − 1} ×
{−J/2, . . . , J/2−1} is at most PNΛ, it then follows that αα—and,

in turn, x = D−1
αα—is (effectively) group PNΛ-sparse over J .

6. GROUP SPARSITY OPTIMIZED BASIS EXPANSION

Next, we propose a group sparsity extension of the basis optimiza-

tion algorithm presented in [10]. The goal is to enhance group spar-

sity by mitigating the leakage effects in F [m, i]. As before, we

will use the partition J = {Ib}B
b=1 of {1, . . . , JD} defined by the

groups Ib = S(Bb).

Let us consider the single-scatterer channel h(τ1,ν1)(t, τ ) =
δ(τ − τ1) e

j2πν1t, with random τ1 and ν1 that are distributed ac-

cording to a known probability density function (pdf) p(τ1, ν1). (A

nonstatistical design that does not require knowledge of p(τ1, ν1) is

easily obtained by formally using a uniform pdf p(τ1, ν1).) Clearly,

the vector αα of expansion coefficients αm,i in (8), (9) is now a ran-

dom vector. In what follows, we will use a 2-D basis of the form

um,i[λ, κ] ,
1√
D
vm,i[λ] e−j2π κm

D ,

form = 0, . . . , D−1, i = −J/2, . . . , J/2−1, where {vm,i[λ]}D−1
m=0

is a family of D orthonormal 1-D bases (see [10] for a motivation of

this construction). Our goal is to find 1-D basis functions vm,i[λ]
such that the support of αα = αα({vm,i}) is contained in the union

of a minimum number of groups Ib on average, i.e., such that αα

is maximally group sparse over J on average. Note that this im-

plies that also x = D−1
αα is maximally group sparse over J on

average. Motivated by GSCS theory—see Section 3—we measure

the group sparsity of αα by ‖αα‖2,J . Thus, we have to minimize

E
˘

‖αα({vm,i})‖2,J
¯

(with E denoting expectation with respect to

the random variables τ1 and ν1) over the set of all families of or-

thonormal 1-D bases {vm,i[λ]}.

For a convenient reformulation of this minimization problem, let

V , diag{V0, . . . ,VD−1} ∈ C
JD×JD denote the block diagonal,

unitary matrix whose blocks Vm∈C
J×J have entries (Vm)i+1,λ+1

, v∗m,i−J/2[λ]. Furthermore, we define a second partition J ′ ,

{I′
b}B

b=1 of {1, . . . , JD} by I′
b , S

′(Bb) with S
′(m, i) , mJ+i+

J/2 +1. Note that whereas S corresponds to column-wise stacking,

S
′ corresponds to row-wise stacking. One can then show the identity

‖αα({vm,i})‖2,J = ‖Vc(τ1, ν1)‖2,J ′ ,

where c(τ, ν) ,
ˆ

cT
0 (τ, ν) · · · cT

D−1(τ, ν)
˜T

with

cm(τ, ν) ,
√
D φ(ν)

“

m− τ

Ts

”

ˆ

C(ν)[m, 0] · · · C(ν)[m,J−1]
˜T
.

Here,

C(ν)[m,λ] ,

J/2−1
X

i=−J/2

N−1
X

q=0

ψ(ν)(i+ qL)A∗
γ,g

„

m,
i+ qL

LN

«

ej2πλi
J

with ψ(ν)(i) , ejπ(νTs− i
LN

)(LN−1)ψ(i − νTsLN). Hence, we

obtain the equivalent minimization problem

V̂ = arg min
V∈U

E
˘

‖Vc(τ1, ν1)‖2,J ′

¯

,

where U is the set of all block diagonal, unitary JD×JD matrices

with blocks of equal size J×J on the diagonal. Using a Monte-Carlo

approximation, we redefine this minimization problem as

V̂ , arg min
V∈U

X

ρ

‖Vc(τ1, ν1)ρ‖2,J ′ , (13)

in which the (τ1, ν1)ρ denote samples of the random vector (τ1, ν1)

drawn from its pdf p(τ1, ν1).

The minimization problem (13) is not convex, since U is not a

convex set. However, extending [10], we can use an iterative al-

gorithm that is based on the matrix exponential representation V =
ejA, where A is a block diagonal Hermitian matrix (note that the ma-

trix exponential function preserves the block diagonal structure of a

matrix). At each iteration, A is updated, using at a certain point the

first-order Taylor approximation to the matrix exponential function.

This update is a convex minimization problem, for which efficient

methods exist. The V used for initializing this iterative algorithm

is the block diagonal, unitary matrix in which each block on the di-

agonal is the J×J DFT matrix. Details of this algorithm (without

the block diagonal structure) can be found in [10]. The computa-

tional complexity is significantly reduced by the fact that (13) can be

decomposed into D/∆m′ separate minimization problems, each of

dimension only J∆m′×J∆m′ instead of JD×JD, where ∆m′ is

typically quite small (due to the fast decay of φ(ν)(m− τ/Ts), see

Section 5 and [10]). Note also that V (or, equivalently, {vm,i[λ]})

needs to be computed only once before the start of data transmission.

7. SIMULATION RESULTS

We simulated a CP-OFDM system with K = 512 subcarriers, CP

length N −K = 128, carrier frequency 5 GHz, and bandwidth

1/Ts = 5 MHz. The system used QPSK symbols with Gray label-

ing, a rate-1/2 convolutional code, and 32×16 row-column inter-

leaving. The interpolation/anti-aliasing filters f1(t) = f2(t) were

root-raised-cosine filters with roll-off factor 1/4. We employed the

geometry-based channel simulation tool IlmProp [21] to generate

doubly dispersive channels during blocks of L=32 OFDM symbols.

Between transmitter and receiver, which were spaced about 1500 m

apart, 7 clusters of 10 specular scatterers each were randomly dis-

tributed. Each cluster and the receiver had a random velocity vector

with a uniformly distributed direction and a velocity that was uni-

formly distributed up to 50 m/s for the scatterers, and exactly 50 m/s
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Fig. 2. Performance of the proposed GSCS-based channel estimators

and of previously proposed CS-based channel estimators: (a) MSE

versus SNR, (b) BER versus SNR.

for the receiver. The bandlimited version of the noise z(t) in (1) was

complex bandlimited white Gaussian with variance σ2
z adjusted to

achieve a prescribed receive signal-to-noise ratio (SNR). The SNR

is defined as the mean receive signal power averaged over one block

of length LN , divided by σ2
z . The pilot set P was randomly chosen

from a subsampled grid G with spacings ∆L= 1 and ∆K =4. We

used |P| = 1024 pilots, corresponding to 6.25% of all symbols.

For compressive channel estimation, we compared the GSCS

recovery algorithms G-BPDN and G-OMP with their CS counter-

parts BPDN and OMP. Both the 2-D DFT basis and an optimized

basis were used. The latter was group sparsity optimized—designed

according to Section 6—in the GSCS case (G-BPDN and G-OMP),

and sparsity optimized—designed according to [10]—in the CS case

(BPDN and OMP), in both cases using a pdf p(τ1, ν1) that was uni-

form in a rectangular delay-Doppler region determined by the max-

imum delay and Doppler. The size of the blocks Bb in Sections 5

and 6 was optimized experimentally and found to be ∆m′ = 2 and

∆i′ = 4 in both cases.

In Fig. 2, we show the normalized mean-square error (MSE) and

the bit error rate (BER) obtained with the various compressive chan-

nel estimators as a function of the SNR. It is seen that, for a compara-

ble basis, GSCS-based channel estimation significantly outperforms

CS-based estimation. Moreover, for both GSCS methods (G-BPDN

and G-OMP), the group sparsity optimized basis yields a large ad-

ditional performance gain relative to the DFT basis. Finally, each

GSCS-based method outperforms its CS-based counterpart even if

the former uses the DFT basis and the latter uses the sparsity (not

group sparsity) optimized basis. It is also noteworthy that the best

GSCS recovery algorithm (G-OMP) has a substantially lower com-

plexity than its CS counterpart (OMP).

8. CONCLUSION

We have proposed compressive estimators of doubly dispersive chan-

nels within multicarrier communication systems (including classical

OFDM systems as a special case). These channel estimators em-

ploy group sparse recovery methods in order to take advantage of

the group sparse structure of wireless channels. Simulations using a

geometry-based channel simulator demonstrated that the proposed

methods consistently outperform existing compressive estimators.

Moreover, one of the group sparse recovery methods (G-OMP) has a

lower complexity than its classical counterpart (OMP). We also pro-

posed a basis optimization method that enhances group sparsity and

was seen to yield large additional performance gains. The optimized

basis can be precomputed before the start of data transmission.
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