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Abstract. The contribution deals with recent theoretical results concerning separa-
tion of a turbulent boundary layer from a blunt solid object in a uniform stream,
accompanied by a numerical study. The investigation is restricted to incompressible
nominally steady two-dimensional flow past an impervious obstacle surface. Then
the global Reynolds number represents the only parameter entering the descrip-
tion of the Reynolds-averaged flow. It shall be large enough to ensure that laminar–
turbulent transition takes place in a correspondingly small region encompassing the
stagnation point. Consequently, the concomitant asymptotic hierarchy starts with
the external Helmholtz–Kirchhoff potential flow, which detaches at an initially un-
known point D from the body, driving the turbulent boundary layer. It is found that
the separation mechanism is inherently reminiscent of the transition process. The
local analysis of separation not only fixes the actual scaling of the entire boundary
layer but is also expected to eventually predict the position of D in a rational way.

1 Non-interactive Global and Boundary Layer Flow

Consider a parallel flow just disturbed by the presence of a bluff body and let
the Reynolds number Re formed with the unperturbed free-stream velocity and a
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typical body dimension take on arbitrarily large values: what is the actual position
of flow separation? This question represents a long-standing but nevertheless central
challenge in theoretical hydrodynamics. Matched asymptotic expansions prove the
adequate means for a rigorous treatment of this problem. Here we present the essen-
tial results of this analysis by starting with the overall flow structure and leaving the
technical details to [6] and [7]. In the following all quantities are non-dimensional
with the aforementioned reference values and the fluid density. Hence x, y, u denote
natural coordinates along and normal to the body surface, with x = y = 0 indicating
the stagnation point S , and the velocity component in x-direction, respectively.

Two findings are decisive. Firstly, laminar–turbulent transition near S generates
a boundary layer that is basically characterised by (i) a main layer exhibiting an
asymptotically small relative streamwise velocity deficit and (ii) the classical shear
stress equilibrium in the viscous wall layer. Together with the required direct match
of both flow regions items (i) and (ii) establish the picture of a classical turbulent
boundary layer but with an a priori unknown scaling. This reflects the remarkable
property that it never attains a fully developed turbulent state, even for arbitrarily
large values of Re. Such an “underdeveloped” turbulent boundary layer contrasts
with common reasoning but is reliable as viscous–inviscid flow interaction near
separation requires the wall layer thickness to vary predominantly algebraically with
the boundary layer thickness δ (rather than exponentially as in the classical case).

Secondly, it has become evident from [3] and numerous subsequent related ex-
perimental studies that for increasing values of Re the point of gross separation ap-
proaches a position a finite distance remote from its rear stagnation point observed
in case of fully attached potential flow. This contradicts the conclusion drawn in
the first theoretical investigation of this problem that accounts for the global flow
structure [2]. A critical review [5] has finally promoted the experimental observa-
tion as a starting point for further analysis. This in turn suggests that in the formal
limit Re−1 = 0 the free-stream flow past the body is to be sought in the class of
Helmholtz–Kirchhoff flows, parametrised solely by the position of D where the
well-known Brillouin–Villat (BV) singularity is encountered. Then the surface ve-
locity us imposed on the attached boundary layer and the stream function F that
accounts for the velocity defect satisfy the fundamental asymptotic relationships

us(x;k) ∼ 1+ 2k
√−s+O(−s), s = x− xD(k), s → 0−, (1)

1− u/us(x;k) ∼ ε∂η F(x,η ;k)+O(ε2), η = y/δ (x;Re), ε → 0. (2)

Here the positive parameter k measures the strength of the BV singularity and in turn
the position xD of D . Determining both the correct value of k and the dependencies
of δ and the defect measure ε on Re represents one crucial goal of this research.
Notable previous works (e.g. [1], [11]) unfortunately lacked the discussion of the
global flow and thus led to different (large-defect) structures of the boundary layer,
where the resulting inconsistencies precluded a uniformly valid flow description.

The canonical situation of the flow around the circular unit cylinder (Re formed
with the cylinder radius) is tackled numerically. We first approximate the po-
tential flow by choosing k = 0.45 or, by exploitation of Levi–Cività’s method,
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xD
.
= 113.5◦. This seems reliable in view of the experimentally observed separation

angles for the largest values of Re available so far (Re ≈ 106 − 107) and the basic
assumption concerning the asymptotic flow state. Integration of the leading-order
small-defect equations subject to us(x;k) and supplemented with an (asymptotically
consistent) algebraic mixing-length closure starting at stagnation yields the results
displayed in Fig. 1. An initially favourable and then adverse pressure gradient (APG)
acts on the boundary layer. In contrast to usual reasoning (cf. [8]), it is not in “quasi-
equilibrium” as the variation of F with x is fully present. The profiles of ∂η F at var-
ious x-stations exhibit the logarithmic near-wall behaviour and admit a wake-type
shape near x = xD , well-recognised in other APG turbulent boundary layers (cf. [1],
[2], [4]). Furthermore, let Δ(x;k) denote the appropriately scaled boundary layer
thickness. The expansion [F,Δ ]∼ [(1− 4k

√−s)FD(η),(1− 2k
√−s)ΔD ]+O(−s),

s → 0−, derived from (1) and (2) is revealed by the numerical data. However, due to
the associated splitting of ∂η F in an infinite series of logarithmic velocity portions
as η → 0 a direct match of the small-defect and the wall layer is only accomplished
by the introduction of a so-called intermediate layer immediately upstream of D .
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Fig. 1 Defect function ∂η F and key quantities, asymptotes of Δ (x;k): linear rise in x = 0
(dashed), square-root behaviour near x = xD (dashed-and-dotted)

Detached Eddy Simulation (DES) underlies the snapshot of instantaneous circular-
cylinder flow in Fig. 2 (a). Here Re = 106 and xD

.
= 95◦, which is also promising.

2 “Inner” and “Outer” Flow Interaction

The separation process is vitally governed by the interplay of two locally strong in-
teraction mechanisms, see Fig. 2 (b): an “inner” (viscous–inviscid) one associated
with a novel triple-deck structure, and an “outer” (rotational–irrotational) one ex-
pressed by a linear problem describing an inviscid vortex flow. The latter is subject
to a solvability condition that arises from matching both interactive flow regimes.
This is currently expected to finally fix the actual value of k for a given body shape.

In the classical description of the viscous wall layer the shear stress equilibrium
is followed by the influence of the pressure and finally the inertia terms on the
momentum equation in x-direction. The BV singularity triggers a rather complex
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multi-stage breakdown of this asymptotic hierarchy a short distance upstream of D ,
initiated by the emergence of the intermediate layer mentioned above. This even-
tually leads to the formation of a so-called lower deck adjacent to the surface of
streamwise extent δTD, say, where all those contributions except for the turbulent
shear stress are in operation at leading order. Hence, separation takes place within a
distance of O(δTD) from D as a self-consistent flow description in terms of viscous–
inviscid interaction aims at avoiding the occurrence of both the well-known Gold-
stein and the BV singularity. This mechanism intrinsically renders the wall layer
locally a passive main deck: it transfers the flow displacement exerted by the lower
deck to an upper deck formed on its top (together with a passive buffer layer). Here
the induced potential flow accounts for the pressure feedback in the lower deck.
Herewith the interaction loop is closed and the aforementioned triple-deck structure
completed. As a result, the BV singularity is resolved in a manner formally identical
to that found in the asymptotic theory of laminar break-away separation [10], [9].

This situation is virtually unaffected by the outer small-defect portion of the
boundary layer. On the other hand, expansion (2), applicable to the oncoming
boundary layer sufficiently far upstream of D , subject to (1) ceases to be valid in
the square region of outer interaction where both s and y are of O(δ ) and which en-
closes the triple deck. Finally, the triple-deck structure requires that δTD/δ = O(ε),
with ε ∝ 1/ lnRe (which agrees with the classical boundary layer scaling) and
δTD = Re−4/9 (which specifies the notion of underdeveloped flow). Activities of
current and future research include the aforementioned determination of k and the
description of the associated body- and large-scale separated flow.
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Fig. 2 (a) DES: colours (greytones) distinguish isotachs; (b) sketch of separating flow: vis-
cous wall layer (VWL), triple deck (TD, shaded), vortex-flow region (VF), separating stream-
line (dashed)

References

1. Melnik, R.E.: Comput. Fluids 17(1)
2. Neish, A., Smith, F.T.: J. Fluid Mech. 241
3. Roshko, A.: J. Fluid Mech. 10(3)



A Uniformly Valid Theory of Turbulent Separation 89

4. Scheichl, B.: Asymptotic Methods in Fluid Mechanics: Survey and Recent Advances. In:
Steinrück, H. (ed.) CISM Courses and Lectures, vol. 523, pp. 221–246. Springer, New
York (2010)

5. Scheichl, B., Kluwick, A.: J. Fluids Struct. 24(8)
6. Scheichl, B., Kluwick, A., Alletto, M.: Acta Mech. 201(1-4)
7. Scheichl, B., Kluwick, A., Smith, F.T.: J. Fluid Mech. 670 (2011)
8. Schlichting, H., Gersten, K.: Boundary-layer Theory, 8th edn. Springer, New York (2003)
9. Smith, F.T.: Proc. R. Soc. Lond. A 356 (1687)

10. Sychev, V.V.: Fluid Dyn. 7(3)
11. Sychev, V.V.: Fluid Dyn. 22(3)


	Non-interactive Global and Boundary Layer Flow
	``Inner'' and ``Outer'' Flow Interaction
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 290
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 290
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.03333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 800
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (sRGB IEC61966-2.1)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


