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2 Preface

The present habilitation thesis covers the essence of the scientific progress the candidate
has achieved in the years 2002–2010 as a postdoctoral research fellow at the Institute of
Fluid Mechanics and Heat Transfer at the Vienna University of Technology.

2.1 Outline

The work concerns the advances in a comprehensive rigorous description of initially
firmly attached turbulent boundary layers that separate further downstream, either
marginally or massively. The methods involved include matched asymptotic expan-
sions and appropriate numerical techniques for solving the equations that govern the
crucial physical processes as they are derived from the ensemble-averaged Navier–Stokes
equations in a rational manner.

It is noted that the knowledge gained by the candidate’s PhD thesis (Asymptotic theory
of marginal turbulent separation, Vienna University of Technology (2001), supervision
by Professor Alfred Kluwick) provided a basis insofar as the proposed asymptotic two-
parameter description of turbulent boundary layers allowed for a first insight into the
process of internal separation. However, the knowledge gained subsequently is, most
importantly, tied in with the development of novel strategies in the treatment of locally
strong interaction between the boundary layer and the circumjacent flow regions. These
aspects have proven crucial for a self-consistent hierarchical flow description of both
marginally and massively separated flows as comprised by the present thesis.

2.2 Organisation of the thesis

This is the principal part of the cumulative thesis, which comprises ten selected published
contributions. An introductory overview (chapter 3) subsumes the essential aspects of
the new theories established put forward in the original papers (chapter 4). The thesis
is concluded by a brief survey on recent results and further perspectives concerning the
massive-separation case which are topic of the current and planned research (chapter 5).
The individual published contributions are enumerated as follows:

[1] A. Kluwick, B. Scheichl: High-Reynolds-Number Asymptotics of Turbulent Bound-
ary Layers: From Fully Attached to Marginally Separated Flows, in: “BAIL 2008 –
Boundary and Interior Layers. Proceedings of the International Conference on
Boundary and Interior Layers – Computational and Asymptotic Methods, Limerick,
July 2008”, M. Stynes, A. Hegarty (eds.), Springer, Lecture Notes in Computational
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2.2 Organisation of the thesis

Science and Engineering, 69, Berlin, Heidelberg (2009), ISBN: 978-3-642-00604-3 /
ISSN: 1439-7358, pp. 3–22 (invited Keynote Lecture);

[2] B. Scheichl, A. Kluwick: Non-unique Self-similar Turbulent Boundary Layers in the
Limit of Large Reynolds Numbers, in: “Progress in Turbulence”, J. Peinke, A. Kittel,
S. Barth, M. Oberlack (eds.), Springer, Springer Proceedings in Physics, 101, Berlin,
Heidelberg, New York (2005), ISBN: 3-540-23216-8, pp. 111–114.

[3] B. Scheichl, A. Kluwick: Non-Unique Quasi-Equilibrium Turbulent Boundary Lay-
ers, in: “ICTAM04 Abstracts Book and CD-ROM Proceedings”, W. Gutkowski, T.
A. Kowalewski (eds.), Ippt Pan, Warsaw (2004), ISBN: 83-89687-01-1, Paper ID:
FM2L 11083, 2 pages;

[4] B. Scheichl, A. Kluwick: Singular solutions of the boundary layer equations in the
case of marginal separation as Re tends to infinity, in: “Advances in Turbulence
IX. Proceedings of the Ninth European Turbulence Conference”, I. P. Castro, P. E.
Hancock (eds.), CIMNE, Barcelona (2002), ISBN: 84-95999-07-2, pp. 829–832;

[5] B. Scheichl, A. Kluwick: Turbulent Marginal Separation and the Turbulent Goldstein
Problem, AIAA Journal, 45 (2007), 1, 20–36 (DOI: 10.2514/1.23518);

[6] B. Scheichl, A. Kluwick: On turbulent marginal boundary layer separation: how the
half-power law supersedes the logarithmic law of the wall, International Journal of
Computing Science and Mathematics (IJCSM), 1 (2007), 2/3/4, 343–359;

[7] B. Scheichl, A. Kluwick: Asymptotic theory of bluff-body separation: a novel shear-
layer scaling deduced from an investigation of the unsteady motion, Journal of Fluids
and Structures, 24 (2008), 8, 1326–1338;

[8] B. Scheichl, A. Kluwick, M. Alletto: ”How turbulent” is the boundary layer sepa-
rating from a bluff body for arbitrarily large Reynolds numbers?, Acta Mechanica,
201 (2008), 1/2/3/4, 131–151;

[9] B. Scheichl, A. Kluwick: Level of Turbulence Intensity Associated with Bluff-Body
Separation for Large Values of the Reynolds Number, AIAA Meeting Paper 2008–
4348 (2008);

[10] B. Scheichl, A. Kluwick, F. T. Smith: Break-away separation for high turbulence
intensity and large Reynolds number, Journal of Fluid Mechanics, in print (2010,
DOI: 10.1017/S0022112010005306).

Paper [1] represents a survey on the description of attached and marginally separated
boundary layers. With the exception of paper [4], all contributions are listed in chrono-
logical order of their (initial) submission, which thus reflects the deepening of the under-
standing gained. All papers are attached in their original form, apart from paper [10]
where the accepted manuscript submitted for typesetting (September 2010) is provided.
The specific topics covered by each of the contributed papers are summarised subse-
quently.
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2 Preface

All papers refer to peer-reviewed conference or represent peer-reviewed journal con-
tributions, respectively.

The Addendum to this main part refers to other research work in fluid mechanics
and heat transfer carried out by the candidate. It aims at demonstrating his diversified
knowledge in these fields.
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3 Brief overview in view of the papers

The discussion of the individual papers is commenced by a terse review on the problem
of separation of an initially firmly attached turbulent boundary layer.

3.1 Turbulent separation: a long-standing challenge

Asymptotic methods have undeniably proven very successful in the treatment of tur-
bulent shear flows in the limit of large Reynolds numbers. In particular, for both in-
compressible and compressible internal flows as pipes flows, open-channel flows, and
wall-bounded flows driven by essentially inviscid external flows self-consistent theories
have been established, which are based on merely a few assumptions that are intrinsically
tied in with the loss of information about the nature of turbulence due to the time- or
Reynolds-averaging process. Here seminal work associated with great names as, just to
name some most important representatives (in alphabetical order), Afzal, Bush, Deriat,
Fendell, Gersten, Guiraud, Mellor, Sykes, Walker, and Yajnik have to be acknowledged.
Their work is referenced in paper [1]. However, despite their pioneering and promising
contributions to the last category of flows all subsequent attempts to cope with turbu-
lent separation have remained incomplete. As found out in the course of the research
presented here, the classical boundary-layer scaling applies to firmly attached flows only,
which in turn reveals a major source for the intractability of this extremely demanding
but nevertheless fundamental and important problem in fluid mechanics in the past.

The discussion of turbulent boundary layers can be classified in terms of the three
sections 3.2–3.4. It is initiated by a study of the asymptotic structure of the initially
wall-bounded flow, which in turn indicates two distinctly different types of boundary
layers: namely those having a relatively small and a large streamwise velocity deficit
across their fully turbulent main region with respect to the imposed external flow. The
first type includes boundary layers of a so-called moderately large (but still small) defect,
which remain attached. Their appealing properties which a link between the two flow
families. The first type is found to have a proclivity to massive, the second to marginal
separation. In turn, they are associated with different routes to separation, depending
on the specific flow configuration: here the flow past a bluff obstacle and internal flow
(like that in a volute chamber) serve as typical representatives referring to the first and
the second kind, respectively.

It is stressed that the analysis presented is restricted to nominally steady and two-
dimensional flow, which is initially attached to a impervious rigid surface.
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3 Brief overview in view of the papers

3.2 Wall-bounded and internally separating turbulent
shear layers: hypotheses and asymptotic concepts

Papers [1]–[3] serve as an overview on the theoretical concepts underlying the de-
scription of both attached and separating flows.

• Paper [1] provides a concise synopsis of the asymptotic description of turbu-
lent boundary layers in general. More specifically, it includes the aspects of non-
uniqueness for quasi-equilibrium flows with a moderately large velocity deficit and
marginal (i.e. internal) separation. It starts with a precise formulation of the hy-
potheses that underly a rigorous theory: here the question how the time-mean
scaling of turbulent boundary layers can be traced back to a minimum of as-
sumptions motivated by physical insight serves as the principal guidance. It is
shown subsequently how a systematic extension of the classical theory of firmly
attached boundary layers eventually leads to flow description that covers the afore-
mentioned phenomena. The essential results of the marginal-separation analysis
are summarised: papers [4]–[6]. Finally, first considerations regarding the distinct
differences to a flow structure consistent with the occurrence of massive or gross
separation are put forward: papers [7]–[10].

• Paper [2] is on an interesting engineering application of the non-uniqueness ad-
dressed in paper [1]: a diffusor shaped in form of a plane curved duct such that the
turbulent boundary at its inner wall assumes the corresponding self-similar form
allows the flow to withstand the maximum pressure rise possible without undergo-
ing separation. Furthermore, it is demonstrated how early experimental data back
the description of non-unique flows.

• Paper [3] is on the formulation and solution strategy of the problem resulting from
the boundary layer approximation already mentioned in paper [2] that confirms
the rigorous prediction of double-valued self-preserving flow. It shall be noted
that this remarkable property of flows having a moderately large velocity deficit is
envisaged in more detail in the current investigations.

3.3 Marginal separation

Papers [4]–[6] represent a detailed discussion of “thick” (large-defect) boundary layers
undergoing marginal separation:

• Paper [4] summarises the local analysis of the solutions of the non-interactive
boundary layer equations near their breakdown associated with the onset of sep-
aration. The asymptotic scaling of the flow is argued in paper [1] and introduced
in more depth and breath in paper [5]. Particular emphasis is placed on the local
structures of both the marginal-separation and the Goldstein singularity. Hence,
these preliminary investigation serves as a pilot study to paper [5].
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3.4 Massive separation

• Paper [5] elucidates the multi-layer structure of a turbulent boundary layer that
is sensitive to marginal separation: this is established on the basis of the mixing-
length concept, where commonly accepted scaling arguments are adopted. In turn,
our concern is with a relatively “thick” boundary layer having a large streamwise
velocity defect rather than an asymptotically small one as known from the classical
scaling. Moreover, the scaling of the outer two-tiered wake-type flow region that
comprises most of the boundary layer is found to be essentially independent of the
Reynolds number, which may take on arbitrarily large values. As an important
consequence of this non-classical flow description, the outermost wake layer plays
a crucial role in the analysis of internal separation. To a large extent, it can be
treated separately from the flow regions more close to the wall as the conditions of
matching provide sufficient information which is needed to devise the novel triple-
deck theory. This finally describes the recirculating flow in the formal limit of
infinite Reynolds number.

• Paper [6] includes complementary material to the marginal-separation case as it
focusses on the behaviour of both the inner wake layer and the near-wall flow. Here
the so-called viscous wall layer adjacent to the surface and the drastic modifica-
tion of the classical law of the wall as separation is encountered requires specific
attention. Thus this analysis completes the description of attached and marginally
separating “thick” turbulent boundary layers as it allows for perturbations of the
limit considered in paper [4] due to high but finite values of the Reynolds number.

3.4 Massive separation

Papers [7]–[10] deal with boundary layers on bluff bodies, i.e. solid obstacles in uni-
form stream at very high Reynolds numbers. Here the strongly viscosity-affected flow
originates close to the front stagnation point, is found to undergo laminar–turbulent tran-
sition within an encompassing boundary-layer region of asymptotically small streamwise
extent, and forms a turbulent boundary layer further downstream. Finally, this is sub-
ject to gross separation a finite distance from the leading edge. The analysis discards the
possibility of flow detachment close to a rear stagnation point associated with a fully at-
tached external potential flow. Therefore, any possible candidate of the separation point
lies within a certain section of the body surface, so that the corresponding external flow
is sought in the class of irrotational flows that exhibit a free streamline which departs
tangentially but with infinite curvature from the wall. This characteristic of the inviscid
flow leads to a new interaction strategy governing the local separation process. Most
importantly, it predicts a delay of transition to fully developed turbulent flow as long as
the boundary layer remains attached. The development of the theory is reproduced by
the chronological order of the four contributions:

• Paper [7] is devoted to the possible structures of both the imposed external and
the attached boundary layer flow. To this end, related previous studies are rein-
vestigated. In turn, the analytical findings point to an external flow of Helmholtz–

9



3 Brief overview in view of the papers

Kirchhoff type and the possibility of a “thick” boundary layer as it has proven
successful in the description of marginal separation. Here numerical results that
simulate the singular terminal behaviour of the solutions of the boundary layer
equations when separation is approached seem encouraging. Finally, a short but
nevertheless promising attempt is made to underpin the flow scaling on the ba-
sis of a multiple-scales analysis applied to the unsteady Navier–Stokes equations.
Future efforts in this direction are expected to reduce the number of hypotheses
underlying the flow structure as formulated in the papers [1], [5] and [6].

• Paper [8] highlights the finding that this type of boundary layer is inconsistent
with the scenario of laminar–turbulent transition of the flow that must take place
sufficiently far upstream of separation. More precisely, a remarkable consequence
can be drawn at this stage of knowledge: a self-consistent description of bluff-body
separation that accounts for the structure of the global flow (rather than just the
embedded boundary layer as studied in preceding work) requires the turbulent
boundary layer to be of classical two-tiered small-defect type – provided the flow
is assumed to exhibit fully developed turbulence. This is a consequence of the
analysis of the time-averaged transition process near the leading edge. On the
other hand, matching the transitional with the developed turbulent flow further
downstream provides a first hint that this flow picture has presumably be relaxed
insofar as there the level of turbulence intensity remains indeed below its theoretical
limit associated with the traditional boundary layer scaling. Furthermore, a new
method devised for an efficient numerical treatment of the external Kirchhoff flow
is introduced briefly. It allows for a systematic numerical investigation of the
boundary layer flow for various turbulence intensity levels and different positions
of separation. To this end, the Reynolds shear stress gradient is included in the
Prandtl-type boundary layer equations. However, yet no final judgement can be
made at this stage of the research, neither of the effective scaling of the boundary
layer nor the associated flow structure near separation.

• Paper [9] corroborates these findings as wind tunnel experiments carried out much
earlier seem to support the existence of underdeveloped turbulence in the boundary
layer flow past blunt bodies. This new and rather surprising interpretation of
published and unpublished data motivates a careful analysis of the boundary layer
equations parametrised by the level of turbulence intensity and (tentatively) dealt
with numerically in paper [8]. Their detailed asymptotic analysis for sufficiently
high turbulence intensity levels reveals/confirms the internal two-layer structure
as already proposed there. The outer small-defect region is found to terminate
in a weak singular behaviour at the position of inviscid separation, where the
flow structure remains essentially unaltered. Hence, the evolution of the viscous
wall layer from stagnation towards separation is under focus, which undergoes a
pronounced change to subsequent breakdowns of the identified flow regions that
govern its streamwise development. As an important result, under rather general
conditions the solution of the boundary layer equations are found terminate in form

10



3.4 Massive separation

of a Goldstein singularity: its strength increases above all bounds with increasing
turbulence intensity; simultaneously,its position asymptotically approaches that of
inviscid flow detachment.

• Paper [10] first integrates the results gained so far and puts it in the context
of the ultimate goal to obtain a self-consistent description of the entire flow field:
the attached boundary layer exhibits underdeveloped turbulence and an asymp-
totically small velocity deficit in its outer tier. On the one hand, this situation
is traced back to the structure of the transitional flow near the leading edge. On
the other (and even more importantly), it satisfies the requirement of a viscous–
inviscid interaction mechanism that locally describes the separation process in a
rigorous manner. The latter rationale exploits the necessity that the thickness of
the wall layer varies essentially algebraically with that of the outer tier, rather
than exponentially as in the classical scaling valid for fully developed turbulent
flow. Both the external inviscid and the boundary layer flow encounter a singular
behaviour near separation. Its regularisation finally yields a new interacting-flow
problem, studied in detail. This comprises two interaction mechanisms having a
rather complex interplay: an “inner” one that points to a close resemblance with
the triple-deck structure known from laminar separation, whereas the “outer” one
describes an inviscid vortex flow induced in the just separating small-defect region.
Remarkably, matching both mechanisms is expected to determine of the effective
position of separation and thus fix the structure of the flow on the obstacle scale.
A thorough investigation of this demanding problem is part of the current research
activities. In the conclusions the different pathways to separation and their impact
on open questions are elucidated: here the present knowledge of the asymptotic
structure of turbulent boundary layers shows great promise for a comprehensive
treatment of hitherto unsolved or partially solved related turbulent-flow problems
having engineering relevance. Examples are, amongst others, the flow past cusp-
and wedge-shaped trailing edges of airfoils and flat plates, both aligned and un-
der an angle of attack, and shock/boundary layer interaction. In the appendix
two issues regarding the potential-flow problem are scrutinised: the detailed struc-
ture of the singularity and the method enabling its convenient numerical solution
(addressed concisely in paper [8]).

Chapter 5 reviews the description of massive separation. The intention of this synop-
sis is to condense the current status quo of of understanding covered by the papers [7]–[10]
and address open points.

11



4 Selected papers

The papers are enclosed subsequently in the order of the list given in section 2.2. Each
contribution represents a section of this chapter.
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High-Reynolds-Number Asymptotics
of Turbulent Boundary Layers: from Fully
Attached to Marginally Separated Flows

Dedicated to Professor Klaus Gersten on the occasion of his 80th birthday

Alfred Kluwick and Bernhard Scheichl

Institute of Fluid Mechanics and Heat Transfer, Vienna University of Technology,
Resselgasse 3/E322, A-1040 Vienna, Austria
alfred.kluwick@tuwien.ac.at, bernhard.scheichl@tuwien.ac.at

Summary. This paper reports on recent efforts with the ultimate goal to obtain a
fully self-consistent picture of turbulent boundary layer separation. To this end, it
is shown first how the classical theory of turbulent small-defect boundary layers can
be generalised rigorously to boundary layers with a slightly larger, i.e. moderately
large, velocity defect and, finally, to situations where the velocity defect is of O(1).
In the latter case, the formation of short recirculation zones describing marginally
separated flows is found possible, as described in a rational manner.

Key words: marginal separation; perturbation methods; turbulent boundary layers
PACS: 40.10.A; 47.27.eb; 47.27.Jv; 47.27.nb; 47.32.Ff

1 Introduction

Despite the rapid increase of computer power in the recent past, the calcu-
lation of turbulent wall-bounded flows still represents an extremely challeng-
ing and sometimes insolvable task. Direct-Numerical-Simulation computations
based on the full Navier–Stokes equations are feasible for moderately large
Reynolds numbers only. Flows characterised by much higher Reynolds num-
bers can be investigated if one resorts to turbulence models for the small scales,
as accomplished by the method of Large Eddy Simulation, or for all scales,
as in computer codes designed to solve the Reynolds-averaged Navier–Stokes
equations. Even then, however, the numerical efforts rapidly increase with in-
creasing Reynolds number. This strongly contrasts the use of asymptotic theo-
ries, the performance of which improves as the values of the Reynolds number
become larger and, therefore, may be considered to complement purely nu-
merically based work.

4.1 Contribution to “BAIL 2008 – Boundary and Interior Layers” (2009)
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2 A. Kluwick, B. Scheichl

With a few exceptions (e.g. [7,21]), studies dealing with the high-Reynolds-
number properties of turbulent boundary layers start from the Reynolds-
averaged equations. By defining non-dimensional variables in terms of a rep-
resentative length L̃ and flow speed Ũ and assuming incompressible nominally
steady two-dimensional flow they take on the form

∂u

∂x
+
∂v

∂y
= 0 , (1a)

u
∂u

∂x
+ v

∂u

∂y
= −∂p

∂x
+

1

Re
∇2u− ∂u′2

∂x
− ∂u′v′

∂y
, (1b)

u
∂v

∂x
+ v

∂v

∂y
= −∂p

∂y
+

1

Re
∇2v − ∂u′v′

∂x
− ∂v′2

∂y
. (1c)

Herein ∇2 = ∂2/∂x2 + ∂2/∂y2, and (x, y), (u, v), (u′v′), u′2, u′v′, v′2, and p
are Cartesian coordinates measuring the distance along and perpendicular to
the wall, the corresponding time mean velocity components, the corresponding
velocity fluctuations, the components of the Reynolds stress tensor, and the
pressure, respectively. The Reynolds number is defined by Re := Ũ L̃/ν̃, where
ν̃ is the (constant) kinematic viscosity. Equations (1) describe flows past flat
walls. Effects of wall curvature can be incorporated without difficulty but are
beyond the scope of the present analysis.

When it comes down to the solution of the simplified version of these
equations provided by asymptotic theory in the limit Re → ∞, one is, of
course, again faced with the closure problem. The point, however, is that
these equations and the underlying structure represent closure independent
basic physical mechanisms characterising various flow regions identified by
asymptotic reasoning. This has been shown first in the outstanding papers [5,
8, 10, 31], and more recently and in considerable more depth and breath, in
[24,30] for the case of small-defect boundary layers, which will be considered in
Sect. 2. Boundary layers exhibiting a slightly larger, i.e. a moderately large,
velocity defect are treated in Sect. 3. Finally, Sect. 4 deals with situations
where the velocity defect is of O(1) rather than small.

2 Classical Theory of Turbulent Small-Defect Turbulent
Boundary Layers

We first outline the basic ideas underlying an asymptotic description of tur-
bulent boundary layers.

2.1 Preliminaries

Based on dimensional reasoning put forward by L. Prandtl and Th. v. Kármán,
a self-consistent time-mean description of firmly attached fully developed tur-
bulent boundary layers holding in the limit of large Reynolds numbers Re, i.e.

4 Selected papers
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High-Reynolds-Number Asymptotics of Turbulent Boundary Layers 3

for Re → ∞, has been proposed first in the aforementioned studies [5,8,10,31].
One of the main goals of the present investigation is to show that this rational
formulation can be derived from a minimum of assumptions:

(a) all the velocity fluctuations are of the same order of magnitude in the limit
Re → ∞, so that all Reynolds stress components are equally scaled by a
single velocity scale uref , non-dimensional with a global reference velocity
(hypothesis of locally isotropic turbulence);

(b) the pressure gradient does not enter the flow description of the viscous
wall layer to leading order (assumption of firmly attached flow);

(c) the results for the outer predominantly inviscid flow region can be matched
directly with those obtained for the viscous wall layer (assumption of “sim-
plest possible” flow structure).

In the seminal studies [5, 8, 10, 31], uref is taken to be of the same order of
magnitude in the fully turbulent main portion of the boundary layer and in
the viscous wall layer and, hence, equal to the skin friction velocity

uτ :=
[
Re−1(∂u/∂y)y=0

]1/2
. (2)

This in turn leads to the classical picture, according to which (i) the stream-
wise velocity defect with respect to the external impressed flow is small and
of O(uτ ) across most of the boundary layer, while (ii) the streamwise ve-
locity is itself small and of O(uτ ) inside the (exponentially thin) wall layer,
and (iii) uτ/Ue = O(1/ lnRe). Furthermore, then (iv) the celebrated universal
logarithmic velocity distribution

u/uτ ∼ κ−1 ln y+ + C+ , y+ := y uτRe → ∞ . (3)

is found to hold in the overlap of the outer (small-defect) and inner (viscous
wall) layer. Here κ denotes the v. Kármán constant; in this connection we
note the currently accepted empirical values κ ≈ 0.384, C+ ≈ 4.1, which refer
to the case of a perfectly smooth surface, see [16] and have been obtained for
a zero pressure gradient.

This might be considered to yield a stringent derivation of the logarith-
mic law of the wall (3), anticipating the existence of an asymptotic state and
universality of the wall layer flow as Re → ∞; a view which, however, has
been increasingly challenged in more recent publications (e.g. [2–4]). It thus
appears that – as expressed by Walker, see [30] – “although many arguments
have been put forward over the years to justify the logarithmic behaviour,
non are entirely satisfactory as a proof, . . . ”. As a result, one has to accept
that matching (of inner and outer expansions), while ensuring self-consistency,
is not sufficient to uniquely determine (3). In the following, from the view-
point of the time-averaged flow description the logarithmic behaviour (3),
therefore, will be taken to represent an experimentally rather than strictly
theoretically based result holding in situations where the assumption (b) ap-
plies. The description of the boundary layer in the limit Re → ∞ can then
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readily be formalised. In passing, we mention that in the classical deriva-
tions, see [5,8,10,31], the assumption (b) is not adopted and (3) results from
matching, rather than in the present study where it is imposed.

2.2 Leading-Order Approximation

Inside the wall layer where y+ = y uτRe = O(1) the streamwise velocity com-
ponent u, the Reynolds shear stress τ = −u′v′ and the pressure p are expanded
in the form

u ∼ uτ (x;Re)u
+(y+) + · · · , (4a)

τ ∼ u2τ (x;Re) t
+(y+) + · · · , (4b)

p ∼ p0(x) + · · · , (4c)

where u+ exhibits the limiting behaviour implied by (3):

u+(y+) ∼ κ−1 ln y+ + C+ , y+ → ∞ . (5)

Assumption (c), quoted in Subsect. 2.1, then uniquely determines the asymp-
totic expansions of, respectively, u, τ , and p further away from the wall where
the Reynolds stress τ is predominant. Let δo(x;Re) characterise the thickness
of this outer main layer, i.e. of the overall boundary layer. In turn, one obtains

u ∼ Ue(x)− uτ (x;Re)F
′
1(x, η) + · · · , (6a)

τ ∼ u2τ (x;Re)T1(x, η) + · · · , (6b)

p ∼ pe(x) + · · · , (6c)

where η := y/δo. Here and in the following primes denote differentiation with
respect to η. Furthermore, Ue and pe stand for the velocity and the pressure,
respectively, at the outer edge η = 1 of the boundary layer (here taken as
a sharp line with sufficient asymptotic accuracy) imposed by the external
irrotational flow.

Matching of the expansions (4) and (6) by taking into account (5) forces
a logarithmic behaviour of F ′

1,

F ′
1 ∼ −κ−1 ln η + C0(x) , η → 0 , (7)

yields p0(x) = pe(x), and is achieved provided γ := uτ/Ue satisfies the skin
friction relationship

κ/γ ∼ ln(ReγδoUe) + C+ + C0 +O(γ) . (8)

From substituting (4) into the x-component (1b) of the Reynolds equations (1)
one obtains the well-known result that the total stress inside the wall layer is
constant to leading order,

du+/dy+ + t+ = 1 . (9)
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Moreover, the expansions (6) lead to a linearisation of the convective terms
in the outer layer, so that there Bernoulli’s law holds to leading order,

dpe/dx = −Ue dUe/dx . (10)

The necessary balance with the gradient of the Reynolds shear stress then
determines the magnitude of the thickness of the outer layer, i.e. δo = O(uτ ).
As a consequence, the expansions (6) are supplemented with

δo ∼ γ ∆1(x) + · · · , (11)

which in turn gives rise to the leading-order outer-layer streamwise momentum
equation. After integration with respect to η and and employing the matching
condition T1(x, 0) = 1, the latter is conveniently written as

(E + 2β0)ηF
′
1 − EF1 −∆1F1,e F1x = F1,e(T1 − 1) , (12a)

F1,e := F1(x, 1) , E := 1−∆1
dF1,e

dx
, β0 := −∆1F1,e

Uex

Ue
. (12b)

From here on, the subscript x means differentiation with respect to x. The
boundary layer equation (12a) is unclosed, and in order to complete the flow
description, turbulence models for t+ and T1 have to be adopted. Integra-
tion of (12) then provides the velocity distribution in the outer layer and
determines the yet unknown function C0(x) entering (7) and the skin friction
relationship (8), which completes the leading-order analysis.

As a main result, inversion of (8) with the aid of (11) yields

γ ∼ κσ[1− 2σ lnσ +O(σ)], σ := 1/ lnRe , ∂γ/∂x = O(γ2) . (13)

The skin friction law (13) implies the scaling law (iii), already mentioned in
Subsect. 2.1, which is characteristic of classical small-defect flows.

2.3 Second-Order Outer Problem

Similar to the description of the leading-order boundary layer behaviour, the
investigation of higher-order effects is started by considering the wall layer
first. Substitution of (4a), (4b), (8) into (1b) yields upon integration (cf. [30]),

1

Re

∂u

∂y
+ τ ∼ γ2U2

e − UeUex

γRe
y+ +

γUeUex

Re

∫ y+

0

u+
2
dy+ + · · · . (14)

Here the second and third terms on the right-hand side account, respectively,
for the effects of the (imposed) pressure gradient, c.f. (10), and convective
terms, which have been neglected so far. By using (5) and (12), the asymptotic
behaviour of τ as y+ → ∞ can easily be obtained (e.g. [30]). Rewritten in
terms of the outer-layer variable η, it is found to be described by

τ

U2
e

∼ γ2
[
1 + 2

∆0Uex

κUe
η ln η + · · ·

]
+γ3

[
∆0Uex

κ2Ue
η(ln η)2 + · · ·

]
+ · · · , (15)
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as η → 0, which immediately suggests the appropriate generalisation of the
small-defect expansions (6a), (6b), (11):

u/Ue ∼ 1− γF ′
1 − γ2F ′

2 + · · · , (16a)

τ/U2
e ∼ γ2T1 + γ3T2 + · · · , (16b)

δo ∼ γ ∆1(x) + γ2∆2(x) + · · · . (16c)

Here matching with the wall layer is achieved if

F ′
1 ∼ −κ−1 ln η + C0(x) , F ′

2 ∼ C1(x) , (17a)

T1 ∼ 1 + 2
∆0Uex

κUe
η ln η , T2 ∼ ∆0Uex

κ2Ue
η(ln η)2 , (17b)

as η → 0, provided that the skin friction relationship (8) is modified to explic-
itly include an additional term of O(γ),

κ/γ ∼ ln(ReγδoUe) + C+ + C0 + γC1 + · · · . (18)

Similar to C0(x), the function C1(x) depends on the specific turbulence model
adopted, as well as the upstream history of the boundary layer.

2.4 Can Classical Small-Defect Theory Describe Boundary Layer
Separation?

An estimate of the thickness δw of the viscous wall layer is readily obtained
from the definition of y+, see (3), and the (inverted) skin friction relation-
ship (13): δw = O[γ−1 exp(−κ/γ)]. In the limit Re → ∞, therefore, the low-
momentum region close to the wall is exponentially thin as compared to the
outer layer, where Reynolds stresses cause a small O(γ) reduction of the fluid
velocity with respect to the mainstream velocity Ue(x). This theoretical pic-
ture of a fully attached turbulent small-defect boundary layer has been con-
firmed by numerous comparisons with experimental data for flows of this type
(e.g. [1, 14, 30]). However, it also indicates that attempts based on this pic-
ture to describe the phenomenon of boundary layer separation, frequently
encountered in engineering applications, will encounter serious difficulties.
Since the momentum flux in the outer layer, which comprises most of the
boundary layer, differs only slightly from that in the external flow region,
an O(1)-pressure rise almost large enough to cause flow reversal even there
appears to be required to generate negative wall shear, which hardly can be
considered as flow separation. This crude estimate is confirmed by a more
detailed analysis dealing with the response of a turbulent small-defect bound-
ary layer to a surface-mounted obstacle, carried out, among others, in [28].
Moreover, to date no self-consistent theory of flow separation compatible with
the classical concept of a turbulent small-defect boundary layer has been for-
mulated.

The above considerations strikingly contrast the case of laminar boundary
layer separation, where the velocity defect is of O(1) across the whole bound-
ary layer and the associated pressure increase tends to zero as Re → ∞. It,
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High-Reynolds-Number Asymptotics of Turbulent Boundary Layers 7

however, also indicates that a turbulent boundary layer may become more
prone to separation by increasing the velocity defect. That this is indeed a re-
alistic scenario can be inferred by seeking self-preserving solutions of (12), i.e.
by investigating equilibrium boundary layers. Such solutions, where the func-
tions F1, T1, characterising the velocity deficit and the Reynolds shear stress
in the outer layer, respectively, solely depend on η, exist if the parameter β0
in the outer-layer momentum equation (12a) is constant, i.e. independent of
x. Equation (12a) then assumes the form

(1 + 2β0)ηF
′
1 − F1 = F1,e(T1 − 1) , (19)

where

Ue ∝ (x−xv)m , m = −β0/(1+3β0) , ∆1F1,e = (1+3β0)(x−xv) . (20)

Herein x = xv denotes the virtual origin of the boundary layer flow. In the
present context flows associated with large values of β0 are of most inter-

est. By introducing suitably (re)scaled quantities in the form F1 = β
1/2
0 F̂ (η̂),

T1 = β0T̂ (η̂), η = β
1/2
0 η̂, the momentum equation (19) reduces to

2η̂F̂ ′ = F̂eT̂ , Fe := F̂ (1) (21)

in the limit β0 → ∞. Solutions of (21) describing turbulent boundary layers

having a velocity deficit measured by uref := β
1/2
0 uτ ≫ uτ have been obtained

first in [11]. Unfortunately, however, it was not realised that this increase of
the velocity defect no longer allows for a direct match of the flow quantities in
the outer and inner layer, which has significant consequences, to be elucidated
below.

We note that in general β0(x) can be regarded as the leading-order contri-
bution to the so-called Rotta–Clauser pressure-gradient parameter (e.g. [24]),

β := −UeUexδ
∗/u2τ , δ∗ := δo

∫ ∞

0

(1− u/Ue) dη . (22)

As already mentioned in [11], this quantity allows for the appealing physical
interpretation that uref is independent of the wall shear stress u2τ for β0 ≫ 1.

3 Moderately Large Velocity Defect

Following the considerations summarised in the preceding section, we now
seek solutions of (1) describing a relative velocity defect of O(ε), where the
newly introduced perturbation parameter ε is large compared to γ but still
small compared to one: γ ≪ ε≪ 1. From assumption (a), see Subsect. 2.1,
we then have −u′v′ ∼ ε2, and the linearised x-momentum equation immedi-
ately yields the estimate δo = ε∆, where ∆ = O(1), for the boundary layer
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thickness. However, since −u′v′ ∼ ε2 ≫ u2τ , the solution describing the flow
behaviour in the outer velocity defect region no longer matches with the so-
lution for the universal wall layer as in the classical case. As a consequence,
the leading-order approximation to the Reynolds shear stress must vanish in
the limit η = y/δo → 0. This indicates that the flow having a velocity defect
of O(ε) in the outer main part of the boundary layer exhibits a wake-type be-
haviour, leading to a finite wall slip velocity at its base and, therefore, forces
the emergence of a sublayer, termed intermediate layer, where the magnitude
of −u′v′ reduces to O(u2τ ), being compatible with the wall layer scaling.

3.1 Intermediate Layer

Here the streamwise velocity component u is expanded about its value at the
base η = 0 of the outer defect region: u/Ue ∼ 1− εW − γUi + · · · , so that
the quantities W , Ui, assumed to be of O(1), account, respectively, for the
wall slip velocity, given by u = Ue(1− εW ) with W > 0, and the dominant
contribution to u that varies with distance y from the wall. Integration of
the x-momentum balance then shows that the Reynolds shear stress increases
linearly with distance y for y/δo ≪ 1:

τ ∼ τw − ε(U2
eW )xy , y/δi = O(1) . (23)

Herein δi denotes the thickness of the intermediate layer and τ assumes
its near-wall value τw as y/δi → 0. Matching with the wall layer then re-
quires that τw ∼ u2τ , which, by taking into account (22), yields the estimate
δi/δo = O(β−1). Also, since τw ∼ u2τ , we infer that δi = O(u2τ/ε) and, in turn,
recover the relationship ε ∼ uτβ

1/2, already suggested by the final consider-
ations of Subsect. 2.4. Formal expansions of u and −u′v′ in the intermediate
layer, therefore, are written as

u/Ue ∼ 1− εW (x; ε, γ)− γUi(x, ζ) , (24a)

− u′v′/(γUe)
2 ∼ Ti(x, ζ; ε, γ) ∼ 1 + λζ , (24b)

where ζ := y/δi = yε/(∆γ2) and λ := −∆(U2
eW )x/U

2
e .

To close the problem for Ui, we adopt the common mixing length concept,

−u′v′ := ℓ2
∂u

∂y

∣∣∣∣
∂u

∂y

∣∣∣∣ , (25)

by assuming that the mixing length ℓ behaves as ℓ ∼ κy for y = O(δi), which
is the simplest form allowing for a match with the adjacent layers. Integration
of (24b) then yields

κUi = − ln ζ + 2 ln
[
(1 + λζ)1/2 + 1

]
− 2(1 + λζ)1/2 , (26)

from which the limiting forms
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κUi ∼ −2(λζ)1/2 + (λζ)−1/2 +O(ζ−3/2) , ζ → ∞ , (27a)

κUi ∼ − ln(λζ/4)− 2− λζ/2 +O(ζ2) , ζ → 0 , (27b)

can readily be inferred. The behaviour (27a) holding at the base of the outer
defect layer is recognised as the square-root law deduced first by Townsend
in his study [29] of turbulent boundary layers exhibiting vanishingly small
wall shear stress; the outermost layer so to speak “anticipates” the approach
to separation as the velocity defect increases to a level larger than uτ . We
remark that Townsend in [29] identified the intermediate region as the so-
called “equilibrium layer”, where convective terms in (1b) are (erroneously
within the framework of asymptotic high-Reynolds-number theory) considered
to be negligibly small. Equation (27b) provides the logarithmic variation of
Ui as ζ → 0, required by the match with the wall layer, which gives rise to the
generalised skin friction relationship

κ

γ
∼ ln

(
Reγ2U3

e

β
1/2
0

)
+ β0κW +O(γβ0) ∼ (1 + εW ) lnRe . (28)

Note that (28) reduces to (8) when β0 = O(1).
Having demonstrated that classical theory of turbulent boundary layers

in the limit of large Reynolds number can – in a self-consistent manner –
be extended to situations where the velocity defect is asymptotically large as
compared to uτ but still o(1), we now consider the flow behaviour in the outer
wake-type region in more detail.

3.2 Outer Defect Region

Following the arguments put forward at the beginning of Sect. 3, we write, by
making use of the stream function ψ, the flow quantities in the outer layer in
the form

p ∼ pe(x) + ε2P (x, η; ε, γ) , (29a)

ψ/Ue ∼ y − εδoF (x, η; ε, γ) , (29b)

−
[
u′2, v′2, u′v′

]
∼ U2

e ε
2[R,S, T ](x, η; ε, γ) . (29c)

As before, here η = y/δo and we accordingly expand

Q ∼ Q1 + εQ2 + · · · , Q := F, P,R, S, T,W , (30a)

δ ∼ ε∆1 + ε2∆2 + · · · , (30b)

β/βv ∼ B0(x) + εB1(x) + · · · , βv → ∞ , (30c)

where we require (without any loss of generality) that βv equals β0 at x = xv,
so that β0 = βvB0 andB0(xv) = 1,Bi(xv) = 0, i = 1, 2, . . .. In analogy to (12),
the first-order problem then reads
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10 A. Kluwick, B. Scheichl

1

Ue

d(Ue∆1)

dx
ηF ′

1 −
1

U3
e

∂(U3
e∆1F1)

∂x
= T1 , (31a)

F1(x, 0) = F ′
1(x, 1) = F ′′

1 (x, 1) = T1(x, 1) = 0 , (31b)

η → 0 : T ∼ (κηF ′′
1 )

2 , F ′
1 ∼W1(x)− (2/κ)(λη)1/2 . (31c)

In the following we concentrate on solutions which are self-similar up to
second order, i.e. ∂F1/∂x ≡ ∂T1/∂x ≡ 0 and ∂F2/∂x ≡ ∂T2/∂x ≡ 0. By again
adopting the notations Ue = Û(x), F1 = F̂ (η), T1 = T̂ (η), ∆1 = ∆̂(x), we re-
cover the requirements (20), (21) for self-similarity at first order resulting from
classical small-defect theory in the limit of large values of βv, in agreement
with (30b) and the definition of β provided by (22):

B0 ≡ 1 , ∆̂F̂e = 3(x− xv) , Û = (C/3)1/3(x− xv)
−1/3 , (32)

with a constant C, and

2ηF̂ ′ = F̂eT̂ , F̂ (0) = T̂ (0) = F̂ ′(1) = F̂ ′′(1) = T̂ (1) = 0 . (33)

If, as in the discussion of the flow behaviour in the intermediate layer, a mixing
length model T̂ = [ℓ(η)F̂ ′′(η)]2 in accordance with (25) is chosen to close the
problem, integration of (33) yields the analytical expressions

F̂ ′(η) =
1

2F̂e

[∫ 1

η

z1/2

ℓ(z)
dz

]2
, F̂e =

{
1

2

∫ 1

0

[∫ 1

η

z1/2

ℓ(z)
dz

]2
dη

}1/2

. (34)

Equations (34) have been evaluated numerically by using a slightly generalised
version of the mixing length closure originally suggested in [13],

ℓ = cℓI(η)
1/2 tanh(κη/cℓ) , I = 1/(1 + 5.5η6) , cℓ = 0.085 . (35)

Herein I(η) represents the well-known Klebanoff’s intermittency factor pro-
posed in [9]. One then obtainsW1 = F̂ ′(0)

.
= 13.868, F̂e

.
= 5.682, and d∆̂/dx

.
=

0.528, cf. (32). As seen in Fig. 1a, both F̂ ′ and T̂ vanish quadratically as η → 1
as a result of the boundary conditions T̂ (1) = T̂ ′(1) = 0, cf. (33). Also, note
that F̂ ′ exhibits the square-root behaviour required from the match with the
intermediate layer as η → 0.

Turning now to the second-order problem, we consider the most general
case that the wall shear enters the description of the flow in the outer layer
at this level of approximation (principle of least degeneracy). Therefore, we
require ε3T2(0) ∼ γ2, which finally determines the yet unknown magnitude of

ε relative to γ, namely that ε ∼ γ2/3. Since, as pointed out before, ε ∼ γβ
1/2
0 ,

this implies that εβ0 = Γ = O(1). Inspection of the resulting second-order
problem indicates that self similar solutions exist only if the external velocity
distribution (32) predicted by classical theory is slightly modified in the form

Û(x) = (C/3)1/3(x− xv)
−1/3+µ, µ ∼ γ2/3µ1 + · · · , (36)
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Fig. 1. Quasi-equilibrium flows: a F̂ ′(η), T̂ (η), dashed: asymptotes found from (31b),
(31c); b canonical representation (37), dashed: asymptotes (see last paragraph of
Sect. 3) and parabola approximating the curve in the apex to leading order

where the O(1)-parameter µ1 satisfies a solvability condition that represents
the integral momentum balance obtained from integrating the second-order
x-momentum equation from η = 0 to η = 1. It can be cast into the canonical
form

9D̂2µ̂ = 1 + D̂3 . (37)

Herein D̂ = r1/3Γ 1/3, µ̂ = r−2/3µ1, and

r = F̂−1
e

∫ 1

0

(F̂ ′2 − R̂+ Ŝ) dη . (38)

A graph of the relationship (37) which represents the key result of the analy-
sis dealing with quasi-equilibrium boundary layer having a moderately large
velocity defect is shown in Fig. 1b. Most interesting, it is found that solu-
tions describing flows of this type exist for µ̂ ≥ µ̂∗ = 21/3/6 only and form
two branches, associated with non-uniqueness of the quantity D̂, which serves
as a measure of velocity defect, for a specific value of the pressure gradient.
Along the lower branch, D̂ ≤ D̂∗ = 21/3 and decreases with increasing values
of µ̂, so that classical small defect theory is recovered in the limit µ̂→ ∞,
where D̂ ∼ (9µ̂)−1/2. In contrast, this limit leads to an unbounded growth of
values D̂ ≥ D̂∗ associated with the upper branch: D̂ ∼ 9µ̂ as µ̂→ ∞. This
immediately raises the question if it is possible to formulate a general nec-
essarily nonlinear theory which describes turbulent boundary layers having a
finite velocity defect in the limit of infinite Reynolds number. We also note
that the early experimental observations made by Clauser, see [6], seem to
strongly point to this type of non-uniqueness.
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4 Large Velocity Deficit

As in the cases of small and moderately small velocity defect we require the
boundary layer to be slender. However, in contrast to the considerations of
Sects. 2 and 3, the validity of this requirement can no longer be inferred from
assumption (a) and the balance between convective and Reynolds stress gra-
dient terms in the outer predominately inviscid region of the boundary layer
which now yields ∂τ/∂y = O(1), rather than ∂τ/∂y ≪ 1 as earlier. A hint
how this difficulty can be overcome is provided by the observation that the
transition from a small to a moderately small velocity defect is accompanied
with the emergence of a wake type flow in this outer layer. One expects that
this effect will become more pronounced as the velocity defect increases fur-
ther, suggesting in turn that the outer part of the boundary layer, having
a velocity defect of O(1), essentially behaves as a turbulent free shear layer.
An attractive strategy then is to combine the asymptotic treatment of such
flows (e.g. [25]) in which the experimentally observed slenderness is enforced
through the introduction of a Reynolds-number-independent parameter α≪ 1
with the asymptotic theory of turbulent wall bounded flows.

4.1 Outer Wake Region

Let the parameter α≪ 1 measure the lateral extent of the outer wake re-
gion, so that ȳ := y/α = O(1). Appropriate expansions of the various field
quantities then are

p ∼ pe(x) +O(α) , (39a)

q ∼ α q0(x, ȳ) + o(α) , (39b)

where q stands for ∆, ψ, τ = −u′v′, σ(x) = −u′2, σ(y) = −v′2. From substitu-
tion into (1b–1c) the leading order outer wake problem is found to be

∂ψ0

∂ȳ

∂2ψ0

∂ȳ∂x
− ∂ψ0

∂x

∂2ψ0

∂ȳ2
= −UeUex +

∂τ0
∂ȳ

, (40a)

ȳ = 0 : ψ0 = τ0 = 0 , (40b)

ȳ = ∆0(x) : ∂ψ0/∂ȳ = Ue , τ0 = 0 . (40c)

As in the case of a moderately large velocity defect, we expect a finite wall
slip Us(x) := ∂ψ0/∂ȳ at the base ȳ = 0 of this outer layer, which yields the
limiting behaviour

∂ψ0/∂ȳ ∼ Us(x) +O(ȳ3/2) , τ0 ∼ Λ0ȳ +O(ȳ3/2) , (41)

with Λ0 := UsUsx − UeUex > 0.
It is easily verified that the various layers introduced so far in the de-

scription of turbulent boundary layers share the property that their lateral
extent is of the order of the mixing length ℓ characteristic for the respective
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layer. In contrast, the scalings given by (39) imply that ℓ is much smaller than
the thickness of the outer wake region: ℓ ∼ α3/2 ≪ α. This is a characteristic
feature of free shear layers, of course, but also indicates that the outer wake
region “starts to feel” the presence of the confining wall at distances y ∼ α3/2,
which in turn causes the emergence of an inner wake region.

4.2 Inner Wake Region

Introducing the stretched wall distance Y = y/α3/2 = O(1) inspection of (41)
suggests the expansions

ψ ∼ α3/2Us(x) + α9/4ψ̄(x, Y ) + · · · , (42a)

τ ∼ α3/2T̄ (x, Y ) + · · · , ℓ ∼ α3/2L̄(x, Y ) + · · · , (42b)

which leads to

T̄ = Λ0Y . (43)

Furthermore, T̄ and ψ̄ are subject to the boundary conditions

T (x, 0) = ψ̄(x, 0) = 0 , (44a)

ψ̄Y ∼ 2

3

Λ
1/2
0

L̄0
Y 3/2 , Y → ∞ , L̄0 = limY→∞ L̄ . (44b)

The solution of the inner wake problem posed by (43), (44) can be obtained
in closed form. It exhibits the expected square-root behaviour of ψ̄Y ,

ψ̄Y ∼ Ūs(x) + 2
(Λ0Y )1/2

χ(x)
, L̄ ∼ χ(x)Ȳ , Y → 0 . (45)

Here Ūs(x) denotes the correction of the slip velocity Us(x) caused by the
inner wake region,

us ∼ Us(x) + α3/4Ūs(x) + · · · , (46a)

Ūs(x) = −
∫ ∞

0

(
1

L̄
− 1

L̄0

)
(Λ0Y )1/2 dY . (46b)

At this point it is important to recall the basic assumption made at the begin-
ning of this section, namely, that the slenderness parameter α is independent
of Re, or more generally, asymptotes to a small but finite value as Re → ∞.
As a consequence, the outer and inner wake regions provide a complete de-
scription of the boundary layer flow in the formal limit Re−1 = 0. If, however,
0 < 1/Re ≪ 1 an additional sublayer forms at the base of the inner wake re-
gion. This sublayer plays a similar role as the intermediate layer discussed in
Subsect. 3.1: there the magnitude of the Reynolds shear stress, still varying
linearly with distance from the wall, is reduced to O(u2τ ), which is necessary
to provide the square-root behaviour expressed in (45) and, finally, to allow
for the match with the universal wall layer, see [19].
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14 A. Kluwick, B. Scheichl

4.3 Numerical Solution of the Leading-Order Outer-Wake Problem

As earlier, a slightly modified version of the mixing length model proposed by
[13] will be adopted to close the outer wake problem posed by (40). Numerical
calculations were carried out for a family of retarded external flows controlled
by two parameters ms, k, with ms < 0, 0 ≤ k < 1:

Ue(x;ms, k) = (1 + x)m(x;ms,k) , (47a)

m

ms
= 1 +

k

1− k
Θ(2− x)

[
1− (1− x)2

]3
. (47b)

Herein Θ denotes the Heaviside step function. Self-similar solutions of the
form ψ0 = ∆0F (ξ), ξ := Y/∆0, ∆0 = b(1 + x), where b = const and the posi-
tion x = −1 defines the virtual origin of the flow, exist for k = 0 if ms > −1/3
and are used to provide initial conditions at x = 0 for the downstream inte-
gration of (40) with Ue given by (47). As a specific example, we consider the
case F ′(0) = 0.95 of a relatively small velocity defect, imposed at x = 0, for
which the requirement of self-similarity for −1 < x < 0 yields b

.
= 0.3656 and

ms
.
= −0.3292. The key results which are representative for the responding

boundary layer and, most important, indicate that the present theory is ca-
pable of describing the approach to separation are displayed in Fig. 2. If k is
sufficiently small, the distribution of the wall slip velocity Us is smooth and
Us > 0 throughout. However, when k reaches a critical value kM

.
= 0.84258,

the slip velocity Us is found to vanish at a single location x = xM , but is
positive elsewhere. A further increase of k provokes a breakdown of the cal-
culations, accompanied with the formation of a weak singularity slightly up-
stream of xM at x = xG. A similar behaviour is observed for the boundary
layer thickness ∆0, which is smooth in the subcritical case k < kM , exhibits a
rather sharp peak ∆0,M for k = kM at x = xM , and approaches a finite limit
∆0,G in an apparently singular manner in the supercritical case k > kM .
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0
0.9 0.95 1 1.05 1.15 1.2 1.25 1.3
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Us

Us

∆0

∆0

∆0,M∆0,G

x

xG xM

Fig. 2. Solutions of (40) for |x− xM | ≪ 1, |k − kM | ≪ 1, dashed: asymptotes ex-
pressed by (48b), (49)
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Following the qualitatively similar behaviour of the wall shear stress that
replaces Us in the case of laminar boundary layers, see [17, 18, 27], the crit-
ical solution with k = kM is termed a marginally separating boundary layer
solution. However, in vivid contrast to its laminar counterpart, is is clearly
seen to be locally asymmetric with respect to x = xM where it is singular.
This numerical finding is supported by a local analysis of the flow behaviour
near x = xM , carried out in [20]: it indicates that Us decreases linearly with x
upstream of x = xM but exhibits a square-root singularity as x− xM → 0+,

Us/P
1/2
00 ∼ −B(x− xM ) , x− xM → 0− , (48a)

Us/P
1/2
00 ∼ U+(x− xM )1/2 , x− xM → 0+ , (48b)

where P00 = (dpe/dx)(xM ). It is found that U+
.
= 1.1835, whereas the con-

stant B remains arbitrary in the local investigation and has to be determined
by comparison with the numerical results for x ≤ xM .

This local analysis also shows that a square-root singularity forms at a
position x = xG < xM for k > kM ,

Us/P
1/2
00 ∼ U−(xG − x)1/2 , x− xG → 0− , (49)

with some U− to be determined numerically, and that the solution cannot
be extended further downstream. This behaviour, which has been described
first in [12], is reminiscent of the Goldstein singularity well-known from the
theory of laminar boundary layers and, therefore, will be termed the turbulent
Goldstein singularity. As shown in the next section, the bifurcating behaviour
of the solutions for k − kM → 0 is associated with the occurrence of marginally
separating flow.

4.4 Marginal Separation

According to the original boundary layer concept, pressure disturbances
caused by the displacement of the external inviscid flow due to the momentum
deficit, which is associated with the reduced velocities close to the wall, repre-
sent a higher order effect. Accordingly, higher-order corrections to the leading-
oder approximation of the flow quantities inside and outside the boundary
layer can be calculated in subsequent steps. However, as found first for lam-
inar flows, this so-called hierarchical structure of the perturbation scheme
breaks down in regions where the displacement thickness changes so rapidly
that the resulting pressure response is large enough to affect the lowest-order
boundary layer approximation (e.g. [26]). A similar situation is encountered
for the type of turbulent flows discussed in the preceding section. Indeed, the
slope discontinuity of ∆0 and, in turn, of the displacement thickness forces a
singularity in the response pressure, indicating a breakdown of the hierarchi-
cal approach to boundary layer theory. As for laminar flows, see [17, 18, 27],
this deficiency can be overcome by adopting a local interaction strategy, so
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16 A. Kluwick, B. Scheichl

that the induced pressure disturbances enter the description of the flow in
leading rather than higher order.

Again, similar to laminar flows, three layers (decks) characterising regions
of different flow behaviour have to be distinguished inside the local interaction
region, see Fig. 3. Effects of Reynolds stresses are found to be confined to the
lower deck region (LD), having a streamwise and lateral extent of O(α3/5) and
O(α6/5), respectively. Here the flow is governed by equations of the form (40).
The majority of the boundary layer, i.e. the main deck (MD) behaves passively
in the sense that it transfers displacement effects caused by the lower deck
region unchanged to the external flow region taking part in the interaction
process, the so-called upper deck (UD) and transfers the resulting pressure
response unchanged to the lower deck. Solutions to the leading order main
and upper deck problems can be obtained in closed form which finally leads
to the fundamental lower deck problem. By using suitably stretched variables,
it can be written in terms of a stream function ψ̂(X̂, Ŷ ) as (see [20])

∂ψ̂

∂Ŷ

∂2ψ̂

∂Ŷ ∂X̂
− ∂ψ̂

∂X̂

∂2ψ̂

∂Ŷ 2
= −1− Λ(Γ ) P̂ ′(X̂) +

∂T̂

∂Ŷ
, (50a)

T̂ =
∂2ψ̂

∂Ŷ 2

∣∣∣∣∣
∂2ψ̂

∂Ŷ 2

∣∣∣∣∣ , (50b)

P̂ (X̂) =
1

π

∫ ∞

−∞
C Â′(Ŝ)

X̂ − Ŝ
dŜ (50c)

Ŷ = 0 : ψ̂ = T̂ = 0 , (50d)

Ŷ → ∞ : T̂ − Ŷ → Â(X̂) , (50e)

X̂ → −∞ : ψ̂ → (4/15)Ŷ 5/2 + Γ Ŷ , 0 ≤ Γ ≤ 1 , (50f)

X̂ → ∞ : ψ̂ → X̂5/6F+(η̂) , η̂ := Ŷ /X̂1/3 . (50g)

The first and second term on the right-hand side of (50a) account for the
imposed and induced pressure, respectively. The latter is given by the Hilbert
integral (50c), where Â characterises the displacement effect exerted by the
lower deck region. The far-field condition (50e) expresses the passive character
of the main deck mentioned before, whereas the conditions (50f), (50g) follow
from the match with regions LD−, LD+ immediately upstream and down-
stream of the local interaction zone. The analysis of region LD+ determines
the function F+(η̂). Finally, the parameter Γ measures the intensity of the
interaction process as the monotonically increasing but otherwise arbitrary
function Λ(Γ ) expresses the magnitude of the induced pressure gradient.

As a representative example of flows encountering separation, the distri-
butions of Â, P̂ , and the wall slip Ûs := (∂ψ̂/∂Ŷ )(X̂, Ŷ = 0), obtained by
numerical solution of the triple-deck problem (50) for Γ = 0.019, Λ = 3 are
depicted in Fig. 4a. Here the dot-and-dash lines indicate the upstream and
downstream asymptotes, obtained from the analysis of the flow behaviour in
the pre- and post-interaction regions, while X̂D and X̂R denote the positions
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IW

OW

LDLD− LD+

MD
MD− MD+

UD

x

y

O(α3/5)

O(α3/5)

O(α6/5)

O(α3/2)

y ∼ α∆0(x)

Fig. 3. Triple-deck structure, for captions see text, subscripts “−” and “+” refer to
the continuation of flow regions up- and downstream of the local interaction zone,
dashed line indicates inner wake

of, respectively, detachment and reattachment. It is interesting to note that
the passage of Ûs into the reverse-flow region where Ûs < 0 causes the in-
teraction pressure P̂ to drop initially before it rises sharply, overshoots and
finally tends to zero in the limit X̂ → ∞. This is in striking contrast to lami-
nar flows, where flow separation always is triggered by an initial pressure rise,
and reflects the fact that – in the case of turbulent flows considered here – the
streamwise velocity component at the base Ŷ = 0 of the lower deck region is
allowed to take on finite values, whereas the no-slip condition is enforced in
its laminar counterpart.
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Fig. 4. Solution of (50), separation in S, reattachment in R: a key quantities,
dashed: asymptotes found analytically; b streamlines

Streamlines inside the lower-deck region are displayed in Fig. 4b which
clearly shows the formation of a recirculating eddy. Also, we draw attention
to the increasing density of streamlines further away from the wall and down-
stream of reattachment associated with the strong acceleration of the fluid
there as evident from the rapid increase of Ûs.
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18 A. Kluwick, B. Scheichl

The interaction process outlined so far describes the behaviour or marginally
separated turbulent flows in the limit 1/Re = 0. As in the case of conventional,
i.e. hierarchical, boundary layers having a velocity of defect of O(1), additional
sublayers form closer to the wall if 1/Re ≪ 1 but finite. Their analysis, out-
lined in [19], provides the skin friction relationship in generalised form to
include the effects of vanishing and negative wall shear – treated first in a
systematic way in [24] – but also shows that these layers behave passively
insofar as the lower deck problem (50) remains intact.

5 Conclusions and Outlook

In this study an attempt has been made to derive the classical two layer
structure of a turbulent small-defect boundary layer from a minimum of as-
sumptions. As in [30], but in contrast to earlier investigations (e.g. [10]), the
law of the wall is taken basically as an empirical observation rather than a
consequence of matching inner and outer layers, as the latter is not felt rich
enough to provide a stringent foundation of this important relationship re-
flecting the dynamics of the flow close to the wall, which is not understood
in full at present. Probably the first successful model that describes essential
aspects of this dynamics is provided by Prandtl’s mixing length concept, pro-
posed more than 50 years before the advent of asymptotic theories in fluid
mechanics. Significant progress has been achieved in more recent years and,
in particular, by the pioneering work of Walker (e.g. [30]), whose untimely
death ended a line of thought which certainly ought to be taken up again.

Following the brief outline of the classical small-defect theory, it is shown
how a description of turbulent boundary layers having a slightly larger (i.e.
moderately large) velocity defect, where the outer predominately inviscid layer
starts to develop a wake-type behaviour, can be formulated. Further increase
of the velocity defect to values of O(1) causes the wake region to become
even more pronounced and is seen to allow for the occurrence of reverse-flow
regions close to the wall, resulting in what we believe to be the first fully
self-consistent theory of marginally separated turbulent flows.

Unfortunately, however, this success seemingly does not shed light on the
phenomenon of global or gross separation associated with flows past (more-or-
less) blunt bodies or, to put it more precisely, flows which start at a stagnation
point rather than a sharp leading edge. Indeed, a recent careful numerical in-
vestigation for the canonical case of a circular cylinder, presented, among
others, in [22,23], undoubtedly indicates that the boundary layer approaching
separation exhibits a small rather than a large velocity defect, leading in turn
to the dilemma addressed in Subsect. 2.4. Accompanying asymptotic analysis
based on the turbulence intensity gauge model introduced in [15], however,
strongly suggests that a boundary layer forming on a body of finite extent
and originating in a front stagnation point does not reach a fully development
turbulent state, even in the limit Re → ∞. Specifically, it is found that the
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boundary layer thickness and the Reynolds shear stress are slightly smaller
than predicted by classical small-defect theory, while, most important, the
thickness of the wall layer is slightly larger. As a consequence, the outer large-
momentum region does not penetrate to distances from the wall which are
transcendentally small. In turn, this situation opens the possibility to for-
mulate a local interaction mechanism that describes the detachment of the
boundary layer from the solid wall within the framework of free-streamline
theory at pressure levels which are compatible with experimental observation.
This is a topic of intense current investigation.
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A rigorous asymptotic analysis concerning the phenomenon of non-uniqueness
of quasi-equilibrium turbulent boundary layers in the large Reynolds number
limit has recently been carried out in [2]. The approach contains the classical
asymptotic theory of wall-bounded turbulent shear flows, cf. [3], as a limit-
ing case. Compared to the latter, the novel theory allows for a moderately
large but still asymptotically small velocity defect with respect to the exter-
nal inviscid flow. Therefore, it applies to attached flow only which, however,
exhibits some properties known from separating turbulent boundary layers.
Here a first comparison of the theoretical results with numerical and experi-
mental data is presented. As a special aspect, the impact of the equilibrium
conditions on the associated external potential flow field is elucidated.

1 Fundamentals and basic concepts

Near-equilibrium nominally two-dimensional incompressible turbulent bound-
ary layers play an important role in many internal flow situations. An example
is provided by diffuser flows where the boundary layer has to sustain a (prefer-
ably) large pressure rise, exerted by the outer irrotational bulk flow. In order
to prevent separation it is then advisable to control the pressure gradient
such that the boundary layer globally is in an almost self-preserving state, or,
equivalently, remains close to equilibrium.

1.1 Classical small-defect theory

Let Re denote a suitably defined global Reynolds number. Classical analysis
on the basis of the Reynolds equations in the limit Re → ∞, cf. [3], then shows
that the main boundary layer characteristics may be expressed as

1− u/Ue = κ(s) + εF ′
1(η) +O(ε2), η = y/δ(s, ε),

δ ∝ εs+O(ε2), Ue(s) ∝ sm, s = x− xv.
(1)
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Here u denotes the streamwise velocity component and Ue its value imposed
at the boundary layer edge by the external irrotational free-stream flow. The
principal perturbation parameter ε = O

(
(lnRe)−1

)
characterises the magni-

tude of the boundary layer thickness δ as well as the velocity defect 1− u/Ue

in the fully turbulent outer main layer. Furthermore, F1 is the stream function,
and x, y are curvilinear coordinates along and normal to the surface consid-
ered, respectively, and xv denotes the virtual origin. The local curvature of
the surface contour is denoted by κ. All quantities in (1) are non-dimensional
with respect to a suitable global length and velocity scale, respectively.

Furthermore, we note that classical theory establishes the well-known con-
dition necessary for self-similarity in leading order that the inviscid surface slip
velocity Ue must vary as a power m of the streamwise coordinate x. Most im-
portant, it is argued in [2] by employing first principles thatm > −1/3 whereas
the classical boundary layer structure applies only when µ ≡ m+ 1/3 = O(1).

1.2 New theory: distinguished limit µ3/2 lnRe = O(1)

As pointed out in [2], the breakdown of classical theory associated with the
limit µ → 0+ is prevented by considering a wake-type flow indicating a state of
incipient separation. Then (1) still holds but ε is seen to be of O

(
(lnRe)−2/3

)
.

However, the wall shear remains of O
(
(lnRe)−2

)
as in the classical case, thus

entering the analysis in second order only. Assuming quasi-equilibrium implies

m+ 1/3 ∝ εµ̂(s) +O(ε2) and κ = k(s) +O(ε), k(s) = Λ/s. (2)

Herein Λ denotes a free constant with the values Λ = 0, Λ < 0, and Λ > 0
for a plain, concave, and convex surface, respectively. The condition (2) states
the remarkable result that the exponent m slightly depends on Re.

Restricting the investigation to flows having dµ̂/ds ≡ 0 agrees with the
requirement that the boundary layer is in equilibrium up to second order.
The necessary condition derived from the second-order integral momentum
balance without employing any turbulence closure represents one of the main
results of the analysis. Written in the canonical form (dashed curve in Fig. 1 a)

9D̂2µ̂ = 1 + D̂3 (3)

it provides a relationship between µ̂, the rescaled measure of the velocity defect
D̂ = O(1), and the wall shear stress which is scaled to 1. In the case Λ = 0
the quantity D̂3 is directly proportional to the shape factor G, see [3], if the
contributions of Reynolds normal stresses are neglected. Most interestingly,
(3) gives a theoretical explanation for the early experimental observations of
non-unique near-equilibrium flows for a given value of m, [1]. The solid curves
in Fig. 1 (a) refer to numerical solutions of the boundary layer equations for
finite values of Re having adopted a simple mixing-length shear stress closure,
see [2]. Due to the logarithmic dependence of ε on Re convergence for Re → ∞
to the limit given by (3) is rather slow. In Fig. 1 (b) these results are compared
with measurements of a flow approaching separation where m varies slowly.
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Fig. 1. (a) Canonical defect measure D̂, (b) data for G by [4] taken from [3]

2 Effect of surface curvature on external bulk flow

Outside the boundary layer the flow is inviscid and irrotational to the order
considered here. The latter property is expressed by the Laplace equation,
satisfied by the stream function ψ(x, y). If, as before, the flow is taken to be
in equilibrium, the slip velocity Ue at the solid surface is given by (1). Hence,

∂s(h
−1 ∂sψ) + ∂y(h ∂yψ) = 0,

h = 1 + κ(s) y, y = 0: ψ = 0, ∂yψ = Ue(s) ∝ sm.
(4)

Supplementing (4) with appropriate inflow and outflow as well as boundary
(symmetry) conditions prescribed at the opposite wall (the centerline) of a
duct, for example, then defines a well-posed elliptic problem determining ψ.
In general, one expects also the wall curvature κ(s) to be part of the solution.

In contrast, equilibrium in the limit m+ 1/3 → 0+ considered here im-
poses the additional condition for κ(s,Re) provided by (2). Note that by
definition κ ≡ dφ/ds, see Fig. 2 (b). Let X, Y denote Cartesian global coor-
dinates such that, without any loss of generality of the analysis, s = 1 and
φ = 0 at the origin X = 0, Y = 0. By integration of the second relation in (2)
one then obtains a representation X = Xc(s;Λ), Y = Yc(s;Λ) of the surface,

Xc =
(
s(Λ sinφ+ cosφ)− 1

)
/λ, Yc =

(
s(Λ cosφ− sinφ)− Λ

)
/λ,

φ = Λ ln s, λ = 1 + Λ2.
(5)

For Λ 6= 0 the spiral-type curves defined by (5) have their center in the singular
point S of the flow field where s = x− xv = 0 and y = 0, see Fig. 2 (b). In this
case, therefore, the equilibrium flows associated with these contours given by
(5) are assumed to take place sufficiently far downstream of s = 0.

Combining the specific similarity structure of the boundary layer, see (1),
and the condition in (2) for the wall curvature for any value of m suggests the
existence of self-similar solutions of (4) of the form ψ ∝ sm+1g(ζ;Λ), ζ = y/s.
Indeed, inserting this ansatz into (4) yields an ordinary initial value problem
for g. In the inviscid limit m = −1/3 the problem (4) is then rewritten as

h(h2 + ζ2)g′′ +
(
Λ(h2 − ζ2) + 2ζh/3

)
g′ + (4Λζ/9− 2/9)g = 0,

h = 1 + Λζ, ζ = 0: g = 0, g′ = 1.
(6)
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Fig. 2. Streamlines ψ = 0, 0.25, 0.5, . . . and wall contour (bold): (a) Λ = 0, (b) Λ = 1

Here primes denote derivatives with respect to ζ. The problem (6) admits the
closed-form solution g = 3/2 (1 + ζ2)1/3 sin(2/3 arctan ζ) which describes the
potential flow past a flat wall, i.e. Λ = 0, but has to be solved numerically in
general. Two representative results are depicted in Fig. 2 after applying the
transformation X = Xc + y sinφ, Y = Yc + y cosφ.

3 Conclusions and further outlook

An asymptotic analysis of turbulent equilibrium flows in the double limit
Re → ∞, m+ 1/3 → 0+ has been presented. The results obtained appear to
be supported by existing experimental evidence. It has to be noted, however,
that experimental data which satisfy the theoretical requirements in a strict
sense appear not to be available at present, so that a more rigorous test of the
theoretical predictions has to wait for further experimental and/or numerical
efforts. In this connection we add that the potential flow solution for a flat wall,
i.e. Λ = 0, fixes a suction rate given by −∂xψ at an opposite wall Y = const
to be used in an experimental setup or in order to perform LES/DNS.

We also note that the solutions of (6) in the case Λ > 0 may be of en-
gineering relevance. For example, consider a spiral diffuser duct formed by
contours which collapse onto the convex curve y = 0 and a further potential
flow streamline where y > 0, respectively. The boundary layer adjacent to its
convex inner wall withstands the maximum pressure rise possible for a given
Reynolds number. Although the opposite boundary layer on the concave outer
wall is clearly not in equilibrium it is exposed to a weaker pressure gradient
(although over a longer distance) and thus has a smaller velocity defect. Hence,
it is supposed to be less sensitive to separation, but this remains to be shown.
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NON-UNIQUE QUASI-EQUILIBRIUM TURBULENT BOUNDARY LAYERS

Bernhard Scheichl, Alfred Kluwick
Institute of Fluid Mechanics and Heat Transfer, Vienna University of Technology,

Resselgasse 3/E322, A-1040 Vienna, Austria

Summary An asymptotic investigation of turbulent boundary layers having a moderately large velocity defect is presented. It extends
the classical small-defect theory insofar as the defect is measured by a second perturbation parameter besides the sufficiently large
global Reynolds number. Most remarkably, the theory is capable of describing non-uniqueness of quasi-equilibrium flows, a property
which has been discussed intensively in the literature.

MOTIVATION AND PROBLEM FORMULATION

Near-equilibrium turbulent boundary layers play an important role in internal flow situations. In particular, here diffuser
flows serve as a typical engineering application. In such a flow configuration the boundary layer has to sustain a preferably
large pressure rise, exerted by the external irrotational bulk flow, whereas the flow shall remain strictly attached. In
order to prevent separation it is advisable to control the pressure gradient such that the boundary layer globally admits a
self-preserving state, or, equivalently, remains close to equilibrium. As a well-established condition necessary for self-
similarity, the streamwise velocity component at the boundary layer edge must vary as a power � of the streamwise
coordinate. Moreover, it has been commonly argued on a partially empirical basis that ����������	 , cf. [4].
On the other hand, it is known from experiments that ��
��������� characterises a boundary layer exhibiting identically
vanishing wall shear ([3]). As a consequence, this suggests that (at least) double-valued solutions are possible as the
associated exponent � measuring the strength of the pressure gradient may fall below that critical value but is greater
than ������	 . Indeed, in the past several studies indicated the non-uniqueness of turbulent near-equilibrium boundary layers
([3], [4]). An early hint is given by Clauser in his pioneering experimental work [1]. Most notably, an explicit clue is
found in [5]: In that study the impact on diffuser design of boundary layer flow that withstands a pressure increase much
larger than one provoking separation was investigated numerically using an integral method.
However, this striking feature of near-equilibrium flow has not been investigated so far by a strict rational approach based
on first principles. It is, among others, the primary objective of our presentation to elucidate this particular flow structure
by means of an asymptotic analysis of the Reynolds-averaged Navier–Stokes equations in the limit of a large global
Reynolds number Re. To this end, first the few basic assumptions underlying the ‘classical’ theory of self-preserving
boundary layers for Re ��� have to be summarised briefly.

ASYMPTOTIC THEORY OF SELF-SIMILAR BOUNDARY LAYERS

The ‘classical’ limit
A rational asymptotic description of high Reynolds number wall-bounded turbulent shear flows has been formulated first
in the early 1970ies, see e.g. the seminal paper of Mellor [2]. It can be shown that this self-consistent theory effectively
exploits well-known dimensional arguments which determine the scaling of the viscous sublayer adjacent to the wall and
is based on a two-layer structure. Inside the viscous wall layer the streamwise velocity component is of ��� ������� Re � .
Matching with the results holding in the fully turbulent main layer yields the celebrated universal logarithmic law of the
wall. Moreover, it requires that the velocity defect with respect to the imposed external streamwise velocity  "! as well
as the boundary layer thickness # , non-dimensional with a global length scale, are asymptotically small and also of that
magnitude. As a result, the theory does not cover separating flows which apparently exhibit a velocity defect of ��� � � .
It is demonstrated in [3] on basis of this classical approach that equilibrium flows are characterised by a Rotta–Clauser
parameter which varies only slowly in streamwise direction $ . Let % denote the distance normal to the wall, it is given by

& �'$(�*) � #�+, !(-  ! � - $.0/ )1��� � �32 with # + ) 4657 � �"�98:�  ! � - % � (1)

Furthermore, one infers from the leading-order integral momentum balance that
&<; �"�<� � �>=?	@� � . Consequently, the

classical theory ceases to be valid as � � ������	BA since it predicts an unbounded growth of both the velocity defect and
the boundary layer thickness. In present literature this failure is commonly attributed to incipient separation ([3]). In
contrast to this suggestion it is shown here that this failure can be avoided by a generalized small-defect theory which is
based on a three- rather than a two-layer structure. While the velocity defect is still small, it is, however, asymptotically
large compared to the one assumed in the classical case.

Distinguished limit C"D�EGF�HJILK Re MON9P3Q�R
In the new theory the double limit

& �S� , Re �T� considered is found to implicate a wake-type flow in the outermost
layer which in fact closely resembles a separating flow. Here the defect is measured by a second small parameter besides������� Re which, among others, characterises the slenderness of the boundary layer. In contrast to the classical analysis,
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the new one accounts for weakly nonlinear effects due the inertia terms in the equations of motion. Introduction of the
coupling parameter UWV &,XZY\[ ����� Re )1��� � � leads to a new distinguished limit where the still finite wall shear enters the
flow description in second order. There the solution is shown to satisfy a solvability condition derived from the integral
momentum balance. Assuming strict equilibrium up to second order, the resulting algebraic relationship can – without
adopting any turbulence closure – be cast into canonical form,]_^` [ ^a ) �*= ^` X 2 with

^` V1U�b Y\X 2 (2)

which clearly reveals a double-valued flow structure, see the dashed curve in figure 1 (a). Here
^`

, and ^a measure the
velocity defect and the small deviation of the exponent � , characteristic of the external flow, from ������	 , respectively.
From (2) the fundamental conclusion can be drawn that for high but finite values of Re the effects caused by nonlinearities
indeed imply a restriction �O��������	 , where �c=1����	 V ^a,� � ��� Re � [ZYdX .
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Comparison with numerical results for finite values of Re
In order to support the asymptotic results a numerical study was performed by solving the nonlinear boundary layer
equations assuming strict equilibrium in the fully turbulent flow regime. By introduction of a suitably defined stream
function £��L¤�� and by applying an appropriate similarity transformation, they become� �¥£§¦ [ �¨� � � � �*=6� �\£©£§¦ ¦ª) . ¦ ��« 2¬¤)®% � #@2 « ) - # � - $¯)1°�±�²´³sµ3¶¤� �· £§¦ ; �'¸ ��¹ � ��� �'¤ « ¸ Re �32 . ; ¸ [ 2º£ ; ¤�£§¦L2¬¤) �»· £§¦ª) � 2 . ) �� (3)

Here ¹¼
W�� ½B� denotes the v. Kármán constant. The boundary conditions for ¤��  reflect the behaviour of the flow in the
overlap regime between the outer region and the viscous wall layer. To solve the resulting problem (3), it is supplemented
with an (asymptotically correct) algebraic closure for the Reynolds shear stress . . Prescribing a (sufficiently large)
Reynolds number, a properly chosen (sufficiently small) linear increase of # denoted by « as well as a minimum value
of ¤ , the exponent � is regarded as an eigenvalue and is thus part of the solution. This procedure allows to calculate the
expected double-valued velocity distributions, plotted in figure 1 (b), for a given pressure gradient.
From a rigorous rational point of view (3) represents an ad hoc approximation of the full set of Reynolds equations.
The Reynolds number enters the solution solely via the logarithmic near-wall portion of the flow. As a consequence, the
asymptotic error is inherently of ���'¸©� . Therefore, extending the domain of the calculations to the boundary ¤¾)  by
adopting a wall layer model would not improve the quality of the numerical solution in the limit Re �T� .
By integration of (3) from ¤)  to ¤) � one recovers the well-known v. Kármán’s integral momentum balance, specified
for equilibrium boundary layers. Introducing a canonical equilibrium shape factor

^¿ )���� � � , it is written as& � �*=6	�� �À) �"�Á= � �*=Â��� � ^` X 2 with
^` X )Ã¸ & XZYd[ ^¿ 2 (4)

where the Rotta-Clauser parameter defined by (1) has to be calculated numerically. The solid curves in figure 1 (a)
represent the associated solutions for

^`
which show qualitatively good agreement with the predictions of the asymptotic

analysis. There the Reynolds number enters in the form ������� Re, hence the collapse of the numerical results for finite
values of Re onto the dashed line holding in the limit Re �T� is rather slow. Finally, we note that the lower branches
in figure 1 (a) reveal the classical results for ^a �T� . In contrast, the upper branches indicate the existence of a fully
nonlinear theory predicting a velocity defect of ��� � � and, in turn, even separated flows. This issue is a topic of current
research.
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We consider a nominally steady and two-dimensional turbulent boundary
layer (BL) of uniform density along a flat surface under the action of an adverse
pressure gradient. Classical analysis of the flow in the limit of large Reynolds
number, Re → ∞, (a survey is found e.g. in [2]) predicts the well-known asymp-
totically small velocity defect holding within most of a strictly attached BL.
However, as demonstrated in [1], a more general asymptotic approach accounting
for a large velocity deficit and, in turn, the possibility of separation apparently
requires the existence of a second perturbation parameter, denoted by α. The
latter is (i) essentially independent of Re, (ii) serves as a measure for the BL
slenderness and is (iii) in fact provided by the empirical constants entering any
commonly employed Reynolds shear stress closure.

Including α ≪ 1 in the theoretical considerations as first put forward by
Melnik (1989), referred to in [1], has the important consequence that the BL
thickness remains finite and of O(α) in the limit Re−1 = 0, which will be con-
sidered here. To this end, let x, y, ψ, δ and ℓ denote Cartesian coordinates
parallel and normal to the wall, the stream function, the BL thickness and the
mixing length, non-dimensional with global reference quantities, respectively.
As shown in [1], appropriately scaled variables in the outer part of the BL are
Y = y/α, Ψ = ψ/α, L = ℓ/α3/2, ∆ = δ/α which upon substitution into the set
of Reynolds-averaged Navier–Stokes equations yield the leading-order problem

ΨY ΨY x −ΨxΨY Y = −px + TY , px = −UeUex , T = L2 ΨY Y |ΨY Y | ;
Y = 0 : Ψ = T = 0 , Y = ∆(x) : ΨY = Ue(x, β), T = 0 ,

}
(1)

where we require that L → L0(x) = O(1) for Y → 0, implying ΨY = Us +
O
(
Y 3/2

)
. The resulting wall slip Us(x, β) reflects the absence of viscous forces

and is assumed to depend on the controlling parameter β used to characterize the
potential flow velocity Ue(x, β) imposed at the BL edge. Additional sublayers
allowing among others to satisfy the no-slip conditions at the wall emerge if the
expansions are carried on to higher orders in α and Re−1. Note, however, that
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2 Solutions of turbulent boundary layer equations at marginal separation

the solution in the outer region which comprises most of the BL is completely
determined by (1). Here we are interested primarily in the case that Us vanishes
locally, indicating the onset of separation.

In this connection numerical solutions of (1) have been obtained for retarded
flows specified by

Ue(x, β) = (x+ 1)m
[
β
(
exp(−5x2)− 1

)
+ 1

]
; L = I (Y/∆(x))

1/2
∆(x) . (2)

Klebanoff’s intermittency factor I(Y/∆) was implemented to improve the pre-
diction of the flow near the BL edge. It is expected, however, that other choices
of Ue(x, β) will not affect the flow behaviour near Us = 0 significantly. Also note
that problem (1) admits (in addition to the trivial result ΨY ≡ Ue) self-similar
solutions Ψ = ∆UeF (Y/∆), ∆ ∝ x, for external flows of the form Ue ∝ xm,
where the exponent m is a function on F ′(0) and −1/3 < m < 0, leading to a
wall slip Us ∝ xmF ′(0), F ′(0) < 1; c.f. [1]. These solutions were used to provide
initial conditions at x = 0 for the numerical calculations with Ue(x, β) given by
(2) which were carried out for a range of values of β; see Figure 1: If β is suffi-
ciently small the distribution of Us is smooth, and Us > 0 throughout. However,
if the parameter β exceeds a critical value βcrit, Us(x, βcrit) is found to vanish
at a single location x = xcrit but is positive elsewhere. A further increase of β
will cause a breakdown of the calculations accompanied by the occurrence of a
weak singularity slightly upstream at x = x∗.

A qualitatively similar behaviour of the wall shear in laminar BLs was ob-
served originally by Ruban (1981), see e.g. [2], and is now commonly referred to
as marginal separation. This notion is used also here although the mechanism
leading to separation is vastly different from the laminar counterpart.
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Figure 1: Distributions of Us and ∆ near x = xcrit.

To study the local flow behaviour near x = xcrit the pressure gradient is
expanded as px = P0 + ǫ + P1s + . . . for s → 0∓ where s = x − xcrit, ǫ =
β − βcrit ≪ 1. We first focus on the case ǫ = 0. Since ∆ assumes a finite value
∆0 at x = xcrit one infers that L0 → L00 as s→ 0. The balance (1) is retained in
flow regimes II∓, see Figure 2. There the appropriately rescaled local quantities
η = y/

(
L00

2/3(∓s)1/3
)
, f = Ψ/

(
L00

2/3P0
1/2(∓s)5/6

)
suggest the expansions

f = f0(η)+(∓s)λ lnν(∓s) f1∓(η)+. . . ; ∓1/2 f ′0
2±5/6 f0f

′′
0 = −1+

(
f ′′0

2)′
. (3)
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The solutions of the resulting differential equations for f0, f1−, f1+, . . ., supple-
mented with boundary conditions following from (1) are sought subject to the
requirement of sub-exponential growth for η → ∞, in order to provide a match
to the solution in the regimes I∓. In case of the upper sign, i.e. x < xcrit, a
numerical treatment indicates that the only acceptable solution of the nonlinear
leading-order equation for f0 is given by f0 = 4/15 η5/2. It expresses the balance
between pressure and Reynolds shear stress gradient at the surface for regularly
vanishing Us as s → 0−. In contrast, numerical calculations for the lower sign,
i.e. x > xcrit, indicate the existence of a further solution having f ′0(0)

.
= 1.1835

and f0 = 4/15η5/2+O
(
η3/2

)
as η → ∞. As a result, the flow exhibits a non-zero

wall slip Us ∼ f ′0(0)(P0s)
1/2, which is singular at s = 0−. Hence, the convective

term in (1) evaluated at Y = 0 jumps from 0 to UsUsx ∼ P0f
′
0(0)

2
/2 at x = xcrit.

However, for s < 0, the behaviour of Us is fixed by the homogeneous solution
f1− of a linear problem implying the well-known Kummer’s equation, together
with the inhomogeneous problem arising due to terms of O

(
ν(−s)λ lnν−1(−s)

)
;

c.f. (3). Non-exponential growth as η → ∞ is provided if λ = 1/2, 3/2, . . . and
ν = 0. In turn, the expected linear behaviour Us ∼ −c s, with c > 0, is revealed.

Finally, in regimes I∓ where Y = O(1) expansions Ψ = Ψ0(Y )+(∓s)r∓Ψ1(Y )+
. . ., r− = 1, r+ = 1/3, hold. In turn, ∆ ∼ ∆0 +O

(
(−s)r∓

)
; c.f. Figures 1, 2.
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Figure 3: Bifurcating distributions of
Ûs, determined by solving (6).

Note that regular terms reflecting the smooth behaviour of px have been
disregarded since Ψ is near x = xcrit mainly governed by local eigensolutions as
discussed so far. Therefore, in the case ǫ 6= 0, the above structure for s < 0 is
perturbed solely due to regular terms, associated with λ = −1/2 in (3), which
cannot explain the excitation of the singular downstream solution as the regular
one is obviously suppressed, see Figure 1. However, inspection of the results for
x < xcrit indicate that the contributions resulting from f0 and f1 become of the
same size if η ∼ (−c2s)1/3, c.f. (3), forcing the formation of a new sublayer III−
(see Figure 2), where singular eigensolutions may arise. Introducing the scaled

quantities η̂ = η/(−c2s)1/3, f̂ = f/(−c2s)5/6, it follows that

f̂ = f̂0(η̂) +O(−s) + ǫ(−s)µd exp[−χ/(c2s)]g(η̂) + . . . , f̂0 = 4/15 η̂5/2 + η̂ ; (4)
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4 Solutions of turbulent boundary layer equations at marginal separation

χ
[
(1 + 2/3 η̂3/2)g′ − η̂1/2g′′

]
= 2

(
η̂1/2g

)′
, g′(0) = 1, g(0) = g′′(0) = 0 . (5)

Thus, the unknown constant d > 0 measures the perturbation of Us. A numerical
investigation shows that problem (5) allows for an eigensolution g exhibiting non-
exponential growth as η̂ → ∞ solely if χ = 1/3. Only in that case the solution is

found analytically. It reads g = 2/3 η̂ exp(−z)+(2/9)1/3f̂ ′0(η̂)
∫ z

0
t−1/3 exp(−t) dt

where z = 2/9 η̂3/2. An analogue study of the inhomogeneous higher-order
problem for the contribution ofO

(
(−s)µ−1 exp(−χ/s)

)
to the expansion (4) gives

the single value µ = −9/5. In turn, the perturbation g provokes exponentially
small disturbances ∝ ǫf ′0 and ∝ ǫΨ′

0 in the flow regimes II− and I−, respectively.
Expansion (4) ceases to be valid within region IV, Figure 2. Here we define

appropriate variables X, Ŷ = Y/(L00 ǫ̂)
2/3 and Ψ̂ = Ψ/(P0

1/2L00
2/3ǫ̂5/3) where

−c s = ǫ̂− ǫ̂2cX , c ǫ̂ = −χ
(
1− µ ln(−c2 ln |dǫ|/χ)/ ln |dǫ|

)
/ ln |dǫ| .

Substitution into (1) yields to leading order the reduced problem

Ψ̂Ŷ Ψ̂Ŷ X − Ψ̂XΨ̂Ŷ Ŷ = −1 + T̂Ŷ , T̂ = (Ψ̂Ŷ Ŷ )
2 ; Ψ̂|Ŷ=0 = Ψ̂Ŷ Ŷ = 0 ,

T̂ |Ŷ→∞ ∼ Ŷ ; Ψ̂|X→−∞ ∼ f̂0(Ŷ ) + j g(Ŷ ) exp(χX) , j = ±1, 0 ,

}
(6)

which has to be solved numerically. The distributions of the rescaled wall slip
Ûs = Ψ̂Ŷ |Ŷ=0 are depicted in Figure 3. In the subcritical case ǫ < 0, i.e. j =
+1, the solution of (6) asymptotes to the non-trivial downstream solution Ψ ∼
L00

2/3P0
1/2f0(η), holding in region II+, for X → ∞, c.f. Figures 2, 3. Likewise,

analysis of the flow regime I+ reveals that ∆−∆0 = O(X1/3) as X → ∞ there.

For j = 0 the solution of (6) is Ψ̂ = f̂0(Ŷ ), which corresponds to the critical case
ǫ = 0. In the supercritical case ǫ > 0, that is j = −1, the solution breaks down
at a distinct location X = X∗, i.e. x∗ < xcrit in the original scaling.

Again, this behaviour is examined by means of a local analysis: Introducing
appropriate local variables S = X−X∗ → 0−, ζ = Ŷ /(−S)1/3, F̂ = Ψ̂/(−S)5/6:

F̂ = F̂0(ζ) + (−S)σF̂1(ζ) + . . . ; −1/2 F̂ ′2
0 + 5/6 F̂0F̂

′′
0 = −1 +

(
F̂ ′′2
0

)′
.

Here the leading-order term F̂0 = 21/2ζ gives rise to a Goldstein-type singular-
ity, i.e. Us ∼ (−2P00 s)

1/2 (c.f. [2]). As the existing limiting profile, Ψ̂(X∗, Ŷ ),
of the solution in regime IV cannot be matched to the solution in the region
ζ = O(1), a transition layer is introduced where Ŷ = O

(
(−S)1/6

)
and iner-

tia terms balance the imposed pressure gradient to leading order. The match-
ing procedure, which concludes the present analysis, then shows that σ = 1/4,
F̂1 ∝ ζ5/2, and ∆ = ∆0 +O

(
γ, (−S)1/6

)
(see the singular branch in Figure 1).

The effect of small finite values of the slenderness parameter α on that sin-
gular behaviour is the topic of the current research.
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Turbulent Marginal Separation and the Turbulent
Goldstein Problem
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Anew rational theory of incompressible turbulent boundary-layer flows having a large velocity defect is presented

on basis of the Reynolds-averaged Navier–Stokes equations in the limit of infinite Reynolds number. This wake-type

formulation allows for, among others, the prediction of singular solutions of the boundary-layer equations under the

action of a suitably controlled adverse pressure gradient, which are associatedwith the onset ofmarginally separated

flows. Increasing the pressure gradient locally then transforms the marginal-separation singularity into a weak

Goldstein-type singularity occurring in the slip velocity at the base of the outer wake layer. Interestingly, this

behavior is seen to be closely related to (but differing in detail from) the counterpart of laminarmarginal separation,

in which the skin friction replaces the surface slip velocity. Most important, adopting the concept of locally

interacting boundary layers results in a closure-free and uniformly valid asymptotic description of boundary layers

that exhibit small, closed reverse-flow regimes. Numerical solutions of the underlying triple-deck problem

are discussed.

Nomenclature

A = displacement function (boundary-layer theory)
Â = displacement function (triple-deck theory)
A�;� = numerical constants in F���� and F����
B = upstream slope of Us
B̂ = slope of Ûs near separation (triple-deck theory)
B̂1 = leading-order coefficient in expansion of B̂

about L̂� � � �� � 0
b = constant slope d�=dx (self-preserving boundary-layer

solution)
C� = numerical constant in G����
c‘ = constant in mixing length closure, c‘ � �1=2

D = strength of perturbation of B
F = stream function (self-preserving boundary-layer

solution)
F�;� = leading-order stream functions (locally expanded

boundary-layer solutions)
f, �f = stream functions (locally expanded boundary-layer

solutions)
G = stream function perturbation (locally expanded

boundary-layer solutions)
g, �g = stream function perturbations (locally expanded

boundary-layer solutions)
H = auxiliary function
h = surface metric coefficient
I = intermittency factor by Klebanoff
k = surface curvature
L̂ = bubble length
~L, ~U = reference length, reference velocity
l = local sublayer thickness
‘ = mixing length
m = external flow exponent

ms = external flow exponent (self-preserving boundary
layer)

P̂ = induced pressure
p = pressure
q = notation to represent a collection of quantities
hqi = Reynolds averaging of any quantity represented by q
r = exponent
Re = Reynolds number (globally defined)
S, Ŝ = local streamwise lower-deck coordinates
s = local streamwise coordinate
ŝ, x̂ = shifted local streamwise coordinates
T = Reynolds shear stress (boundary-layer solution)
t, z = auxiliary variables
U, P = local representations of ue, dp=dx
Us = surface slip velocity (boundary-layer solution)
�Us = lower-deck representation (boundary-layer theory) of

Us
Ûs = lower-deck representation (triple-deck theory) of Us
U� = numerical constant in F����
u, v = velocity components in x and y direction
ue = surface slip velocity (external potential flow)
us = surface slip velocity
u0, v0 = velocity fluctuations in x and y direction
X, �Y = lower-deck coordinates (boundary-layer theory)
X̂, Ŷ = lower-deck coordinates (triple-deck theory)
X , Y = transformed lower-deck coordinates (triple-deck

theory)
x, y = natural coordinates
Y = boundary-layer coordinate
ŷ = vertical upper-deck coordinate
Ẑ = shifted vertical lower-deck coordinate (triple-deck

theory)
� = slenderness parameter
� = control parameter
� = Gamma function
� = upstream limit of Ûs, similarity parameter
� = bifurcation parameter
� = boundary-layer thickness (boundary-layer solution)
� = boundary-layer thickness
" = notion for gauge function
	 = bifurcation parameter (redefined)

 = auxiliary variable
�, �̂ = local similarity variables based on s and ŝ
��, ��, �� = local similarity variables
� = Heaviside step function
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� = von Kármán constant
 = strength of induced pressure
�, � = invariance parameters
~� = kinematic viscosity
�, � = coefficients in asymptotic series
� = boundary-layer coordinate Y related to �
�, # = polar coordinates
�̂, # = polar coordinates (upper deck)
� = triple-deck length scale
� = surface shear stress
� = shear stress gradient evaluated at surface
� = local scaling function
� = coupling parameter
�b = upper bound of �
� = stream function (boundary-layer solution)
�̂ , T̂ = lower-deck representations (triple-deck theory) of �

and T
�� , �T = lower-deck representations (boundary-layer theory) of

� and T
 = stream function
 ̂, p̂ = upper-deck perturbations of  and p
� = eigenvalue
! = exponent
1a, 1b = oncoming near-surface flow regimes (boundary-layer

theory)
2 = downstream and upstream evolving main flow

regimes (boundary-layer theory)
? = dependences on unknown quantities

Subscripts

D, R = detachment, reattachment
G,M = Goldstein-type singularity, marginal-separation

singularity
i = ith member in asymptotic series
ij = jth member of ith member in asymptotic series
ijk = kth member of jth member of ith member in

asymptotic series
�, � = downstream and upstream (of s� 0 or ŝ� 0)

evolving forms

Superscript

* = onset of separation

I. Introduction

T HEmethod ofmatched asymptotic expansions has undoubtedly
proven very successful not only in gaining a profound

understanding of laminar high-Reynolds-number flows in many
aspects, but also in providing a rational framework for a methodical
and comprehensive treatment of turbulent shear layers. It is to
Professor David Walker’s credit (see the Acknowledgments) that he
was one of the first to have elucidated the modern and fruitful
asymptotic formulation of the classical two-dimensional two-tiered
turbulent boundary-layer structure, which is essentially based on the
assumption of an asymptotically small streamwise velocity defect
with respect to the external freestream flow; see the extensive
contribution [1]. For an extension to the three-dimensional case, the
reader is referred to [2,3], and a summary is also given in [1]. In
contrast to earlier treatments of wall-bounded turbulent shear flows
put forward in the pioneering papers by, among others, Yajnik [4],
Bush and Fendell [5], Fendell [6], and Mellor [7], in his thorough
analysis the local (and not a characteristic) value of the skin friction
velocity serves as the principal perturbation parameter. That is,
leading and higher-order contributions to the well-established
logarithmic law of the wall are effectively summed up to a single
leading-order expression, whereas higher-order corrections are free
of purely logarithmic terms. In turn, the logarithmic law of the wall
appears as the limit far from the surface of the leading-order
streamwise velocity distribution inside the viscouswall layer.Hence,

the whole information needed for the further analysis of the outer
velocity defect layer is subsumed in a single term in an elegant
manner. We note that this formulation was also adopted by Gersten
[8,9] and, more recently, in the further developments by the present
authors [10–12]. Also, a more recent strong experimental support of
that classical scaling is found in [13].

Moreover, it must be emphasized that David Walker was
substantially involved in providing the initial steps toward a
systematic insight into the very complex turbulent near-wall
dynamics, by investigating the unsteady Navier–Stokes equations in
the high-Reynolds-number limit [1,14–17].

Despite the undeniable progress,much ofwhichmust be attributed
to David Walker, asymptotic methods have contributed toward an
understanding of the fundamental physics of wall-bounded turbulent
shear flows, a fully self-consistent theory describing turbulent
boundary-layer separation in the limit of high Reynolds number is
not available at the moment. In particular, the literature lacks a
rational description of the, from an engineering point of view, very
important case of separation from a smooth surface that is caused by a
smooth adverse pressure gradient, imposed by the external flow. In
laminar boundary-layer theory, this type of separation is commonly
referred to asmarginal separation, as the boundary layer may exhibit
a closed reverse-flow regime at its base if the pressure gradient is
properly chosen. This theory was developed independently by
Ruban [18,19] and by Stewartson et al. [20]; also cf. [21]. However, a
systematic approach to its turbulent counterpart has been hampered
severely by the fact that, generally spoken, turbulent boundary layers
are known to be less prone to separate than the corresponding laminar
ones, owing to the enhanced wall shear stress. More specifically, the
classical small-defect formulation is seen to withstand a smooth
adverse pressure gradient, as the wall shear stress remains almost
constant in the high-Reynolds-number limit. Furthermore, the
velocity defect solution in the outer main layer is characterized by
linearized convective terms in leading order, which indicates that it
does not terminate in a singularity during downstream evolution. As
a matter of fact, this property is demonstrated numerically in the
preliminary work provided by [10,22] for the present investigation.
Additionally, the study of turbulent separation past a blunt body by
Neish and Smith [23] serves as a further strong hint that the classical
description of a turbulent boundary layer exposed to a smooth
adverse pressure gradient predicts firmly attached flows that do not
separate at all (apart from the inevitable flow detachment close to the
rear stagnation point, as is the case in the situation considered in [23])
in the limit of high Reynolds number.

The first systematic approach, however, to tackle the challenging
problem of pressure-induced turbulent separation from an
asymptotic viewpoint was carried out by Melnik [24,25]. He
proposed a primary expansion of the flow quantities in terms of a
small parameter, denoted by �, which measures the slenderness of
the boundary layer and is contained in all commonly employed shear
stress closures and/or fixed by experiments. For example, in the case
of the algebraic mixing length model by Michel et al. [8] (see also
Schlichting and Gersten [26]) it is identified with the square of the
constant c‘ � 0:085. Most important, its value appears to be
essentially independent of the Reynolds number, as the latter may
take on arbitrarily large values. Specifically, Melnik adopted
Clauser’s [27] early idea of adopting the laminarlike well-known
algebraic eddy-viscosity closure for the Reynolds shear stress. We
note that Clauser already concluded on semi-empirical grounds in his
seminal investigation [27] that, in definite contrast to the laminar
case, for turbulent boundary-layer flows, the thereby defined
Reynolds number given by 1=� remarkably takes on a fixed value.
By assuming a (nondimensional) velocity defect ofO�1� in the main
body of the boundary layer, that strategy is seen to provide a powerful
tool for constructing a rational novel description of turbulent
boundary layers, which predicts wake-type wall-bounded flows in
the limit of infinite Reynolds number and even allows for the
treatment of marginal separation.

Among others, a cornerstone ofMelnik’s analysis is the prediction
of a square-root singularity encountered by the slip velocity at the
base of the outermost wake region of the boundary layer, as
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separation is approached due to the occurrence of an Eulerian flow
stage close to the surface. This resultmay be regarded as the turbulent
counterpart to the celebratedGoldstein singularity [28,29] in laminar
boundary-layer theory, in which the slip velocity is replaced by the
wall shear stress. As a rather remarkable characteristic of the flow,
however, it has recently been shown [12,22] that the pressure
gradient can be controlled in a way such that the Goldstein-type
singularity eventually disappears; then the slip velocity decreases
regularly, vanishes in a single point but increases rapidly
immediately further downstream, giving rise to an abrupt accel-
eration of theflownear the surface. In turn, this situation is associated
with turbulent marginal separation.

Unfortunately, Melnik’s theory [24,25] is not only incomplete, as
it does not give a hint how to surmount that separation singularity
within the framework of the Reynolds-averaged Navier–Stokes
equations, but remains conceptually unsatisfactory, also for a
number of additional reasons:

1) In definite contrast to the primary premise of � being
independent of the globally defined Reynolds number as Re! 1,
the approach implies that �1=2 ln Re�O�1� in order to account for
the well-known logarithmic near-wall portion of the streamwise
velocity holding upstream of separation.

2) The formation of a square-root singularity in the slip velocity,
which also includes the effects due to the Reynolds shear gradient,
must be taken into account, in principle. Therefore, if the Eulerian
limit indeed holds (independent of a specific closure), the theory
lacks an explanation why such a more general form of a singularity
does not occur.

3) It remains unclear how far the asymptotic flow structure and the
main results depend on Melnik’s choice of the algebraic eddy-
viscosity-based closure for the Reynolds shear stress in the outer
wake regime.

The novel theory to be presented here is based on Melnik’s
formulation of turbulent boundary layers having a large velocity
defect, strikingly contrasting the classical asymptotic theory. Most
important, however, it also copes with the issues 1–3. In the
subsequent analysis, we concentrate on the case �� 1 at infinite
Reynolds number, formally written as Re�1 � 0.

The paper is organized as follows: In Sec. II the essential basic
assumptions underlying the theory and their implications are
presented. In Sec. III we give a short survey of the numerical study of
a boundary layer driven by a controlled pressure gradient toward
marginal separation and the local analysis of the flow near the point
of vanishing slip velocity. A particular form is assumed for the
externalflowvelocity in terms of a single control parameter, such that
the local adverse pressure gradient increases as this parameter
increases. For a critical value of the parameter, a singularity appears
at a certain location, indicating the first appearance of separation. As
the parameter is increased slightly, the singularity is shifted a short
distance upstream. The singular behavior of the flow near this point
of vanishing slip velocity is summarized. Such an investigation has
already been presented in [22] and will also be outlined, more
extensively, in a separate investigation. The key results of the work
are provided by Sec. IV, in which we focus on the local interaction of
the marginally separating boundary layer with the induced external
irrotational flow. The local flow is seen to have a three-layer, or
triple-deck, structure; the appropriate limiting forms of the basic
equations are presented for the different flow regions. As a highlight,
akin to the laminar case [19,20], a fundamental equation governing
turbulent marginal separation, which is independent of a specific
shear stress closure, is derived and its solutions are discussed.
Representative numerical results are shown, demonstrating the
extent of the asymptotically short and flat separation bubble.

II. Motivation and Problem Formulation

A. Governing Equations

We consider a nominally steady and two-dimensional fully
developed turbulent boundary layer driven by an incompressible and
otherwise nonturbulent external bulk flow along a smooth and
impermeable solid surface, being, for example, part of a diffuser duct

(see Fig. 1). Let x, y, u, v, u0, v0, and p denote plane natural
coordinates, respectively, along and perpendicular to the surface
given by y� 0, the time-mean velocity components in the x and y
directions, the corresponding turbulent velocity fluctuations, and the
time-mean fluid pressure. These quantities are nondimensional, with
a reference length ~L characteristic for the mean velocity variation of
the bulk flow along the surface (and the surface geometry), a
reference value ~U of the surface slip velocity due to the prescribed
inviscid and irrotational external freestream flow, and the uniform
fluid density. The (constant) kinematic fluid viscosity ~�with ~L and ~U
then define a suitable global Reynolds number, which is taken to be
large:

Re� ~U ~L= ~�! 1 (1)

We furthermore introduce a stream function  by

@ =@y� u; @ =@x��hv; h� 1� k�x�y (2)

Here, k�x� �O�1� is the nondimensional surface curvature, where
the cases k < 0, k� 0, and k > 0 refer to a concave, plane, and
convex surface, respectively; cf. Fig. 1. Adopting the usual notation
for the turbulent stresses, the dimensionless time- or, equivalently,
Reynolds-averaged Navier–Stokes equations then read (cf. [8],
p. 81)
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Herein, the terms of O�Re�1� refer to the divergence of the viscous
stresses, which are presumed to be negligibly small compared with
the Reynolds stresses throughout the boundary layer, with the
exception of a viscous sublayer adjacent to the surface.

B. Novel Wake-Like Limit of Wall-Bounded Turbulent Shear Flows

A new approach to turbulent boundary layers has been developed
to provide an appropriate asymptotic concept for a description of
marginally separated flows. This theory is essentially founded on
three key assumptions (which, although seeming plausible,
nevertheless have to be validated empirically):

1) Both the velocity fluctuations u0 and v0 are of the same order of
magnitude in the limit Re! 1, so that all Reynolds stress
components are scaled equally in the whole flowfield. This
requirement for local isotropy in the limit (1) is invoked quite
frequently in the further analysis, but will not be addressed again
then.

2) As the basic property of the flow, and already mentioned in the
introduction, the streamwise velocity deficit in the main part of the

mean flow direction

surface

x, u

y, v

y = δ (x ; ),

u ∼ ue (x )

1/k (x )

Fig. 1 Flow configuration, shown here for k�x�> 0.
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boundary layer, in which Reynolds shear predominates over
molecular shear, is a quantity of O�1�.

3) The distance y� ��x;?� (here, and in the following discussion,
the asterisk shall indicate any further dependences) from the surface
defines the time-mean outer edge of the boundary layer, as sketched
in Fig. 1. This is in agreement with the observation of a rather sharp
fluctuating outer edge of the time-dependent fluid motion.

1. Leading-Order Boundary-Layer Problem

As a first consequence of items 1–3 in the preceding paragraph,
inspection of the equations of motion (3) and (4) suggests a shear
layer approximation, for which the slenderness of the associated
boundary layer is measured by a small positive parameter, denoted
by �� 1, such that ��O���. We, therefore, anticipate inner
expansions

y� �Y (5)

f ;�hu0v0i; �g � �f��x; Y�; T�x; Y�; ��x�g �O��2� (6)

p � p0�x� �O��� where dp0=dx��uedue=dx�O�1� (7)

Herein, ue�x� denotes the surface velocity imposed by the external
potential bulkflow.Then, themainflow regime of the boundary layer
is governed by the boundary-layer equations:
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where the latter relationship defines the mixing length. Equation (8)
is subject to the wake-type boundary conditions:

��x; 0� � T�x; 0� � 0

@�

@Y
	x;��x�
 � ue�x� � T	x;��x�
 � 0

(9)

The requirements to be satisfied at the boundary-layer edge given by
y� ��x;�; ?� [cf. Fig. 1] or, equivalently, Y ���x� reflect the patch
with the irrotational external flow, and the conditions holding at the
base of the outer wake arise from thematchwith the�-dependent and
Reynolds-number-dependent sublayers. These are not considered
here in detail but are discussed in, respectively, [11,12] (and, in a
more comprehensive manner, in a separate study) and outlined
briefly in Sec. II.B.2.

Note that the solution in the outer wake region comprising most of
the boundary layer is completely determined by Eqs. (8) and (9). As
an important consequence arising from the boundary conditions (9),
a solution of Eq. (8) gives rise to a (in general) nonvanishing slip
velocity

Us �
@�

@Y
�X; 0� (10)

in agreement with the boundary-layer concept already proposed by
Clauser [27]. We expect nontrivial solutions of Eqs. (8) and (9), that
is, wake-type solutions having Us 6�ue and T 6�0. In other words,
inside the boundary layer the simple irrotational Eulerian, that is,
nonturbulent, time-mean limit of the Navier–Stokes equations,
which implies @u=@Y � 0 and, consequently, u� @�=@Y � ue�x�,
is disregarded.

2. Does the Boundary-Layer Thickness Depend on the Reynolds

Number?

Highly remarkably, dimensional reasoning and order-of-
magnitude analysis suggests that the last of the boundary
conditions (9) is fully equivalent to a negation of this question as
far as the limit Re! 1 is concerned. As expressed by the last
statement in the foregoing paragraph, the assumed streamwise
velocity deficit of O�1� implicates that the Reynolds equations (3)
and (4) admit a further limit apart from the pure Eulerian one, such

that the slenderness parameter � remains indeed finite even in the
formal limit Re�1 � 0.

The rationale can be subsumed as follows [8,10–12]: Dimensional
and scaling arguments strongly indicate that the mixing length
satisfies the well-known von Kármán near-wall law. Using the
present notation, it is written as

‘� �Y=�1=2; Y=�1=2 ! 0 (11)

The relationship (11) holds in the overlap conjoining the fully
turbulent part of the boundary layer and the viscous sublayer, in
which the molecular shear stress has the same magnitude as its
turbulent counterpart [8,10–12]. The celebrated logarithmic law of
the wall is fully equivalent to the behavior of themixing length given
by Eq. (11). However, because it clearly prevents matching the flow
quantities in the main part of the boundary layer and the viscous
sublayer, at least one additional intermediate layer has to be
introduced that provides the linear decay of the mixing length
predicted by Eq. (11) at its base. Regarding the main layer, the
assumed velocity defect of O�1�, together with the resulting
homogeneous boundary conditions holding for Y ! 0 [see Eq. (9)],
then strongly suggest the absence of a viscosity-affected turbulent
velocity scale in the outer main layer (as will be outlined in greater
detail in a separate publication dealing with finite-Reynolds-number
effects; see also [11,12]). That is, the stream function there and, as the
most important consequence, the boundary-layer thickness are
unaffected by the surface friction and, thus, by the strongly
Reynolds-number-affected flow close to the surface, at the least to
leading order. Therefore, the scaling parameter � is seen to be
independent of the Reynolds number as Re! 1, and the shear
stress tends to zero as Y ! 0.

Furthermore, we note that themixing length ‘ is supposed to admit
a finite limit in the overlap with an inner wake layer in which the
scaledwall distanceY=�1=2 is ofO�1�. In turn, ‘ is a quantity ofO�1�
in both the main and the intermediate layer. There, the convective
terms are linearized, because u�Us�x�, as the turbulent velocity
scale, which also measures the velocity perturbations about the slip
velocity Us, appears to be of O��3=4�. We emphasize that the here-
proposed behavior of ‘ is corroborated by any commonly applied
mixing length closure; see the rather simple algebraic model by
Michel et al. [8], for instance (see also [26]). Then, the balance
between convection and the Reynolds shear stress, which is included
in Eq. (8), requires that the width of the latter region is ofO��3=2�. As
� does not depend on the Reynolds number, the Reynolds shear
stress in that layer still does not match the asymptotically constant
shear stress in the viscous near-wall region. Consequently, this
indicates that both flow regimes are not influenced by viscous effects
in leading order and are, therefore, identified as an outer and inner
wake layer, respectively; see Fig. 2. It is interesting to note that the
resulting asymptotic structure of the boundary layer then closely
resembles that of a turbulent free shear flow, which was investigated
by Schneider [30]. One major difference is the surface effect
expressed by Eq. (11), giving rise to a square-root behavior of u
[8,10,11] at the base of the inner wake regime, as sketched in Fig. 2,
which has originally been established to hold on top of the viscous
sublayer in case of a separating boundary layer; see, for example [8].
Hence, for finite values of the Reynolds number, a further layer

inner wake

outer wake
Y = O(1)

α 1 / 2

u

u ~ ue (x )

u ~ Us (x )

Y ~ ∆ (x )

Fig. 2 Two-tiered asymptotic splitting of the boundary layer and
schematic distribution of the streamwise velocity u and themixing length

‘ in the formal limit Re�1 � 0. The dashed asymptote refers to Eq. (11).

SCHEICHL AND KLUWICK 23

4 Selected papers

46



emerges between the viscous sublayer and the inner wake region.
Therein, the Reynolds shear stress matches the wall shear stress but
varies linearly with distance from the surface [10–12]. In view of the
subsequent analysis, however, it is sufficient to consider the outer
wake layer only. As mentioned before, here, the analysis of the
remaining flow regimes is relegated to [11,12] (as well as a more
detailed separate publication).

III. Singular Solutions of the Boundary-Layer
Equations

Because it provides the motivation of the present analysis, it is
useful to present a brief survey of [22]. In this connection we stress
that we are interested primarily in particular solutions of Eqs. (8) and
(9), whereUs�x� vanishes locally, indicating the onset of separation.

A. Weakly Singular Numerical Solutions

To complete the turbulent boundary-layer problem, Eqs. (8) and
(9) are supplemented with the simple mixing length model:

‘� I�����x�; I��� � 1=�1� 5:5�6�; �� Y=��x� (12)

where the well-known intermittency factor I��� by Klebanoff [31]
accounts for the decrease of the mixing length (and thus for an
improved flow prediction) near the boundary-layer edge; cf. the
experimental data presented in [32]. In fact, calculations employing
the classical almost constant mixing length distribution in the
outermost region [8], recovered for I � 1, yield a slightly slower
decay of the streamwise velocity near y���x� and appear to
overestimate the boundary-layer thickness function ��x�. Note that
the proportionality between ‘ and the boundary-layer thickness, as
predicted by the model given in Eq. (12), provides the asymptotic
representation for the outer wake layer of any well-known algebraic
mixing length closure. As an example, for the case I � 1, the
relationship (12) is easily obtained from the model by Michel et al.
[8] (see also [26]) by formally taking the limit c‘ ! 0. As already
stated in Sec. I, here, � is taken to be c2‘ .

Numerical solutions of the problem posed by Eqs. (8), (9), and
(12) were obtained for retarded external flows that are assumed to be
controlled by two parameters ms and �, which, for example,
characterize the diffuser shape, by specifying distributions of ue of
the form

ue�x;ms; �� � �1� x�m�x;ms;��
m

ms

� 1� �

1� � ��2 � x�	1� �1 � x�2
3; ms < 0

0  � < 1

(13)

Here, ��t� denotes the Heaviside step function, where �� 0 for t < 0
and �� 1 for t � 0. It is expected, however, that other choices

neither of ue�x� nor of the mixing length closure (12) will
significantly affect the behavior of the solution near the location
where Us � 0. We also note with respect to the imposed velocity
distribution (13) that in the case �� 0 (i.e., for m � ms), the
boundary-layer equations (8) and (9) admit self-similar solutions
� ��F���, �� b�1� x�, where b� const and the position x�
�1 defines the virtual origin of the flow, ifms > �1=3. Then both the
linear growth b of the boundary-layer thickness and the exponentms

are functions ofF0�0�, leading to a slip velocityUs / �1� x�mF0�0�
[8–10,22]. These solutions were used to provide initial conditions at
x� 0 for the downstream integration of Eqs. (8), (9), and (12), with
ue given by Eq. (13). The calculations were started by prescribing a
rather small velocity defect characterized by F0�0� � 0:95 at x� 0,
which, in turn, yields b �: 0:3656 and ms �: �0:3292. Computa-
tions were then carried out for a number of positive values of �.
Inspection of Eq. (13) shows that m then varies within the range
0< x < 2 and thus causes an additional deceleration of ue there. The
key results that are representative for the responding boundary layer
are displayed in Fig. 3a.

If � is sufficiently small, the distribution of Us is smooth, and
Us > 0 throughout. However, if � reaches a critical value
�M �: 0:84258, the surface slip velocity Us is found to vanish at a
single location x� xM, but is positive elsewhere. A further increase
of� provokes a breakdownof the calculations, accompaniedwith the
formation of a weak singularity slightly upstream at x� xG. An
analogous behavior is observed for the boundary-layer thickness�,
which is smooth in the subcritical case � < �M, exhibits a rather
sharp peak for�� �M at x� xM, and approaches a finite limit�G in
an apparently singular manner in the supercritical case � > �M.

Following the qualitatively similar behavior of the wall shear
stress that replaces the slip velocity in the case of laminar boundary
layers [18], here, the critical solution is termed a marginally
separating boundary-layer solution. However, in vivid contrast to its
laminar counterpart [18], it is clearly seen to be locally asymmetric
with respect to the critical location x� xM, where it is singular.
Moreover, the turbulent solutions appear to be highly sensitive
numerically to very small deviations from �� �M as x � xM ! 0�.
As will turn out in the following, these closely related properties
reflect the basic mechanism governing the flow in the limits x! xM
and �! �M, which is vastly different from the laminar case.

B. Marginal-Separation Singularity

To study the local flow behavior near x� xM, both the outer-edge
velocity ue and the pressure gradient dp0=dx given by Eq. (7) are
Taylor-expanded as

ue �U00 � sU01 � �U10 � � � �
dp0=dx� P00 � �P10 � � � �

P00 ��U00U01; P10 ��U10U01

(14)
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Fig. 3 Critical (solid), sub- (dashed), and supercritical (dotted) boundary-layer solutions: a) �� �M �: 0:84258 (solid), �� 0:8422 (dashed), ��
0:8428 (dotted), b) canonical representation.
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where the perturbation parameters s and � are defined by

s� x � xM ! 0; � � � � �M ! 0 (15)

At first we focus on the critical case � � 0. Then both the
quantities � and � are seen to assume a finite limit

� �x; Y� ! �00�Y�; ��x� ! �00 as s! 0 (16)

(see Figs. 3a and 4) and, in agreementwith the considerations pointed
out in Sec. II.B.2, inspection of Eq. (12) indicates the important
relationships:

‘�x; Y� ! ‘0�Y� as s! 0; ‘0 ! ‘00 �O�1� as Y ! 0

(17)

Equation (17) provides the only empirical parameter ‘00 entering the
local analysis. Note that, in particular, the latter relationship in
Eq. (17) is not only merely a consequence of the specific closure
adopted; cf. Eq. (12). Rather, it is a consequence of the behavior of
the mixing length, which, related to the two-tiered splitting of the
wake regime of the boundary layer as sketched in Fig. 2,
characterizes the outer wake layer.

We furthermore mention that, as a result of the limits assumed in
Eqs. (16) and (17), in both the main regions 2� and 2�, where
Y �O�1� (see Fig. 4), their perturbations for small values of s are
governed by the convective operator in Eq. (8) only. Because of the
singular behavior of the boundary-layer solution as s! 0, one has to
expect the occurrence of disturbances in the expansion of� about its
finite limit �00�Y�, which vanish as s! 0 and are proportional to
� 0

00�Y�. These perturbations represent local eigensolutions of the
linear operator obtained from the corresponding linearization of
Eq. (8), where ‘� ‘0�Y�. However, as they do not satisfy the
boundary conditions at Y � 0, expressed by Eq. (9), they singularly
perturb that limiting value�00, such that for sufficiently small values
of Y at least one sublayer has to be considered. There, the Reynolds
stress term comes into play in leading order, as it contains the highest
derivative of � with respect to Y. But that means that there exists a
region of a local thickness [say, l�s�] in which in leading order, a
balance between the nonlinear convective terms and the Reynolds
shear stress gradient, as provided by Eq. (8), is maintained. Then the
stream function there is locally expanded as

� � l�s�"�s�f0���� � � � ; d ln "=ds� l�3 as "; l! 0; s! 0

(18)

The boundary conditions (8) require f0�0� � f000�0� � 0. A careful

investigation (to be presented in a separate study) of the resulting
boundary-value problem determining f0��� in the case s! 0�
shows that, in order to provide amatchwith the expansion of� about
�00�Y� in the main region 2�, also the pressure gradient has to enter
the aforementioned leading-order balance expressed by the second
relationship in Eq. (18). The gauge function " for the streamwise
velocity component then is taken proportional to ��s�1=2, giving
l / ��s�1=3. As a result, the momentum balance (8) is fully retained
in the regions 1a� and 1� (see Fig. 4), where the wall coordinate

�� Y=
�
‘2=300 jsj1=3

�
(19)

is a quantity of O�1�. In these flow regimes, then, the following
expansions hold in, respectively, the upstream and the downstream
case:

s! 0�:
�

‘2=300 P
1=2
00

� ��s�5=6f0���� � ��s�4=3f1���� � � � � (20)

s! 0�:
�

‘2=300 P
1=2
00

� s5=6f0���� � � � � (21)

and the resulting boundary value problem for f0���� reads
1=2 f020� � 5=6 f0�f000� ��1� �f0020��0

�� 0: f0� � f000� � 0; �! 1: f0� �O��5=2�
(22)

where the upper and lower signs refer to the cases s! 0� and
s! 0�, respectively. The conditions at �� 0 follow from thewake-
type boundary conditions (9), and the requirement for �! 1
reflects the match with the flow regimes 2� and 2� (see Fig. 4), in
which the relations (16) and (17) hold. It can be shown (as will be
demonstrated in a separate paper) that in the upstream case, the
problem (22) has only the obvious solution:

f0� � F���� � 4=15�5=2 (23)

which expresses a balance between the Reynolds shear gradient and
the adverse pressure gradient at the surface for vanishing convective
terms. In turn, the match with the marginally separating profile
�00�Y� of the stream function implies

� 00 �
4

15

P1=2
00

‘00
Y5=2; Y ! 0 (24)

and f0� � F���� as �! 1. However, in the case s! 0�, a
combined analytical and numerical investigation reveals a single
(strictly positive) nontrivial solution, denoted by F����, that has to
be calculated numerically [22]:

f0� � F����; �! 1: F� � 4=15��� A��5=2 � TST (25)

Here, and in the following discussions, TST means transcendentally
small terms. It is found that

A� �: 1:0386; U� � F0��0� �: 1:1835 (26)

As a result of the leading-order analysis, turbulent marginal
separation is seen to be associated with a purely regular behavior of
the flow upstream of s� 0, as expressed by the higher-order term in
the expansion (20). Substitution into Eq. (8) yields

f1� � B

�
�� �4

180

�
; B > 0 (27)

where the constant B characterizing the slope dUs=ds��BP1=2
00 of

the linearly decreasing slip velocity in the limit s! 0� must be
determined numerically from the oncoming flow; cf. the upstream
distribution ofUs in Fig. 3a. That is, the flow is locally governed by
the eigensolutions f0����, f1����, and f0����, so that
s! 0�: Us=P

1=2
00 ��Bs� � � � (28)
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Fig. 4 Asymptotic splitting of the oncoming (subscripts �) and

downstream evolving (subscripts �) boundary-layer flow in the formal

limit Re�1 � 0, double-deck structure (lower deck I, main deck II). The

case� ≠ 0 is sketched using solid lines, whereas the limiting structure for

�� 0 characterizing marginal separation is drawn using dashed lines
partly. The flow regimes (the extent of which aremarked by dotted lines)

are seen to behave passively and are thus not considered in the text.
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s! 0�: Us=P
1=2
00 � U�s1=2 � � � � (29)

Hence, the existence of the nontrivial downstream solution turns out
to be responsible for the (infinitely) strong acceleration of the flow
immediately downstream of the location s� 0 due to the irregular
behavior of Us; see Eq. (29). In turn, the convective part in Eq. (8)
evaluated at Y � 0, given by Us dUs= dx, exhibits a jump at s� 0
from 0 to the value P00U

2�=2 in leading order. By adopting the
numerical value P00 �: 0:02272, the downstream asymptote (29) is
plotted as a thin solid line in Fig. 3a.

The fact that convection does not vanish necessarily at the surface
Y � 0 not only causes the inherently nonlinear downstream
behavior, governed by Eq. (22), in contrast to the theory of laminar
marginal separation [18,19], but also gives rise to a fundamentally
different analysis of the perturbed case � ≠ 0.

C. Bifurcating Flow for � ≠ 0

1. Exponentially Growing Eigensolutions

The contributions givenbyEqs. (23) and (27) to the expansion (20)
become of the same order of magnitude at distances s, where the new
variable

��� �=��B2s�1=3 (30)

is a quantity ofO�1�. This situation forces a further sublayer 1b� (see
Fig. 4), in which the gradients of the Reynolds shear stress and the
pressure dominate over convection. Furthermore, the most rapidly
downstream growing perturbations possible are assumed to originate
in this layer, as their s derivatives may become asymptotically larger
than the disturbances itself there, such that convection comes into
play again very close to the surface. This thereby-anticipated
balancing of the perturbed convective and Reynolds stress terms is
required by the boundary conditions holding for ��! 0. These
considerations and inspection of the boundary-layer equations (8)
and (9) then imply that the strongest perturbations are proportional to
"�s�g� ���, where the gauge function "�s� satisfies the estimate
s2d"=ds�O�"� and g� ��� denotes a shape function. Also, these
perturbations must be due to the terms proportional to � in Eq. (14).
In turn, this suggests the following expansion in the region 1b�:

�=	‘2=300 P
1=2
00 ��Bs�5=3
 � F�� ��� � ��� � � � � "�s�g� ��� � � � �

"�s� � �� exp!�s�
!�s� ��=��B2s� � o�1=s�; � > 0 (31)

The higher-order contributions to the exponent !�s� then must be
determined by analyzing the higher-order terms in the expansion (31)
by means of the common Fredholm alternative, in order to
investigate the consecutive inhomogeneous problems (this is a topic
of current research; see also [22]). The eigenvalue �, however, is
fixed by the solution of the leading-order eigenvalue problem for the
eigensolution g� ���, found by linearization of Eqs. (8) and (9):

� 	�2=3 ��3=2 � 1�g0 � ��1=2g
 � 2� ��1=2g00�0
g�0� � g00�0� � 0; g0�0� �D> 0

(32)

Here, the unknown constant D is assumed to be fixed by the
oncoming flow, such that the expansion (28) is perturbed according
to

Us=P
1=2
00 ��Bs	1� �D exp!�s�
 � � � � (33)

A numerical study shows that problem (32) allows for a solutiong� ���
having subexponential growth for ��! 1 solely in the case
�� 1=3. Moreover, only in that case has the solution of
problem (32) been found analytically. It reads

g� ���
D

� 2

3
�� exp���z� �

�
2

9

�
1=3

�
2

3
��3=2 � 1

�Z
�z

0

t�1=3 exp��t� dt

�z� 2

9
��3=2 (34)

In turn, the associated perturbation in expansion (31) provokes also
exponentially small disturbances in the flow regimes 1a� and 1b�,
respectively, and in the distribution of the boundary-layer thickness
��x�.

The question arises if there exist further perturbations if � ≠ 0 in
the region 1b�, which locally grow faster than that considered
previously and are, therefore, responsible for a breakdown of the
asymptotic flow structure holding in the limit � � 0. Consequently,
we complete the analysis of the class of eigensolutions that exhibit
exponential growth as s! 0� by scrutinizing the possibility of the
generation of disturbances proportional to � that originate in a region
located even closer to the surface than is the flow regime 1b�; see
Fig. 4. This is accomplished by the introduction of the new local
variables

��� ��=���s�; �g� ��� � g� ��� (35)

which are assumed to be quantities ofO�1�. The latter relationship in
Eq. (35) expresses the match of the (for the present analysis here
unknown) shape function g� ��� of the respective perturbation in
region 1b� with that considered here, denoted by �g� ���. Independent
of the specific choice of the (positive) function ���s�, substitution of
the coordinate-stretching (35) into the boundary-layer equations (8)
and (9) is seen to be consistent with the generalized form

�

‘2=300 P
1=2
00 ��Bs�5=3��

��� �3F��3 ��� � � � � � � exp!�s� �g� ��� � � � �

1

!�s� ! 0� as s! 0� (36)

of the expansion (31). In the limit

���s� ! 0� as s! 0� (37)

under consideration, the balance between the perturbations of O���
of the convective terms and the Reynolds shear stress gradient
requires to write

!� !0�s� � o�!0� as s! 0� (38)

where � can always be scaled such that

!0
0�s� � �Bs��2���s��3 as s! 0� (39)

Then the associated disturbances having a growth rate!0�s� given by
Eqs. (38) and (39), which is stronger than that implied by the
expansion (31), are found to be governed by a reduced form of the
problem (32). Integrated once, it reads

�g� 2 ��1=2 �g00; �g�0� � �g00�0� � 0; �g0�0�> 0 (40)

However, the solution of problem (40) exhibits exponential growth
for ��! 1. Consequently, no further eigensolutions with a growth
rate stronger than that given by Eq. (31) are generated.

2. Canonical Boundary-Layer Solutions

The expansion (31) ceases to be valid within region I, the so-called
lower deck (see Fig. 4), where the gauge function " has become a
quantity of O�1�. As a consequence of its exponential growth, that
region of nonuniformity takes place an asymptotically small extent
upstream of s� 0, where �B2s��= ln �1=��. With respect to the
further analysis, this behavior then is conveniently expressed by
introducing the coordinate shift

ŝ� s� 	=B; x̂� x� 	=B (41)

(see Fig. 4), and considering the limit
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	��=�B ln jD=�j� ! 0; �� 1=3 (42)

Substitution of the variables

X � ŝ

	2
; �Y � Y

�‘00	�2=3
; ���X; �Y� � �

‘2=300 P
1=2
00 	

5=3
(43)

which are quantities ofO�1� in theflow regime I, into Eqs. (8) and (9)
yields to leading order the reduced, that is, canonical, equations

@ ��

@ �Y

@2 ��

@ �Y@X
� @

��

@X

@2 ��

@ �Y2
��1� @2 �T

@ �Y
; �T � @2 ��

@ �Y2

����@
2 ��

@ �Y2

���� (44)

subject to the boundary conditions

�Y � 0: �� � �T � 0 (45)

�Y ! 1: @ �T=@ �Y � 1 ! 0 (46)

X ! �1: �� ! F�� �Y� � �Y � sgn��� exp�X=3�g� �Y� (47)

It is furthermore useful to define the rescaled slip velocity

�U s �
@ ��

@ �Y
�X; 0� (48)

which serves to expand Us in the form

Us�X� � 	P1=2
00

�Us�x� � � � � (49)

and the displacement function

A�X� � lim
�Y!1

� �T � �Y� (50)

By matching with the flow in the main deck II (see Fig. 4), one
obtains

� � �00�Y� � 	2=3‘2=300 A�X�� 0
00�Y� � � � �

� �	� 	2BX̂��01�Y� � � � � (51)

In turn, applying the boundary conditions given by Eq. (9), which
hold for Y ���x�, to the expansion (51) shows that the function
A�X� accounts for the variation of the boundary-layer thickness in the
form

� ��00 � 	2=3‘2=300 A�X� � � � � (52)

In the critical case of vanishing �, the resulting problem consisting
of Eqs. (44–47) has the “trivial” solution �� � F�� �Y�, givingA � 0.
However, for � ≠ 0 it has to be solved numerically. The
corresponding solutions are plotted in Fig. 3b. Exponential
branching forX ! �1 is found as a consequence of Eq. (47),which
reflects a match with the oncoming flow, as expressed by Eqs. (31)
and (33), for both the quantities �Us�X� and A�X�. In the subcritical
case � < 0, the solution admits the nontrivial downstream state

X ! 1; �Y ! 1: ��X�5=6 ! F����
�� �Y=X1=3 �O�1�

(53)

which implies

X ! 1: A�X� � A�X1=3; �Us�X� �U�X1=2 (54)

Equations (53) and (54) formally provide a match with the
expansions (21), supplemented with Eqs. (25) and (29) if s is
replaced by ŝ there. In the latter representation, these expansions are
valid in the flow regime I�, where 0> s�O�	�; see Fig. 4.

It is important to note that the existence of perturbations of the
nontrivial solution can be demonstrated that are due to linearization
and, indeed, vanish in the limit X ! 1. This suggests that this
specific solution effectively provides a final downstream state of the

flow rather than an isolated local solution. However, as the
asymptotic analysis turns out to be rather lengthy in its details, that
issue will be addressed separately in a subsequent paper.

D. Goldstein-Type Singularity

For supercritical conditions � > 0, the solution breaks down at a
distinct location X � XG, that is, x� xG in the original scaling; see
Fig. 3. Again, this behavior is studied by means of a local similarity
analysis, in which a more detailed description of the associated
multilayered asymptotic structure of the local flow is presented in
[22] (and will be presented in a future paper).

Introducing appropriate local variables

S� X � XG; ��� �Y=��S�1=3; �f� ��=��S�5=6 (55)

the stream function is expanded according to

�f� �f0� ��� � ��S�r �f1� ��� � ��S�2r �f2� ��� � � � � ; r > 0

S! 0�
(56)

where

1=2 �f020 � 5=6 �f0 �f
00
0 � 1� � �f0020 �0; ��� 0: �f0 � �f000 � 0 (57)

cf. Eq. (22). On condition that �f0 has to exhibit subexponential
growth as ��! 1, an analytical investigation of Eq. (57) shows that
this problem has two solutions, namely, �f0 � F�� ��� and

�f 0 �
���
2

p
�� (58)

However, only the latter solution provides a singular behavior as
S! 0�. It predicts an Eulerian flow state, because the Reynolds
shear stress vanishes in leading order. As a consequence,

�U s �
���������
�2S

p
; Us �

�������������������������
P00�xG � x�

p
; x � xG ! 0� (59)

The local variations of, respectively, Us and �Us are displayed in
Fig. 3 as thin solid lines.

Because Eqs. (56) and (58) cannot be matched to the profile
���XG; �Y� in region II (see Fig. 4), a transitional flow regime has to be
taken into account, inwhich the pressure gradient balances the inertia
terms and �Y=��S�1=6 �O�1�. As a consequence, this further region,
which is not encountered in the analysis of the marginal-separation
singularity outlined in Sec. III.B, then is found to include the sublayer
for which ���O�1�, considered here [22]. A further sublayer
accounting for a higher-order breakdown of the expansion [Eq. (56)]
emerges where �Y=��S�1=2 �O�1�. Matching with the near-wall
flow there gives r� 1=4 and, in turn, �f1 / ��5=2. Likewise, the
matching procedure with respect to the flow regime II in the limit
S! 0� shows that

A � AG �O	��S�1=6

� ��G �O	�xG � x�1=6
 as x � xG ! 0�

(60)

as indicated by the numerical solutions presented in Fig. 3.
Solution (58) and the associated square-root behavior given by

Eq. (59) has already been found by Melnik [24,25], but not in the
context of marginally separated flow. It provides the analogon to the
famous Goldstein singularity in laminar boundary-layer theory
[18,28,29].

We note that a Goldstein-type singularity appears quite naturally
by evaluating Eqs. (8) and (9) at Y � 0, which gives

UsdUs=dx��P00 � @T=@Y; Y � 0 as x � xG ! 0�
(61)

In turn, a local square-root behavior of Us in x � xG is suggested in
general, whereas the marginal singularity characterized by the
behavior (28) is seen to be a special case [25]. These results are
essentially based upon the observation that � and, thus, both T and
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@T=@Y approach finite limits as s! 0 and S! 0�, respectively.
However, the rather surprising fact that, in the case of the square-root
singularity, @T=@Y does not come into play at S� Y � 0 follows
from the analysis of the locally self-similar behavior as expressed by
Eq. (57).

IV. Local Interaction Theory for Marginally
Separated Flows

In the following section, it is demonstrated how, by taking into
account the locally strong interaction process between the boundary
layer and the external bulk flow, the weak Goldstein-type singularity
is eliminated and a uniformly valid description of the flow with
respect to the Reynolds equations (3) and (4) is achieved. More
precisely, it is pointed out that the locally induced pressure gradient,
which is not given in advance, but rather to be determined
simultaneously with the flow inside the boundary layer, must enter
the analysis if 	�O��3=10� or smaller. Because nonlinear
convective effects cannot be neglected even near the surface, this
procedure results in a triple-deck problem that, therefore, clearly
differs from the formulation of laminar marginal separation [19,20],
but is closely related to laminar short-scale boundary-layer
interaction theory [21,33].

Note that the elliptic nature of the equations determining the
induced potential flow requires the existence of a boundary-layer
solution that does not terminate in a Goldstein-type singularity.
Consequently, we at first assume that �  0. However, the resulting
interaction theory is a posteriori readily seen to apply to flows having
� > 0 also.

We furthermore stress that inspection of the equations of
motion (3) and (4) indicates that the pressure gradient normal to the
surface, as well as the Reynolds normal stresses, are negligibly small
in any of the flow regimes considered in the subsequent investigation
and will, therefore, be disregarded.

A. Induced Potential Flow

We now consider the boundary-layer solutions, assuming that
	� 1, from the viewpoint of the external freestream flow, which is
considered to be irrotational at least up to O���, because the
Reynolds stresses are of o��� there. That is, in the double limit 	! 0
and �! 0, the stream function and the pressure are expanded in the
form

q� q00�ŝ; y� � 	q01�ŝ; y� � � � � � �	q10�ŝ; y� � 	q11�ŝ; y� � � � �

�O��2�; q� ;p (62)

according to the expansions (14) and (31). The coordinate shift
provided by Eq. (41) ensures that the subexpansion in terms of
powers of 	 of the expansion (62) only accounts for the Taylor
expansion of ue around ŝ� 0. The terms of O��� reflect the
streamline displacement caused by the boundary layer. Then the
stream functions  00 and  10 satisfy Laplace’s equation

@

@ŝ

�
1

h

@ 1i

@ŝ

�
� @

@y

�
h
@ 1i

@y

�
� 0; i� 0; 1 (63)

subject to the boundary conditions

 00�ŝ; 0� � 0;  10�ŝ; 0� � �0	x̂; �0�x̂�
 ��0�x̂�U0�x̂� (64)

Equation (64) follows from patching the stream function at the
boundary-layer edge up to O��� by means of a Taylor expansion
about y� 0, taking into account Eq. (41), and the relationship

ue�x� � U0�x̂� �
@ 00

@y
�ŝ; 0� (65)

Hence,  10 is seen to be determined uniquely in a certain domain
y � 0 and can, in principle, be calculated by adopting standard
methods. In turn, the induced pressure disturbance p10 follows from
evaluating the linearized Bernoulli’s law:

p10 �
1

h2
@ 00

@ŝ

@ 10

@ŝ
� @ 00

@y

@ 10

@y
(66)

We note that, without any loss of generality, in Eq. (66) any
remaining pressure perturbation for vanishing velocity variations is
discarded.

It is evident from inspection of Eq. (64) and the foregoing analysis
of the marginally separating boundary-layer solution given by �0,
�0 that  10 and p10 behave regularly except for the location
ŝ� y� 0. By defining the limiting value

 100 �  10�0; 0� � �00��00� ��00U00 (67)

which is a quantity of O�1�, a regular upstream but singular
downstream behavior of  10 in the limit y� 0 and ŝ! 0 is found.
That is,

ŝ! 0�:  10�ŝ; 0� �  100 �O�ŝ� (68)

ŝ! 0�:
 10�ŝ; 0� �  100

‘2=300 U00

� A�ŝ1=3 (69)

These conditions are rich enough to contain the associated singular
local behavior of the pressure perturbation p10. A local analysis of
Eq. (63) supplemented with Eqs. (64) and (65) shows that

 00=U0�x̂� � y � k�x̂�y2=2�O�y3� as y! 0� (70)

and

 10 �  100

‘2=300 U00

� A��1=3g�#�; #� arctan�y=ŝ�

� � # � 0 as ��
����������������
ŝ2 � y2

p
! 0

(71)

where

g00 � g=9� 0; g��� � 0; g�0� � 1 (72)

The solution of this problem is given by

g�#� � cos�#=3� � sin�#=3�=
���
3

p
(73)

Substituting Eq. (70) evaluated for ŝ! 0, Eqs. (71) and (73) into
Eq. (66) then yields

p10

‘2=300 U
2
00

� A���2=3
�
cos�2#=3�

3
���
3

p � sin�2#=3�
3

�
(74)

Finally, one obtains

ŝ! 0�:
p10�ŝ; 0�
‘2=300 U

2
00

�� 2A�
3

���
3

p ŝ�2=3 (75)

ŝ! 0�:
p10�ŝ; 0�
‘2=300 U

2
00

� A�
3

���
3

p ŝ�2=3 (76)

Again, Eqs. (68), (69), (75), and (76) agree exactly with the behavior
of the irrotational flow near the trailing edge of a flat plate that is
induced by both the laminar Blasius boundary layer and the near
wake. The close relationship between these two different flow
configurations arising from the similarity structure of the shear layer
downstream of the singular point will also be evident in the resulting
interaction problem to be derived subsequently [21,34,35].

The local singularity in the induced potential flow given by
Eqs. (71) and (74) indicates a breakdown of the expansions (62) for
�! 0�, as one expects from the strong streamwise variations on a
length scale ofO�	2� of the flow inside the boundary layer, discussed
in Sec. III. As already mentioned, the higher-order contributions
q11; . . . to the expansions (62) do not behave more singularly.
Therefore, the singularity in p10, represented by Eqs. (75) and (76),
and the associated response of the boundary-layer flow suffice to
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determine the scalings of the adjustment regions that will account for
a uniformly valid flow description.

B. Triple-Deck Problem for Turbulent Boundary Layers

Because the following analysis also, necessarily, takes into
account the effect of the induced pressure on the boundary layer, this
section provides a revision of Sec. III.C.2. Therefore, the expansions
of the quantities differ in the corresponding details. That is, here, an
asymptotically correct analysis of the problem is carried out in line
with the set of the full Reynolds equations (3) and (4) rather than their
boundary-layer approximation given by Eqs. (8) and (9). By dealing
with second-order boundary-layer theory, however, the local
perturbations in the boundary layer triggered by the behavior of the
induced pressure p10 given by Eqs. (74–76) are considered first.

In the limit ŝ! 0, the stream function in the boundary-layer
where Y �O�1� is given by  � ��00�Y�; see Eqs. (16) and (51).
We now seek the perturbations there owing to the induced pressure
p10 upstream and downstreamof ŝ� 0. Inspection of themomentum
Eq. (3) in combination with the near-wall behavior given by Eq. (24)
then shows that the disturbances caused by the pressure gradient
@p10=@ŝ of both the Reynolds shear stress gradient and the inertia
terms balance in, respectively, the regions I� and I� (see Fig. 5), in
which the wall coordinate

�̂� Y=�‘2=300 jŝj1=3� (77)

is a quantity ofO�1�. There, the following expansions are suggested
in the triple limit 	! 0, �! 0, and ŝ! 0 both for

ŝ!0�:
 

‘2=300 P
1=2
00

��
�
��ŝ�5=6F���̂����ŝ�1=3�	�Bŝ��̂���ŝ�4=3 B

180
�̂4

����
�
��2��ŝ��5=6‘

2=3
00 U

2
00

P00

G���̂�����

p�p0�x0�
P00

� ŝ��������ŝ��2=3 2A�
3

���
3

p ‘2=300 U
2
00

P00

���� (78)

and for

ŝ!0�:
 

‘2=300 P
1=2
00

��ŝ5=6F���̂�������2ŝ�5=6‘
2=3
00 U

2
00

P00

G���̂���� �;

p�p0�x0�
P00

� ŝ������ŝ�2=3 A�
3

���
3

p ‘2=300 U
2
00

P00

���� (79)

In the expansions (78) and (79), the exponentially growing terms
considered in Sec. III.C, which cause a breakdown when ŝ�O�	2�,
are represented by dots. This is sufficient, as we now rather focus on
the perturbations proportional to � that are responsible for the onset

of the interaction process of theflowupstream and downstreamof the
interaction region; cf. Fig. 5.

Inserting expansions (78) and (79) into Eq. (3) and rearranging
terms up toO��j2ŝj�5=3� gives rise to a linear inhomogeneous third-
order problem for G���̂�:

� 2
�
F00�G00�

�0 � 5

6
F�G00� � 2

3
F0�G0� � 5

6
F00�G� � ��1� 3� A�

9
���
3

p

G��0��G00��0�� 0 (80)

where the upper and the lower signs correspond to the upstream and
the downstream case, respectively.

1. Upstream Onset of the Interaction Process

In the upstream case, the problem (80) assumes the form

��̂1=2G00��0 �
1

9
�̂5=2G00� � 2

9
�̂3=2G0� � 5

12
�̂1=2G� � � 2A�

9
���
3

p

G��0� �G00��0� � 0

(81)

By applying the transformation

G���̂� � F0���̂�
�Z

�̂

0

H�z� �H�0�

3=2

d
 � 2
H�0�
�̂1=2

�
; z� 
3

27

(82)

Equation (81) is conveniently cast into an inhomogeneous
Kummer’s equation [36] for H�z�:

zH00 � �4=3 � z�H0 � 7=6H ��A�=9 z�1=2 (83)

where the boundary conditions in Eq. (81) require H to be bounded
for z! 0. In addition, the third boundary condition forG�, missing
in Eq. (81), follows from the requirement that H clearly must not
grow exponentially for z! 1. The solution of Eq. (83) is found in
terms of a hypergeometric series that, by using the integral
representation of the Beta function [36], can be expressed in closed
form as an integral. After some manipulations, we obtain

H�z� � A�
9

�

22=3��1=6���4=3�
Z

1

0

t1=6 exp�zt� erfc� ����
zt

p �
�1 � t�5=6 dt (84)

Inserting Eq. (84) into Eq. (82) then yields the limiting behavior of
G���̂�:

G0��0� � �A�

����
�

p

3
���
3

p (85)

and

G� � A�F0���̂�	1�O��̂�2�
 as �̂! 1 (86)

where

A� �
Z 1

0

H�z� �H�0�
33=2z7=6

dz��A�
27=3��5=6� ����

�
p

27
(87)

We now consider the effect of the induced pressure on the surface
slip velocity us, which is defined by

us � @ =@y at y� 0 (88)

For distances ŝ�O�1�, the surface slip is primarily given by the
boundary-layer solution, that is,

us �Us�x� � � � � (89)

Here, the dots denote higher-order terms due to finite values of 	 and
�. In the triple limit �! 0, 	! 0, and ŝ! 0� evaluation of
Eq. (78) gives

IW

OW

I
I− I+

II
II− II+

III

ŝ

y

∼ σ

∼ σ

∼ α σ 1/ 3

∼ α 3/ 2

y = δ ∼ α ∆ (x )

Fig. 5 Asymptotic splitting of the flow in the formal limitRe�1 � 0 due
to the interaction process of the oncoming (subscripts �) and
downstream evolving (subscripts �) boundary layer [outer wake (OW)

and innerwake (IW); see Sec. II.B.2], triple-deck structure (lower deck I,

main deck II, and upper deck III).
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us

P1=2
00

� 	 � Bŝ� � � � � ���ŝ��7=3 ‘
2=3
00 U

2
00

P00

G0��0� � � � � (90)

where thefirst terms on the right-hand side represent the expansion of
Us�x� about x� x0, using Eq. (41). Equation (90) allows for an
appealing physical interpretation: as indicated by Eqs. (78) and (85),
the negative (favorable) induced pressure gradient upstream of ŝ� 0
causes a deceleration of the flow close to the surface. This rather
surprising phenomenon has not been observed yet in laminar
boundary-layer flows. Here, however, it originates from the fact that
convection does not vanish at the surface.

Finally, matching of the expansions (78) and (79) with the flow in
the boundary-layer main regimes II� and II� (Fig. 5), where Y �
O�1� demonstrates, by noticing Eq. (86), that the expansions of the
stream function there take on the form

ŝ! 0�:  � �	�00�Y� � �	 � Bŝ��01�Y� � � � �


� �2��ŝ��4=3 ‘
4=3
00 U

2
00

P00

A�� 0
00�Y� � � � � (91)

ŝ! 0�:  � �	�00�Y� � ŝ1=3‘2=300 A�� 0
00�Y� � � � �


� �2ŝ�4=3
‘4=300 U

2
00

P00

C�� 0
00�Y� � � � � (92)

It is anticipated in Eq. (92) that, in analogy to Eq. (86), the function
G� behaves as G���̂� � C�F0���̂� A��, �̂! 1, with some
constantC�. For this mathematical detail, the reader is again referred
to a future publication.

2. Main Deck

A breakdown of the asymptotic structure considered so far occurs
due to both the exponentially growing eigensolutions when ŝ�
O�	2� [see the expansion (31) and Eq. (41)], and the singular induced
pressure gradient @p10=@ŝ when ŝ�O��3=5�; cf. the preceding
expansions (91) and (92). To take into account both causes of
nonuniformness, we consider a distinguished limit by introducing
the coupling parameter

�� 	10=3

�

P00

‘2=300 U
2
00

(93)

which is required to be ofO�1� in the double limit 	! 0 and �! 0.
Then the streamwise distance, forwhich the expansions (91) and (92)
cease to be valid, is found to be measured by

ŝ� �X̂; � � �	=� �2 with 0  �  1 (94)

which, in turn, redefines the streamwise extent of the main deck
(region II in Fig. 5). Here, the parameter � is introduced to provide a
bijective function ��� � having the properties

�0�� �> 0; �b � ��1�  1; ��O�� 10=3� as � ! 0

(95)

where the upper bound �b of the coupling parameter may be chosen
arbitrarily. It is convenient with respect to the subsequent analysis to
specify the relationship between� and� by the definition of a further
function �� � in the form

��� � � � 10=3=�� �; 0�� �  0 (96)

Then  is seen to be bounded, and

 �0�>�1� � 1=�b (97)

From Eqs. (93), (94), and (96), one then readily concludes that

	� �1=2� ; �� �5=3
P00

‘2=300 U
2
00

(98)

The meaning of Eqs. (93–98) is as follows. The case �b �1 or,
equivalently,�1� � 0, recovers the pure boundary-layer limit, that
is, �� 0 for finite values of 	, already discussed in Sec. III.C.2, for
which the induced pressure gradient does not come into play at all.
On the other hand, the limit�� 0 refers to the case � � 	� 0, where
� �O��3=5�. These considerations imply that the regions I, II, and
III, as sketched in Fig. 5, are located a distance ofO�	� upstream of
the position of the marginal singularity given by s� 0 [cf. Eq. (41)],
where the lower and upper limits of the magnitude of their
streamwise extent are given by O��3=5� and O�	2�, respectively.

Inspection of Eqs. (91) and (92) indicates that, in the main-deck
region, the expansions (51) and (52) now take on the asymptotically
correct forms

 =�� �00�Y� � �1=3‘2=300 Â�X̂�� 0
00�Y� � � � �

� ��1=2� � �BX̂��01�Y� � � � � (99)

and

�=���00 � �1=3‘2=300 Â�X̂� � � � � (100)

in the limit � ! 0. Here, and in the following, the substitutions given
by Eq. (98) have been applied. Moreover, the expansions (78) and
(79) imply that the pressure in the main deck can be written as

p� p0�x0� � �P00	X̂ �P̂�X̂�
 � � � � (101)

Both the displacement function Â�X̂� and the pressure function P̂�X̂�
are quantities ofO�1� and are unknown at this stage of the analysis.
However, matching with the regions II� and II� reveals the
following asymptotes:

X̂ ! �1: Â�X̂� �A�X̂
�4=3 (102)

P̂�X̂� � � 2A�
3

���
3

p X̂�2=3 (103)

X̂ ! �1: Â�X̂� � A�X̂
1=3 (104)

P̂�X̂� � A�
3

���
3

p X̂�2=3 (105)

3. Upper Deck

The preceding considerations suggest that the expansion (62) of
the flow in the external regime, where both ŝ and y are quantities of
O�1�, fails in the upper deck (region III in Fig. 5). There,
appropriately rescaled variables are given by the scalings (94) and

y� �ŷ; ŷ�O�1� (106)

The singular behavior of the stream function and the pressure
expressed by Eqs. (69), (75), and (76) then gives rise to the
expansions

 � �U00ŷ� � � � �
P00

U00

�
�5=3

�100

‘2=300 U00

� �2 ̂�X̂; ŷ� � � � �
�

(107)

p� p0�x0� � �P00	X̂ �p̂�X̂; ŷ�
 � � � � (108)

Here, terms proportional to  represent the potential flow induced
locally by the boundary-layer displacement.
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The pressure p̂ is calculated from Bernoulli’s law [cf. Eq. (66)],
which, by balancing terms up to O��2�, reduces to

p̂�� @ ̂
@ŷ

(109)

and the stream function  ̂ is seen to satisfy the Cauchy problem:

@2 ̂

@X̂2
� @2 ̂

@ŷ2
� 0;  ̂�X̂; 0� � Â�X̂�

 ̂� A��̂1=3g�#� as �̂�
�����������������
X̂2 � ŷ2

q
! 1

(110)

Herein,# is given by Eq. (71), where the ratio y=ŝ is to be replaced by
ŷ=X̂ according to the local scaling provided by Eqs. (94) and (106).
The boundary conditions in Eq. (110) follow from patching the
stream function at the boundary-layer edge by using Eqs. (99) and
(100) and from a match of  ̂with the singular behavior of 10 given
by Eq. (71), respectively. In turn, p̂matches the asymptotic behavior
of p10 as expressed by Eqs. (74–76). Additionally, comparing
Eq. (108) with Eq. (101) and taking into account Eq. (109) yields the
relationship

@ ̂

@ŷ
�X̂; 0� � �P̂� X̂� (111)

where P̂�X̂� is seen to be the induced surface pressure. Consequently,
and as a well-known result from potential flow theory [33], P̂�X̂� and
�Â0�3X̂� form a Hilbert pair, that is,

fP̂� X̂�;�Â0�X̂�g � 1

�
C
Z 1

�1

fÂ0�Ŝ�; P̂�Ŝ�g
X̂ � Ŝ dŜ (112)

4. Lower Deck

The analysis is finalized by considering the flow in the lower deck
(region I in Fig. 5) in the limit � ! 0. Hence, we introduce rescaled
local variables Ŷ and �̂ of O�1� according to

Y

‘2=300

� �1=3Ŷ;
 

‘2=300 P
1=2
00

� ��5=6�̂�X̂; Ŷ� (113)

Moreover, the pressure is given by Eq. (101). The leading-order
problem governing the flow in the lower deck is found by inserting
these quantities into the equations of motion (3) and (4) or,
equivalently, by applying the transformation

X̂ � � 2X; Ŷ � � 2=3 �Y; �̂ � � 5=3 �� (114)

to Eq. (43). As a result, the inclusion of the induced pressure gradient
in Eq. (44) is seen to be sufficient to generate an asymptotically
correct description of the flow near the surface. The lower-deck
equations then read

@�̂

@Ŷ

@2�̂

@Ŷ@X̂
� @�̂
@X̂

@2�̂

@Ŷ2
��1��� �P̂0�X̂� � @T̂

@Ŷ

T̂ � @2�̂

@Ŷ2

����@
2�̂

@Ŷ2

����
(115)

They are subject to the boundary conditions

Ŷ � 0: �̂ � T̂ � 0 (116)

Ŷ ! 1: T̂ � Ŷ ! Â�X̂� (117)

X̂ ! �1: �̂ ! F��Ŷ� � �Ŷ; 0  �  1 (118)

X̂ ! 1; Ŷ ! 1: �̂X̂�5=6 ! F���̂�; �̂� Ŷ=X̂1=3 �O�1�
(119)

The conditions (117–119) follow from a match with the
expansions (78), (79), and (99), respectively, which clearly cease
to be valid in the lower-deck flow regime. The asymptotic behavior
expressed by relationship (117), however, can be shown to be
determined by the upstream initial condition (118) rather than
provide an additional boundary condition to be imposed. Most
important, because both the functions P̂�X̂� and Â�X̂� are seen to be
part of the solution, Eqs. (115–119) have to be supplemented with
one of the relationships given by Eq. (112) in order to complete the
triple-deck problem.

This fundamental problem that governs turbulent marginal
separation associated with the triple-deck scheme outlined
previously has the following important properties:

1) As a highly remarkable characteristic not known in laminar
triple-deck theory at present (apart from a laminar supersonic triple-
deck flow model proposed by Lipatov [37]), the lower-deck
equations (115) include both the (locally constant) imposed and the
induced streamwise pressure gradient given by P̂0�X̂�.

2) A property also not observed in subsonic laminar interacting
boundary layers so far is that turbulent marginal separation is linked
to the existence of eigensolutions of the underlying triple-deck
problem. In this connection we note that Eqs. (112) and (115–119)
allow for the trivial solution �̂ � F��Ŷ� � �Ŷ, Â�X̂� � P̂�X̂� � 0.
However, a nontrivial solution is conveniently enforced by
prescribing the downstream condition (119). Therefore, the
ellipticity of the triple-deck problem is not only due to the imposed
pressure gradient [cf. Eq. (112)], but also arises from the nontrivial
downstream state as expressed by Eq. (119) and in agreement with
Eq. (53).

3) It is inferred from Eq. (96) that the triple-deck solutions depend
on � solely, independent of the specific choice of the function�� �.
This is also expressed by the invariance properties

�̂�X̂; Ŷ� � ��5=6�̂�X ;Y�; Â�X̂� � ��1=3Â�X�
P̂�X̂� � �2=3P̂�X�; X � ��X̂ � ��; Y � �1=3Ŷ

(120)

satisfied by the solution �̂ , Â, P̂ for a given value of �. Here, X̂ is
stretched by an arbitrary factor � > 0. The real parameter �
corresponds to an origin shift in X̂ of the solution. However, the
ambiguity of the solution expressed by that translation invariance has
to be eliminated by the exponentially decreasing eigensolutions
occurring upstream, giving

�̂ � F��Ŷ� � �Ŷ � � � � � sgn���� 5=3f�Ŷ=� 2=3�
� exp	X̂=�3� 2�
 � � � � ; X̂ ! �1 (121)

This expansion follows directly from Eq. (47) by taking into account
Eq. (114). Equation (121) states that, in definite contrast to the
noninteractive case that is expressed by � � 1 and � 0 or,
equivalently, Eq. (44), the interaction process is insensitive to the
sign of �. The latter rather enters the triple-deck solution only via
exponentially small terms. Their strength is fixed by the requirement
of a match with the oncoming flow, which, in turn, eliminates the
translation invariance of the solution bymeans of an adequate choice
of the group parameter �.

It is useful to introduce the rescaled surface slip velocity

Û s �
@�̂

@Ŷ
�X̂; 0� (122)

A comparison with Eq. (90) gives

us � �1=2P1=2
00 Ûs as X̂ �O�1� (123)

and bymatching of Eq. (122) with Eq. (78) or, equivalently, Eq. (90),
and Eq. (79), one recovers the expansions holding upstream and
downstream, respectively,
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X̂ ! �1: Ûs � � �G0��0�X̂�7=6 (124)

X̂ ! �1: Ûs �U�X̂
1=2 (125)

The latter of these relationships reflects the match with the nontrivial
self-similar solution expressed by F���̂�. The asymptotic behavior
[Eq. (124)] is seen to be valid for all admissible values of� and and
demonstrates the effects of both the exponentially decaying
eigensolutions and of the induced pressure gradient on the triple-
deck solution. The first determines the magnitude of the control
parameter 	 and, in turn, � , which fixes the upstream limit of the
surface slip. The upstream deceleration of the flow, however, is
primarily caused by the induced pressure gradient, the strength of
which is measured by .

As a consequence of Eqs. (115) and (116), and by noting the
definition of Ûs [Eq. (122)], one obtains the near-wall asymptotes:

�̂ � Ûs�X̂�Ŷ � 4=15sgn�� �j� j1=2Ŷ5=2 �O�Ŷ4�
T̂ � �Ŷ �O��Ŷ5=2; Ŷ4�

� �X̂� � Ûs�X̂�Û0
s�X̂� � 1�P̂0�X̂�; Ŷ ! 0

(126)

Furthermore, as already indicated by the asymptotic behavior
[Eq. (25)] of the downstream similarity solution, for large values of
Ŷ, the solution is seen to be invariant with respect to a shift in Ŷ of the
amount Â�X̂�. In other words, a nonvanishing value of A� enforces
the nontrivial eigensolution of the triple-deck problem having Â 6�0.
On the other hand, one draws the conclusion that the possible shift is
an immediate consequence of the hyperbolic convective operator
giving rise to the predominating convective terms, far from the
surface, on the left-hand side of the momentum balance in Eq. (115).
By taking into account the upstream asymptotes given by Eq. (118)
together with P̂��1� � 0, the analysis then yields

�̂ � F��Ẑ� � 3=4P̂Ẑ�1=2 � 9=56�P̂Ẑ�2

� Ẑ�7=2 X1
n�0

�nẐ
�3n=2 � TST

T̂ � Ẑ� 9=8P̂Ẑ�2 � 27=14�P̂Ẑ�7=2

� Ẑ�5 X1
n�0

�nẐ
�3n=2 � TST; Ẑ� Ŷ � Â! 1

(127)

We note that the algebraic terms following the leading-order
contributions in these asymptotic expansions vanish if, and only if,
� 0. To be more precise, both the leading-order coefficients �0

and�0 in the remainder series are quantities ofO�;2; � 2�. One
also easily verifies the match of Eq. (127) with the higher-order
contribution determined by G���̂� to the expansion (78), which
characterizes the oncoming flow, in the limit �̂! 1; see Eqs. (86),
(87), and (102).

C. Numerical Results

1. Method

For the numerical treatment of the triple-deck problem posed by
Eqs. (112) and (115–119), a carefully devised variable transform that
maps the interval �1< X̂ <1 onto the range 	�1; 1
 was
performed to handle the singular upstream and downstream behavior
at infinity in an efficient manner. In addition, a coordinate stretching
in Ŷ direction was introduced that, among others, accounts for the
far-field relationships given by Eq. (127), in which only the terms
larger than the remainder sums were regarded. Most important,
however, it regularizes the half-power behavior �̂ � Ûs�X̂�Ŷ �
O�Ŷ5=2� for Ŷ ! 0 [see Eq. (126)] and thus allows for a higher
resolution of the flow close to the surface. These ideas were put
forward in its original form by Smith and Merkin [38]; see also
[39,40]. The thereby-transformed equations were discretized on a

uniformly spaced mesh by approximating all derivatives using
central finite differences with second-order accuracy. Therefore, the
elliptic character of the problem is fully retained. The stream function
and the pressure served as the only dependent variables. The
resulting system of nonlinear algebraic equationswas solved directly
by adopting a modification of the Powell hybrid method [41] in
which the Jacobians are calculated numerically in principle but,
whenever feasible, updated by means of a secant approximation
during theNewton iteration. In eachNewton step, the resulting linear
system of equations are solved by advantageously exploiting the
sparsity pattern of the Jacobian. Under reasonable conditions, this
algorithm guarantees a fast rate of global convergence.We note that,
typically, a grid of 300 points in X̂ direction and 150 points in Ŷ
direction was employed, for which the principal limit of resolution
depends on the hardware memory available. The stopping criterion
for the iteration process was provided by the machine-dependent
optimal accuracy of the solution. It should be stressed that the
indeterminacy of the solutions with respect to a shift of the origin,
expressed by Eq. (120) and discussed in the preceding item 3, is
eliminated numerically as a consequence of the discretization
process. A more detailed description of the numerical procedure,
however, is postponed to a separate publication. In addition, the
authors annotate that, if applied to a broader class of problems arising
in the field of interacting boundary layers, the technique presented
here is even supposed to prove superior to miscellaneous well-
established numerical schemes that are purpose-built for tackling
such problems. Nevertheless, this is a topic that is yet under
investigation.

2. Exemplary Flow Configurations

Numerical solutions have been obtained for several values of ,
whereas � varied in the whole range 0  �  1. Owing to the
limitation of space, only the case� 3will be discussed in detail. It
then follows from Eq. (96) that �� � 10=3=3 and 0  �  �b with
�b � 1=3. Separation is associated with negative values of Ûs. As an
important result, such local flow reversal is observed for
0  �  � �, where � � �: 0:205, that means within the (rather
small) range 0  �  �� with �� �: 1:69 � 10�3. We furthermore
emphasize that the shear stress gradient at the surface, given by
� � �@T̂=@Ŷ��X̂; 0� as expressed in Eq. (126), and, in turn, both the
Reynolds stress T̂ and the streamwise velocity gradient @2�̂=@Ŷ2 are
seen to be positive for all admissible values of X̂, Ŷ, and �.

Representative numerical results are plotted in Fig. 6, in which
consecutive data points are connected using smooth cubic spline
interpolation. In Figs. 6a and 6b the positions at the surface Ŷ � 0 of
flow detachment X̂ � X̂D (dashed curves), flow reattachment X̂ �
X̂R (dotted curves), and their difference, that is, the length

L̂� X̂R � X̂D (128)

of the recirculation region (solid curves) are presented in the range
0  �  0:016 and 0:017  �  0:205 �: � �, respectively. Note
that the location of detachment tends to �1 for � ! 0;
cf. Eq. (124). In turn, a rather flat separation bubble emerges for
values of � within the range 0< � < 0:017. For larger values of � ,
that is, for � � 0:016 . . ., up to � � 0:019 . . . the interesting
phenomenon of intermediate reattachment followed by a second
flow detachment immediately further downstream is noticed. The
corresponding values of X̂D, X̂R, and L̂ characterizing that first
separated flow regime (which, however, appears to be very small
and, therefore, difficult to resolve numerically) are shown in Fig. 6c.
Exemplarily, in Fig. 6d, the distributions of Â�X̂�, P̂�X̂�, and Ûs�X̂�
are displayed for the case� � 0:019, together with the upstream and
downstream asymptotes (dashed-dotted lines) given by Eqs. (103–
105) and (125). Note the rather flat passage of the quantities Â and Ûs

to negative values compared with their pronounced rise downstream
of reattachment. As a matter of fact, the indicated splitting of the
separation bubble is hardly visible and, therefore, rather a conjecture
at the present stage of the numerical analysis. Thus, its validation is
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effectively a topic of further numerical effort as it requires the use of
an adequately refined mesh.

In addition, both the streamline pattern and the corresponding
distributions of �̂ for various X̂ locations for the reverse-flow regime
of the identical flow configuration are depicted in Fig. 7. Note the
increasing density of the streamlines further away from the surface
and downstream of reattachment, the latter reflecting the strong
acceleration there as represented by the correspondingly rapid rise of
Ûs. The behavior of the streamlines in the vicinity of X̂ � X̂D and X̂R,
respectively, is discussed in Sec. IV.C.3, next. The graphs shown in
Fig. 7b agree well with the local analytical representation of �̂ given
in Eq. (126).

It is noteworthy that the rather rapid acceleration of the near-wall
portion of the streamwise velocity immediately downstream of
reattachment indicates an intense vortex motion there. This
observation is in remarkable agreement with the findings of Perry
and Fairlie [42], based on their heuristic inviscid flow model.
However, here, the steep rise of Ûs owes to the specific internal
structure of the flow ensuing from a nontrivial eigensolution of the
triple-deck problem defined by Eqs. (112) and (115–119). This, in
turn, owes to the strongly Reynolds-stress-affected downstream state
of the solution enforced by the latter relationship.

3. Analysis of Small Backflow Regions

Let X̂ � X̂0 denote the point of flow detachment or reattachment.
Then the slip velocity and the induced pressure gradient behave as

Ûs � B̂���Ŝ�O�Ŝ2�; P̂0 � P̂0��� �O�Ŝ�
Ŝ� X̂ � X̂0 ! 0

(129)

where B̂ < 0, Ŝ < 0 and B̂ > 0, Ŝ > 0 in, respectively, the detaching

and the reattaching case. Therefore, it is readily found from
substituting the expression for Ûs in Eq. (129) into the first of the
relationships (126), that the branching streamline having �̂ � 0 is
locally given by

Ŷj�̂�0 �
�15B̂�2=3

	16�1�P̂0�
1=3
Ŝ2=3 (130)

cf. Fig. 7a. The term in parentheses in the denominator of Eq. (130)
represents the Reynolds stress gradient at the surface given by � ,
which is seen to be positive for all values of X̂ [cf. Eqs. (115) and
(126)], here evaluated for vanishing convection (that is, for X̂ � X̂0,
it reduces to the overall pressure gradient 1�P̂0). In connection
with the infinite streamline curvature at Ŝ� 0 predicted by Eq. (130)
it is interesting to note that there is experimental evidence [43] that
the streamline angle to the surface is not small even in the case ofmild
flow separation, despite the fact that the wall is flat. In this context,
the authors also refer to the statements given in [23] in respect of
turbulent massive separation.

The points X̂ � X̂D and X̂ � X̂R denoting separation and
reattachment, respectively, collapse onto the single point X̂ � X̂� for
�� ��, so that B̂���� � L̂� 0. Consequently, the emergence of a
small, closed reverse-flow regime is described by the relationships

Ûs � B̂1�Ŝ2 � L̂2=4� �O�L̂3�; P̂0 � P̂0���� �O�L̂�
X̂D � X̂� � L̂=2; X̂R � X̂� � L̂=2

Ŝ� X̂ � X̂� �O�L̂�; L̂! 0� (131)

where a match with the expression for Us in Eq. (129) requires
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Fig. 6 Numerical solutions of the fundamental interaction problem [Eqs. (112) and (115–119)]: a)–c) locations of detachment X̂� X̂D, reattachment
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B̂��B̂1L̂�O�L̂2�; B̂1 > 0 (132)

Here, the upper and the lower signs refer to, respectively, the position
of separation and reattachment in Eq. (129). As the slip velocity Ûs

varies with � in a regular manner, the relations (131) state that L̂
depends on �� � � in the form

L̂�O�
���������������
�� � �

p
�; �� � �! 0� (133)

This property is captured by the behavior of the numerical results
near the endpoints of the curves, indicated by circles, for which
� � � � in Fig. 6b. In addition, one readily finds that the streamlines
�̂ � const in the vicinity of a very mild separation bubble of length
L̂� 1 are given by

B̂1

�
Ŝ2 � L̂

2

4

�
Ŷ � 4

15

����������������������������
1�P̂0����

q
Ŷ5=2 � �̂

Ŝ�O�L̂�; Ŷ �O�L̂4=3� (134)

Finally, it should bementioned that, from a computational point of
view, the triple-deck formulation presented here is related to the
original numerical treatment of transientmarginal separation past the
leading edge of an airfoil by Briley and McDonald [44]. They
employed an advanced mixing-length-based one-equation closure
and adopted a time-dependent iterative scheme that reflects the
interaction process, albeit in a nonasymptotic sense. This technique
allowed for avoiding the occurrence of the Goldstein singularity in
the skin friction in the boundary-layer sweeps and the prediction of
closed separation bubbles.

V. Conclusions

An asymptotic theory of turbulent marginal separation has been
presented that depends on a single similarity parameter � � 0
containing the essential upstream information. Numerical solutions
of the fundamental triple-deck problem have been found for a wide
range of �. Open questions include, among others, the effect of the
exponentially decaying eigensolutions as X̂ ! �1 that dominate
over the algebraically varying terms for � � 1 in the noninteractive
case ! 0 or, equivalently, �! 1 as predicted by Eq. (124).
Then only the strictly attached solutions have been found at present,
which are related to the subcritical upstream condition � < 0. Its
supercritical counterpart � > 0, however, causing the boundary-
layer solution to terminate in the Goldstein-type singularity, is likely
associated with a very large recirculation region if the induced
pressure is taken into account in an appropriate manner. That is, the
triple-deck problem has to be investigated in order to explore the

according substructure that emerges for ! 0 and predicts
separation on a correspondingly larger streamwise length scale.
Interestingly, the assumption of an almost inviscid but strongly
rotational flow inside the separation region proposedmuch earlier by
Perry and Fairlie [42] is possibly pointed to the inviscid character of
the boundary-layer solution slightly upstream of the position of
breakdown; see Sec. III.D. This observation may therefore become
relevant to the study of large-scale separation.

Furthermore, the effects of the inner wake aswell as the Reynolds-
number-dependent flow regimes adjacent to the surface have to be
studied. However, the inner wake layer, not considered here, is seen
to behave only passively, as it is characterized by convective terms
linearized about the slip velocity imposed by the outer wake.
Because �� 1 even in the limiting caseRe�1 � 0, the perturbations
in the wake regime reflecting viscous effects, which primarily arise
from the surface shear stress denoted by �, are of minor (physical)
relevance. On the other hand, most important, matching of the
logarithmically varyingu components of the velocities in the overlap
domain of the viscosity-affected near-wall flow regimes gives rise to
a relationship determining the surface friction � in the limit
Re! 1:

���
�

p
us

� �

ln Re
; � � 1

Re

@u

@y
at y� 0 (135)

That skin friction law is clearly rendered invalid if the surface slip
velocity us at the base of the wake tends to zero, which is the case as
separation is approached. Therefore, the investigation of a flow on
the verge of separation, for which the reverse-flow regime is
governed by Eq. (134), is expected to give a first hint how to continue
the skin friction law (135) asymptotically correctly into the regions in
which the flow separates but immediately recovers. It can be shown
[11,12] that both

���
�

p
andus become quantities ofO�1�, provided that

us has dropped sufficiently. Then the logarithmic law of the wall is
superseded by the half-power behavior of u, well known from a
boundary layer on the verge of separation, as the viscous wall layer
coincides with the flow regime on top of it (see the outline in
Sec. II.B.2), and the relationship (135) ceases to be valid. Because the
flow inside the viscous wall layer then plays a fundamental role in
order to predict the surface friction, a study of the time-dependent
motions in that region is presumably necessary. The basis for such a
research is provided by the extensive work of Walker et al. [14],
Walker and Herzog [15], and Brinckman and Walker [16] (see also
[1]), which, however, applies to a firmly attached turbulent boundary
layer.

With respect to those aspects, which are presently under
investigation, we add that results obtained by means of direct
numerical simulation (DNS) [45] indicate that small changes in the
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Fig. 7 Separation for the case � � 0:019: a) streamlines �̂ � const in the range�0:085 � �̂ � 1:01, for which Bezier spline interpolation was applied

such that the values of �̂ for neighboring curves differ by 0.015; in addition, the dividing streamline (bold) is approximated by �̂ � 10�10 and is rather

adjacent to the one for which �̂ ��0:001, which is also plotted, and b) several profiles of the stream function �̂ for the same X̂ and Ŷ range as in Fig. 7a,

magnified by a factor of 10.
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pressure distribution due to an external flow that triggers the
occurrence of a mild separation bubble have a relatively great impact
on the skin friction distribution. Here, we stress that this observation
is corroborated by the theory presented, as the slip velocity is related
to the skin friction through Eq. (135). A qualitative comparison of the
theory outlined here with the DNS study of marginal separation by
Na and Moin [46], as well as the large-eddy simulation by Cabot
[47], for the identical flow configuration is also a topic of current
research. Unfortunately, a validation of the theoretical results with
experimental data, although highly desirable, appears to be presently
impossible on the basis of the existing material.
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Abstract: As the authors have demonstrated recently, application of the 
method of matched asymptotic expansions allows for a self-consistent 
description of a Turbulent Boundary Layer (TBL) under the action of an 
adverse pressure gradient, where the latter is controlled such that it may 
undergo marginal separation. In that new theory, the basic limit process 
considered is provided by the experimentally observed slenderness of a 
turbulent shear layer, hence giving rise to an intrinsic perturbation parameter, 
say , aside from the sufficiently high global Reynolds number Re. Physically 
motivated reasoning, supported by experimental evidence and the existing 
turbulence closures, then strongly suggests that  is indeed independent of Re
as Re . Here, we show how the inclusion of effects due to high but finite 
values of Re clarifies a long-standing important question in hydrodynamics, 
namely, the gradual transformation of the asymptotic behaviour of the so-called 
wall functions, which characterises the flow in the overlap regime of its fully 
turbulent part and the viscous sublayer (and, consequently, its scaling in the 
whole shear layer), as separation is approached. 
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1 Introduction and motivation 

A novel rational theory of the incompressible nominally steady and two-dimensional 
Turbulent Boundary Layer (TBL) exposed to an adverse pressure gradient, which is 
impressed by the prescribed external potential bulk flow, has been developed recently by 
the authors, see Scheichl and Kluwick (2007A), for the sake of brevity, in the following 
referred to as SK07A. This asymptotic flow description exploits the Reynolds-averaged 
Navier–Stokes equations by taking the limit 

/Re UL=  (1) 

where the Reynolds number Re is formed by the global length and velocity scales L and
,U  respectively, which are characteristic for the external inviscid and irrotational bulk 

flow, as well as the (constant) kinematic viscosity .  As the most important preliminary 
result of the approach presented by SK07A, in the limit equation (1), the slenderness  
of the boundary layer is seen to be independent of Re in the formal limit Re–1 = 0.
The rationale underlying this essential property can be cast in the following: 

Hypothesis (A): Let all velocities be non-dimensional with the global reference  
value .U  Furthermore, assume that in the limit equation (1), there exists a small  
non-dimensional local turbulent velocity scale tU  such that the vortical time-mean 
velocity variations are of ( ).tO U  Then (and only then) all components of the  
non-dimensional Reynolds stress tensor are quantities of 2( ).tO U

That is, the time-mean flow is presumed to be governed locally by a single velocity  
scale if the latter is sufficiently small when compared with the free-stream velocity. 
Although this supposition is strongly suggested by physical intuition (and corroborated 
by an asymptotic analysis of any commonly used turbulence closures, see Scheichl and 
Kluwick (2007A) and Scheichl (2001), and the asymptotic analysis of closures given  
in Schlichting and Gersten (2000), for example), however, a rigorous justification  
will have to be based on an adequate investigation of the unsteady Navier–Stokes 
equations in the limit expressed by equation (1) – a challenging problem the authors 
intend to tackle yet. As a matter of course, the thereby expected affirmation of the 
Hypothesis (A) must be regarded to be of fundamental impact on an asymptotic theory of 
turbulence.

The so-called classical theory, see for instance the pioneering paper by Mellor (1972), 
is capable of describing a strictly attached TBL only as it relies on the assumption  
of an asymptotically small streamwise velocity defect with respect to the external flow  
in the fully turbulent main part of the TBL. As is demonstrated by Scheichl and  
Kluwick (2007B) (in the following abbreviated by SK07B), it can be derived solely by 
adopting Hypothesis (A) as the simplest example for an asymptotic description of a TBL, 
if in the main region Ut is identified with the skin-friction velocity u where 2u denotes 
the (non-dimensional) wall shear stress, in the following termed .w Moreover, it has 
also been elucidated by SK07B that the method of matched (composite) asymptotic 
expansions allows for an extension of the classical approach, which is capable of 
predicting flows having a velocity defect of O(Ut) where Ut is still considered to be small 
but does not necessarily depend on Re. In a final step, by taking a streamwise velocity 
deficit of O(1), which is a necessary characteristic of flows that may even undergo 
marginal separation, no asymptotically small turbulent velocity scale representative of the 
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outer main flow region is present there. The reason is that the convective terms and, thus, 
the balanced Reynolds shear stress gradient normal to the surface in the streamwise 
momentum equation must be quantities of O(1) in this flow region. However, in order to 
maintain a shear layer approximation then, the (non-dimensional) Reynolds shear stress 
and the (non-dimensional) boundary layer thickness must be of comparable magnitude. 
Therefore, the Reynolds stresses are seen to be governed by a novel turbulent velocity 
scale, which is small when compared with the streamwise velocity of O(1). One then 
faces the remarkable consequence of Hypothesis (A), namely, that both the Reynolds 
shear stress and the slenderness of the boundary layer must be measured by an additional 
small parameter, in the following denoted by , which is essentially independent of Re as
Re → ∞ and, in the current stage of development, to be determined experimentally.  
Note that the aforementioned reference velocity of the Reynolds stresses then is of 
O( 1/2). In the formal limit 

10, 0Re =  (2) 

then to be considered, the Reynolds shear stress must vanish at the surface. For large but 
finite values of Re, on the other hand, in an initially firmly attached TBL the shear stress 
in the flow region that is located on top of the viscous wall layer adjacent to the surface 
assumes the value of w  in the overlap with that wall layer in leading order, in agreement 
with Hypothesis (A) as outlined by Scheichl (2001) and Scheichl and Kluwick (2007B), 
respectively. Therefore, in the former region, in the so-called intermediate layer, Ut is set 
equal to u  and, in turn, seen to be of O(1/ln Re). The balance between convection, 
which is of O(1) there and due to the surface slip velocity impressed by the outer main 
layer, and the Reynolds shear stress gradient requires the thickness of that intermediate 
layer to be of 2( ).tO U  But then, the two-parameter expansion subject to equation (2) does 
not allow for a match of the velocity gradient normal to the surface with that holding in 
the outer main region having a thickness of O( ), cf. SK07A. As a consequence, at the 
base of the latter, a further layer has to be introduced, the scaling of which is also  
seen to be independent of Re. That is, in the limit equation (2), the boundary layer 
comprises two layers, a so-called outer and inner wake layer and, remarkably, is seen to  
closely resemble a turbulent free shear layer, which was investigated asymptotically by 
Schneider (1991). 

The description of the outer main layer has been addressed by SK07A.  
Most important, it is demonstrated there analytically and numerically by adopting a local 
viscous/inviscid interaction strategy that in the primary limit, given by equation (2), 
marginal separation is associated with the occurrence of closed reverse-flow regions 
where the surface slip velocity, which turns out to be a quantity of O(1) in general, 
assumes negative values along a streamwise distance of O( 3/5). By taking into account 
the inner wake layer also, it is the objective of this paper to demonstrate how the two 
near-wall flow regions emerging for high but finite values of Re then singularly perturb 
the two-tiered wake flow referring to the limit expressed by equation (2). Particular 
emphasis is placed on the rather drastic variation of the universal flow behaviour in the 
overlap region conjoining the viscous wall and the intermediate layer close to the 
locations of, respectively, separation and reattachment. 

We emphasise that the basic principle underlying the present investigation  
is to deduce as much information about the turbulent flow as possible from the  
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Reynolds-averaged equations of motion, but independently of the choice of a specific 
turbulence closure. Within the framework of asymptotic analysis, this is achieved by 
deriving a fully self-consistent flow description, essentially based on the Hypothesis (A). 
However, as will turn out in the course of development, the matching principle requires 
some further weak assumptions regarding the behaviour of the Reynolds shear stress in 
the overlap domains of the respective layers. 

2 Weakly interacting flow for Re–1 = 0 

2.1 Problem formulation 

We consider a nominally steady and two-dimensional fully developed TBL, which is 
driven by the prescribed incompressible and non-turbulent free-stream flow along  
a smooth and impermeable solid surface, being e.g., part of a diffuser duct.  
Let , , , , , ,x y u v u v  and p denote natural coordinates, respectively, along and 
perpendicular to the surface under consideration given by 0,y =  the time-mean  
velocity components in x- and y-direction, the corresponding turbulent velocity 
fluctuations, and the time-mean fluid pressure. These quantities are non-dimensional with 
the reference values and ,L U respectively, introduced above, see equation (1), and the 
uniform fluid density. We furthermore define a stream function  by 

/ , / , 1 ( ) .y u x hv h k x y= = = +  (3a) 

Herein ( ) (1)k x O=  is the accordingly non-dimensional surface curvature of the solid 
wall, which is defined as positive for a convex surface and assumed to be a quantity of 
O(1). By adopting the usual notation for the turbulent stresses, the dimensionless time or, 
equivalently, Reynolds-averaged Navier–Stokes equations then read (cf. Schlichting and 
Gersten, 2000, p.81) 

2 2 2 2

,

h k
y x x y y x y

u h u vp hh h
x x y Re y

=

+

 (3b) 

2

2 2
2

1

1 ,

k
x y y x h x y

h v u vph k u
y y x Re x

= +

 (3c) 

where 2 1 1[ / ( / ) / ( / )]h x h x y h y= + is the Laplacian. The governing 
equations (3) are supplemented with the usual no-slip condition holding at the  
surface, i.e., 

0 at 0.u u v y= = = = =  (4) 

Although the results of the subsequent asymptotic investigation of the basic  
equations (3), subject to equation (4), are seen to be independent of the surface curvature 
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( ),k x  here the equations of motion, equation (3), are quoted in their most general form 
for the sake of completeness. Note that effects due to the surface curvature play an 
important role in the higher-order analysis of a TBL layer having an asymptotically small 
velocity defect; here the reader is referred to SK07B. 

Since we exclude the presence of free-stream turbulence, the turbulent flow is 
essentially confined to the relatively thin boundary layer along the surface. As outlined in 
Section 1, its thickness is measured by the quantity , which is regarded as the primary 
perturbation parameter. For what follows, it is sufficient to represent the relatively 
distinct time-mean boundary layer edge by the sharp line ( ; , ) ( ).y x Re O= =
It is, furthermore, useful to express the Reynolds shear stress u v  by introducing the 
(positive) mixing length  in the form 

2 .u uu v
y y

=  (5) 

In addition, let ( ; ), ( ; ), and ( ; , )e e sp x u x u x  denote the pressure and the 
(streamwise) velocity component u, respectively, of the external potential main flow, 
evaluated at the surface 0,y =  as well as the slip velocity, which denotes the, as will be 
seen later, non-vanishing value of u at the surface in the limit equation (2). Here,  
the control parameter  = O(1) shall account for systematic variations in the external 
irrotational flow. For simplicity in the notation, however, the explicit dependences on  
 will be omitted in the following. 

2.2 Outer wake layer 

By considering the outer main layer first, inspection of equation (3) then suggests the 
following expansions there, 

2

3 /2

{ , , } { ( , ), ( , ), ( )} ( ),

( , ) , ( ) ( ).e

u v x Y T x Y x O

L x Y p p x O

= +

+ = +
 (6) 

Herein / ,Y y=  and the second-order terms represented by the Landau symbols 
account for, amongst others, the feedback of the induced external flow. In turn, the 
resulting leading-order shear layer approximation, allowing for a streamwise velocity 
deficit with respect to the imposed external flow of O(1), reads 

2 2

2

2 2
2

2 2

d
,

d
d d

, .
d d

e

e e
e

p T
Y Y x x Y x Y
p u

u T L
x x Y Y

= +

= =
 (7a) 

These equations are subject to the wake-type boundary conditions 

( , 0) ( , 0) 0,x T x= =  (7b) 

( / )( , ( )) ( ) ( , ( )) 0.eY x x u x T x x= =  (7c) 
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The first relationships, equation (7b), provide a match of the flow quantities with those in 
the inner wake region, and equation (7c) expresses the approximate restriction of vortex 
motion to the boundary layer. 

A reasonable physical interpretation of the mathematical need of the inner wake layer 
(as outlined in Section 3.2) is obtained from a consideration of a certain domain where 
surface effects play a dominant role and which remains finite even in the limit expressed 
by equation (2). One may then infer that in the limit considered here, effects on the 
mixing length, which arise from the presence of the wall, are restricted to that inner wake 
layer. As a finding substantiated by an asymptotic analysis of any commonly employed 
mixing length closures, for an elaborate discussion of those we refer to, e.g., Schlichting 
and Gersten (2000), this basic idea implies that the rescaled mixing length L exhibits  
a finite value at the base of the outer main layer, say, 

0( , 0) ( ) (1),L x L x O= =  (8) 

see SK07A. Most important, there it is also demonstrated numerically by adopting a 
specific closure for the Reynolds shear stress T satisfying the requirement equation (8) 
and an (adverse) pressure distribution ( ),ep x  that the boundary layer problem  
equation (7) indeed admits a ‘rotational’ solution, i.e., one having 2 2 0Y/ /
and 0,T /  in addition to the ‘trivial’, i.e., irrotational Eulerian, one given by 
/ ( ) 0, 0eY u x T  (and then for arbitrary distributions ( )).x  Then, the 

associated streamwise velocity defect of O(1) is conveniently measured by the slip 
velocity Us and the related quantity ,

d d
( ) ( , 0), ( ) 0.

d d
s e

s s e
U u

U x x Y x U u
Y x x

= = = >  (9) 

Note that for Us > 0 and a given adverse pressure gradient, i.e., for d /d 0,eu x <  the 
numerical solutions of the boundary layer problem equation (7), presented in SK07A, 
show that the flow is retarded even at the base of the main layer. That is, in general also 
d /d 0sU x <  hold, whereas  is found to be positive throughout. Furthermore, from 
equation (7), one obtains the following asymptotes for 0,Y

1/ 2
5/ 2 4

0

4 , ( ).
15sU Y Y T Y OY
L

+ + = +  (10) 

2.3 Inner wake layer 

As a consequence of equations (6), (8) and (10), the inner wake region has a thickness  
of O( 3/2) and is described by the inner expansions 

3/ 2 9/ 4 3/ 2

3 /2

( ) ( , ) , ( , ) ,

( , ) , ( ) ( ),

s

e

U x Y x Y u v T x Y

L x Y p p x O

+ + +

+ = +
 (11) 

where 1/ 2 3/ 2/ / .Y Y y= =  That is, the inner layer exhibits a streamwise velocity 
defect of O( 3/4) with respect to the slip velocity Us, such that Ut is of O( 3/4). To leading 
order, there the equations of motion, equation (3), reduce to 
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2 2
2

2 2 .Y T L
Y Y

= =  (12a) 

Here, the first of the, respectively, boundary and matching conditions 

( , 0) ( , 0) 0,T x x= =  (12b) 

1/2 3/ 2
0/ (2/ 3)( / ) 0, ,Y L Y Y  (12c) 

has been taken into account. The relationship equation (12b) avoids the occurrence  
of an additional term of O( 3/4) in the expansion for  in equation (6). 

If one assumes that 3/ 2
0 ( ) asL L oY Y= +  (which is the case for any known 

mixing length closure, see Scheichl and Kluwick (2007A), Schlichting and Gersten 
(2000) and Schneider (1991), for example), the solution of equation (12) for the 
streamwise velocity may conveniently be written as 

1/ 2
3/ 2 1 1 1/2

0
0

2 ( )( ) d .
3 Y

Y L L Y Y
Y L
=  (13) 

By considering the Hypothesis (A) in connection with the Re-dependent scaling  
of the intermediate layer, introduced in Section 1, one readily infers from the linear 
behaviour of T  given in equation (12a) that the -Y dependent part of the streamwise 
velocity component varies with 1/2 as 0.Y Y  This so-called ‘half-power law’, known 
to hold on top of the viscous wall layer for a TBL on the verge of separation (for a further 
discussion, see Schlichting and Gersten (2000), for instance) can be expressed as 

1/ 2( )
( ) 2 , ( ) , 0.

( )s
Y

U x L x Y Y
Y x

+  (14) 

The quantity ( )x  is regarded as part of a specific mixing length closure, and, therefore, 
has to be determined experimentally. As a result of equations (14) and (13), the 
aforementioned overall slip velocity su  then takes on the form 

3/ 4 1 1 1/2
00

( ) ( ) , ( )( ) d 0.s s s su U x U x U L L Y Y+ + = <  (15) 

It is anticipated in equation (15) that the integral exists. As will be shown in Section 3, 
this is ensured by the behaviour of for 0L Y , which is obtained from a match with 
the intermediate layer for high but finite values of Re. Then there is strong evidence that 

00 for 0 ,L L Y< <  such that 0.sU <

2.4 Marginal separation in the triple-deck limit 

Considering laminar high-Reynolds-number flows, the so-called triple-deck theory 
provides a well-established asymptotic framework for describing the locally strong 
interaction of the boundary layer with the external potential flow, a situation that  
in many cases is associated with the occurrence of separation. Generally speaking,  
the local interaction mechanism accounts for the pressure feedback caused by the 
displacement action of the boundary layer, which becomes significant close to separation.  
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For an overview, we refer to, e.g., Sychev et al. (1998). As a noteworthy cornerstone of 
the new asymptotic formulation of a TBL having a large streamwise velocity deficit, it is  
shown by SK07A how a novel application of that triple-deck formalism allows for  
a self-consistent asymptotic description of small closed backflow eddies, located at the 
base of the outer wake layer: the locally strong interaction due to the displacement effect 
exerted by the flow in that outermost layer, here denoted as the main deck, with the 
thereby induced potential flow in the so-called upper deck on top of the former is 
associated with the occurrence of asymptotically small reverse-flow regions at its base, in 
the so-called lower deck. As the main ingredient of the interaction mechanism, here  
the induced pressure gradient comes into play in leading order, causing a shift of the 
unperturbed streamwise velocity at its outer edge. The role of the main deck then is  
a passive one, namely, to transfer that shift unchanged to the upper deck. Therefore, this 
velocity shift acts as the aforementioned locally relevant additional boundary layer 
displacement. 

The analysis presented by SK07A can be subsumed as follows: if the pressure 
gradient d /dep x  reaches a critical strength, described by a critical value c of the 
control parameter  introduced before, the solution of equation (7) exhibits the so-called 
marginal-separation singularity at some position, say, ,cx x  such that ( ) 0s cU x x >
and ( ) 0.s cU x =  Then, an asymptotically correct treatment of equation (3) in the double 
limit expressed by equation (2) and → c requires the appropriate generalisation of the 
boundary layer approximation equation (7) by taking into account turbulent/irrotational 
boundary layer interaction at a streamwise distance ∝ – 1/ln |  – c| upstream of cx x=
and over a small streamwise extent measured by ∝ ( / )3/5. Here the (positive) 
coupling parameter  characterises the triple-deck limit: it is proportional to / 10/3 and is 
kept fixed as → 0, → 0, such that  = O( 2). That upstream shift of the interaction 
region is accounted for by introducing rescaled variables in the form 

2 / 3 1/ 2
0

ˆ( )/ , /( ).cX x x Y Y L= + =  (16a) 

Then, the lower deck is described in terms of the expansions 
2/ 3 5 / 6
00 0

2/ 3 1/ 3 2 2 2
00 0

ˆ ˆ/( ) ( , ) ,

ˆ ˆ( ) ( / ) ,

( ) ( ; ) ( ),e c

L P X Y

u v L P Y

p p x P X O

+

+

= + +

 (16b) 

where

00 0 0 0
ˆ( ), (d /d )( ), ( ; ) [ ( )].c e cL L x P p x x P X P X P X= = = +  (16c) 

The numerical solutions of the resulting elliptic triple-deck problem comprise both  
the canonical representations ˆ  and P̂ of the stream function and the induced pressure, 
respectively. Furthermore, the control parameter  accounts for the strength of the 
induced pressure gradient, relative to that of its imposed counterpart, which is locally 
given by P0. As seen from equation (16), both externally impressed and the superimposed 
induced pressure gradient are quantities of O(1) in the triple-deck limit. For a detailed 
discussion of both the triple-deck problem and the numerical method applied to it, the 
reader is referred to SK07A. At this stage of the analysis, we only stress that its solution 
provides the cornerstone of the theory of turbulent marginal separation. The subsequent 
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investigation deals with the singular perturbation of that basic solution, originating from 
the sublayers, which represent higher-order contributions to the solution for finite values 
of both and Re due to the presence of the surface. 

By taking into account the inner wake layer at the base of the lower deck, the 
expansion equation (15) for the slip velocity is locally replaced by 

1/ 2 3/ 4
ˆ

ˆ ˆ ˆ( ) ( ), ( ) ( , 0).ˆs s su U X O U X X Y
Y

= + = =  (17) 

Generally speaking, when 3/10( )su O=  or even smaller, the analysis of that flow region 
expressed by equations (9)–(15) remains valid if therein the formal substitutions 

1/2
0

ˆ ˆ ˆ, d /d 0,

( ) ( ) ( ; ),
s s s s

e e c c

U U U U X P

p x p x P X x x

+ >

+
 (18) 

are applied. Both the asymptotic structure of the unperturbed TBL and its local splitting 
due to the interaction process in the limit equation (2) are sketched in Figure 1.  
As indicated by equations (17), (15) and (14), a further breakdown of the asymptotic 
structure is encountered in the case of triple-deck solutions, which exhibit closed  
reverse-flow regions such that ˆ ( )sU X changes sign at the positions of flow detachment 
and reattachment. This situation is of primary interest here, and a representative solution 
showing this behaviour is plotted in Figure 2, see also Figure 1: sufficiently close to the 
locations X = XD and X = XR of flow detachment and reattachment, i.e., for 3 / 4( )su O=
a new inner wake region having a correspondingly smaller streamwise extent than the 
original one, and a sublayer closer to the wall where 2 3/ 4( ) when ( ),s sy O u u o= =
have to be considered. However, as the inner wake layer analysis remains essentially 
unaltered there, that new layer is disregarded here. 

Figure 1 Weakly interacting wake-type flow: separation bubble in lower deck indicated  
by detaching streamline; for the emergence of the local sub-splitting (for X → ∞)
see SK07A 
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Figure 2 Typical values of the slip velocity ˆ ( )sU X  and the induced pressure ˆ( ),P X  being part 
of a numerical solution of the fundamental interaction problem for Λ = 3 see SK07A 

3 The near-wall flow for 1 Re–1 > 0 

The analysis of the limit equation (2) outlined above serves as the starting point for  
the subsequent discussion of both the intermediate layer and the viscous wall region, 
which completes the flow description for large but finite values of Re. For unidirectional 
flow, i.e., sufficiently far from separation and reattachment (as will be outlined more 
comprehensively in Sections 3.1 and 3.2), the thereby singularly perturbed solution 
governing the flow in the wake layers leads to the four-tiered general TBL structure as 
depicted in Figure 3. As has already been stated in Section 1, and in agreement with 
Hypothesis (A), in both layers the skin-friction velocity 

1/2 1, / at 0,w wu Re u y y= = =  (19) 

serves as the appropriate velocity scale. We first briefly recall the essential properties of 
the viscous region close to the wall, which accounts for the no-slip condition expressed 
by equation (4) and where the Reynolds stresses (and their gradients with respect to y)
are of the same magnitude as the viscous shear stress (and its gradient with respect to y).
A more comprehensive investigation of this flow region is provided by Mellor (1972) and 
Scheichl and Kluwick (2007B). Let us also note a remarkable consequence of the 
Hypothesis (A) revealed by the subsequent analysis, namely, that in the limit equation (1) 
the time-mean vorticity asymptotically given by / ,u y  is found to be independent of 
Re outside of the viscous wall layer. 

We furthermore stress that the analysis presented in Sections 3.1–3.3 also remains 
valid in the triple-deck limit if the replacements equation (18) are taken into account, 
apart from the last relationship: the -x dependences of the flow quantities in the viscous 
sublayer (Section 3.1) then have to be replaced by dependences on X.
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Figure 3 Four-tiered splitting of the TBL 

3.1 Viscous wall layer: unidirectional flow 

There, we expand in terms of the conventional scalings, 

2

3

/ ( , ) ,

( , ) ,

(d /d )/( ), .e

u u u x y

u v u x y

p p x u Re y yu Re

+ +

+ +

+ +

+

+

= =

 (20) 

In the equations of motion, equation (3), the convective terms then are found to be 
negligibly small. Hence, they reduce to the balance of viscous and turbulent shear stress 
and the imposed (and induced) pressure gradient, 

/ sgn( ) , .wu y p y Re+ + + + ++ + +  (21) 

Note that / 0 as .u y y+ + +  Sufficiently far from separation (and also 
reattachment), the overall slip velocity us is a quantity of O(1). Thus, in the intermediate 
layer, the convective terms are linearised about ,su u  and the Reynolds shear stress 
gradient approximately balances the sum of convection and the pressure gradient as 
expressed by the definition given in equation (9) of the quantity , which enters also 
equations (10) and (18), such that the intermediate region has a thickness of 2( ).O u
Consequently, in the limit ,y+  the linear rise of + with respect to y+  due to the 
imposed pressure gradient, expressed by p+, is seen to be cancelled out by the convective 
terms of higher order, see equation (21). Also, in the case of attached flow considered 
here, the wall shear stress predominates over the pressure term in equation (21) 
(otherwise, as discussed in Section 3.3, matching of the streamwise velocity is seen to be 
incompatible with the assumption of a small velocity defect with respect to ( )su U x=  in 
the intermediate layer, as anticipated by the expansion given in equation (15)). 

As a result, the shear stress in the intermediate layer assumes the value of the wall 
shear stress w  in the overlap region with the wall layer to leading order. This a 
posteriori justifies the choice of the velocity scale u . Finally, matching of the quantity 

/y u y  then yields the well-established logarithmic law of the wall in its most general 
form, 
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[1/ ( )] ln ( ), .u A x y B x y+ + + + ++  (22) 

Herein ( ) and ( )A x B x+ +  are empirical functions, and the definition equation (19)  
of u  requires sgn( ) sgn( ).wA+ = For 0,w >  which characterises attached flows, and  
a perfectly smooth wall A+ is the celebrated Kármán constant, which is presently taken to 
be  0.384 and B+  4.1; these recent values are reported in the experimental study  
by Österlund et al. (2000). Note that for (mildly) separated flows having w < 0, an 
asymptotic behaviour akin to equation (22) was already proposed by Simpson (1983)  
on semi-empirical grounds, together with explicit relationships for the streamwise 
variations of A+ and B+, respectively. 

Furthermore, the streamwise velocity components u in the intermediate and the wall 
layer match provided that the reduced skin-friction velocity defined by s = u /us satisfies 

( ; ) ( )/ ln( )[1 ( )], 1/ ln ,3
s x A x u Re O Re+ + =  (23) 

cf. Scheichl (2001). Here, we note that sgn( ) sgn( ).s w=  In equation (23), the  
higher-order terms, abbreviated by the Landau symbol, are seen to be closure-dependent. 
Inversion of the surface friction law equation (23) yields its explicit representation 

2/ ( ) [1 3 ln ( )], d /d ( ).s sA x O x O+ + =  (24) 

Then p+ = O((ln Re)3/Re), which suggests one to drop the x-dependence of the  
leading-order quantities cited in equation (20), at least outside the separated region as 
indicated by the widely accepted empirical relationships for A+ and B+ given above.  
A more stringent theoretical justification why u+ and + may be referred to as ‘universal’ 
(as it is commonly the case), i.e., as independent of x, which is even valid for the 
backflow case 0,w <  is provided by the asymptotic model of the unsteady flow in the 
wall layer put forward by Walker et al. (1989), see also Smith et al. (1991): the presented 
analysis strongly indicates that the x-dependence (due to pressure disturbances in 
streamwise direction) of the coherent structure of the time-dependent near-wall flow is 
asymptotically weak (as it is associated with the random part of the dynamics). 

Finally, we remark that by evaluating the vanishing divergence of the fluctuating  
part of the velocity field, subject to the no-slip condition, given by equation (4),  
the well-known Taylor expansion for 0,y+

4 3sgn( ) ( ), 4 sgn( ) ,+
w wu y a y a y++ + + + +  (25) 

is extracted from the leading-order balance in equation (20). Note that herein 
a+  6.1 × 10–4 for the case of attached flow, where w > 0, cf. Schlichting and  
Gersten (2000, p.523). 

3.2 Intermediate layer 

As pointed out in Section 3.1 and by Scheichl (2001), in the flow region located on top of 
the viscous wall layer, the governing equations (3) enforce expansions of the form 
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2 2

ˆ/ ( ; ) 1 ( , ) ,

ˆ1 ( ) , ( ) ,

( ) ( ),

s s

e

u u x u x

u v u x u l x,

p p x O

+ +

+ + +

= +

 (26) 

owing to the specific logarithmic match of u provided by equation (22). Herein, the new 
wall coordinate 2y/u= is of O(1). Then 

ˆ ˆ ˆˆ/ 1 ( ) , 0 : ( ) , : ( ) ,l u x l A x l x+= +  (27) 

where the asymptotic behaviour of l̂  in equation (27) reflects the relationships presented 
in equations (22) and (14), respectively. As an important consequence, the match with the 
ambient layers reveals both the logarithmic as well as the square-root behaviour, 

1ˆ ˆ0 : ( ) ln (1), : [2/ ( )] ( ) .u A x O u x x+= +  (28) 

Considering firmly attached flows, it is widely accepted to assume that the empirical 
function , introduced in equation (14), is independent of x and, therefore, equals the v. 
Kármán constant  = A+. That means the flow is assumed to be ‘locally in equilibrium’, 
according to the definition of equilibrium proposed by Townsend (1961). To obtain  
a closed expression for the velocity variation (̂ ),u  also for (mildly) separated flows, 
here we generalise this idea by setting ˆ/ ( ) ( ) .l x A x+= = Then integration of  
equation (27) gives rise to the so-called extended law of the wall, 

( )ˆ( ) ln 2 ln 1 1 2 1 , ,x u = + + + + =  (29a) 

cf. Townsend (1961), Scheichl (2001) and Scheichl and Kluwick (2007B). Without any 
loss of generality, the constant of integration in this relationship has been chosen such 
that a thereby resulting contribution of O(1) to its asymptotic expansion for → ∞ is 
eliminated, to avoid perturbations of the slip velocity ( ; )su x  arising from finite values 
of Re for the sake of simplicity. In turn, 

2

1/2 1/2 3/ 2

ˆ0 : ( ) ln ln( /4) 2 ( /2) ( ),

ˆ: ( ) 2( ) ( ) ( ).

x u O

x u O

= + + + +

= +
 (29b) 

Note that the behaviour of u for → ∞, see equations (28) and (29b), allows for a match 
with the streamwise velocity component u in the inner wake region. 

We complete the analysis of the intermediate layer by adding an appealing  
physical interpretation of the half-power law, see equation (28): since the y-dependence
of u is given by a relationship of the form 2(̂ / )u u y u  in leading order, the  
function û  must behave as ( )2 2ˆ / for / ,u O y yu u=  to account for the 
Reynolds-number-independent scaling of the inner wake by means of matching  
the streamwise velocity component. As a result, from a mathematical point of view,  
the existence of the inner wake layer, characterised by the asymptotic representation  
of the stream function expressed by equations (11) and (14), turns out to be an immediate 
consequence of the square-root law, given by equation (28). 
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3.3 Gradual replacement of the logarithmic law in favour of the half-power law 

It is inferred from equations (26) and (24) that the expansion for the skin-friction velocity 
u given in equation (23) ceases to be valid if s = O(1). This situation takes place in the 
vicinity of the positions where the slip velocity ˆ ( ),sU X  which is part of the numerically 
obtained solution of the triple-deck problem, changes sign, see Figure 2. Stated 
equivalently, sufficiently close to locations of separation and reattachment, respectively, 
due to the breakdown of the expansion, see equation (17), mentioned at the end of 
Section 2.4, both su  and, as a consequence of equation (24), u  are quantities of  
O(Re–1/3). Hence, p+ entering equation (21) is of O(1), see equation (20). Then the 
intermediate and the viscous wall layer merge at the base of the inner wake layer,  
such that the resulting wall region exhibits a thickness of O(Re–2/3), see Figure 4.  
There, the expansions given by equation (20), and the classical wall functions ,u+ +  are 
reformulated by adopting suitably redefined variables in the form 

2

3 1 1/ 3

( , ) , ( , ) ,

sgn( )( / ) , ( d /d ) , .
p p

w p p p

u vu
u p y p y

u u

p u u u Re P X y yu Re

× × × × × ×

× ×

+ +

= = =
 (30) 

Figure 4 Merging of the strongly viscosity-affected near-wall regions as separation or 
reattachment is approached; here the separating case is shown. The symbols + and × 
characterise the original wall layer and the merged flow region, respectively, and refer 
to the superscript in their respective scalings given by equations (20) and (30) 

Thus, the merged wall layer is characterised by (1)y O× =  and the rescaled pressure 
gradient p×, which is generally considered to be of O(1). Note that the function P(X; )
in equation (30) represents the overall pressure variation as defined in equation (16c). 
According to the leading order, the streamwise momentum balance equation (21) in that 
region is rewritten as 

2 / 3/ , sgn( )( ) .w w wu y y p× × × × × × ×+ = + =  (31) 

Here, the quantity w
×  denotes the rescaled wall shear stress, which, most important, may 

change sign (as indicated by the “sgn”-operator). The overall shear stress on the left-hand 
side of equation (31) varies linearly with respect to y×  due to the presence of the adverse 
pressure gradient dP/dX.

4 Selected papers

74



 

 

 

   On turbulent marginal boundary layer separation 357    

      

 

 

      

Finally, by considering the asymptotic behaviour of the streamwise velocity for large 
values of ,y×  which follows from a match with the inner wake layer, one recovers the 
square-root law, given in equations (14) and (28), such that any logarithmic variation in y
is absent now, 

[2/ ( )] ( ), ,cu x y B p y× × × × ×+  (32a) 

/ (1).s pB u u O× =  (32b) 

The relationship equation (32a) replaces the logarithmic law, see equation (22), as a 
consequence of the collapse of the viscous wall and the intermediate layer into the new 
wall layer. Within the framework of a time-mean flow analysis, the function B×(p×) has to 
be determined experimentally. Most important, it represents the asymptotically correct 
continuation of the skin-friction law, given by equations (23) and (24), into that merged 
layer, where, as expressed by the possible sign change of p×, flow reversal may  
take place. Note that expanding equation (23) for s ln Re → ∞ yields the two-term 
expansion s ln Re/A+ ~ 1 3 ln / lnu Re  in the limit / ln 0,u Re  which expresses  
the breakdown elucidated at the beginning of Section 3.3. Therefore, by taking  
into account the scaling given in equation (30), a match of both the skin-friction laws, 
equations (24) and (32b), which hold for, respectively, s = O(1/ln Re) and s = O(1)
(including the case s → ∞ close to the point of vanishing wall shear stress) requires the 
one-term asymptote 

1/ 3 ln , 0.B A p p p× + × × ×  (33) 

Also, for 0y× , the analogue to equation (25), namely 

2 4/2 ( ) ,wu y y a p y× × × × × × ×+  (34a) 

44 ( ) ,a p y× × × ×  (34b) 

is recovered from equation (31). Herein, the function a×(p×) remains unknown and has to 
be determined, for example, experimentally. Unfortunately, sufficient experimental data 
appear not to be available at present. In addition, from equations (34), the position 

sy y×=  of the separating streamline  = 0 close to the surface and near separation and 
reattachment, respectively, is found to be 3 as 0_;s w wy× × ×  for a qualitative 
sketch, see Figure 4. 

4 Conclusions and further outlook 

In the present paper, a fully self-consistent asymptotic theory of turbulent marginal 
separation, based on a minimum of physical assumptions regarding the nature of 
turbulence, is outlined in brief. Herein, the non-dimensional boundary layer slenderness 
is measured by a small number, denoted by , which is suggested to remain finite in the 
limit Re → ∞ and is, therefore, although a fixed figure then, taken as the principal 
perturbation parameter. As a consequence provided by the shear layer scaling provided 
by equation (6), 2 may be regarded as a measure of the turbulent viscosity which, 
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remarkably, is essentially independent of Re. In turn, this finding leads to an asymptotic 
structure, which is seen to allow for a theoretical explanation of how a TBL is driven 
towards a marginally separated state by an adverse pressure gradient. Moreover, the 
resulting two-tiered wake-type TBL flow is perturbed owing to effects of high but finite 
values of Re. The rapid change of the structure of the near-wall flow as the skin-friction 
changes sign is focussed upon. In particular, it is highlighted how the wall functions  
u+  and + are gradually transformed into their appropriately rescaled counterparts 
and ,u× ×  respectively, due to a merge of the Reynolds-number-affected near-wall 

regions close to separation and reattachment. This collapse is due to sufficiently  
small values of the skin friction w and described in terms of the distinguished limit 
w = O(Re–2/3). As an important result, the logarithmic variation of u+ then is superseded 

by a half-power behaviour of u× at the outer edge of the viscous near-wall region. 
Open questions concern, amongst others, how to close the skin-friction relationship 

B×(p+) in equation (32b), subject to the asymptotic behaviour equation (33), where 
equation (32b) applies to a region of small streamwise extent up- and downstream  
of the positions of separation and reattachment, respectively, as the slip velocity, ,su
at the base of the wake-type part of the flow is a quantity of 1/ 3( )O Re  there. Apart from 
pure modelling u×(p×, y×), which has to satisfy equations (32a) and (34a), based on a 
suitably designed experimental investigation of a TBL flow close to zero wall shear 
stress, a first rational step in this direction is suggested by pursuing the analysis of the 
time-dependent wall layer dynamics for strictly attached flow by Walker et al. (1989) and 
Smith et al. (1991). In this connection, we refer to the dependences of A+ and B+ on p×

proposed in Schlichting and Gersten (2000, p.545 ff), which appear to be questionable in 
the light of the present analysis. We think that the scarceness and the scattering  
of the data shown there, even for moderate values of p×, not only reflects inherent 
difficulties in the measuring procedure but possibly also an incorrect scaling of the 
anticipated generalised law of the wall, cf. equation (29a), in terms of y+, which underlies 
the measurements. On the other hand (and of potential interest for realistic flow 
simulations employing turbulence closures), once B×(p+) is known, the inversion of this 
relationship would allow for the calculation of the surface friction w in dependence of 
the slip velocity us, imposed on top of the viscous wall layer, which continues to be 
asymptotically correct as w changes sign. By considering the rather simple type of 
algebraic shear stress closures, a first step in this direction is provided by the mixing 
length model by Granville (1989), which in the present form only applies to attached 
flow but already takes into account the effect of the pressure term p+.

Also, the fundamental assumption Hypothesis (A) requires further investigations, 
both experimentally and theoretically, i.e., on the basis of the unsteady equations of 
motion. 
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Abstract

A rational treatment of time-mean separation of a nominally steady turbulent boundary layer from a smooth surface

in the limit Re!1, where Re denotes the globally defined Reynolds number, is presented. As a starting point, it is

outlined why the ‘‘classical’’ concept of a small streamwise velocity deficit in the main portion of the oncoming

boundary layer does not provide an appropriate basis for constructing an asymptotic theory of separation. Amongst

others, the suggestion that the separation points on a two-dimensional blunt body is shifted to the rear stagnation point

of the impressed potential bulk flow as Re!1—which is expressed in a previous related study—is found to be

incompatible with a self-consistent flow description. In order to achieve such a description, a novel scaling of the flow is

introduced, which satisfies the necessary requirements for formulating a self-consistent theory of the separation process

that distinctly contrasts former investigations of this problem. As a rather fundamental finding, it is demonstrated how

the underlying asymptotic splitting of the time-mean flow can be traced back to a minimum of physical assumptions

and, to a remarkably large extent, be derived rigorously from the unsteady equations of motion. Furthermore, first

analytical and numerical results displaying some essential properties of the local rotational/irrotational interaction

process of the separating shear layer with the external inviscid bulk flow are presented.

r 2008 Elsevier Ltd. All rights reserved.

Keywords: Asymptotics; Coherent motion; Gross separation; Perturbation methods; Turbulent boundary layers; Turbulent shear

layers

1. Introduction

The rational description of break-away separation of a statistically steady and two-dimensional incompressible

turbulent boundary layer flow past an impermeable rigid and smooth surface in the high-Reynolds-number limit

represents a long-standing unsolved hydrodynamical problem. Needless to say that an accurate prediction of the

position of separation, in combination with the local behaviour of the skin friction, has great relevance for many
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engineering applications, where e.g. internal flows, like those through diffuser ducts, or flows past airfoils play a crucial

role.

1.1. Problem formulation and governing equations

The picture of such flows near separation is sketched in Fig. 1. As a basic assumption, the suitably formed global

Reynolds number Re is taken to be asymptotically large:

Re :¼ Ũ L̃=ñ!1; n :¼ Re�1 ! 0. (1)

Herein ñ, L̃, and Ũ denote, respectively, the (constant) kinematic viscosity of the fluid, a reference length, typical for the

geometry of the portion of the surface under consideration, and a characteristic value of the surface slip velocity

impressed by the limiting inviscid stationary and two-dimensional irrotational bulk flow, hereafter formally indicated

by n ¼ 0. All flow quantities are suitably non-dimensionalised with L̃, Ũ , and the (uniform) fluid density. Let t, p,

x ¼ ðs; n; zÞ, and u ¼ ðu; v;wÞ be the time, the fluid pressure, the position, and the velocity vector. Here u, v, and w are the

components of u in directions of the natural coordinates s, n, and z, respectively, along, normal to, and projected onto

the separating streamline S, given by n ¼ 0, of the flow in the limit n ¼ 0. Furthermore, ueðsÞ denotes the surface slip

velocity in that limit. The origin s ¼ n ¼ 0 is chosen as the location S where S departs from the surface. Thus, S

coincides with the surface contour for sp0. Also, note that S has, in general, a curvature of Oð1Þ for jsj ¼ Oð1Þ.

In coordinate-free form, the Navier–Stokes equations then are written as

r � u ¼ 0, (2)

Dtu ¼ �rpþ nDu; Dt ¼ qt þ u � r; D ¼ r � r, (3)

where r is the gradient with respect to x. They are subject to the common no-slip condition u ¼ 0 holding at the surface.

As a well-known characteristic, the stationary Reynolds-averaged turbulent flow can be expressed in terms of the time-

averaged motion. In the following we employ the conventional Reynolds decomposition of any (in general, tensorial)

flow quantity q into its time-mean component q, see Fig. 1, here regarded as independent of z, and the (in time and

space) stochastically fluctuating contribution q0,

qðx; t; . . .Þ ¼ qðx; y; . . .Þ þ q0ðx; t; . . .Þ; q :¼ lim
Y!1

1

Y

Z Y=2

�Y=2
qðx; tþ y; . . .Þdy. (4)

Herein the dots indicate any further dependences of q apart from on x and t, e.g. on Re. Reynolds-averaging of Eqs. (2)

and (3) then yields the well-established Reynolds equations (in the case qz � 0 of planar time-mean flow):

r � u ¼ 0, (5)

Dtu ¼ �rp� r � u0u0 þ nDu; Dt ¼ u � r. (6)

It is further presumed in the subsequent analysis that all components of the Reynolds stress tensor �u0u0 are, in general,

of asymptotically comparable magnitude (assumption of locally isotropic turbulence). Most important, we disregard

any effects due to free-stream turbulence. That is, the turbulent motion originates from the relatively thin fully

ARTICLE IN PRESS

Fig. 1. Time-mean flow near (a) smooth separation (the dotted streamline indicates possible backflow) and (b) separation due to

stagnation of the bulk flow, cf. Neish and Smith (1992). The inviscid limit of u is shown dashed, and the turbulent shear flow is

indicated by a shading.
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turbulent boundary layer adjacent to the surface, which near S passes into an accordingly slender separated free shear

layer along S for s40.

1.2. Motivation

From an asymptotic point of view, three outstanding contributions to the solution of the problem under

consideration have to be mentioned.

Sychev (1983, 1987) was the first who elucidated the question of the asymptotic structure of the oncoming boundary

layer by proposing a three-layer splitting of the latter, sufficiently far ahead of S. This scaling, however, is at variance

with the classical finding of a two-tiered boundary layer that is found to hold for firmly attached flow only [see, for

instance, the pioneering work by Mellor (1972)]. We start the outline of both formulations by noting that each of them

adopts the familiar description of the viscous wall layer close to the surface; the same holds for the flow descriptions

discussed subsequently. On top of that region the Reynolds shear stress �u0v0 asymptotically equals the (local) wall

shear stress, given by the square of the skin friction velocity u�, and the streamwise velocity component u satisfies the

celebrated logarithmic law of the wall. By using the conventional notation, it reads

u=u� � k�1 ln nþ þ Cþ; nþ ¼ n u�Re!1, (7)

where the well-known constants k and Cþ are quantities of Oð1Þ. The match of the wall region with the adjacent layer

then shows that the expansion

½u;�u0v0=u2�� � ½u0;T0�ðs; ZÞ � g½U1;T1�ðs; ZÞ þ Oðg2Þ; Z ¼ n=d (8)

holds in the latter. Here, d is a measure for the thickness of that layer, and, by introducing the so-called slip velocity us,

the gauge function g is seen to satisfy the skin-friction law

g ¼ u�=us � k= lnRe; dg=ds ¼ Oðg2Þ; usðsÞ :¼ u0ðs; 0Þ. (9)

In the classical two-tiered description of the boundary layer, cf. Mellor (1972), it is assumed that in the fully turbulent

main region the (positive) streamwise velocity ‘‘defect’’ with respect to the external potential flow, ue � u, is

asymptotically small. In turn, u0ðs; ZÞ � usðsÞ � ueðsÞ, and in the boundary layer limit the momentum balance (6) reduces

to a balance between the linearised convective terms and qnð�u0v0Þ in leading order, showing that the boundary layer

thickness d is of OðgÞ. In contrast, according to the approach made by Sychev (1983, 1987), the expansion (8) holds in

the additionally introduced middle layer which meets the requirement that the velocity defect ue � u and, consequently,

ue � us are quantities of Oð1Þ. Thus, in the boundary layer approximation to Eq. (6) the convective terms balance both

qnð�u0v0Þ and the imposed (adverse) pressure gradient �ue due=ds, such that the thickness d of the middle layer is of

Oðg2Þ. This wake-type flow structure then allows for a significant decrease in the wall shear stress according to (9) when

us tends to zero as s! 0� and, moreover, for the occurrence of flow reversal further downstream by adopting a local

turbulent/irrotational interaction strategy (without the need of a specific turbulence closure).

One readily finds that the gradients qnu in the viscous wall layer and the adjacent layer, described by the expansion

(8), match on the basis of the logarithmic behaviour (7) provided that qZu0 � 0. Unfortunately, this again gives

u0ðs; ZÞ � usðsÞ � ueðsÞ and, thus, contradicts the original assumption of a large velocity defect in the middle layer. That

inherent mismatch of the wall layer and the wake region was first noted by Melnik (1989), who used mixing length

arguments, in the second work to be highlighted. Therefore, Sychev’s approach can hardly be accepted as a self-

consistent theory. Let us also note the closely related inconsistency encountered in connection with the two-tiered

boundary layer proposed by Afzal (1996), who also suggested a velocity deficit of Oð1Þ to hold in the outer region.

However, Melnik also proposed a non-classical initially three-tiered boundary layer where the outermost part plays the

role of the aforementioned middle layer. But most important, and in striking difference to any previous asymptotic

treatment of turbulent shear flows, in Melnik’s (1989) work the slenderness of the latter is measured by some small non-

dimensional parameter, denoted by a, which is regarded to be essentially independent of Re. Melnik’s motivation for

the resultant two-parameter matched asymptotic expansions of the flow quantities merely relies upon the observation

that any commonly employed shear stress closure includes a small number (a most familiar example is the so-called

Clauser ‘‘constant’’ a � 0:0168 in the algebraic Cebeci–Smith model) which is seen to measure the boundary layer

thickness if the velocity defect in the fully turbulent flow regime is taken to be of Oð1Þ. This idea has been followed up

and substantiated by order-of-magnitude reasoning in the more recent papers by Scheichl and Kluwick (2007a, b),

where it is shown to provide a sound basis for developing a self-consistent theory of turbulent marginal separation. On

the other hand, it is found that Melnik’s theory cannot be extended in order to describe the global separation process

due to two serious shortcomings: (i) the proposed flow structure is strongly associated with the adopted coupling
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a1=2 lnRe ¼ Oð1Þ, which is apparently inconsistent with the original assumption on a and, hence, does not allow for a

correct formulation of the gradual transition from attachment to separation of the flow inside the wall layer; (ii) the

impressed potential flow does not exhibit a free streamline departing smoothly from the surface, in order to avoid a

Goldstein-type singularity encountered by the boundary layer solution that is evidently unsurmountable by assuming a

firmly attached external bulk flow, cf. Scheichl and Kluwick (2007b).

A different viewpoint was taken up in the third contribution to be noticed, by Neish and Smith (1992). They

considered the streamwise development of a classical small-defect boundary layer where the irrotational external flow is

indeed presumed to be strictly attached; that is, it exhibits a rear stagnation point, see Fig. 1(b). Interestingly, this

concept is fully consistent with the following important finding elucidated in the subsequent analysis: in the case of

smooth inviscid flow detachment, as depicted in Fig. 1(a), the associated singular behaviour of the surface pressure

immediately upstream of the (a priori unknown) position of S does not trigger a significant change in the order of

magnitude of the (initially small) velocity defect, which would be necessary to render smooth boundary layer separation

possible. Consequently, within the framework of classical turbulent boundary layer theory separation is suggested to

occur asymptotically close to the rear stagnation point as Re!1.

Unfortunately, however, it has not been addressed satisfactorily by Neish and Smith (1992) whether and how the

small velocity defect may rather abruptly become of Oð1Þ due to the retardation of the potential flow as the stagnation

point S is approached, in order to ensure an uniformly valid flow description. As pointed out in the first part of the

present study, the inviscid vortex flow induced in the immediate vicinity of the stagnation point S indeed appears to

hamper severely the construction of a self-consistent asymptotic theory. This finding represents the starting point for

the subsequent analysis, where it is shown how the closure-independent asymptotic formulation of a turbulent

boundary layer having a finite thickness of OðaÞ, a51, as Re!1 and which may undergo marginal separation, see

Scheichl and Kluwick (2007b), can be adapted to that of massive separation. Unlike the theories presented by Melnik

(1989) and Neish and Smith (1992), here the formal limit a ¼ Re�1 ¼ 0 corresponds to the required class of inviscid

flows with free streamlines. Furthermore, we demonstrate how the asymptotic scaling of the (oncoming) flow, which in

connection with turbulent marginal separation (Scheichl and Kluwick, 2007b) was based on rather heuristic arguments

from a time-averaged point of view, can be deduced by means of a multiple-scales analysis of the equations of motion

(2) and (3).

We commence the investigation by considering the evolution of the boundary layer immediately upstream of the

surface position S, indicating inviscid separation.

2. Limitations of the small-defect approach

The case where the streamwise velocity defect in the fully turbulent main region of the boundary layer is small, say,

ue � u ¼ Oð�Þ, �51, is considered first. To be more precise, we assume that � ¼ g, according to Eqs. (8) and (9) (although

the more general assumption g=� ¼ Oð1Þ, including oð1Þ, would not alter the following analysis substantially). Therefore,

the boundary layer thickness d is of OðgÞ and expanded as

d=g ¼ D0ðxÞ þ gD1ðxÞ þ � � � . (10)

By setting U1=ue ¼ F 00ðs; ZÞ, Z ¼ Oð1Þ, the leading-order streamwise momentum equation, supplemented with

appropriate boundary and matching conditions, then reads

ue½dðueD0Þ=ds�ZF 000 � D0qsðu
2
eF 00Þ ¼ u2eT 00, (11)

F0ðs; 0Þ ¼ T0ðs; 0Þ � 1 ¼ 0; F 00�� k�1 ln Zþ Oð1Þ; Z! 0, (12)

F 00ðs; 1Þ ¼ F 00
0
ðs; 1Þ ¼ T0ðs; 1Þ ¼ 0. (13)

We mention that in this connection primes denote derivatives with respect to Z. Also, it will prove convenient to

integrate Eq. (11) with respect to Z by using Eq. (12), which gives

u2e ½dðueD0Þ=ds�ZF 00 � qsðu
3
eD0F0Þ ¼ u3e ðT0 � 1Þ. (14)

Finally, evaluation of relationship (14) at the boundary layer edge and subsequent integration from some value s0o0 to

so0 yields

d½u3eD0F 00ðs; 1Þ�=ds ¼ u3
e ; u3eðsÞD0ðsÞF 00ðs; 1Þj

s¼s
s¼s0
¼

Z s

s0

u3e ðsÞds. (15)
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In order to assess the assumption of a small velocity defect holding in the oncoming flow with respect separation, we

analyse Eqs. (11)–(13) in the limit s! 0� for the two different cases indicated by Fig. 1(a) and (b), respectively.

Without adoption of a specific turbulence closure, we begin the analysis by considering the first case.

2.1. Flow slightly upstream of smooth separation

It is well known that, under rather general conditions concerning the flow in the stagnant (i.e.dead-water) or backflow

region where s40 and no0,

ueðsÞ=ueð0Þ � 1þ 2kð�sÞ1=2 þ ð10k2=3Þ ð�sÞ þ O ð�sÞ3=2
h i

; s! 0�, (16)

in the inviscid limit n ¼ 0, cf. Imai (1953), Birkhoff and Zarantonello (1957), and Gurevich (1966), for instance. Here

the non-negative parameter k parametrises the class of smoothly separating flows as it depends on the position of S on

the body contour. It gives rise to a locally adverse and unbounded pressure gradient �ue due=ds � kð�sÞ�1=2. Therefore,

the question arises if the latter provokes a significant increase of the velocity defect in the oncoming boundary layer,

which is required for a correct description of flow reversal further downstream. We remark that in the references

mentioned above the free streamline is assumed to confine a dead-water zone (Kirchhoff-type potential flow)

throughout. However, it can be demonstrated that Eq. (16) holds in the more general case of a (smoothly) separating

potential flow that exhibits a relatively weak backflow. We disregard this possibility in the following, since we feel that

for a physically realistic flow picture a reverse flow eddy is necessarily associated with viscous effects.

In order to keep the analysis as general as possible, we now only assume that

ueðsÞ=ueð0Þ � 1þ wðsÞ þ � � � ; jdw=dsj ! 1; s! 0�. (17)

This singular behaviour is expected to provoke a considerable growth of the turbulent velocity scale u� (and, in turn, of

the fluctuations), expressed through a gauge function jðsÞ,

F0 � jðsÞGðZÞ þ � � � ; T0 � j2ðsÞRðZÞ þ � � � ; j!1; s! 0�. (18)

From Eqs. (15) and (18), and the fact that ue in (17) admits a finite limit, there follows a (intuitively rather unexpected)

decrease of the boundary layer thickness of the form D0 � D=j, where D is a (positive) constant. Also note that the

term qsðu
3
eD0F0Þ in Eq. (14) is bounded for s! 0�. Since ue is bounded, too, the first term in Eq. (14) asymptotically

equals �Du3
e ð0ÞZG0ðZÞdðlnjÞ=ds. As the velocity defect and, in turn, G0 are non-negative, that expression tends to �1

for s! 0�. Then j is seen to be proportional to ð�sÞ�1=2, as relationship (14) reduces to a balance between that

negative term and u3
e j

2ðsÞRðZÞ. The latter term, however, is non-negative, as is the Reynolds stress T0 in the oncoming

flow. From this contradiction one then infers that F0, T0, and D0 are finite for s! 0�. Consequently, inspection

of Eqs. (14) and (17), subject to the condition (13), shows that Eq. (18) is to be replaced by a sub-expansion of the

expansion (8),

½F0;T0;D0� � ½F00ðZÞ;T00ðZÞ;D00� þ wðsÞ½F01ðZÞ;T01ðZÞ;D01� þ � � � . (19)

Therefore, the velocity defect does not change its order of magnitude. One then concludes that, by specifying wðsÞ in
Eq. (17) in accordance with the behaviour given by Eq. (16), the small-defect formulation represents an inadequate

description of a turbulent boundary layer approaching smooth separation. Note that the same conclusion can be drawn

for turbulent separation at a trailing edge under angle of attack, where the external velocity admits a square-root

behaviour akin to that in Eq. (16). More generally spoken, the expansion (19) holds if ue admits a finite limit, according

to Eq. (17). We add that it has been demonstrated numerically by Scheichl (2001) that even in case of a rather sharp

step-like decrease of ueðsÞ the velocity defect characterised by F0, T0, and D0, remains bounded.

Summarising, it is possible to give a rather comprehensive answer to an interesting question raised in the comment on

the work of Neish and Smith by Degani (1996), namely, how the small-defect structure responds to different limiting

forms of ueðsÞ as s! 0�: apparently, the only scenario that is compatible with a change of magnitude of the velocity

defect, as it is required for an asymptotic description of separation, is that of a boundary layer approaching a stagnation

point of the (otherwise attached) flow in the inviscid limit n ¼ 0. This is exactly the picture of separation originally

proposed by Neish and Smith (1992).

2.2. Flow in the vicinity of a rear stagnation point: non-existence of a self-consistent flow picture

Close to a rear stagnation point, see Fig. 1(b), the potential flow is linearly retarded as u �� cs, v � cn, where

s; n! 0 and c is a positive constant. Then ue� � cs, in contrast to Eq. (17). Substitution of that relationship into the
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expressions in Eqs. (14) and (15) then predicts a growth of both the boundary layer thickness and the velocity defect, as

expressed by Eq. (18). Specifically,

D0 � D½� lnð�sÞ�1=2=ð�sÞ; j ¼ D= 2½� lnð�sÞ�1=2ð�sÞ2
n o

; s! 0�, (20)

where D again is a positive constant, cf. Neish and Smith (1992) and Degani (1996). It then follows from Eq. (20) that

relationship (14) reduces to the equation ZG0ðZÞ ¼ RðZÞ for Z ¼ Oð1Þ. Since the scalings represented by Eq. (20) are

incompatible with the inhomogeneous boundary conditions (12) required by the match with the viscous wall layer, on

top of the latter a sublayer where Z ¼ Oðj�2Þ has to be introduced. However, as that flow region appears to behave

passively with respect to the further analysis, it is disregarded here.

As a consequence of the growth of D, see Eq. (20), the boundary layer approximation ceases to be valid close to the

stagnation point S when the distance �s and d become of comparable magnitude. From the expansion (10) then follows

that this region is characterised by suitably rescaled coordinates ðX ;Y Þ ¼ ðs; nÞ=t, where t ¼ ðDgÞ1=2½�ðln gÞ=2�1=4. The
resulting asymptotic splitting of the flow is depicted in Fig. 2(a). In the new ‘‘square’’ domain II of extent t the flow

quantities are expanded in the form

u

ct
;

v

ct
;
p� pS

ðctÞ2

� �
� �X ;Y ;

X 2 þ Y 2

2

� �
þ

1

ln g
½qYC;�qXC;P� þ O

1

ln2 g

� �
, (21)

where pS is the (time-mean) pressure in S. Here the magnitude of the velocity defect is still asymptotically small and

varies only logarithmically with g. As an important implication, the presence of the logarithmic terms in relationships

(20) is seen to prevent the Reynolds stresses, which are of Oðt2=ln2 gÞ, to affect even the perturbed flow in leading order.

Indeed, substitution of the expansion (21) into the momentum equation (6) shows that the perturbation stream function

CðX ;Y Þ and the pressure disturbance PðX ;Y Þ satisfy the Euler equations, linearised about the stagnant potential flow:

qX ðXqYCÞ � YqYYC ¼ �qX P; �X qXXCþ qY ðY qXCÞ ¼ �qY P. (22)

By introducing the vorticity O ¼ ðqXX þ qYY ÞC, elimination of P in Eq. (22) yields the vorticity transport equation,

ðXqX � YqY ÞO ¼ 0. Finally, integration gives

ðqXX þ qYY ÞC ¼ Oð�XY Þ, (23)

expressing the well-known property of two-dimensional steady inviscid flows that the vorticity is constant along a

streamline. The match with the oncoming boundary layer flow according to Eqs. (18), (20), and (21), and the obvious

requirement that the contribution originating from that ‘‘square’’ region to the external potential flow conforms in

magnitude to that induced by the incident boundary layer, which is of Oðg2Þ, then fixes both the vorticity O and the

boundary conditions supplementing Eq. (23),

O ¼ G00ðZÞ; Z ¼ �XY , (24)

CðX ; 0Þ ¼ 0, (25)
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Fig. 2. (a) Asymptotic flow splitting near rear stagnation point S: oncoming boundary layer I with emerging sublayer I0, resulting ‘‘square’’

region II with sublayer II0 (not considered in text), viscous wall layer III (increase of thickness proportional to 1=s, s! 0, not discussed

here), separating streamline S of the stagnant potential flow; the dotted lines indicate the connection to the regions not considered in the

analysis. (b) Smooth inviscid separation from a (here symmetrical) cylindrical body, separating streamlines S for different values of k in

Eq. (16); note the flow showing a cusp-shaped closed cavity which neighbours the attached flow characterised by a rear stagnation point S.
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C�GðZÞ=X 2; Z ¼ Oð1Þ; X !�1, (26)

C ¼ Oðr�2Þ or oðr�2Þ; r :¼ðX 2 þ Y 2Þ
1=2
!1. (27)

Note that G0ðZÞ�G0ð0Þ � ð2=kÞ½G0ð0ÞZ�1=2, allowing for a match with the aforementioned sublayer, and not

G0ðZÞ � � k�1 ln ZþOð1Þ, in accordance with the usual near-wall behaviour given by Eq. (12). One then reveals a

finite surface slip velocity given by UsðX Þ :¼ ð@YCÞðX ; 0Þ and a corresponding half-power behaviour @YC � Us �

ð2=kÞ½G0ð0ÞY=X 1=2 as Y ! 0. Also, the reuse of the boundary layer coordinate Z introduced before in (24) shows that

the edge n ¼ d of the turbulent flow region II here is given by d � t=ð�X Þ, see Fig. 2(a). Stated equivalently, the curve

�XY ¼ Z � 1 disjoins the turbulent from the (approximately) irrotational external region as O ¼ 0 for ZX1.

We seek the solution C of the Poisson problem given by Eqs. (23)–(26) in the range Xo0, YX0. That is, in the

present investigation we do not take into account the ‘‘collision’’ of the oncoming flow with that approaching S

for s! 0þ, cf. Figs. 1(b) and 2(a). We conveniently set C ¼ Cp þCh, where CpðX ;Y Þ is a particular solution of

Eqs. (23)–(25) and the homogeneous contribution ChðX ;Y Þ satisfies Laplace’s equation, ðqXX þ qYY ÞCh ¼ 0, subject

to (25). By defining Gð�ZÞ :¼ � GðZÞ, ZX0, and using standard methods, one then obtains

Cp ¼
1

4p
d
1

�1d
1=jsj

�1=jsjG
00ð�suÞ ln½ðX � sÞ2 þ ðY � uÞ2�dsdu ð�1oXo1;�1oYo1Þ, (28)

and, after integration by parts and some manipulations

Cp ¼
1

2p

Z 1

�1

G0ðZÞd
1

�1

jsjY � Z

s½s2ðX � sÞ2 þ ðjsjY � ZÞ2�
dsdZ ð�1oXo1;�1oYo1Þ. (29)

The function CpðX ;Y Þ is skew-symmetric with respect to the origin X ¼ Y ¼ 0, where Cpð0;Y Þ � CðX ; 0Þ � 0.

Moreover, it is found to vary with R�2 for R2 ¼ X 2 þ Y 2 !1 and fixed values of W:¼ arctanðY=X Þ (note that the

skew-symmetric distribution of Oð�XY Þ acts like a quadrupole in the far field). On the other hand, Cp � ½GðZÞ �
HðZÞ�=X 2 for X !�1, with Hc0 but H 00 � 0, where Z and, in turn, the function HðZÞ (which is not stated explicitly

here) are kept fixed. Since HcG, however ChðX ;Y Þ must behave as

Ch � HðZÞ=X 2ðHc 0;H 00 � 0Þ; Z ¼ Oð1Þ;X !�1, (30)

such that C satisfies the upstream condition (26). An asymptotic investigation of Laplace’s equation (that takes into

account symmetry properties of the solution that are consistent with the aforementioned skew-symmetry of Cp) then

shows that Ch � R�2½A cosð2WÞ þ B sinð2WÞ�, where A and B are constants, is the only possible behaviour for R!1.

Unfortunately, however, and despite its agreement with the far-field conditions (27), this relationship for Ch does not meet

the required match with the limiting form (30) as W! p� and X !�1, Cp is evaluated by exploiting Eq. (29). Thus, the

problem posed by Eqs. (23)–(26) has no solution. Therefore, that asymptotic picture of separation taking place close to a

rear stagnation point, as originally proposed by Neish and Smith (1992), must be regarded as at least questionable.

A more concise proof of this statement has been found in the course of a private communication with Professor F.T.

Smith after submission of the paper (note Acknowledgement): a convenient treatment of the stagnating potential flow

considered here is provided by the suitable conformal mapping X ¼ �Z2=2 of the third quarter (Xp0, YX0) of the

complex plane Z :¼ X þ iY onto the upper half of the complex plane X :¼ zþ iZ. In turn, Eqs. (23)–(27) subject to the

according transformations z ¼ ðY 2 � X 2Þ=2, Z ¼ �XY , and Ĉðz; ZÞ :¼ CðX ;Y Þ read

ðqzz þ qZZÞĈ ¼ G00ðZÞ=½2ðz2 þ Z2Þ1=2�, (31)

Ĉðz; 0Þ ¼ 0, (32)

Ĉ �� GðZÞ=ð2zÞ; Z ¼ Oð1Þ; z!�1, (33)

Ĉ ¼ Oð1=rÞ or oð1=rÞ; r :¼ ðz2 þ Z2Þ1=2 !1. (34)

In that case a particular solution Ĉ ¼ Ĉpðz; ZÞ of Eqs. (31)–(33) found by exploiting standard methods and the

aforementioned anti-symmetry of OðZÞ with respect to Z ¼ 0 is given by

Ĉp ¼
1

8p
d
1

�1G00ðuÞPV
Z 1
�1

ln½ðx� sÞ2 þ ðZ� uÞ2�

ðs2 þ u2Þ1=2
dsdu ð�1ozo1;�1pZo1Þ. (35)
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Herein, the principal value of the second integral refers to the infinitely remote point, jzj ¼ 1, due to the logarithmic

singularity of the integrand there. On the one hand, non-existence of the solution of Eqs. (31)–(34) is indicated by

considering the far-field behaviour of an appropriate homogeneous solution Ĉ ¼ Ĉhðz; ZÞ of Eq. (31), in a manner

analogous to that adopted in case of the original problem, Eqs. (23)–(27). More simply, however, multiplying of

Eq. (31) with Z and subsequent integration in the range �1ozo1, 0pZo1 gives the contradiction

0 � ðlnAÞ
R 1
0 ZG00ðZÞdZ � �Gð1Þ lnA as A!1. Here this limit is considered as integration of the right-hand side of

Eq. (31) is initially carried out from z ¼ �A to z ¼ A and Z ¼ 0 to Z!1.

The formal inconsistency outlined before has not been addressed by Neish and Smith (1992). Apparently, this is due

to the neglect of the logarithmic terms in expressions (20) in their discussion of the match with the ‘‘square’’ region II. In

turn, they propose a vortex flow there which exhibits a velocity defect relative to the stagnating external flow of Oð1Þ, in

striking contrast to the expansion (21). Consequently, in the papers by Neish and Smith (1992) and Degani (1996) both

the magnitude of the velocities and the extent of the emerging region II are of g1=2. Thus, the flow there is governed by

the full Reynolds equations (1), rather than their linearised form (22). It is that fully nonlinear stage which prompted

Neish and Smith (1992) and Degani (1996) to conclude that separation would occur a distance of Oðg1=2Þ upstream of S.

Also, it is not explained in these papers how the flow region II is transformed into a turbulent shear layer along the

separated streamline S, which then coincides with the Y-axis, see Fig. 2(a).

A further uncertainty is raised by another issue that has been put forward by Neish and Smith (1992): it is argued that

the position of smooth flow detachment approaches the rear stagnation point if one considers the limit k!1 in

relationship (16). The flow situation for different values of k is sketched in Fig. 2(b), cf. Birkhoff and Zarantonello

(1957): from a topological point of view, the only candidate for a flow exhibiting free streamlines around a cylindrical

body that neighbours the completely attached potential flow with a rear stagnation point S is the one which embeds a

vanishingly small interior (cusp-shaped) cavity/eddy in the vicinity of S. However, it has not been demonstrated

convincingly so far that such a solution is associated with correspondingly large values of k. We note that the class of

inviscid flows having free streamlines is currently under investigation. [To this end, the methods of potential flow theory

presented by Gurevich (1966) are adopted.]

3. The large-defect boundary layer and smooth separation

The picture of separation considered by Neish and Smith (1992) and Degani (1996) is apparently not in accordance

with experimental findings. In fact, separation from a cylindrical body takes place a relatively short distance

downstream of the location of its maximum cross-section, even for very large values of Re. This finding, together with

the serious difficulties discussed in the previous section, then strongly suggests to abandon the assumption of a small-

defect boundary layer in favour of a flow description where a streamwise velocity deficit of Oð1Þ is stipulated. As

outlined in the Introduction, such an asymptotic concept that (i) surmounts the difficulties in the matching procedure

due to the logarithmic velocity distribution (7) encountered in Sychev’s (1983, 1987) theory, and (ii) is corroborated by

any commonly used turbulence closure, has already been proven successful in the description of turbulent marginal

separation, see Scheichl and Kluwick (2007a, b).

In this novel flow description the boundary layer thickness d is measured by a small parameter a which is independent

of Re as Re!1. This most remarkable characteristic anticipates the existence of a turbulent shear layer of finite width

with a wake-type flow, even in the formal limit a! 0, n ¼ 0, included in the fundamental assumption (1). In that limit

the unsteady flow in the wake region is presumably not affected significantly by the periodically occurring well-known

wall layer bursts. As will turn out, this characteristic allows for an investigation of some properties associated with the

unsteady motion on the basis of Eqs. (2) and (3).

3.1. The slender-wake limit

In the wake region the Reynolds stresses are quantities of OðaÞ. Then the nonlinearities in the momentum equation (3)

suggest to expand the flow quantities according to

½u; v;w; p� � ½u0; 0; 0; p0�ðs;NÞ þ a1=2½u01; v
0
1;w
0
1; p
0
1�ðt; s;N; . . .Þ þ af½u2; v2; 0; p2�ðs;NÞ

þ ½u02; v
0
2;w
0
2; p
0
2�ðt; s;N; . . .Þrg þ Oða3=2Þ; d=a ¼ d0ðsÞ þ Oða2Þ. (36)

Herein a suitable shear layer coordinate N ¼ n=a is introduced, and the dots indicate dependences on inner spatial and time

scales, which are specified later. Note that the omission of the time-averaged terms of Oða1=2Þ in Eq. (36) is a consequence of

the expansion ½u; v; p� � ½u0; p0; 0� þ a½u2; p2; v2� þ Oða2Þ of the time-mean flow quantities, as suggested by the governing
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equations (5) and (6). Inserting Eq. (36) into Eqs. (5) and (6) then gives rise to the shear layer approximation

p0ðs;NÞ ¼ p0ðsÞ; �dp0=ds ¼ ue due=ds, (37)

qsu0 þ qNv2 ¼ 0; u0qsu0 þ v2qNu0 ¼ �dp0=ds� qN ðu
0
1v01Þ. (38)

Eqs. (37) and (38) are seen to govern the turbulent motion along the separating streamline S to leading order

sufficiently far from S, i.e. for jsj ¼ Oð1Þ, see Fig. 1(a). They are subject to the wake-type boundary conditions

v2ðs; 0Þ ¼ u01v01ðs; 0Þ ¼ 0; u0 s; d0ðsÞð Þ � ueðsÞ ¼ u01v01 s; d0ðsÞð Þ ¼ 0. (39)

By excluding the apparent trivial solution u0 � ueðsÞ, v2 � u01v01 � 0, which implies a velocity defect of oð1Þ, we seek non-

trivial solutions u0; v2; d0 of Eqs. (37)–(39) with respect to separation. To this end, it is useful to consider Eqs. (38)

and (37) evaluated for N ¼ 0,

dðu2
s � u2

eÞ=ds ¼ �2½qN ðu
0
1v01Þ�ðs; 0Þ. (40)

Herein usðsÞ ¼ u0ðs; 0Þ again denotes the slip velocity. Note that separation is associated with flow reversal further

downstream, which, in turn, requires usð0Þ ¼ 0. To gain first insight how the boundary layer behaves as s! 0�, the

problem posed by Eqs. (37)–(39) has been solved numerically, by adopting the same algebraic shear stress closure that

was employed successfully for the boundary layer calculations carried out by Scheichl and Kluwick (2007b).

We again discard the possibility that the impressed potential flow exhibits a rear stagnation point S, since inspection

of Eq. (40), confirmed by the numerical study, shows that then us not necessarily approaches zero in the vicinity of S.

Therefore, the picture of a ‘‘collision’’ of two boundary layers is apparently not appropriate for describing turbulent

separation. Consequently, separation is seen to be associated with a smoothly separating inviscid flow, according to the

situation sketched in Fig. 2(b). As was outlined by Birkhoff and Zarantonello (1957) and Gurevich (1966), only flows

having kX0 are topologically possible. A suitable model for the surface velocity ueðsÞ that exhibits the then required

local behaviour expressed in Eq. (16) is given by ueðsÞ ¼ ð3=2þ sÞm½1þ kð�2sÞ1=2�=ð1þ kÞ, �1=2pso0, such that

ueð�1=2Þ ¼ 1. Here the exponent m represents an eigenvalue of the self-preserving solution for a given value of

usð�1=2Þ, which serves as the initial condition for the downstream integration of Eqs. (37)–(39) cf. Scheichl and

Kluwick (2007b). Specifically, the value usð0Þ ¼ 0:95 has been imposed, yielding m¼
:
� 0:3292. The distributions for the

impressed adverse difference pressure p0ðsÞ � p0ð0Þ and the resulting slip velocity usðsÞ are plotted in Fig. 3 for different

values of the control parameter k. It is found that for sufficiently small values of k the integration terminates in a

singular manner at s ¼ 0 where us assumes a finite limit, i.e. usð0Þ40. For increasing values of k this threshold

decreases, such that it finally vanishes for a critical value of k, say, k ¼ kc. We note that near k ¼ kc the numerical

calculations are very sensitive to slight variations in the value of k; for the specific choice of ueðsÞ adopted here one finds

that kc¼
:
2:7. For k4kc, however, the solution admits a Goldstein-type singularity at a position upstream of s ¼ 0

which has been discussed in more detail by Scheichl and Kluwick (2007b). Here we add that a thorough analytical study

of the numerically observed singular behaviour of the boundary layer solutions, also expressed through Eq. (40), is a

task of the current research.

As a first, rather remarkable, result, the location of turbulent break-away separation in the double limit a ¼ n ¼ 0 is

seen to be associated with a positive, presumably single-valued, value kc of k, which has to be found by means

of iterative boundary layer calculations. This strikingly contrasts its laminar counterpart, where the so-called

Brillouin–Villat condition fixes the position of inviscid flow detachment by the requirement k ¼ 0, see Sychev (1972)
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singular points.
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and Smith (1977). On the other hand, the experimental findings of Tsahalis and Telionis (1975) strongly support

the singular behaviour of the turbulent flow in the boundary layer limit there due to a positive value k ¼ k� as

outlined above. Furthermore, the downstream shift of that point for increasing values of k, sketched in Fig. 2(b),

explains why, in general, turbulent separation from a cylindrical body takes place further downstream as it is the

case when the flow is still laminar. Moreover, first investigations performed by the authors indicate that in the turbulent

case the more precise determination of the location of separation for small but finite values of both a and n is

determined by a locally strong rotational/irrotational interaction mechanism, analogous to that proposed by Sychev

(1983, 1987).

3.2. Internal structure ‘‘derived’’ from first principles

As a starting point, we consider the well-known transport equation for the time-averaged specific turbulent kinetic

energy K ¼ u0 � u0=2 ¼ ðu02 þ v02 þ w02Þ=2, which results from Reynolds-averaging the inner product of u0 with the

momentum equation (3) by substituting the continuity equation (2),

DtKþ r � ðk þ p0Þu0 � nDKþ ep ¼ �u0u0:ru; ep:¼nru0:ru0. (41)

Herein ep is commonly referred to as turbulent (pseudo-)dissipation. By taking into account Eq. (36), the least-

degenerate shear layer approximation of Eq. (41) in the double limit given by a! 0 and n! 0 is found to be

qN ðp
0
1v01Þ þ ep �� u01v01qNu0. (42)

We integrate this relationship across the shear layer thickness, i.e. from N ¼ 0 to N ¼ d0. Then the net contribution of

the diffusive term on the left-hand side of Eq. (42) is seen to vanish, whereas the resulting net turbulent ‘‘production’’ on

the right-hand side is positive and of Oð1Þ since both the Reynolds shear stress �u01v01 and the shear rate u0;N are

apparently non-negative. Remarkably, then ep is a quantity of Oð1Þ in the formal limit n ¼ 0.

The quantity ep is obtained by Reynolds-, or equivalently, time-averaging according to Eq. (4), the stochastically varying

quadratic form ru0:ru0. By adopting the rather weak assumption that the averaging process leaves its order of magnitude

unchanged, we find, with some reservation (due to the at present apparent lack of experimental evidence), that

ru0 ¼ Oðn�1=2Þ (43)

holds for the predominant fraction of intervals of the time t. As the most simple description of the fluctuating

motion, we next assume that the turbulent fluctuations are governed by a single spatial ‘‘micro-scale’’, denoted by l
(together with a correspondingly small time scale) apart from the ‘‘macro-scales’’, represented by a streamwise length of

Oð1Þ and the shear layer thickness of OðaÞ. It then follows from the estimate (43) in combination with Eq. (36) that

appropriate ‘‘micro-variables’’ are given by ðt0; x0Þ ¼ ðt; xÞ=l where x0 ¼ ðs0; n0; z0Þ and l ¼ ðnaÞ1=2. That is, the smallest

spatial scales are measured by l. Interestingly, they are asymptotically larger than the (non-dimensional) celebrated

Kolmogorov length scale, which is commonly associated with the dissipative small-scale structure of turbulence and given

by ðn3=epÞ
1=4. It should be mentioned that this novel ‘‘micro-scale’’ is inherently linked to the asymptotic investigation of the

equations of motion (2) and (3) as well as the ‘‘first moment’’ of the latter, given by (41). In contrast, the definition of the

Kolmogorov scale merely results from dimensional reasoning and, thus, has no profound rational basis.

Hence, the equations of motion (2) and (3) are expanded in the sequence of ‘‘inviscid’’ linear equations

r0 � u0i ¼ 0, (44)

D0tu
0
i þN 0i�1 ¼ �r

0p0i; N 00 ¼ 0; D0t ¼ qt0 þ u0ðs;NÞqs0 . (45)

Here and in the following i ¼ 1; 2; . . . ; u0i ¼ ðu
0
i; v
0
i;w
0
iÞ, and r

0 denotes the gradient with respect to x0. The inhomogeneous

terms N 0i in Eq. (45) are defined by expanding the nonlinear convective operator in Eq. (3), according to Eq. (36),

ðu � r0 � u0qs0 Þu
0 � a1=2N 01 þ aN 02 þ � � � . (46)

Then the vector N 0i depends on the velocity fluctuations u0j where j ¼ 1; 2; . . . ; i. By eliminating the pressure fluctuations p0i
in Eq. (45), the vorticity fluctuations x0i are seen to satisfy the equations

D0t x
0
i ¼ �r

0 	N 0i�1; x0i ¼ r
0 	 u0i. (47)

Thus, D0tx
0
1 ¼ 0, so that x01 depends on the ‘‘micro-variables’’ x0 ¼ s0 � u0t0, n0, and z0, but not explicitly on t0. In principle,

u01 then can be calculated from its Helmholtz decomposition, given by the distribution of x01 together with the vanishing

divergence as expressed by Eq. (44). Therefore, u01 and, in turn, N 01 also show no explicit dependence on t0, giving

x02 ¼ C 0 � ðr0 	N 01Þt
0, where C 0 is a ‘‘constant’’ of integration. The requirement that the first of the expansions (36) must
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be uniformly valid with respect to the ‘‘micro-time’’ t0 then gives rise to the solvability condition r0 	N 01 ¼ 0. As a result,

one recursively finds that D0t x
0
i ¼ 0 in general, such that the velocity and pressure fluctuations u0i and p0i, respectively,

depend on x0, s0, n0, and z0, but, most important, not explicitly on t0, and are determined by

r0 	N 0i ¼ 0; r0p0i ¼ �N 0i�1. (48)

Eqs. (48) describe a stationary motion with respect to x0, i.e. in a frame of reference which moves with the time-mean

streamwise velocity u0ðs;NÞ along the separating streamlineS of the flow in the formal limit n ¼ 0, see Fig. 1(a). Note that

they comprise the full nonlinear steady Euler equations, satisfied by u01 and p02.

This wave-type transport of the stochastic fluctuations along with the time-averaged flow found from the ‘‘micro-

scales’’ analysis is commonly termed as ‘‘coherent motion’’: this contribution to the overall turbulent motion is usually

associated with spatio-temporal regularity, whereas the dynamics of the stochastic fluctuations acting on the smaller

scales involves its random part. As a further consequence of these considerations, the process of time-averaging

according to Eq. (4) is seen to provide a filtering of the fluctuating motion with respect to x0 and, in turn, rather not only

with respect to the ‘‘micro-time’’ t0 but also to the streamwise ‘‘micro-variable’’ s0. The view that the statistically

stationary turbulent flow depends on the spatial ‘‘macro-variables’’ s and N only is, therefore, supported by an

asymptotic investigation of the Navier–Stokes equations (2) and (3) and, subsequently, usual time-averaging.

The relationships (44)–(47) are valid for ioI where the index I signifies contributions to Eq. (36) of Oðn1=2Þ. For i ¼ I

it follows from Eqs. (2) and (3) that the dynamics of these contributions are affected by the viscous term on the right-

hand side of Eq. (3). Also, the normal gradient qNu0 then enters the momentum balance as a consequence of the

‘‘macro-scale’’ a which describes the time-mean shear layer approximation. This in turn suggests the introduction of a

further set ðta; xaÞ ¼ ðt; xÞ=a of ‘‘micro-variables’’. Let ra denote the gradient with respect to xa and es, en, and ez the

unit vectors in the respective directions indicated by the subscripts. We then find

r0 � u0I ¼ �r
a � u01, (49)

D0tu
0
I þN 0I�1 þDa

t u01 þ esv
0
1qNu0 ¼ �r

0p0I �r
ap01 þ D0u01,

Da
t ¼ qta þ u0ðs;NÞqsa ; D0 ¼ r0 � r0. (50)

From Eq. (48) it follows that p01 is independent of x0 since N 00 vanishes, according to Eq. (45). By taking the curl with

respect to x0 one then obtains from Eq. (50)

D0tx
0
I ¼ �r

0 	N 0I�1 �Da
t x
0
1 � ðqNu0Þðenqz0 � ezqn0 Þv

0
1 þ D0x01. (51)

The right-hand sides of both Eqs. (51) and (49) do not explicitly depend on t0. With the same arguments leading to

Eq. (48), then the Helmholtz decomposition of x0I suggests that u0I and, as a consequence of Eq. (50), p0I exhibit no

explicit t0-dependence too. In turn, the right-hand side of Eq. (51) must vanish. Therefore, Eq. (51) not only determines

the quantity u0I�1, but can also be interpreted as a linear transport equation for the leading-order contribution x01 to the

vorticity with respect to the newly introduced time ta and x0. However, the motion which is affected by the viscous term

in Eq. (3) is presumably also governed by convective terms which are nonlinear in the leading-order contribution u01 to
the velocity fluctuations. But, in view of Eq. (50), this is only possible by introducing a set of ‘‘intermediate micro-

variables’’ ðt̂; x̂Þ ¼ ðt; xÞ=a3=2. Thus, the associated new length scale of Oða3=2Þ is much larger than the viscosity-affected

one, l, but still smaller than the shear layer thickness of OðaÞ. We close the analysis by noting that this new length scale

serves as a measure for the size of the large eddies in the wake region, and, in turn, of the mixing length. This fully

agrees with the scaling of the latter found from the time-mean analysis, cf. Scheichl and Kluwick (2007b).

4. Conclusions and further outlook

We have demonstrated that turbulent bluff-body separation requires a streamwise velocity defect of Oð1Þ as Re!1

in the fully turbulent main region of the oncoming boundary layer, as the classical assumption of a small velocity deficit

is intrinsically tied to the idea of a firmly attached external potential flow, and, in turn, leads to a serious inconsistency

in the asymptotic hierarchy of the flow, which originates from an asymptotically small vicinity of the rear stagnation

point. On the other hand, for the large-defect boundary layer the limiting inviscid solution must be sought in the class of

flows exhibiting a free streamline which departs smoothly from the surface. As one remarkable result strikingly

contrasting a well-known finding in the theory of laminar separation, here the Brillouin–Villat condition is not met at

the separation point. The formulation of the locally strong rotational/irrotational interaction of the separating flow

with the external bulk flow is a topic of the current research. Future research activities include, amongst others, the

asymptotic investigation of the unsteady motion, where particular emphasis should be placed on the rationally based
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modelling of turbulent boundary layers undergoing separation. Most important, as a first step in this direction, it has

been shown here how the underlying boundary layer concept is strongly supported by such an analysis. Here we note

that, to the authors’ knowledge, the only attempt currently available in literature to treat turbulent boundary layers by

tackling the full Navier–Stokes equations in the limit (1) from a rigorous asymptotic point of view must be attributed to

Deriat and Guiraud (1986). As one physically appealing result of the present study, an inner length of Oða3=2Þ reflecting
the size of the large-scale eddies in the wake flow regime is found, which interestingly equals that of the mixing length,

given by Scheichl and Kluwick (2007b). Although the analysis also predicts even larger eddies having a diameter of

OðaÞ, those comparable to the mixing length scale determine the distance at which the flow starts to feel the presence of a

confining wall. Remarkably, this interpretation of the mixing length not only fully agrees with the mathematical need to

introduce a so-called inner wake layer having a thickness of Oða3=2Þ, see Scheichl and Kluwick (2007b). Moreover, it

also conforms to the mixing length hypothesis (originally developed by Prandtl), where mid-size eddies are responsible

for the turbulence transport from one fluid layer to the adjacent one, as proposed by Hinze (1975).

Finally, we stress that, notwithstanding the strongly encouraging progress made so far, the asymptotic analysis of the

unsteady flow is still in a rather early stage. Therefore, its implications on turbulence modelling (of both attached and

separating flow) can hardly be reliably projected for the time being. Also, comparison of the theory with both

experimental and numerical data obtained for bluff-body flows—see e.g. the recent database provided by Braza et al.

(2006)—is clearly a required task of future research efforts.
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Abstract The paper deals with separation of a nominally steady and two-dimensional incompressible boundary
layer from the smooth surface of a rigid blunt body in the presence of a front stagnation point, here denoted by
PF . In agreement with earlier studies on the flow past a bluff body, it is argued that in the limit of vanishing
viscosity, i.e. in the limit where the globally defined Reynolds number Re takes on arbitrarily large values,
the solution of this problem is to be sought in the class of steady potential flows with free streamlines.
Hence, it is first assumed that for sufficiently large values of Re the boundary layer upstream of separation
is a fully developed turbulent one. Accordingly, it is demonstrated numerically and analytically, by adopting
asymptotic techniques, how the well-known laminar flow taking place close to PF is gradually transformed into
a fully developed turbulent boundary layer further downstream, which exhibits the well-established typical
asymptotic two-layer splitting. However, as has been shown in a preceding study, this type of flow does
not allow for a self-consistent rational description of separation, based on the nominally steady form of the
equations of motion. From this result, supported by numerical and experimental evidence, the tentative but
rather remarkable conclusion is drawn that the boundary layer along the smooth surface of a bluff body never
attains a fully developed turbulent state, even in the limit Re → ∞. Most important, these findings are seen to
be independent of the choice of a specific turbulence closure.

1 Introduction and motivation

Flow separation from a more-or-less bluff body, i.e. one with diameters of comparable magnitude in and normal
to the direction of the oncoming unperturbed stream sufficiently far ahead of the body, in the limit of large values
of the globally formed Reynolds number Re not only represents an extremely challenging and long-standing
unsolved problem in theoretical hydrodynamics but, needless to say, is also of great engineering relevance.
For example, a profound understanding of the very basic physical mechanism underlying flow separation is
important in order to allow for further substantial progress in the prediction of undesired separation from
airfoils with moderate aspect ratios.
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In the present study we shall be concerned with a solid plane body of a typical half-diameter L̃ , having
an impermeable and perfectly smooth surface, and immersed in an otherwise perfectly uniform stream with
velocity Ũ of an incompressible fluid of constant density ρ̃ and constant kinematic viscosity ν̃, respectively.
We then assume that

Re := Ũ L̃/ν̃ → ∞. (1)

Note that, under the above assumptions, the real flow physics is uniquely determined by the value of the single
parameter Re. With regard to the subsequent discussion of this flow configuration and the associated notations
of characteristic points on the body surface, we refer to the sketch in Fig. 1a referring to the canonical case of
the problem, namely, a circular cylinder with radius L̃ in uniform transverse flow.

If in the limit given by Eq. (1) the flow is taken to be strictly laminar and steady, the seminal local
asymptotic theory developed by Sychev [14] and Smith [12], see also Sychev et al. [15], applies to the close
vicinity of the position of separation. In these studies the flow in the limit of vanishing viscosity has to be
sought in the class of irrotational flows with free streamlines which depart smoothly from the surface at the
point denoted by PD . In general, this Helmholtz–Kirchhoff-type flow is associated with a streamwise pressure
gradient that tends to infinity immediately upstream of PD , see e.g. Gurevich [2]. That singular behavior,
commonly referred to as Brillouin–Villat (hereafter abbreviated as BV) singularity, then prevents an asymptotic
description of separation of the boundary layer (BL) evolving from the front stagnation point, as the solution
of the BL problem terminates further upstream in form of a well-known Goldstein singularity, which cannot
be surmounted in a rational manner. Therefore, the position of PD has to be moved sufficiently far upstream
such that the BV singularity becomes asymptotically weak (with respect to the value of Re), which in turn
allows for a successful treatment of the separation process on the basis of the local viscous/inviscid interaction
process.

Unfortunately, however, one has to face the fact that both the flow pattern and the drag coefficient pre-
dicted by the above rigorous description of separation are apparently not in satisfactory agreement with the
experimental findings: an extensive discussion of the flow field based on measurements of the steady flow past
a circular cylinder for various values of Re is presented in [17]. The observed disagreement leads to two major
concerns: first of all, the question whether the flow should indeed be regarded as steady and irrotational in the
limit Re → ∞, which is crucial, is still unsettled. Surprisingly, it has not attracted many researchers so far.
Thus, this assumption still requires a sound confirmation; a first systematic attempt in this direction, adopting
both the Navier–Stokes equations and scaling arguments that are based on intuitive physical reasoning, is made
in Sect. 3.

The second and most serious objection, however, is raised against the widely believed issue that not only the
separated shear flow but even the entire BL upstream of separation becomes fully turbulent for sufficiently large
values of Re; for a survey on this topic see [17] and the references therein. Interestingly, detailed measurements
of the attached BL flow are rare. As a result, also this hypothesis still lacks a convincing experimental evidence.
Moreover, from the oil film flow visualizations of the streamline pattern close to the surface performed by
Schewe [10] one can draw the—tentative—conclusion that the BL slightly upstream of separation still exhibits
typical laminar-like characteristics, even for values of Re up to approximately 7.7 × 106, whereas separation
triggers its rather rapid transition towards a fully developed turbulent free shear layer. In the present study we
account for this observation by adopting the approach taken up by Neish and Smith [6]: the level of turbulence
intensities in the BL shall not be fixed in advance but governed by a suitably introduced control parameter,
say, T . The assumption of a fully turbulent initially attached BL then is captured by considering a suitable
distinguished double limit: T → ∞, Re → ∞. However, as far as this latter case is concerned, it has been
outlined quite recently, [7], that the typical asymptotic structure of a fully turbulent BL is incompatible with
separation provoked by the BV singularity at PD of the limiting potential flow. This conclusion holds for largely
arbitrary positions of PD when the BV singularity assumes a finite strength. Neish and Smith [6] circumvent
that severe shortcoming by exploring the possibility of a strictly attached potential flow, granted that the entire
BL is a fully turbulent one (we note that their rationale for these assumptions is neither in agreement with the
arguments put forward here nor the present results). In their analysis, separation is expected to take place a (non-
dimensional) distance of O

[
(ln Re)−1/2

]
upstream of the rear stagnation point of the body. However, it has been

demonstrated that the proposed local asymptotic splitting of the flow then is incompatible with that deduced
from an asymptotic investigation of the full set of the Reynolds-averaged equations of motion [7]. Furthermore,
the collapse of PD with the rear stagnation point can be interpreted as the occurrence of a BV singularity
having infinite strength [2,7]. The aforementioned inconsistency encountered when a fully turbulent BL is
driven by a potential flow that yields a BV singularity of finite strength, see [7], is presumably met again if
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Fig. 1 a Flow configuration and natural coordinate system, shown for the case of a circular cylinder with non-dimensional radius
1, representing a bluff body with positive surface curvature �(x): time-mean streamlines (arrows indicate flow direction), BL
and separated shear layer (dark-shaded), streamlines of irrotational and viscous flow departing in PD (normal line) and PS (bold
line), dividing the external flow from the zone with (almost stagnant) reverse flow (light-shaded). Separation is assumed to take
place in the point PS , i.e. slightly upstream of PD , according to the flow picture in [6]. Transitional BL region I near PF and BL
splitting emerging for T → ∞ is zoomed out in b, including the viscous wall layer VWL, and the viscous superlayer (shaded)

one considers the local flow structure resulting from a slight upstream shift of PD . As a consequence, relaxing
the assumption made in [6] that PD takes on the form of a rear stagnation point only in the limit Re → ∞
will also unlikely prove successful in establishing a self-consistent description of turbulent separation. In turn,
we anticipate the remarkable preliminary result that the attached BL flow approaching separation has to be
sought in the class of flows that prevail in a so-called transitional state, as they are neither laminar nor fully
turbulent.

Hence, we draw the important conclusion that both a value of T and the position of PD in the limit
Re → ∞ have to be chosen such that the solution of the BL equations meets the necessary requirements of
matching with the flow quantities in the region in the immediate vicinity of separation, where the classical
BL approximation of the governing equations ceases to be valid. That is, the asymptotic flow structure near
separation presumably fixes the value of T , which provides the answer to the question, raised in the paper title,
of “how turbulent” is the BL that stretches from the front stagnation point PF to the position of separation.
That flow picture in the limit (1) then strikingly contrasts that proposed by the theory of laminar separation
epitomised above. Nevertheless, it agrees fairly well with that inferred from the experiments carried out by
Tsahalis and Telionis [16]. These indicate that the observed distinctive deceleration of a turbulent BL closely
upstream of separation points to a finite strength of the BV singularity of the limiting potential flow. Moreover,
they relate the associated local behavior of the advective terms in the streamwise momentum equation to
the occurrence of a pronounced Goldstein singularity if a BL approximation is adopted. Most important, the
experimental data indicate that both singularities are characterized by a variation of the streamwise velocity
with the square-root of the (upstream) distance along the surface. In fact, the present analysis strongly suggests
that the position of PD adjusts in a subtle manner, such that the solution of the BL equations terminates in
form of a Goldstein singularity that (i) takes place at PD and, simultaneously, (ii) is vanishingly weak, even
though the BV singularity is found to be of finite strength.
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2 Problem formulation

2.1 Governing equations

Let x = ex x + ey y + ez z, u = ex u + eyv + ezw, t , and p denote, respectively, the position and the velocity
vector, the time, and the pressure, non-dimensional with the reference quantities, respectively, L̃ , Ũ , L̃/Ũ , and
ρ̃Ũ 2, introduced in Sect. 1. Here, x and u are expressed using natural coordinates, where the unit vectors ex , ey ,
and ez point in the directions along and normal to the body contour, which is given by y = 0, and perpendicular
to the (x, y)-plane, respectively. The origin x = 0 is taken to coincide with the front stagnation point PF , see
Fig. 1a. The Navier–Stokes equations for incompressible flow, subject to the usual no-slip condition holding
at the body surface, then read

∇ · u = 0, (2.1)

∂u/∂t + u · ∇u = −∇p + Re−1 ∇2 u, (2.2)

u|y=0 = 0. (2.3)

Equations (2) are supplemented with the requirement |u| → 1 as y → ∞ for unperturbed parallel incident flow,
see Fig. 1a. By adopting the curvilinear coordinate system introduced above, the gradient and the Laplacian are
represented by ∇ = ex h−1∂/∂x + ey ∂/∂y + ez ∂/∂z and ∇2 = h−1[(∂/∂x) (h−1 ∂/∂x)+(∂/∂y) (h ∂/∂y)]+
∂2/∂z2, respectively. Herein h := 1 + �(x) y, where �(x) denotes the surface curvature, which is assumed to
be a quantity of O(1) in general (and positive for a convex surface contour, as shown in Fig. 1a).

According to a well-known result of ergod theory, for a nominally stationary flow usual Reynolds-averaging
of any (tensorial) flow quantity, in the following symbolized by Q, is equivalent to time-averaging. Hence, we
introduce the common Reynolds decomposition of Q into its time-mean value Q and the statistically fluctuating
contribution Q′, by virtue of

Q(x, t; Re) = Q(x, y; Re)+ Q′(x, t; Re), (3.1)

Q := lim
τ→∞

1

τ

∫ τ/2

−τ/2
Q(x, t + θ; Re) dθ. (3.2)

Note that in the process of Reynolds-averaging, Eq. (3.2), the limit τ → ∞ is evaluated for finite values of
Re. The accordingly averaged continuity equation (2.1) then is conveniently satisfied by introducing a stream
function ψ such that ∂ψ/∂y = u, ∂ψ/∂x = −hv. In turn, averaging of the momentum equation (2.2) yields
the well-known Reynolds equations for a nominally two-dimensional flow, [11] (p. 81),

h

[
∂ψ

∂y

∂

∂x
− ∂ψ

∂x

∂

∂y

]
∂ψ

∂y
− �

∂ψ

∂x

∂ψ

∂y
= −h

∂p

∂x
− h

∂u′2
∂x

− ∂ h2 u′v′
∂y

+ h2

Re

∂ ∇2ψ

∂y
, (4.1)

[
∂ψ

∂x

∂

∂y
− ∂ψ

∂y

∂

∂x

][
1

h

∂ψ

∂x

]
− �

[
∂ψ

∂y

]2

= −h
∂p

∂y
− ∂ hv′2

∂y
− ∂u′v′

∂x
+ � u′2 − 1

Re

∂ ∇2ψ

∂x
. (4.2)

It is of advantage to consider also the scalar transport equation for the time-mean value of the specific turbulent
kinetic energy given by q2 := u′ ·u′/2 ≡ (u′2 + v′2 + w′2)/2. In combination with the equations of motion (2)
and (4), this equation conveniently serves to deduce the basic asymptotic scaling properties of the turbulent
flow. Written in coordinate-free form,

u · ∇ q2 + ∇ · (q2 + p′) u′ − Re−1 ∇2 q2 + εp = P, εp := Re−1 ∇u′ :∇u′, P := −u′u′ :∇ u, (5)

it results from Reynolds-averaging the inner product of u′ with Eq. (2.2) by substituting Eq. (2.1). The positive
definite quadratic form εp and the quantity P are usually referred to as turbulent (pseudo-)dissipation and
turbulent production, respectively, [11] (p. 503 ff.).
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2.2 Turbulent fluctuating motion

For what follows, we tacitly assume that in the limit (1) the turbulent velocity fluctuations u′ and v′ at a given
point (x, y) are of the same order of magnitude, in general. Accordingly, their correlations u′2, u′v′, v′2 are
equally scaled (common hypothesis of locally isotropic turbulence). Also, let λ,Λ, and λ+ denote characteristic
values for the shortest spatial scales associated with the limit (1), non-dimensional with L̃ , apparent in the
fluctuating motion in, respectively, the external flow, the BL, and in the viscous wall layer located at the base
of the latter. As a basic property of the fluctuating motion, here we only note that λ � 1.

3 Global asymptotic picture of the flow

We first focus on the intensity of the turbulent fluctuations by adopting a length scale comparable with the
body dimensions, i.e. where x , y are quantities of O(1). Then the quadratic form εp is asymptotically of O(1)
or smaller, as are the remaining contributions to Eq. (5). Following the arguments outlined in [7], it is very
likely that λ is not asymptotically smaller than of O(Re−1/2). In turn, the viscous term in the equations of
motion (2) is seen to be negligibly small in the limit (1). In the region of the external or bulk flow, namely,
outside the attached BL, the separated shear layer and the recirculating or wake flow region behind the body,
respectively, see Fig. 1a, both u and p are of O(1). Initially, let us also regard |u′| and p′ as quantities of O(1)
there. By introducing appropriate small scales (x′, t ′) = (x, t)/λ and expanding (u, p) ∼ (u0, p0)+ · · · , in
this situation the Navier–Stokes equations (2.1) and (2.2) reduce to the Euler equations,

∇′ · u0 = 0, ∂u0/∂t ′ + u0 · ∇′u0 = −∇′p0. (6)

Herein, ∇′ denotes the gradient with respect to x′.
Let ωωω denote the vorticity, ωωω := ∇ × u. Using standard algebra yields the scalar identity

ωωω :ωωω ≡ ∇u :∇u − ∇ · [∇ · (u··u)]. (7)

The specific form of the last term in Eq. (7) follows from substitution of the continuity equation (2.1). That
term must be considered to be of O(1) in general, according to Eqs. (3), whereas the above considerations here
indicate that ∇u :∇u ∼ ∇′u′

0 :∇′u′
0 = O(λ−2). Therefore, this term provides the predominant contribution

to the identity given in Eq. (7). On the other hand, as the oncoming bulk flow is assumed to be uniform, the
property ∇ × u0 ≡ 0 can be derived from Eqs. (6), indicating an irrotational flow. From Eq. (7) then follows that
∇′u0 and, in turn, ∇′u′

0 vanishes, too. However, the latter result apparently contradicts the initial assumption
that |u′| = O(1). Hence, we infer that in the external-flow region both the turbulent fluctuations and their
correlations are small, rather than of O(1). Since any effects of free-stream turbulence are disregarded there,
the relatively weak fluctuations in the bulk flow are primarily caused by the much higher turbulence intensities
in the attached BL and the separated shear layer, associated with highly concentrated vorticity there. Since
these regions are relatively slender, the turbulence intensities there are still small compared to O(1), which
suggests that in the wake flow region, which exhibits relatively slow motion, they are of the same magnitude
at the most. Let the small parameter α formally measure the magnitude of the components of the Reynolds
stress tensor given by −u′u′, without specifying any dependence of α on Re. We then arrive at the conclusion
that, in the double limit α → 0 and Re → ∞, the quantities u and p are (i) given by their time-mean values
of O(1) to leading order in the external-flow region, and (ii) are asymptotically small in the wake flow region.

The above considerations give rise to the following important result: in the region where x , y are of O(1)
Eqs. (4) reduce to the Euler equations to leading order, so that the bulk flow is to be sought in the class of
steady irrotational flows with free streamlines. These detach from the body surface at the point PD , indicated
by x = xD , and confine an (open, as in the case sketched in Fig. 1a, or closed) stagnant-flow region. Therefore,
we anticipate the outer expansion

[p, ψ] ∼ [p0, ψ0](x, y; k)+ · · · , ∇2ψ0 = 0. (8)

Here, the leading-order potential-flow solution is uniquely determined by the non-negative so-called BV
parameter k, [2,14]. Accordingly, the streamwise gradient of the surface pressure is given by

(∂p0/∂x)(x, 0; k) = −ue due/dx, ue(x; k) = (∂ψ0/∂y)(x, 0; k). (9)
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Fig. 2 Kirchhoff flow around a circular cylinder for discrete values k = i × 0.05, i = 0, 1, . . . , 10; a separating streamlines
(figures on axes measure horizontal and vertical distance from centre in multiples of unit radius), b distribution ue(x; k) over arc
angle φ [◦], terminating in the singular manner given by Eq. (10.2) at x = xD(k), φ = φD(k) (for example, φD(0.3)

.= 86◦ 1′ 54′′)

It is important for the subsequent analysis (see Subsect 5.3) that near the front stagnation point PF the surface
slip velocity ue(x) varies as

ue(x; k) ∼ b(k) x + O(x2), b(k) > 0, x → 0+. (10.1)

Moreover, it is well-known that ue(x; k) exhibits a square-root singularity immediately upstream of PD ,
namely, the BV singularity already mentioned in Sect. 1, [2,15],

ue(x; k)/ue(xD(k); k) ∼ 1 + 2k(−s)1/2 + 10 k2(−s)/3 + O[(−s)3/2], s = x − xD → 0−. (10.2)

In the case k = 0, relevant for laminar separation, see Sect. 1, the second-order term in this expansion cancels
out, such that ∂p0/∂x is bounded at x = 0.

Without going into the technical details, we note that the Kirchhoff-type potential-flow problem for the
canonical case of a circular cylinder in uniform cross stream, as referred to in Fig. 1a, has been solved numeri-
cally by employing the particular methods of conformal mapping elucidated in [2]. The solutions are displayed
in Fig. 2. Let φ = 180 x/π denote the arc angle measured from PF . One then obtains φ = φmin

.= 55◦ 02′ 30′′
for k = 0, cf. [2]. In general, for a convex surface contour the BV parameter k increases for increasing
values x = xD(k), φ = φD(k), characterizing the position of the point PD . Also, in the case of a body shape
which is symmetric with respect to the free-stream flow direction, the free streamlines have the form of a
parabola sufficiently far downstream of the body under consideration and, therefore, confine an infinitely large
dead-water zone. Specifically, in the canonical case depicted here, the inflection point of the free streamlines
is shifted to infinity as k → kmax

.= 0.49079, so that they meet asymptotically at infinity for k = kmax and
φ = φmax

.= 126◦ 43′ 32′′.
For geometrical reasons, k ≥ 0. Also, k ≤ kmax if the value of p0 in PD , equal to that and in the dead-water

region, say, p0,D , is that at infinity, say, p0,∞. For k > kmax the quantity of p0,D enters the problem as a
further parameter, and the cusp-shaped stagnant-flow region has finite extent, cf. [13]. Here we only note that
the strictly attached potential flow considered in [6] then is seen as the limit of a class of flows showing an
increase of p0,D from p0,∞ up to the value of the pressure at the front and rear stagnation points PF and PR ,
respectively. Using Bernoulli’s law, one finds that the latter is given by p0,∞ + 1/2. Therefore, we expect that
PD approaches PR when k → ∞. In the following, we tacitly restrict the analysis to flows exhibiting an open
cavity. Both regions are indicated by the light- and dark-shaded sectors in Fig. 2a.

4 Boundary layer exhibiting partially developed turbulence

4.1 Boundary layer approximation

We now assume “moderate” levels of turbulence intensities, so that the flow close to the surface is correctly
described within the well-known framework of laminar BL theory. This is expressed by means of the appropriate
inner expansion

[
ψ, −u′v′

]
∼ Re−1/2 {[Ψ, T R](x, Y ; k, T )+ · · · } , Y = Re1/2 y. (11)
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The “strength” of the turbulent motion within the BL is accounted for by the (non-negative) turbulence intensity
gauge factor T , mentioned in Sect. 1. In the most general case, this quantity is assumed to be of O(1); thus, dots
in Eqs. (8) and (11) stand for O(Re−1/2). Stated equivalently, the root-mean-square values (u′2)1/2, (v′2)1/2
are taken to be of O(α1/2), where again a parameter,

α := T Re−1/2, (12)

is adopted as a measure for the magnitude of the Reynolds stresses.
In combination with Eq. (9), the expansions (8) and (11) give rise to the laminar-type BL approximation

of the streamwise momentum equation (4.1), having the form

∂Ψ

∂Y

∂2Ψ

∂Y ∂x
− ∂Ψ

∂x

∂2Ψ

∂Y 2 = ue
due

dx
+ T

∂R

∂Y
+ ∂3Ψ

∂Y 3 . (13.1)

Equation (13.1) is subject to the no-slip condition (2.3),

Y = 0 : R = Ψ = ∂Ψ/∂Y = 0. (13.2)

In addition, matching with the external potential bulk flow requires the asymptotic behavior

Y → ∞ : R → 0, ∂Ψ/∂Y → ue(x; k). (13.3)

The purely laminar flow description is recovered in the case of a trivial solution for the Reynolds stress
of the mixed laminar-turbulent BL problem posed by Eqs. (13), i.e. for T R ≡ 0. However, in the subsequent
analysis we seek solutions for non-trivial values of T R, in general.

Equations (13) have to be be supplemented with initial conditions that adequately reflect the flow close to
the (front) stagnation point x = y = 0, where ue grows linearly with x according to Eq. (10.1). Furthermore,
one infers from the hypothesis of local isotropy, stated in Subsect. 2.2, that R varies proportional to u2

e . Both
these issues are conveniently accommodated by applying the following transformation:

[Ψ, R] = [ue ∆ f, u2
e r ](x, η; k, T ), ∆(x; k) = 1

ue

(
2

∫ x

0
ue(ξ ; k) dξ

)1/2

, η = Y

∆
. (14.1)

Then the BL problem (13) is rewritten as

∆2 due

dx
( f ′2 − 1)− f f ′′ + ue ∆

2
(

f ′ ∂ f ′

∂x
− ∂ f

∂x
f ′′

)
= ue ∆ T r ′ + f ′′′, (14.2)

η = 0 : r = f = f ′ = 0, η → ∞ : r → 0, f ′ → 1. (14.3)

Herein the primes denote derivatives with respect to η. For a given distribution ue(x; k) satisfying the relation-
ship (10.1), the specific choice of the scaling function∆(x; k, T ) in Eq. (14.1) results in a smooth approach for
x → 0+ of∆, r , and f towards the limits∆(0; k) = b−1/2, r(0, η; k, T ) = r0(η) �≡ 0 and the initial condition
for f , respectively:

f (0, η; k, T ) = f0(η), f ′2
0 − f0 f ′′

0 = 1 + f ′′′
0 , f0(0) = f ′

0(0) = 0, f ′
0(∞) = 1. (14.4)

That is, as x → 0 the well-known laminar stagnation point solution, also referred to as Hiemenz flow, of the
steady form of the Navier–Stokes equations (2) is recovered, cf. [11].

We finally stress that the solution of the initial-boundary value problem (14), where the imposed external
streamwise velocity ue(x; k) satisfies Eqs. (10.1) and (10.2), is uniquely determined by the values of the
two parameters k and T, respectively: the first one reflects the choice of the specific member of the class of
Kirchhoff flows, while the second characterizes the magnitude of the Reynolds stress term entering Eq. (14.2).
Amongst others (and as already mentioned in the Sect. 1), we will demonstrate numerically in Sect. 6.2 that
both k and T can be chosen such that the behavior of the stream function f near x = xD accounts for the
BV singularity, expressed in Eq. (10.2), in a way that allows to establish a local theory of separation.

4.8 Acta Mechanica, 201 (2008), 1/2/3/4, 131–151

99



B. Scheichl et al.

4.2 Sublayer due to turbulence intensities

According to the definition of Λ given in Subsect. 2.2, its magnitude asymptotically does not exceed that of
the BL thickness, which is of O(Re−1/2). Inspection of the governing equations (2) then shows that u′ and
p′ satisfy the Euler equations to leading order. Furthermore, it is demonstrated in [7] that p′ = O(q2), where
q2 ≡ |u′|2 = O(α), by virtue of Eq. (12). In turn, for Y = O(1) the least-degenerate BL approximation of
Eq. (5) is readily found to be given by the balance between turbulent (pseudo-)dissipation and production,

εp ∼ P, P ∼ T R ∂2Ψ/∂Y 2 = O(T ). (15)

Equation (15) states that εp = O(T ) (remember that T is taken as a quantity of O(1), in general). On the
other hand, one infers from the definition of εp given in Eq. (5) that εp is asymptotically not larger than

of O
(
Re−1 q2/Λ2

)
. From these order-of-magnitude estimates we deduce that the reference length Λ typical

for the most rapid spatial variation of the turbulent motion is presumably of O(Re−3/4). Remarkably, its
magnitude is comparable to the well-known (non-dimensional) Kolmogorov length that is of O

(
εp

−1/4 Re−3/4
)

by definition.
Due to the fact that Λ is asymptotically smaller than the BL thickness, in principal (but for T > 0 only)

a further layer adjacent to the surface—not revealed by the Reynolds equations (4)—having a thickness of
O(Λ) has to be considered. Let this sublayer be described in terms of a coordinate ŷ by setting

ŷ = y/Λ, Λ = Re−3/4. (16)

For ŷ = O(1) the leading-order form of Eq. (5) is seen to include the balance

εp ∼ Re−1 ∂2q2/∂y2 (17)

in general, as a consequence of the no-slip condition Eq. (2.3). One also infers from Eq. (5) that P∼ − u′v′∂u/∂y
there, which asymptotically cannot be larger than εp. Hence, it follows from substituting Eq. (16) into Eq. (5)
that the magnitude of u then does not exceed O(Re−1/4). Moreover, we assume that u′v′ = o(u) for ŷ = O(1),
as the remaining possibility u′v′ = O(u) refers to the case of a fully developed turbulent BL, associated with
the limit T → ∞, which is addressed separately in Subsect. 5.1. The convective terms in Eqs. (4.2) appear to
be negligibly small in the sublayer; the least-degenerate approximation of Eq. (4.1) then reads

∂2u/∂y2 − ∂u′v′/∂y ∼ ∂p0/∂x, ∂p0/∂x ∼ −ue due/dx = O(1). (18)

By considering the BL equation (13.1), matching of u in the main layer where Y = O(1) and in the sublayer
then shows that in the latter u ∼ Re−1/4 ŷ (∂2Ψ/∂Y 2)Y=0. Herein the strictly positive coefficient (∂2Ψ/∂Y 2)Y=0
varies with x as part of the solution of Eq. (13.1).

In order to estimate the magnitude of the turbulent fluctuations, we also consider the most general least-
degenerate form of the momentum equation (2.2) for ŷ = O(1),

∂u′/∂t + u ∂u′/∂x ∼ −∇ p′ + Re−1 ∇2 u′. (19)

In this relationship, it is assumed that all components of ∇ are of O(1/Λ), and the predominating time-
mean quantities have been eliminated by using Eq. (18) and taking into account the aforementioned order-
of-magnitude estimates. In Eq. (19) the second term on the left side and the viscous term are seen to be
of O(|u′| Re1/2). Matching of u′ and p′ in the main and the sublayer shows that there is no asymptotically
larger term present; otherwise, in the dominant balance ∂u′/∂t ∼ −∇ p′ the growth of, respectively, p′ and
the components of u′ for ŷ → ∞ would exhibit the identical dependence on ŷ, which in turn leads to the
contradiction p′ = O(u |u′|) for ŷ = O(1). In contrast, the second term in Eq. (19) shows the fastest growth
for ŷ → ∞ due to the aforementioned linear variation of u with ŷ. Thus, it has to be considered as negligibly
small, which is only possible if our original assumption regarding the spatial gradients is relaxed by requiring
that ∂/∂x = o(1/Λ). On this condition the leading-order approximation of the continuity equation (2.1) reads
∂v′/∂y ∼ ∂w′/∂z. However, this most likely (albeit it is not demonstrated rigorously here) contradicts the
requirement of identical growth rates of both v′ and w′ for ŷ → ∞ due to the basic assumption of local
isotropy, see Subsect. 2.2. The only possibility to surmount that disagreement in a self-consistent manner is to
abandon that original assumption here by postulating a “degenerate” sublayer where ∂/∂z = o(1/Λ) also and,
in turn, |v′| � |u′|, |v′| � |w′|. Then the x-component of Eq. (2.2) reduces to ∂u′/∂t ∼ Re−1 ∂2u′/∂y2. By
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adopting the argument used in connection with the continuity equation, one finds that u′ exhibits an unbounded
growth for ŷ → ∞, required by matching, only if the time-derivative can be neglected in this relationship.
Finally, the no-slip condition (2.3) implies the expansions

[u′, w′] ∼ (T/Re)1/2 ŷ [U ′
0,W ′

0](x, z; Re)+ · · · , v′ = T 1/2Re−3/4 ŷ2 V ′
0(x, z; Re)+ · · · , (20)

holding for ŷ = O(1), where U ′
0, V ′

0 and W ′
0 are quantities of O(1). To leading order, the continuity equation

here reduces to the compatibility condition ∂U ′
0/∂x + ∂W ′

0/∂z ∼ −2 V ′
0, whereas in Eq. (5) all terms are

present apart from the first (convective) contribution. In fact, the originally assumed balance given by Eq. (17)
is satisfied identically as both terms therein asymptotically equal α(U ′2

0 + W ′2
0 ). Accordingly, the two-term

expansion for u simply follows from expanding the solution of Eqs. (13.1) and (13.2) for Y → 0,

u ∼ Re−1/4 ŷ (∂2Ψ/∂Y 2)Y=0 − Re−1/2 ŷ2 (ue due/dx)/2 + · · · . (21)

We conclude from the above analysis that the sublayer behaves purely passive as the boundary conditions
given by Eqs. (13.2) and (14.3) remain valid, even though they have to be interpreted correctly as matching
conditions for Y → 0 and η → 0, respectively. However, in view of Eq. (20) they have to be restated more
accurately in the form

Y → 0 : R = O(Y 3), η → 0 : r = O(η3). (22)

This result provides an important restriction on the formulation of an asymptotically correct Reynolds stress
closure.

5 Fully developed turbulent boundary layer

The description of a fully developed turbulent (attached) BL is contained in the present approach by considering
an (a priori unknown) appropriate double limit process T → ∞, Re → ∞, such that in Eq. (13.1) the molecular
shear stress term, ∂2Ψ/∂Y 2, becomes negligibly small compared to its turbulent counterpart, T R, across the
main portion of the BL. As a consequence of the no-slip condition (2.3), then in the so-called (viscous) wall
layer located at the base of the main region of the fully turbulent BL the respective shear stress contributions
Re−1 ∂u/∂y and −u′v′ in the momentum equation (4.1) are of the same order of magnitude.

In the light of the further analysis, we restrict the subsequent derivation of the essential properties of a
turbulent BL to the so-called classical case of a two-tiered BL, describing firmly attached flow only. Formally,
this is conveniently defined by two independent assumptions:

(A) In the viscous wall layer the (imposed) pressure gradient (which is of O(1), in general) does not enter
the leading-order balance of the momentum equation (4.1) in the limit (1);

(B) the outer fully turbulent main region can be directly matched with the viscous wall layer.

5.1 Viscous wall layer

Referring to Subsect. 2.2, that wall layer emerges where y = O(λ+). According to the rationale proposing the
sublayer considered in Subsect. 4.2, here λ+ � 1 measures the spatial scale typical for the turbulent dynamics
in the region on its top in the limit (1). Then the balance expressed by Eq. (17) is met again. Herein εp is
seen to predominate in the limit y/λ+ → ∞, so that further terms in Eq. (5) contribute in leading order to its
least-degenerate form for y = O(λ+), hence given by

∂ (q2 + p′)v′/∂y − Re−1 ∂2q2/∂y2 + εp ∼ P, P ∼ −u′v′ ∂u/∂y. (23)

From the expression for P here it follows that P = O(u u′v′/λ+). We eliminate the Reynolds stress from
this relationship by considering the presumed balance between the shear stress components, predicting that
u′v′ = O[u/(λ+ Re)], which yields P = O(Re−1 u2/λ+2). Again, by adopting the assumption of locally
isotropic turbulence, see Subsect. 2.2, we follow the arguments put forward in Subsect. 4.2: since P can-
not be asymptotically larger than the quantity εp, the fundamental estimate εp = O

(
Re−1 |u′|2/λ+2

)
then

immediately suggests that the magnitude of ∂u/∂y does not exceed that of ∂|u′|/∂y.
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At this point, these basic considerations, solely based on order-of-magnitude estimates of the time-mean
quantities, strongly support a widely believed characteristic of the wall layer already proposed in Subsect. 4.2:
namely, that u and all components of u′ there are asymptotically of comparable magnitude. Stated equiva-
lently, both the Navier–Stokes equations (2) and Eq. (23) are fully recovered to leading order. As the shear
stress contributions are of O(u2), the so-called skin-friction velocity u∗, where u2∗ equals the (local) wall
shear stress, provides a proper choice for the reference velocity. We then conveniently set λ+ = 1/(u∗Re)
(which is of O[1/(λ+ Re3/2ε

1/2
p )] and, therefore, also asymptotically comparable to the Kolmogorov length,

cf. Subsect. 4.2). In turn, the conventional wall layer expansion is revealed,
[
u/u∗,−u′v′/u2∗

]
∼ [u+

0 , s+
0 ](x, y+)+ · · · , u∗ = [Re−1(∂u/∂y)y=0]1/2, y+ = y u∗Re. (24)

In the momentum equation (4.1) the convective terms are of O(u2∗). Hence, they are negligibly small compared
to the shear stress gradients, which are both of O(u2∗/λ+). Integration of this balance with respect to y+ subject
to the assumption (A) above gives

∂u+
0 /∂y+ + s+

0 = 1, (25)

note that P/(u5∗ Re) ∼ s+
0 ∂u+

0 /∂y+, balancing εp/(u5∗ Re) = O(1). Most important, due to the no-slip condi-
tion (2.3) the behavior of the Reynolds stress close to the wall discussed in Subsect. 4.2 and subsumed in
Eq. (22) is met again in the form s+

0 = O(y+3) as y+ → 0. This behavior relies on the reasonable assumption
that in this limit both u′/u∗ and w′/u∗ vary regularly, i.e. linearly, with y+, giving v′/u∗ = O(y+2), by virtue
of the continuity equation (2.1).

Considering the behavior far from the surface, the obvious requirement that the viscous term in Eq. (25)
vanishes is accomplished by the celebrated logarithmic law of the wall,

s+
0 ∼ 1 − (κ y+)−1 + · · · , y+ → ∞, (26.1)

u+
0 ∼ κ−1 ln y+ + C+ + · · · , κ ≈ 0.384, C+ ≈ 4.1, y+ → ∞. (26.2)

In Eq. (26.2) the values for the v. Kármán constant κ and the quantity C+ refer to a perfectly smooth surface [9].
Most important, in recent studies it is pointed out how this commonly assumed behavior can remarkably be
deduced from a rigorous investigation of the unsteady motion the viscous wall layer, see [9] and the references
therein. Also, there it is found that u+

0 , s+
0 are presumably representing “universal” functions, i.e. independent

of x , even for y+ = O(1).

5.2 Outer small-defect layer

We now briefly recall the basic characteristics of the main portion of the BL, cf. [11]. At first we note the
well-known property that, in striking contrast to the case presented in Sect. 4, a fully turbulent BL typically
exhibits a relatively pronounced outer edge. Considering the time-averaged BL having a (local) thickness
denoted by δ, here approximated by the curve y = δ, separates the external from the strongly turbulent flow.

The aforementioned assumption (B) of a common overlap conjoining the main layer and the viscous wall
layer allows for a match of these flow regions. The matching process based on the wall layer scalings and the
behavior for y+ → ∞ expressed by Eqs. (24) and (26), respectively, then confirms the well-known observation
that the streamwise velocity defect defined by ue − u is of O(u∗) across the outer main layer. The associated
outer-layer expansions are given by

[
ue − u

u∗
,

−u′v′
u2∗

]

∼ [h′
1, s1](x, ζ )+ O(γ ), δ(x; Re) ∼ γ δ1(x)+ O(γ 2), ζ = y

δ
, (27.1)

provided that the so-called skin-friction law determining the quantity γ in the limit Re → ∞,

γ := u∗/ue ∼ κσ [1 + 2σ ln σ + O(σ )], σ := 1/ ln Re, (27.2)

holds. In Eq. (27.1) any further dependences, e.g. on the BV parameter k, are not indicated for the sake of
simplicity. Furthermore, here and in the following derivatives with respect to ζ are denoted by primes also.
Note that the imposed pressure gradient is cancelled by the leading-order convective term, cf. [8], and from
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Eq. (27.2) the assumption (B) is found to be consistent with the assumption (A). In turn, the sublayer thickness
λ+ is seen to be of O[1/(Re ln Re)].

Substituting Eqs. (27) into the Reynolds equations (4) results in a leading-order equation exhibiting linea-
rized convective terms. Integrating it with respect to ζ yields

u2
e[∂(ue δ1)/∂x] ζh′

1 − ∂(u3
eδ1 h1)/∂x = u3

e(s1 − 1), (28.1)

by taking into account Eqs. (26). That is, h1, s1 satisfy the matching and boundary conditions

ζ → 0 : h1 → 0, h′
1 ∼ −κ−1 ln ζ + c1(x), s1 → 1, ζ = 1 : h′

1 = s1 = 0. (28.2)

Here, the function c1(x) is part of the solution for h1(x, ζ ), and the conditions for ζ = 1 reflect the behavior
near the BL edge.

5.3 Gradual departure from Hiemenz flow

The analysis of Subsect. 4.1 indicates that, as a consequence of the behavior of ue close to the front stagnation
point, expressed through Eqs. (10.1) and (14.4), the convective terms still balance both the shear stress contri-
butions in Eq. (14.2) in a small region where x = O(1/T ). In the following we focus on that flow regime, which
accounts for the laminar-turbulent transition process as T → ∞. Inspection of the momentum equations (4.2)
shows that the BL approximation ∂/∂y � ∂/∂x remains valid there if the parameter α introduced in Eq. (12)
is considered to be small in the aforementioned double limit. In turn, the stagnating-flow limit, see Eq. (14.4),
is assumed in a narrower region, where both x and y are of O(Re−1/2). Furthermore, the BL approximation is
assumed to hold also further downstream where x = O(1). Therefore, we treat the flow within the framework
of BL theory where x = O(1/T ) and then show by matching with the fully developed turbulent flow further
downstream that indeed α → 0.

To this end, we introduce suitably rescaled variables, taken to be of O(1), and expand f , r in terms of

[ f, r ] ∼ [F, R](X, η)+ · · · , ∆ ∼ b−1/2 + · · · , X = b1/2 T x, (29.1)

in accordance with the behavior of ue given in Eq. (10.1). To leading order, the BL equation (14.2) then is
transformed into

F ′2 − F F ′′ + X (F ′ ∂F ′/∂X − F ′′ ∂F/∂X) = 1 + X R′ + F ′′′. (29.2)

This equation is subject to the boundary and initial conditions (14.3) and (14.4) where formally f and r have
to be replaced by F and R, respectively.

5.3.1 Asymptotic form of the flow far downstream

A treatment of the problem of separation that is consistent with the global flow structure requires the knowledge
of the asymptotic splitting of the oncoming BL sufficiently far upstream of PD , where x = O(1), see Fig. 1.
In the case considered here, the attached BL originates from the region of laminar-turbulent transition where
X = O(1). Therefore, the picture of the fully turbulent flow has to be deduced from an investigation of the
BL equation (29.2), by taking into account Eq. (29.1) and the boundary conditions given by Eq. (14.3), in the
limit X → ∞. We emphasize that the scalings expressed by Eqs. (24) and (29.1) are the only assumptions
concerning the behavior of the Reynolds shear stress r adopted in the subsequent investigation, which provides
the description of the downstream evolution of the BL flow in the region X = O(1). Therefore, the analysis not
only turns out to be largely independent of any turbulence closure but, most important, imposes a restriction
on any asymptotically correct model for r that is consistent with the generation of the fully turbulent BL for
X → ∞.

Specifically, any correct closure has to predict the associated well-known focussing of the BL edge to
a pronounced, i.e. for X → ∞ asymptotically narrow zone, namely, the so-called viscous superlayer. As
already mentioned in Subsect. 5.2, however, this flow region is disregarded in the following and the position
of the “turbulent” BL edge emerging for X → ∞ here is expressed in form of the line Y ∼ ∆T (X) ∼ Re1/2δ.
Therefore, the quantity ∆T characterizes the formation of the “turbulent” BL thickness and is determined in
the course of the subsequent analysis. We now discuss the resulting asymptotic flow structure, sketched in
Fig. 1.
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In the expansions describing the flow in the main layer,

[F, R](X, η) ∼ [H/ρ, S](X, ζ )+ · · · , ∆/∆T ∼ ρ(X)+ · · · , ζ = ρ(X) η, X → ∞, (30.1)

the “turbulent” BL coordinate ζ is assumed to be of O(1) and the gauge function ρ(X) is not known in advance.
In turn, the accordingly transformed Eq. (29.2) gives

H ′2 − ρ[d(X/ρ)/dX ] H H ′′ + X (H ′ ∂H ′/∂X − H ′′ ∂H/∂X) ∼ 1 + XρS′ + ρ2 H ′′′. (30.2)

The requirement that the viscosity-induced shear rate ρ2 H ′′ is insignificantly small compared to the Reynolds
stress term XρS in the limit X → ∞ yields X/ρ → ∞. Furthermore, the boundary conditions to be satisfied
at the outer edge of the turbulent BL, here characterized by ζ = 1, give H ′(X, 1) → 1 and S(X, 1) → 0 as
X → ∞. The first of these relationships then indicates that the expansion

[H, S] ∼ [H0, S0](ζ )+ [γH (X) H1(ζ ), γS(X) S1(ζ )] + · · · , (γH , γS) → (0, 0), X → ∞, (31)

holds in the main layer where ζ = O(1) with the a priory unknown gauge functions γH (X), γS(X).

5.3.2 Case: large-defect flow

We first assume that S0 �≡ 0 in Eq. (31). Then the streamwise velocity defect with respect to the external flow
is given by 1 − H ′

0 and seen to be of O(1). By substituting Eq. (31) into Eq. (30.2) one readily finds that

H ′2
0 − 2 H0 H ′′

0 = 1 + S′
0/a, H0(0) = 0, H ′

0(1) = 1, S0(1) = 0. (32)

Herein a is a (positive) constant of O(1) such that ρ ∼ 1/(a X) or, by noticing Eq. (30.1),

∆T ∼ a b−1/2 X, X → ∞. (33)

Then, as indicated by matching subject to Eqs. (11), (12), and (29.1), the thickness of the fully turbulent BL
where x = O(1) is of O(α). In the subsequent two paragraphs we outline in brief that Eq. (32) does not allow
for any physically admissible solution H0, S0 that is consistent with the asymptotic splitting of the BL flow.

The obvious restrictions 0 ≤ H ′
0 ≤ 1 and, in turn, H ′′

0 ≥ 0 for 0 ≤ ζ ≤ 1 yield H0 H ′′
0 → 0 as ζ → 0 and,

as a result, S′
0(0) ≤ 0. From the last boundary condition in Eq. (32) then inevitably follows that S0(0) > 0

(and, consequently, H ′
0(0) < 1). Furthermore, inspection of Eq. (30.2) shows that for small values of ζ the

convective and the pressure gradient terms are negligibly small compared to the Reynolds stress gradient.
Thus, for X → ∞ close to the surface a sublayer of a relative thickness, say,∆+(X) with∆+ → 0, emerges.
That flow region is governed by the limiting forms

H ∼ γ+
H∆

+H+(ζ+), S ∼ S0(0) S+(ζ+), ζ+ = ζ/∆+ = O(1), (34.1)

where an asymptotically correct choice for the gauge function γ+
h is provided by

γ+
H ∼ a S0(0) X2∆+. (34.2)

Equations (30.2) and (34.1) then give rise to the leading-order balance

H+′′ + S+ ∼ 1, (34.3)

here the primes denote derivatives with respect to the sublayer coordinate ζ+. Equation (34.3) states that this
sublayer is gradually transformed into the viscous wall layer, described in Subsect. 5.1, which takes place
where x = O(1), such that ζ+ is replaced by y+. Therefore, we expect a behavior of the form

H+′ ∼ κ−1 ln ζ+ + · · · , S+ ∼ 1 + · · · , ζ+ → ∞. (34.4)

That is, in an additional asymptotic flow region to be considered, located between that sublayer and the main
region, Eq. (30.2) reduces to S ∼ S0(0) in leading order. Matching with the adjacent layers then requires
that any possibly admissible solution of Eq. (32) is characterized by H ′

0(0) > 0, which expresses a finite slip
velocity at the base of the outermost layer. In turn, it follows from Eq. (34.4) that γ+

H ∼ −κ H ′
0(0)/ ln∆+,

where∆+ ∼ κ H ′
0(0)/[2 a S0(0) X2 ln X ], according to Eq. (34.2). On the other hand, by virtue of the scalings
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provided by Eqs. (24) and (27.2), the thickness of the viscous wall layer asymptotically varies inversely
proportional to x γ Re as x → 0. By using Eq. (12), from matching this expression with that for the sublayer
thickness, given by Re−1/2∆T∆

+, one then finds that T ln T = O(γ Re1/2). This is included in the more
precise relationship T ln2 T = O(Re1/2) that follows from matching of both u and the shear stress −u′v′ in the
sublayer and the wall layer, which yields γ ∼ γ+

H = O(1/ ln T ) and, see Eq. (12), α = γ 2
[= O[1/(ln Re)2]],

respectively. Finally, a “skin-friction law” of the form

γ ∼ κ H ′
0(0) σ [1 − σ ln σ + O(σ ln σ)], (35)

akin to Eq. (27.2), but for H ′
0(0) < 1, can be obtained. By considering the BL where x = O(1), one derives an

analogous result by matching the viscous wall layer and the middle layer that emanates from the aforementioned
intermediate layer and exhibits a small streamwise velocity deficit of O(γ ) with respect to the slip velocity
imposed by the outer layer (having itself a large velocity defect). We note that the here resulting three-tiered
BL structure essentially corresponds to that proposed by Melnik [4].

According to the logarithmic variation of u with respect to y+ in the overlap of the viscous wall layer
and the region located on its top, epitomized in [9], the smallest spatial scales in y-direction apparent in these
flow layers are given by the thicknesses of the latter, whereas those in x- and z-direction are regarded to be of
O(λ+) in both layers, cf. Subsect. 5.1. Specifically, here −u′v′ = O(α) and, cf. Subsect. 2.2, u′ = O(α1/2)
throughout the BL, but the smallest spatial scales (in all three directions) are of O(Re−3/4) in the outer main
layer, see the analysis of Sect. 3, but of O(λ+) in the middle layer. However, this behavior is apparently
inconsistent with the existence of a common overlap of these flow regions with respect to matching of u′.

5.3.3 Case: small-defect flow

As a consequence of this inconsistency, it is strongly supposed that the accelerating BL in a transitional state
assumes a degenerate form, here expressed through S0 ≡ 0, in the limit X → ∞. From differentiating Eq. (32)
one then readily verifies that it is correctly replaced by H ′

0 = 1, giving H0 = ζ , as the appropriate lowest-
order reduction of Eq. (30.2). In this case, evidence for the choice γS → 0 [tacitly adopted in Eq. (31)], in
addition to the, for S0 ≡ 0, also acceptable possibility γS = O(1), is provided by the subsequent analysis.
First, with respect to the expansion (31), we note that the expression −γH H ′

1 is recognized as the asymptotic
representation for X → ∞ of the strictly positive relative streamwise velocity defect in the main layer, given
by 1 − u/ue. Hence, we stipulate H ′

1 > 0, H1 > 0 there and γH < 0.
Considering the first-order perturbation of the thereby recovered inviscid (Euler flow) limit, see Eq. (31),

the least-degenerate form of Eq. (30.2) in the limit X → ∞ reads

Ω1 H ′
1 −Ω2 ζH ′′

1 ∼ X2ργS S′
1, Ω1 := d(X2γH )/dX, Ω2 := XργH [d(X/ρ)/dX ]. (36)

Again, herein the viscous shear stress term is discarded, by assuming

XγS/(ργH ) → −∞, X → ∞. (37)

Integrating Eq. (36) by parts with respect to ζ and subject to the apparent boundary conditions H1(0) =
H ′

1(1) = S1(1) = 0 then yields

(Ω1 +Ω2) H1 −Ω2 ζH ′
1 ∼ X2ργS[S1 − S1(0)], Ω1 +Ω2 = (ρ/X) d(X3γH/ρ)/dX. (38)

By noting that H1(1) > 0, evaluation of this relationship for ζ = 1 shows that the term on the right-hand side
enters its leading-order approximation. Then the main portion of the BL in the flow region where x = O(1) is
seen to be of small-defect type, analogous to that considered in Subsect. 5.2. Moreover, it is readily verified that
the momentum equations (4.1) and (4.2) give rise to Eq. (28.1) in leading order as the expansions expressed
by Eq. (27.1) are retained, where the three gauge functions u∗, u2∗, and γ for u, −u′v′, and δ, respectively, are,
in general, replaced by appropriate counterparts. Also, the boundary conditions in Eq. (28.2) hold necessarily,
apart from the matching conditions for h′

1 and s1 for ζ → 0. Specifically, in the case of a more complex (i.e.
three-tiered) turbulent BL structure, the latter is to be replaced by s1(x, 0) = 0. Moreover, from Eqs. (10.1)
and (28) and the repeated use of ζ in Eqs. (27.1) and (30.1) we infer that

[h1, s1](x, ζ ) ∼ [H1, S1](ζ )+ O(x), δ1 ∼ ∆1x + O(x2), x → 0, (39)
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where ∆1 is a positive constant. However, then also s1(0, 0) > 0, since all terms in Eq. (28.1) are seen to be
of O(x3) as x → 0 and H1(1) > 0. In turn, s1 > 0 for all x ≥ 0. From the matching conditions provided by
the analysis of the wall layer, see Eqs. (26), we then draw the important conclusion that there exists a common
overlap with the small-defect (main) layer: that is, the BL at distances of x = O(1) is of the classical small-
defect type considered in Subsect 5.2. Finally, we conveniently set S1(0) = s1(x, 0) ≡ 1, and the leading-order
form of Eq. (38) reads

ζH ′
1 − 2 H1 = 2 H1(1) [S1 − 1], H1(1) = 1/(4∆1), (40.1)

subject to the boundary conditions

ζ = 0 : H1(0) = 0, H1 ∼ −κ−1 ln ζ + C1, S1(0) = 1, ζ = 1 : H ′
1(1) = S1(1) = 0. (40.2)

Note that the constant C1 in Eq. (40.2) is to be determined from the solution for H1(ζ ).
We now envisage the gauge functions. Matching the thickness δ of the fully turbulent BL involves the

gauge function ρ(X), introduced in Eq. (30.1), in the form

δ ∼ Re−1/2∆T ∼ (b Re)−1/2/ρ. (41)

Furthermore, since all terms in Eq. (38) are of equal magnitude, comparison with Eq. (40.1) yields

X2ργS ∼ −2 H1(1)Ω1, Ω1 = Ω2 < 0 (42)

(note that γH < 0). The first relationship in Eq. (42) is confirmed by considering Eq. (28.1) as the balance
between the Reynolds stress gradient and the convective terms in the form −u′v′/δ = O[d(u2

eγH )/dx]. In
agreement with the matching principle, this balance can be expanded when expressed in terms of X and
evaluated for T → ∞ with X kept fixed. In fact, by taking into account Eqs. (10.1), (11), (12), (41), the scalings
given by Eqs. (14.1), (29.1), (30.1), and noting that ∂/∂x ∼ T −1∂/∂X , it is rewritten as X2ργS ∝ −Ω1 to
leading order. Furthermore, integration of the latter equality in Eq. (42) can be carried out easily to give

Xρ = −Γ (X)/γH , lnΓ = o(ln X), X → ∞, (43)

by introducing a further (rather slowly varying positive) gauge function Γ (X). The behavior of lnΓ in Eq. (43)
follows from the estimate 1/γH = o(X2), deduced from the expression forΩ1 in Eq. (36). Then Eq. (43) gives
ρ → 0. Thus, the variation of δ1 with x in Eq. (39) complies with the matching condition Eq. (41).

As the main layer analysis outlined so far is not rich enough to determine the gauge functions γH , γS , ρ,
and, hence, the variation of T with Re, we next consider the sublayer close to the surface, where the viscous
shear stress comes into play to leading order. That sublayer is gradually transformed into the viscous wall layer
taking place where x = O(1); see the above analysis for the (hypothetical) case of a large velocity defect.
We introduce further gauge functions γ+

H (X), γ
+
S (X) and conveniently describe that sublayer by adopting

Eqs. (34). Therein we formally replace S0(0) by γ+
S and, hence, Eq. (34.2) in the now appropriate form

γ+
H /γ

+
S = X∆+/ρ. (44.1)

From S1(0) > 0 and Eq. (34.4) one then infers

γH = −γ+
H ∼ κ/ ln∆+, γS = γ+

S . (44.2)

As a first result, the aforementioned requirements∆+ → 0 and γH < 0 are seen to interdepend mutually, and
the assumption stated by Eq. (37) is validated by inserting Eq. (44.1). We then advantageously eliminate γS
and ρ by substituting Eqs. (44) and (43) into Eq. (42), giving Γ 2 = 2 H1(1) X∆+γHΩ1. By logarithmizing
this relationship, one suitably eliminates ∆+ by means of Eq. (44.2). Taking into account Eqs. (36) and (43)
and that ln(−γH ) = o(1/γH ), eliminating ∆+ by means of Eq. (44.2) then leads to the least-degenerate form
of the dependence of γH on X ,

κ/γH + 2 ln X ∼ − ln(1 + χ), χ := X (dγH/dX)/(2γH ), X → ∞. (45)

Hereinχ is seen to be bounded, since γH → 0− requiresχ < 0; otherwise, γH would exhibit super-exponential
growth, which does not allow for a match. In turn, we arrive at the important results

γH = −κ/(2 ln X), γS = γ 2
H/(∆1Γ ), ρ = 2 [Γ (X) ln X ]/(κ X), ∆+ = ∆1ρ

2, X → ∞. (46)
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The relationships for γS , ρ, ∆+ in Eq. (46) are determined from evaluating Ω1 in Eq. (36) and by adopting
Eqs. (42), (43) and (44.1), where H1(1) is expressed in terms of ∆1 by using Eq. (40).

Finally, matching the BL thickness according to Eq. (41) and the Reynolds stress provides two asymptotic
relationships that can be cast into the single one

Γ (X) (ln T )2/[α H1(1)] ∼ 2 ln Re ln T ∼ (ln Re)2, X = O(T ) ⇔ x = O(1). (47.1)

By recalling that the turbulence intensity gauge factor T = α Re1/2, see Eq. (12), one then finds

Γ/α ∼ 4 H1(1) = 1/∆1, ln α = o(ln Re). (47.2)

Remarkably, the dependence of α on Re is governed by the specific form of the still unknown gauge function
Γ (X), introduced in Eq. (43). However, it is assumed to assure that α → 0 in the limit (1), in order to justify
the BL approximation for X = O(1), and, in turn, that γH ∼ −γ for x = O(1). Simultaneously, Eq. (47.2)
requires thatΓ → 0 as X → ∞. For example, ifΓ = 4 H1(1)/(ln X)2 then α ∼ 1/(ln T )2 ∼ 4/(ln Re)2, such
that γS = κ2/4, see Eq. (46). However, it is very likely that an estimate for Γ (X), which is more precise than
that given in Eq. (43) and largely independent of a specific Reynolds stress closure, is found in the course of the
analysis of the higher-order terms indicated by dots in Eq. (31) (and an investigation of the viscous superlayer),
not considered here. Specifically, the expansions given in Eq. (27.1) are unaffected by eigensolutions, such
that the remainder terms are correctly anticipated to be of O(γ ) and O(γ 2), respectively, if

Γ (X) = −γH/∆1 = κ/(2∆1 ln X), γS = −γH ⇔ α ∼ κ/ ln Re ∼ γ. (47.3)

We note that the question whether there exists an uniquely determined distinguished limit T → ∞ as
Re → ∞ is a topic of the current research.

5.4 Fully turbulent flow along body surface

Unfortunately, however, these considerations are apparently inconsistent with the here presumed scaling of
the Reynolds shear stress, given by Eqs. (11) and (12), that underlies the specific form of the BL problem (13)
obtained for T → ∞: for α � 1, the wall layer analysis presented in Subsect. 5.1 is expected to hold in slightly
modified form, [6], as a novel velocity scale, say, uT with uT = u∗/α1/2 (� u∗), replaces u∗ and, equivalently,
−u′v′ ∼ αu2

T s+
0 . Accordingly, the stress balance then yields a wall layer thickness λ+ = 1/(uTαRe).

Most important, the main results of the theory, namely the from of the matching conditions (26), are still
valid, such that the outer layer expansion (27.1) is replaced by

[
ue − u

uT
,

−u′v′

αu2
T

]

∼ [h′
1, s1](x, ζ )+ O(γT ),

δ(x; T,Re)

α
∼ γT δ1(x)+ O(γ 2

T ), ζ = y

δ
. (48.1)

Herein, the quantity γT measuring the velocity defect is determined by the corresponding analogon to the
skin-friction law (27.2). By making use of Eq. (12), one now obtains

γT := uT /ue ∼ κσT [1 − 2σT ln σT + O(σT )], σT := 1/(2 ln T ). (48.2)

In turn, Eqs. (28) are recovered. Also, these leading-order results for the outer layer can be readily derived
from the BL equations (13), see [6], or, equivalently, (14.1)–(14.3).

For instance, the above description of the turbulent main layer is obtained by expanding Eqs. (13.1)
and (13.3) for ζ = O(1), after inserting

Y = Re1/2γT δ1ζ, Ψ ∼ Re1/2γT δ1ue(ζ − γ h1), R ∼ Re1/2γ 2
T u2

es1. (49)

Accordingly, here the BL edge y = δ is represented in the form Y ∼ Re1/2γT δ1, cf. Eq. (41).
Matching the solutions for X = O(1) and x = O(1) then immediately gives r = O(γ 2

T ), see Eq. (14.1), and
γH ∼ −γT for x = O(1). The latter relationship again yields the in (48.2) anticipated result γT ∼ κ/(2 ln T ),
cf. [6], whereas the former removes the aforementioned uncertainty in the choice of Γ (X) (quite naturally) as
it requires

Γ = 1/∆1, γS = γ 2
H ⇔ α = o(1). (50)
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Finally, matching of the BL thickness δ, see Eqs. (48), with its expression given by Eqs. (41) and (43) is easily
verified. Equation (50) provides the counterpart to the relationships (47) that fully complies with the large-T
limit of, respectively, Eqs. (13) and (14).

As a result, we arrive at the remarkable – preliminary – conclusion that in the limit T → ∞ a generalized
form of the classical theory, subsumed in Subsects. 5.1 and 5.2, applies for x = O(1). Then the magnitude
of the velocity defect in the outer region is found to be of O(1/ ln T ) and reaches its theoretically possible
minimum in the case of the classical flow description that refers to a fully developed turbulent BL. As already
pointed out in [6], this limit is simply included by setting α = 1, i.e. T = Re1/2, giving γT = γ (as σT = σ ).
However, since we require α → 0 as Re → ∞, here the existence of this limiting solution is prohibited as a
consequence of the specific the asymptotic properties of the flow near the front stagnation point. Therefore, we
feel it is important to distinguish between the here used term “fully turbulent” and “fully developed turbulent”,
which originally refers to the classically scaled turbulent BL.

6 Numerical treatment of the boundary layer flow

6.1 Asymptotically correct Reynolds stress closure

In order to obtain numerical solutions of the BL problem posed by Eqs. (14) for various values of k and T ,
the Reynolds shear stress is conveniently modelled on the basis of the mixing length formulation, which is
associated with the concept of a sharp BL edge y = δ, cf. [11].

In the case T → ∞ the solutions shall assume a behavior that is compatible with the asymptotic structure
derived in Sect. 5. This is achieved if the mixing length, here denoted by �, is taken as the product of the two
“lengths” l, l+ that account for the BL flow in the main and the sublayer, respectively,

r = [�/ρ̂]2 f ′′(x, η; k, T )2, � = l(ζ ) l+(y+), (51.1)

ζ = ρ̂(x; k, T )η, y+ = T uT∆η = [T ue ∆ f ′′(x, 0)]1/2, (51.2)

l = c� I (ζ )1/2 tanh[κ ζ/c�], I (ζ ) = 1/(1 + 5.5 ζ 6), c� = 0.085, (51.3)

l+ = 1 − exp(−y+/A+), A+ = A+
0 [1 − exp(−y+/B+)]1/2, A+

0 = 27.8, B+ = 4.8. (51.4)

The expression for l in Eq. (51.3) is a modification of the well-known model by Michel et al. [5], [11] (p. 557),
where the usual intermittency factor I by Klebanoff [3] has been included. In turn, the associated pronounced
decrease of � eliminates the deficiency of the original model to overestimate the turbulence intensities near the
BL edge. The sublayer closure, [1], provided by Eq. (51.4) predicts the correct near-wall behavior given by
Eqs. (22).

Formally, Eqs. (51.1)–(51.4) represent an appropriate mixing length closure for r in the fully turbulent case
in the double limit T → ∞, X → ∞ if the function ρ̂(x; k, T ), introduced in Eq. (51.1), is modelled in a way
that ρ̂ ∼ ρ. This behavior then also enforces the transition towards the classical small-defect BL for T → ∞ and
x = O(1), where Eqs. (51.3) and (51.4) provide a common overlap of the main and the sublayer, according to
Eqs. (26) and (28.2), as � ∼ κζ there. In other words, the model provides the widely believed linear variation
of � with distance from the wall in the overlap domain, which is usually argued for by bringing forward
dimensional reasoning [11]. Specifically, applying the above model to the “universal” sublayer functions
u+

0 (y
+) and s+

0 (y
+) yields s+

0 = (κ y+l+du+
0 /dy+)2, so that u+

0 then follows from (numerical) integration of
Eq. (25), subject to the no-slip condition u+

0 (0) = 0; setting κ = 0.384 here gives C+ .= 4.8831, cf. Eq. (26.2),
and s+

0 ∼ a+y+3 + O(y+ 7/2) with a+ .= 9.16 × 10−4.
Nevertheless, Eqs. (51.1)–(51.4) are aimed to predict the Reynolds stress for all positive values of x , Y , T

(and k) with satisfactory accuracy, when the quantities ζ , y+, κ are identified with those defined in Eqs. (27.1),
(30.1), (24) and (26.2). This is accomplished efficiently by fixing the “turbulent” BL edge η = η∞ as the
minimum value of η where f ′′ is numerically insignificantly small. Then η∞ ∼ T δ1/∆ as T → ∞, and the
definition

ρ̂ := 1/η∞(x; k, T ) (51.5)

completes the mixing length closure.
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Fig. 3 Numerical solutions of Eqs. (14) and (51), for k = 0.3 and T = i × 104 over arc angle φ [◦] as φ − φD(k) → 0−,
terminating at φ = φG(k, T ) (positions indicated by circles); a reduced wall shear stress f ′′

w , b displacement thickness δ∗

6.2 Partially developed turbulent boundary layer near separation

Solutions of the initial-boundary value problem (14), supplemented with Eqs. (51), have been obtained nume-
rically by adopting the method of lines and employing a Keller–Box-type discretization, supplemented with
automated adaptive step control in the x-direction. They corroborate the conjecture that the position x = xG of
the Goldstein singularity triggered by the BV singularity, see Eq. (10.2), is shifted downstream for increasing
values of k, thereby increasing in strength. Increasing values of T , i.e. increasing turbulence intensities, are
expected to foster that downstream shift but, on the other hand, to weaken the strength of the singularity, as
turbulent BLs are empirically known to be less prone to separate than the corresponding laminar ones for
identical external-flow configurations (i.e. for identical values of k).

This behavior can also be reproduced by calculating solutions for the flow past a circular cylinder with
unit radius, as sketched in Fig. 1a, for different values of k and T in a systematic manner, where the potential
flow is computed as mentioned briefly in Sect. 3. In order to highlight the consequence of this mechanism, we
subsequently discuss solutions of Eqs. (14) for a specific external flow determined by a particular value of k,
say, k = 0.3. The condition of matching with the external flow in Eq. (14.3) has been satisfied numerically at
η = ηmax with 10 ≤ ηmax ≤ 50, where ηmax is increased for increasing values of the parameter T . The latter is
varied from T = 0 up to T = 105 (higher values result in numerical difficulties which could only be overcome
by employing a considerably higher grid resolution). Let φ = 180 x/π denote the arc angle measured from
PF , see Fig. 2a, hence, the BV singularity is seen to take place at φ = φD

.= 86◦ 1′ 54′′, as indicated in Figs. 2b
and 3 by vertical dotted lines. The resulting distributions for the reduced wall shear stress and the displacement
thickness, given by, respectively, f ′′

w := f ′′(x, 0; k, T ) and δ∗(x; k, T ) = ∆
∫ ∞

0 (1 − f ′) dη, are plotted in
Fig. 3.

For sufficiently small value of T the BL behaves still laminar-like as the corresponding solutions are found
to terminate in form of a Goldstein-type singularity at the location, say, φ = φG(k, T ), i.e. at x = xG(k, T ).
That is, f ′′

w and δ∗(x; k, T )− δ∗(xG; k, T ), respectively, vary with ∆φ1/2, here ∆φ = φG − φ, to leading
order as ∆φ → 0+. Furthermore, φ = φG approaches φ = φD for increasing values of T . Eventually, when
T assumes a certain value, say T = TD(k) (here TD × 10−4 is slightly below 4), φG(TD, k) = φD(k). In turn,
for T ≥ TD the boundary-layer calculations break down at φ = φD(k), where f ′′

w exhibits a finite limit. In
fact, the numerical results obtained for relatively large values of T strongly suggest a regular local behavior
of the solutions. Consequently, the fully turbulent BL obtained in the limit T → ∞ having a velocity defect
of O(1/ ln T ), would not separate at all. This result is entirely in line with the analytical investigation given
in [9], which applies to a turbulent BL with an asymptotically small velocity deficit as φ − φD → 0−, i.e. for
x − xD → 0−.

From this scenario one then infers that for a certain range of values of k (within the interval 0 < k < 0.5
in case of the circular cylinder, cf. Subsect. 3) the Goldstein singularity vanishes for critical values of T ,
denoted by Tc ≥ TD(k). On the other hand, a rational flow description of the local separation process requires
that (i) ∆φ = 0 and, simultaneously, (ii) the Goldstein singularity is vanishingly weak, in order to allow
for a viscous/inviscid interaction strategy as in the laminar case, cf. [15]. These conditions suggest that the
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streamwise extent of the interaction region is asymptotically small in the limit (1). Therefore, we draw (needless
to say, with some caution) the remarkable conclusion that in the BL limit, expressed by the problem posed by
Eqs. (14), bluff-body separation is (uniquely) described by critical values k = kc and T = Tc = TD(kc), so
that both the above requirements (i) and (ii) are satisfied.

6.3 Transition to fully developed turbulent flow

Considering the case T → ∞ discussed in Subsect. 5.3, reliable solutions of Eqs. (29), (30), subject to
Eqs. (14.3), (14.4), are difficult to find due to the extreme thinning of the viscous wall layer as X → ∞
and, therefore, presently available only with limited accuracy. As a first step, however, in Fig. 4a we dis-
play the satisfactorily accurate solution of the boundary value problem (40), describing the limiting form of
the outer layer as X → ∞. Here l+, see Eq. (51.4), is correctly replaced by 1, such that S1 = (l H ′′

1 )
2, and

the sufficiently small cut-off value of the computational domain 10−5 ≤ ζ ≤ 1 accounts for the logarithmic
singularity, see Eq. (40.2).

The mixing length closure given by Eqs. (51) enforces the logarithmic law of the wall in the form of
Eq. (40.2) and, in turn, transition to a small-defect BL in the limit X → ∞. Nevertheless, the possibility of
a large-defect flow, although discarded in Subsect. 5.3 on grounds of considerations regarding the turbulent
dynamics, can be taken into account within the framework of the time-mean analysis if the mixing length
constant c�, see Eq. (51.3), is treated as an asymptotically small parameter of O(α1/2). The mixing length
closure then yields S0 = [(�/cl)H ′′

0 ]2, where Eqs. (51.1) and (51.3) state that �/c� ∼ I 1/2, in the following
referred to as case (I), in the outermost region of the BL. Although not rigorously justified asymptotically, it
is instructive and physically appealing to ascertain the approach of a small velocity defect in the limit (1) by
considering numerical solutions [H0, S0](ζ ; γ̂ ) of Eq. (32) that are parametrized by the appropriate coupling
parameter

γ̂ := γ1/c� = O(1), γ1 := κσ, (52)

see Eq. (35) and the definition of σ in (27.2). Moreover, the match of these self-similar solutions with the then
emerging intermediate layer, located between the viscous wall and the main layer and having a thickness of
O(c3

�), i.e. of O(α3/2), reveals the missing boundary condition S0(0; γ̂ ) = 1. The latter also holds if a direct
match with the viscous wall layer is anticipated, such that the outer and the intermediate layer are treated as a
single flow region and, therefore, � is identified with l. Subsequently, this procedure corresponds to case (II).

In addition, since α = γ 2, Eq. (12) states that T ∼ γ 2
1 Re1/2. From Eqs. (33) and (41) and the definition

of δ1 given by Eq. (27.1) then follows that δ1/x ∼ δ/(γ x) ∼ γ a(γ̂ ) as x → 0. The results for the thereby
(i.e. by the asymptotic theory) expected slope of the BL thickness, γ1a(γ̂ ), the suitably defined velocity
defect [1 − H ′

0(ζ ; γ̂ )]/γ , and the Reynolds shear stress S0(ζ ; γ̂ ) are presented in Fig. 4b and Table 1 for
different values of γ̂ , given by Eq. (52), or, equivalently, Re, γ1, and the aforementioned approximation of T ,
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boundary condition S0(0; γ̂ ) = 1, for the values of Re given in Table 1
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Table 1 Key quantities (rounded values) of the family of solutions of Eq. (32), parametrized by Re

lg Re 8 10 12 14 16 18 20

10 × γ1 0.20846 0.16677 0.13897 0.11912 0.10423 0.09265 0.08338
T ∼ γ 2

1 Re1/2 4.3 27.8 193.1 1419 10864 85839 695298
γ̂ 0.24525 0.19620 0.16350 0.14014 0.12262 0.10900 0.09810

case (I):
γ1a 0.11775 0.11633 0.11541 0.11476 0.11427 0.11390 0.11360
H ′

0(0; γ̂ ) 0.86491 0.89200 0.91003 0.92291 0.93256 0.94006 0.94607
[1 − H ′

0(0; γ̂ )]/γ1 6.48057 6.47632 6.47358 6.47165 6.47022 6.46912 6.46824

case (II):
γ1a 0.10926 0.10757 0.10647 0.10571 0.10514 0.10471 0.10436

respectively: in both the cases (A) and (B), the data exhibit a remarkable collapse, even for moderate values
of lg Re. The congruence with the asymptotic limits [H1, S1](ζ ), shown in Fig. 4a, becomes more pronounced
for increasing values of Re (i.e. decreasing values of γ̂ , as one might expect). In fact, the results clearly
indicate that [H ′

0(0; γ̂ ), a(γ̂ )] → [1,∞] as Re → ∞, whereas the latter limit is associated with a rather slow
convergence γ a → ∆1, as indicated by the decreasing values of γ1a. Note the arithmetic mean value of the
defect of the slip velocity, [1 − H ′

0(0; γ̂ )]/γ̂ ≈ 6.4728; accordingly, it is found that γ1a ≈ 0.11515 in case (I)
and γ1a ≈ 0.10618 in case (II), respectively. We mention that good agreement of the corresponding results for
the class of self-preserving BLs subject to an adverse pressure gradient and having a velocity defect of O(1)
with their strictly asymptotically predicted counterparts, showing a velocity defect of O(γ ), has already been
observed by Melnik [4].

The aforementioned transitional flow taking place where X = O(1) is conveniently described in terms of
[H, S](X, ζ ) rather than [F, R](X, η), see Eqs. (29.1) and (30.1). This choice of the variables advantageously
captures the expected pronounced increase of the BL thickness for large values of X . In order to allow for a
comparison of the numerical results with the fully turbulent limiting solution [H1, S1](ζ ) that is assumed for
X → ∞, we introduce a “defect scaling” by redefining the quantities γH (X), ρ(X), and ∆+(X), originally
introduced as gauge functions in Eq. (46) where X is considered to be large, in a suitable form valid for X ≥ 0,

Ĥ(X, ζ ) := (H − 1)/γH , Ŝ(X, ζ ) := S/γ 2
H , (53.1)

γH (X) := −
[

2

κ
ln

(
eκ/2 X + 1

) + 1

]−1

, ρ(X) := 1

1 −∆1 X γ̂ H
, ∆+(X) := 1 + X

∆1 + X
∆1ρ

2. (53.2)

The scaling provided by Eq. (53.2) not only properly accounts for the limit X → ∞, expressed in Eq. (46) in
the case Γ = 1/∆1 that conforms to a match with the flow downstream. It also allows for a smooth transition
of the solution [H, S](X, ζ )] of Eq. (30.2) for X → 0 towards the Hiemenz flow solution.
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Hence, we have solved Eq. (30.2) numerically, subject to the boundary and initial conditions (14.3)
and (14.4), where in the latter relationships η, f (η), and f0(η) are considered to be formally replaced by
ζ and H(0, ζ ). Furthermore, here S = (�H ′′)2, where � is given by Eqs. (51.1)–(51.4). Again, the method
already explained briefly at the beginning of Subsect. 6.2 has been adopted. The values of ζ vary from 0 to 3.
A very accurate solution of the Hiemenz flow problem (14.4), yielding [H, S](0, ζ ), has been obtained by
using 1,500 grid points; the subsequent downstream integration of Eq. (30.2) has been carried out by em-
ploying further adaptive grid refinement, specifically close to ζ = 0, in order to resolve the thin viscous wall
layer that emerges as X becomes large. The resulting profiles [Ĥ , Ŝ](Xi , ζ ), i = 0, 1, . . . , 10, where X0 = 0
and Xi = X1 exp[(i/10) ln(X10/X1)] for i = 1, 2, . . . , 10, X1 = 100, X10 = 4 × 106, are shown in Fig. 5,
together with the limiting solution [H1, S1](ζ ). The here chosen exponential increase of the specified values
of X accounts for the rather slow rate of convergence of the limit process [Ĥ , Ŝ](X, ζ ) → [H1, S1](ζ ) as
X → ∞, due to the logarithmic dependence of the scaling function γ (X) on X , cf. Eqs. (53.2) and (46).
However, culminating round-off errors result in the above indicated numerical difficulties for X being large
and, thus, make the in Fig. 5 indicated near-collapse of the solution for i = 10 with the profiles [H1, S1](ζ )
only conditionally reliable. Also, progressing further downstream by using the current implementation of the
numerical method provokes a breakdown of the computations, even for considerably higher grid resolutions.

7 Conclusions and further outlook

The analysis presented so far indicates that neither the assumption of a purely laminar nor a fully turbulent
description of a BL evolving from the front stagnation point provide a concept which is feasible to develop
a rational description of break-away separation in the limit (1). Therefore, the global complex asymptotic
structure of the flow past a bluff body is characterized by a certain level of the turbulence intensities in its
attached part. Most interesting, as a consequence of the occurrence of the front stagnation point PF , cf. Fig. 1,
that level, measured by T , is essentially independent of Re: in the limit T → ∞ close to PF a small region
of streamwise extent of O(1/T ) accounts for the transition process of the well-known laminar stagnating
flow (Hiemenz flow) towards a fully developed turbulent BL flow of the classical two-layer type. However, as
strongly substantiated by the numerical results presented in Subsect. 6.2, a rational description of the flow close
to separation is severely hampered by the existence of the small streamwise velocity deficit characterizing the
outer main part of that BL. As a result, within the framework of BL theory, the (unique) solution to the global
flow problem is presumably provided by the solution of Eqs. (14) for a specific choice of the values of both
k and T . It is the objective of a currently performed analytical investigation, tied in with that outlined in [7],
to rigorously confirm that the classical turbulent BL structure provides no appropriate basis for establishing a
local theory of separation. Also, the local qualitative dependence of the solutions on k and T deduced from the
numerical results presented in Subsect. 6.2 should be confirmed by a more extensive careful numerical study
of Eqs. (14) and (29.2).

A first answer to the question raised in the paper title can now be given as follows: As a consequence of the
scaling of the Reynolds shear stress introduced by Eqs. (11) and (12), the BL never attains a fully developed
turbulent state, even for T → ∞. That is, the distinguished limit expressed by Eqs. (47.1) and (47.2), originally
believed to accompany short-scale transition near PF towards a fully developed turbulent BL, should be revised
in the form given by Eq. (50) in ensuing studies on this topic. Most important, in this presently undetermined
form it is still associated with a BL having a velocity defect of O(1/ ln T ) along the surface of a bluff body.
The associated asymptotic scaling of that BL is described by Eqs. (48.1), rather than by Eqs. (27.1), which
govern fully developed turbulent flow. However, the above outlined current status of our knowledge of the
asymptotic flow structure near separation suggests that this slightly “underdeveloped” turbulent BL flow is
expected to apply only (i) to relatively slender bodies where the BV singularity encountered in the potential
flow is correspondingly weak, cf. [15], leading to a laminar-type separation mechanism of the wall-layer flow,
or (ii) presumably to an accordingly revised model of bluff-body separation taking place close to the trailing-
edge point PR , cf. Fig. 1, as proposed originally by Neish and Smith [6], cf. [7]. Noteworthy, from matching of
the expansions given by Eqs. (27.1) and (31) it is found that the downstream evolution of the transitional BL,
emerging for x = O(1/T ), as formulated by Eqs. (29), is associated with a specific member of the class of fully
turbulent self-preserving BLs, cf. [11]. Hence, the flow governed by Eqs. (30.1) and (40) is considered as the
asymptotically correctly described turbulent counterpart to the purely laminar stagnating flow, here expressed
by Eq. (14.4); both this limiting turbulent and the possible transitional solution are presented in Figs. 4 and 5,
respectively.
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“How turbulent” is the boundary layer separating from a bluff body?

Finally, we note that the analysis of the case T → ∞ carried out here can likely be adopted to allow for a
rational description of transition of a BL along a flat plate. In analogy to the case of stagnating flow considered
here, transition of the Blasius BL is expected to take place close to the leading edge in the limit (1).

Acknowledgements Special thanks are due to Professor Frank T. Smith (Department of Mathematics, University College
London) for frank and stimulating discussions.

References

1. Grifoll, J., Giralt, F.: The near wall mixing length revisited. Int. J. Heat Mass Tran. 43(19), Technical Note, 3743–3746 (2000)
2. Gurevich, M.I.: The theory of jets in an ideal Fluid. Int. Series of monographs in pure and applied mathematics, vol. 93.

Pergamon Press, Oxford (1966). Original Russian book: Fizmatlit, Moscow (1961)
3. Klebanoff, P.S.: Characteristics of turbulence in a boundary layer with zero pressure gradient. NACA Report 1247 (1955)

[See also: NACA Technical Note 3178, (1954)]
4. Melnik, R.E.: An asymptotic theory of turbulent separation. Comput. Fluids. 17(1), 165–184 (1989)
5. Michel, R., Quémard, C., Durant, R.: Hypothesis on the mixing length and application to the calculation of the turbulent

boundary layers. In: Kline, S.J., Morkovin, M.V., Sovran, G., Cockrell, D.J. (eds.) Proceedings of Computation of Turbulent
Boundary Layers—1968 AFOSR-IFP-Stanford Conference, vol. I: Methods, Predictions, Evaluation and Flow Structure,
pp. 195–207. Stanford University, Stanford (1969)

6. Neish, A., Smith, F.T.: On turbulent separation in the flow past a bluff body. J. Fluid Mech. 241, 443–467 (1992)
7. Scheichl, B., Kluwick, A.: Asymptotic theory of bluff-body separation: a novel shear-layer scaling deduced from an inves-

tigation of the unsteady motion. J. Fluids Struct. (2008, in print) [See also in: Unsteady Separated Flows and their Control.
In: Braza, M., et al. (eds.) Proceedings of the IUTAM Symposium held in Dassia, Corfu Island, Greece, June 18–22, 2007.
Springer-Verlag, Dordrecht (2008, in print)]

8. Scheichl, B., Kluwick, A.: On turbulent marginal boundary layer separation: how the half-power law supersedes the
logarithmic law of the wall. Int. J. Comp. Sci. Math. (IJCSM) 1(2/3/4), 343–359 (2007)

9. Scheichl, B., Kluwick, A.: Turbulent shear-layer scaling in the limit of infinite Reynolds number derived from the unsteady
equations of motion. Proc. Appl. Math. Mech. (PAMM) 7(1) (2007, in press), doi:10.1002/pamm.200700526

10. Schewe, G.: Reynolds-number effects in flows around more-or-less bluff bodies. J. Wind Eng. Ind. Aerod. 89(14),
1267–1289 (2001)

11. Schlichting, H., Gersten, K.: Boundary-Layer Theory, 8th edn. Springer-Verlag, Berlin (2000)
12. Smith, F.T.: The laminar separation of an incompressible fluid streaming past a smooth surface. Proc. R. Soc. Lond.

A 356(1687), 443–463 (1977)
13. Southwell, R.V., F.R.S., Vaisey, G.: Relaxation methods applied to engineering problems. XII. Fluid motions characterised

by ‘free’ streamlines. Phil. Trans. R. Soc. Lond. A 240(815), 117–161 (1946)
14. Sychev, V.V.: Laminar Separation. Fluid Dyn. 7(3), 407–417 (1972). Original Russian article In: Izv. Akad. Nauk SSSR,

Mekh. Zhidk. i Gaza (3), 47–59 (1972)
15. Sychev, V.V., Ruban, A.I., Sychev, Vic. V., Korolev, G.L.: Asymptotic Theory of Separated Flows. In: Messiter, A.F., Van

Dyke, M., (eds.) Cambridge University Press, Cambridge (1998)
16. Tsahalis, D.T., Telionis, D.P.: On the behavior of turbulent boundary layers near separation. AIAA J. 13(10), Synoptics,

1261–1262 (1975)
17. Zdravkovich, M.M.: Flow Around Circular cylinders. A Comprehensive Guide Through Flow Phenomena, Experiments,

Applications, Mathematical Models, and Computer Simulations, vol. 1: Fundamentals. Oxford University Press, Oxford
(1997)

4.8 Acta Mechanica, 201 (2008), 1/2/3/4, 131–151

113



4 Selected papers

114



Level of Turbulence Intensity Associated with

Bluff-Body Separation for Large Values of the

Reynolds Number

Bernhard Scheichl∗ and Alfred Kluwick†

Vienna University of Technology, A-1040 Vienna, Austria

The paper concerns a rational and physically feasible description of gross separation
from the surface of a plane and more-or-less bluff obstacle in an incompressible and other-
wise perfectly uniform stream for arbitrarily large values of the globally formed Reynolds
number. The analysis is initialized by a remarkable conclusion drawn from recent theoreti-
cal results that is corroborated by experimental findings but apparently contrasts common
reasoning: the attached boundary layer extending from the front stagnation point to the
position of separation at the body surface never attains a fully developed turbulent state,
even in the limit of infinite Reynolds number. As a consequence, the boundary layer ex-
hibits a certain level of turbulence intensity that is determined by the separation process
governed by locally strong viscous/inviscid flow interaction. This mechanism is expected
to be associated with rapid transition of the separating shear layer towards an almost fully
developed turbulent state. Here a rigorous asymptotic analysis, essentially carried out
without resorting to a specific turbulent closure and supported by a numerical investiga-
tion, of the topology of the boundary layer flow close to separation is presented.

Nomenclature

ℓ Mixing length shape function, see Eq. (85)
C Curve of free streamline of potential flow
F Front stagnation point
G Point of the Goldstein singularity
R Rear stagnation point
S Separation point of potential flow
q Pseudo-vector, used to abbreviate the expansions (21), (31), (40)
u Velocity vector, see figure 1 (a)
A Displacement function, see Eqs. (72), (80)
a Coefficients in expansions (49), (66)
B Intercept of O(1) in logarithmic law of the wall, see Eqs. (28), (34), (87)
b “Bias” ∂ue/∂x as x→ 0+
C Chord length
c Coefficient (drag/lift)
D Intercept of O(1) in logarithmic law of the wall for stagnating flow, see Eq. (37)
E Quantity of O(1), entering skin-friction law (38)
F Defect function, see Eq. (29)
f Local similarity solution, see Eqs. (63)–(66)
G Defect function for stagnating flow as x→ 0+, see Eq. (33)
H Hiemenz flow function, see Eq. (14)
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h Surface metric coefficient
i Counter
J Reynolds shear stress function as x→ 0+, see Eq. (33)
K Coefficient in expansions of F ∗

1 and B1, see Eqs. (52), (53)
k BV parameter
l Mixing length shape function, see Eqs. (85)–(87)
M Kummer’s confluent hypergeometric function
P Gauge function, rescaled pressure gradient, see Eq. (20)
p Time-mean pressure
R Global reference length, given by radius of cylinder
r Radius, see Eq. (8)
Re Reynolds number, see Eq. (1)
S Reynolds shear stress function, see Eq. (29)
s Local streamwise coordinate, see Eq. (7)
T Turbulence-level gauge parameter
U Global reference velocity, i.e. velocity of oncoming parallel flow
u Time-mean velocity component in x-direction
v Time-mean velocity component in y-direction
W Wingspan length
X Stagnation-flow coordinate in x-direction
x Distance along body surface measured from F
Y BL coordinate, see Eq. (11)
y Distance perpendicular to body surface

Subscripts

C Value along C
F Value at F
G Value at G
R Value at R
S Value at S
b Base of outer defect layer
C Chord Reynolds number, here C̃ replaces R̃ in Eq. (1)
D Drag
e Velocity of external flow evaluated at surface, acting on the BL edge
i i-th term of asymptotic expansion, i standing for 0, 1, 2, . . .
ij j-th term in i-th term of asymptotic expansion, i and j standing for 0, 1, 2, . . .
L Lift
max Maximum value
min Minimum value
p Particular solution
q Derivative with respect to q, here standing for x, y, Y , η
t Total shear stress, see Eq. (19)

Conventions

BL Boundary layer
BV Brillouin–Villat
ODL Outer defect layer, see figure 3
VWL Viscous wall layer, see figure 3
q∗ q meaning any quantity of O(1), representative for sublayer of outer defect region, see § III.B.1
q̄ q meaning any quantity of O(1) satisfying linearized BL problem as s→ 0−, see Eqs. (57), (59)–(61)
q̂ q meaning any quantity of O(1), representative for nonlinear flow region, see § III.B.3
Ii Modified Bessel function of order i, i = 0, 1, see Eq. (54)
Ki Modified Bessel function of order i, i = 0, 1, see Eq. (54)
u′, v′ Turbulent fluctuations of u, v
uT Turbulent reference velocity, see Eq. (17)
〈· · ·〉 Reynolds-averaged quantity, latter indicated by dots
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Symbols

α Gauge function, see Eq. (62)
β Constant in closure for l+, see Eq. (87)
χ Perturbation parameter, see Eq. (29)
∆ Scaled thickness of turbulent BL, see Eq. (30)
δ Relative thickness of turbulent BL, see Eq. (30), figure 1 (b)
ǫ Gauge function, see Eq. (22)
ε Constants of O(1) in near-wall behavior of Σ+ and Ψ+, see Eq. (25), (26)
η Turbulent BL coordinate, see Eq. (30)
Γ Quantity in closure for l+, see Eq. (87)
γ Gauge function measuring velocity defect, see Eq. (22), figure 1 (b)
ι Similarity variable of Goldstein region, see Eq. (84), figure 3
κ V. Kármán constant, see Eq. (28)
κ Surface curvature
Λ Coefficient determining wall shear perturbation, see Eq. (65)
λ Gauge function, see Eq. (40)
ν Kinematic viscosity
Ω Reduced wall shear, see Eq. (88), figure 5
ω Constant governing Goldstein singularity, see Eqs. (81)–(83), (89)
Φ Total head in Bernoulli’s equation (79)
φ Arc angle, measuring position on cylinder surface from F
ϕ Constant in closure for l+, see Eq. (87)
π Gauge function, measuring pressure gradient, see Eq. (58)
Ψ Stream function for BL, see Eq. (11)
ψ Stream function
Σ Reynolds shear stress function, see Eq. (11)
σ Perturbation parameter, see Eq. (29)
τ Perturbation parameter, see Eq. (38)
θ Local polar angle, see Eq. (8)
ϑ Variable of integration
Υ Displacement thickness, see Eq. (88), figure 5
̺ Density
Ξ “Bias” d∆1/dx of thickness of turbulent BL as x→ 0+, see Eq. (33)
ξ Goldstein coordinate in x-direction, see Eq. (81)
ζ Local similarity variable, see Eq. (63)

Superscripts
′ Derivative
+ Quantity expressed in wall layer scaling, see Eq. (16)
∼ Dimensionful quantity
η̌ Reduced η, see Eq. (54)

I. Introduction

Notwithstanding its principal importance for providing a sound basis to predict the extremes of safe
flight conditions (i.e. of drag and lift), as well as effective methods of flow control, the rational time-mean

description of massive BL separation from a relatively thick airfoil must, unfortunately, still be regarded as
one of the most challenging unsolved basic problems in theoretical fluid mechanics. We shall be concerned
with this issue in the present paper, where, for the sake of simplicity and clearness, the analysis is restricted
to incompressible nominally steady and two-dimensional flow of a fluid with uniform density and viscosity.

I.A. Motivation

The answer to the question, what really has hampered so far a rigorous treatment of this fundamental
problem, is probably provided by the fact that it essentially comprises five particular issues, each of them
undoubtedly posing a challenge, and their rather complex interplay:
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(i) the asymptotically correct picture of the flow past a curved obstacle (having a smooth impermeable
rigid surface) on a spatial scale comparable with the body dimensions as the governing parameter,
namely the globally formed Reynolds number, Re, takes on arbitrarily large values;

(ii) the presumably locally concentrated mechanism of transition of the originally laminar flow near the
leading-edge or front stagnation point F towards a more-or-less pronounced turbulent BL further
downstream as Re → ∞;

(iii) the asymptotic structure of the attached portion of the BL downstream of the location of transition;

(iv) the development of a local asymptotic theory of self-induced separation, which (presumably) in essence
requires the description of strong BL interaction, allowing for a gradual transformation of the BL into
a separated shear layer;

(v) finally, the description of the separated-flow regions (i.e. separated shear layer, weakly recirculating
separated flow region in the lee side of the obstacle, downstream-evolving wake flow).

An attempt to rigorously tackle the questions (i)–(iii) has been made by the authors in a recent preceding
study, see Ref. 1. First, there they have (convincingly) outlined that in the limit Re → ∞ the time-averaged
global flow is to be sought in the class of the well-known Helmholtz–Kirchhoff-type flows that exhibit free
streamlines which depart smoothly from the surface in S.2,3 Secondly, the authors have seized a physically
appealing suggestion to cope with the ab initio unknown level of turbulence intensity – or, equivalently, the
order of magnitude of the Reynolds stresses – in the part of the BL that stretches from F to the position of
separation, which must be attributed to Neish and Smith, see Ref. 4: in that previous work on the BL flow
past a bluff body flow a classical, i.e. Prandtl-type, BL-formulation is adopted, where the included Reynolds
shear stress is assumed to be proportional to a so-called turbulence intensity gauge factor, T , that may
assume arbitrarily large values also as Re → ∞.

Amongst others, it has been demonstrated in those preceding studies that in the limit T → ∞ the
BL structure is closely related to that of a fully developed turbulent BL which is characterized by the
commonly accepted two-tiered asymptotic splitting.5 As has been pointed out in Refs. 4, 6, this type of a
turbulent BL refers to firmly attached flows only, as the interplay between the small relative streamwise
velocity deficit of O(1/ lnRe) in the outer main layer and the comparatively transcendentally thin viscous
wall layer is found to preclude a rational description of separation on the basis of first principles (a brief
rationale is presented in § V). On the other hand, by considering the aforementioned “mixed” laminar–
turbulent BL1,4 in the limit T → ∞, the velocity deficit is seen to be of O(1/ lnT ), whereas the ratio of
the thicknesses of the outer and the wall layer is of O[(lnT/T )2]. Most important, as already indicated
in Ref. 4, it is very likely that the in item (iv) above raised demand to devise a local interaction theory
then can be accomplished on condition that T essentially shows a specific algebraic dependence on Re as
Re → ∞. Furthermore, in striking contrast to the well-established local asymptotic theory of purely laminar
separation,7,8 in the turbulent case the well-known so-called BV condition (namely, of an asymptotically
weak BV singularity of the potential flow in S) does not hold, despite some close formal resemblances the
formulation of the underlying triple-deck problem is expected to bear.

Instead of directly focussing on this particular distinguished limit and the associated local description of
separation (and, in turn, heading to the above point (v) then), we feel it much more instructive to initially
elucidate the further differences and analogies between the behavior of purely laminar BL flow and that
assumed in the large-T limit as separation is approached. Thus, this paper deals with the BL equations in the
limit T → ∞, where the driving external Kirchhoff-type flow is parametrized by the so-called BV parameter
k that measures the strength the BV singularity and its position on the obstacle surface, indicated by
S. The solutions of the BL equations are found to terminate in form of a Goldstein-type singularity9,10

taking place at G, upstream of S, for T ≥ 0. Hence, particular emphasis is placed on highlighting the local
structure of this singular behavior in dependence of k as T → ∞, when G approaches S. Since the flow
description presented here solely relies on the BL approximation, it is, therefore, inevitably accompanied by
the occurrence of those singularities. That is, it is rendered uniformly valid (and physically realistic) except
within an asymptotically small region encompassing both singularities in the limit T → ∞. We note that an
asymptotically correct global formulation of the separation process then will be completed in a subsequent
separate treatment of the above quoted topics (iv) and (v).

4 of 23

American Institute of Aeronautics and Astronautics

4.9 AIAA Meeting Paper 2008–4348 (2008)

119



I.B. Status Quo of Research

Before we commence the analysis as suggested above, it is useful to first itemize the most important prelim-
inary results it is based on.

• It is well-known that the potential flow past a more-or-less blunt body (with a, respectively, smooth,
wedge-, or cusp-shaped trailing edge) that exhibits free streamlines (confining an open or closed cavity)
can be mapped onto that about a circular cylinder by means of conformal mapping. Also, the structure
of the attached BL flow that stretches from F to G is found to be qualitatively independent of the
specific distribution of the imposed pressure gradient for all positive values of T .1 Most important, in
the limit T → ∞ the local behavior of the solutions of the BL equations immediately upstream of G
depends essentially only on the structure of the BV singularity.2,3 As a consequence, any local and
global theories that cope with the issues (iv) and (v) above are expected to predict all the properties
which are important for a comprehensive understanding of break-away separation independently of the
specific choice of the imposed Kirchhoff-type flow. Therefore, the case of a circular cylinder, exposed
to strictly uniform cross flow, is supposed to provide the “canonical” situation, sketched in figure 1 (a).
In turn, the Reynolds number is introduced in the form

Re := Ũ R̃/ν̃ → ∞. (1)

Note that is assumed in figure 1 (a) that the Goldstein singularity takes place upstream of S and
(coincides asymptotically with the separation point.

1
x, u

x, u
y, v

|u| = −v ∼ 1 F

∼G S
|u| ∼ const

y = δ, u ∼ ue(x)

I

(a)

x, u

y, v

F

y = δ, u ∼ ue(x)

u
u

u ∼ ue = O(x)

O
h 1
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x = O(1/T )
x = O(1)

O(γ)

δ

Re1/2
Hiemenz
flow
region

ODL
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VWL

(b)

Figure 1. Flow configuration (non-dimensional representation, curvilinear coordinates x, y): (a) global (canonical case,
dark-shaded region: BL and separated shear layer, light-shaded region, broken streamline: weakly recirculating flow),
(b) region I, asymptotic splitting in the limit T → ∞ near F (shaded: viscous superlayer, not considered here).

• In the following, we consider an attached BL that behaves “as turbulent as possible”, such that T is
“as large as possible” as Re → ∞. However, it is interesting to note that the numerical analysis of the
BL equations put forward in Ref. 1 points to a second, different picture of massive separation in the
limit (1), not pursued further here (cf. § IV.B): in that case, both k and T assume specific (positive)
values, such that the Goldstein singularity is vanishingly weak and, simultaneously, G coincides with S.
We note that, for the time being, it is fully unclear whether this limiting solution of the BL equations
allows for a self-consistent flow description.

• The analysis of the contrasting case T → ∞ presented in Ref. 1 strongly suggests a rather remark-
able property of BL flow issuing from a stagnation point, namely, that T is bounded from above by
O(Re1/2). Most important, the (hypothetical) limit T = Re1/2 refers to a fully developed turbulent
BL that exhibits the well-known two-layer structure,5 which is essentially governed by perfect equi-
librium between the wall shear stress and the sum of the molecular and the turbulent stresses. In
that case, however, the Reynolds-averaged Navier–Stokes equations, non-dimensional with Ũ , R̃, ν̃,
and the density ˜̺, would be fully retained (except for curvature effects) in the limit (1) in a square

region showing an extent of O(Re−1/2) close to F . The thereby reduced Reynolds number, relevant
for the flow in this small region, then has the value 1. Therefore, it is rather unlikely that transition
towards fully developed turbulence can develop there. Consequently, we expect a BL type flow in a
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region which stretches of O(1/T ) from F , i.e. of asymptotically larger extent than that normal to the

wall of O(Re−1/2). We will revert to this consideration in connection with the analysis given in § II.

• Hence, it has been demonstrated in Ref. 1 that this flow, associated with a slightly “underdeveloped”
turbulence intensity level (T ≪ Re1/2), gives rise to a BL that still exhibits the conventional two-tiered
asymptotic splitting, known from a fully developed turbulent BL (T = Rey1/2),5 as it evolves along
the obstacle surface. The resulting flow splitting is shown in figure 1 (b), where the scalings are derived

in § III.A. It is found, amongst others, that the (non-dimensional) BL thickness is of Re−1/2T/ lnT .
However, the order of magnitude of T in terms of Re as T → ∞ is not known in advance but is expected
to be fixed by the answer to the issue (iv) given in § I.A. Here, two strategies are possible to follow, in
principle: first, the case k > 0 but independent of T , considered in the following. The second possibility
assumes k → ∞ as T → ∞ and is tied in with the analysis of trailing-edge flow presented in Refs. 4,6.
That is, in the latter case the imposed potential flow is considered as the slightly perturbed well-known
strictly attached inviscid-flow solution, having a rear stagnation point R. This will be pursued further
in a different study.

• Indeed, the wind tunnel experiments carried out by Schewe11 strongly suggest that the BL indeed never
attains a fully developed turbulent state, even for arbitrarily large values of ReC . This remarkable
(although still tentative) conclusion is drawn from the visualization of oil flow film measurements of the
separating flow past the suction side of a more-or-less plane and thick airfoil (aspect ratio W̃ : C̃ = 6:1,
angle of attack of 12◦). Let us first consider the distributions of the drag and lift coefficients cD
and cL, respectively, shown in figure 2 on the following page (b): here the typical jump-like changes
for ReC ≈ 3.5× 105 (associated with hysteresis effects, as indicated by arrows), ReC ≈ 2.5× 106, and
ReC ≈ 7.5× 106 reflect the transitions from so-called sub- to trans-, trans- to super-, and, finally,
super- to postcritical BL flow, cf. Ref. 12; the extents of these particular flow regimes are indicated by
vertical dotted lines. The first three of these notations are commonly adopted to categorize bluff-body
flow by attempting to isolate the location of transition to a developed turbulent shear layer, namely – in
order of their appearance – downstream, in the immediate vicinity of, and upstream of the position
of time-mean separation. In the supercritical regime the location of transition is apparently shifted
towards F as ReC increases. The postcritical flow is usually believed to be topologically equivalent to
its asymptotic state, assumed in the limit ReC → ∞, as transition then already takes place close to F .12

Consequently, one is tempted to argue that the upper and lower snapshots of the instantaneous flows
displayed in figure 2 (a) refer to, respectively, trans- and fully turbulent supercritical, i.e. postcritical,
BL flows. In the first case transition of the separating laminar BL towards a separated turbulent shear
layer is associated with the formation of highly three-dimensional vortex structures. However, even
in the latter case the streamline pattern of the attached part of the shear layer still shows laminar-
like characteristics, where the typical turbulent spots, originating from wall layer bursts, are obviously
absent. Most remarkable, in figure 2 (a) the line of separation is clearly visible, and three-dimensionality
and unsteadiness are found to be much weaker than in the former case. Therefore, this image can hardly
be associated with what is commonly referred to as “fully developed turbulent” flow. We note that to
our knowledge corresponding measurements for ReC > 7.7× 106 are currently not available.

Needless to say, the above interpretation of Schewe’s data bears some undeniable uncertainties. The
present paper, tied in a series of preceding studies on this topic, attempts to shed light on this remarkable
finding from a theoretical point of view.

II. Problem Formulation

Here and in the following all lengths, velocities, and the pressure are non-dimensional with, respectively,
R̃, Ũ , and ˜̺Ũ2. Furthermore, let us adopt natural coordinates x, y, according to figure 1 (a). Then the
continuity equation is satisfied identically as u = ∂ψ/∂y, hv = −∂ψ/∂x. Herein h = 1 + κ(x) y, where the
surface curvature κ(x) = O(1) in general and taken to be positive for a convex body contour; note that
κ ≡ 1 for the canonical case of a circular cylinder of radius R̃. The time- or, (due to a well-known result of
ergod theory) equivalently, Reynolds-averaged Navier–Stokes equations then read (cf. Ref. 13, p. 81)

h(ψy∂x − ψx∂y)ψy − κ ψxψy = −hpx − h〈u′2〉x − (h2〈u′v′〉)y + Re−1h2(∇2ψ)y, (2)

(ψx∂y − ψy∂x)(h
−1ψx)− κ(ψy)

2 = −hpy − (h〈v′2〉)y − 〈u′v′〉x + κ〈u′2〉 − Re−1(∇2ψ)x, (3)
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C̃

W̃

ReC = 7.4× 105 :

ReC = 7.7× 106 :

cD ≈ 0.11,

cD ≈ 0.14,

cL ≈ 1.1

cL ≈ 0.65

(a)

cD

cL

ReC

(b)

Figure 2. Measurements on gross separation on the suction side of an airfoil (images by courtesy of and made available
by G. Schewe): (a) oil flow film visualizations (vertical arrays indicate main flow direction), (b) cD and cL versus ReC ,
increasing values (in bar) of the suction pressure of the measuring section of the wind tunnel give increasing values of
ReC (logarithmic scale).

where ∇2 = h−1[∂x(h
−1∂x) + ∂y(h∂y)] is the Laplacian. The equations of motion (2), (3) are subject to the

usual no-slip condition,
y = 0 : u = v = u′ = v′ = 0, (4)

and the requirement for unperturbed parallel incident flow, having a velocity of magnitude 1, for y → ∞,
see figure 1 on page 5. With respect to the subsequent analysis, we tacitly assume that all components
〈u′2〉, 〈u′v′〉, 〈v′2〉 of the Reynolds stress tensor are of equal magnitude for given positive values of x and y
(common hypothesis of locally isotropic turbulence).

For moderate levels of the turbulence intensity in the BL that emerges in the limit (1) adjacent to the
body surface, the latter is seen to be structurally of traditional laminar (i.e. Prandtl-) type.1 Let us first
consider the external flow.

We anticipate the outer expansion1

[ψ, p] ∼ [ψ0, p0](x, y; k) +O(Re−1/2), y = O(1), (5)

such that the impressed external flow described by ψ0, p0 is sought in the one-parameter family of Kirchhoff
flows, exhibiting free streamlines that confine an (open or closed) cavity and depart at x = xS(k) from the
surface, see figure 1 on page 5. That potential-flow solution is uniquely determined by the non-negative
BV parameter k. Specifically, the surface slip velocity ue(x; k), given by ∂yψ0 evaluated for y = 0, then
exhibits the asymptotic behavior

ue ∼ b(k)x+O(x2) (b > 0), x→ 0+, (6)

ue/ue,S ∼ 1 + 2k(−s)1/2 + 10k2(−s)/3 +O
[
(−s)3/2

]
, s = x− xS → 0− . (7)

Equation (6) reflects the well-known behavior of the potential flow near a (front) stagnation point, and Eq. (7)
states that k measures the strength of the so-called BV singularity taking place at x = xS . Equation (7)
stays formally intact even for arbitrarily small values of k if considered as an expansion in the independent
double limit s→ 0−, k → 0+. Note that in the inviscid limit |u| ≡ ue,S(k) along C, where ue,S = 1 in case

of an open cavity, (according to the definition of Ũ), and ue,S < 1 otherwise. Both the derivation of Eq. (7)
and the method3 adopted to obtain global potential-flow solutions, including ue,S as a function of k, will be
presented in a subsequent related study. A brief discussion of the potential flow, based on the numerically
obtained solutions, is presented in § IV.A. For the sake of completeness, however, here we mention that the
expansion (7) can be calculated from the local behavior of the stream function as s→ 0−, suitably expressed
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in polar coordinates,

[s, y] = [r cos θ, r sin θ], r ≥ 0, 0 < θ ≤ π/2, (8)

ψ0/ue,S ∼ r sin θ − (4k/3) r3/2 cos(3θ/2)− (5k2/3) r2 sin(2θ) +O(r5/2), k ≥ 0, r → 0. (9)

Also, we briefly mention a procedure how the shape y = yC of the free streamline that departs from the surface
in S can be determined locally from Eq. (9): this expansion formally ceases to be valid near θ ∼ (4k/3)r1/2,
which gives the leading-order term in the form

yC ∼ (4k/3)s3/2 +O
(
s5/2

)
, s→ 0+ (10)

by exploiting the property ψ0 = 0 for y = yC . Note that higher-order terms in Eq. (10) can be calculated
recursively in this manner, where those in Eqs. (7) and (9), respectively, are due to the requirement of
constant velocity along C.

Concerning the description of the attached BL for 0 ≤ x < xS , we closely follow Refs. 1, 4. In the inner
expansion,

[ψ, −〈u′v′〉] ∼ Re−1/2[Ψ(x, Y ; k, T ), TΣ(x, Y ; k, T )] +O(Re−1), Y = Re1/2 y, (11)

the so-called turbulence-level gauge factor T that accounts for the magnitude of the Reynolds stresses (i.e.
the turbulence intensity) in the BL is assumed to be a constant of O(1), in general. Substitution of Eq. (11)
into the governing equations (2)–(4) and taking into account Eq. (6) then gives rise to the leading-order
BL problem, describing a generic BL that prevails in a transitional (i.e. neither laminar, nor fully turbulent)
state,

ΨY ΨY x − ΨxΨY Y = −p0x(x, 0; k) + TΣY + ΨY Y Y , p0x(x, 0; k) = −ueuex (12)

Y → 0 : Ψ → 0, ΨY → 0, Σ = O(Y 3), Y → ∞ : ΨY − ue → 0, Σ → 0, (13)

x→ 0+ : Ψ/(b1/2x) → H(b1/2Y ), Σ = O(x2). (14)

From the last relationships one infers that Ψ matches with the (from the analysis of laminar flows) well-
known Hiemenz solution13 of the full equations (2)–(4) of motion in the limit (1), which holds near F where

x, y are both of O(Re−1/2): ψ ∼ b1/2xH(b1/2Y ) +O(Re−1), with

H ′2 −HH ′′ = 1 +H ′′′, H(0) = H ′(0) = H ′(∞)− 1 = 0. (15)

Equations (12)–(15), supplemented with an distribution ue(s; k), characteristic of the impressed inviscid
flow, represent a well-posed initial-boundary value problem for Ψ , provided that Σ is modelled such that it
exhibits the required asymptotic properties, expressed in Eqs. (13), (14). Note that the behavior of Σ for
x→ 0+ reflects the quite obvious (and by any commonly adopted closure provided) proportionality between
the Reynolds stress components and u2e, in respect of Eq. (6). In turn, the purely laminar case is simply
obtained for T = 0. In order to take into account the effect of turbulence, we seek “non-trivial” solutions of
Eqs. (12)–(14), i.e. such having Σ 6≡ 0 for T > 0.

In particular, we subsequently focus on the pronounced turbulent case, associated with the limit T → ∞.
To be more precise, it is the primary goal of the present study to elucidate the behavior of these limiting
solutions immediately upstream of the BV singularity, expressed by the expansion (7).

Most important, in a flow region close to F that is characterized by x = O(1/T and Y = O(1) in the limit
T → ∞, the original problem is seen to be formally fully retained in leading order when ue is represented by
bx, see Eq. (6). However, there the full equations of motion (2), (3) allow for a BL approximation of their

streamwise component, Eq. (2), only if T = o(Re1/2). This is true as long as T ≪ Re1/2, which is assumed
in the following in agreement with the considerations already outlined in § I.B.

III. Large-T Boundary Layer

In the following, the notation “turbulent BL” is adopted for the flow described by Eqs. (12) and (13)
in the limit T → ∞. We now focus on the resulting asymptotic structure of that BL, specifically on its
behavior near S. It is well-known that in the purely laminar case (for T = 0) solutions of the BL problem
Eq. (12)–(14) terminate in form of Goldstein singularity for k > 0, i.e. if the BV singularity exhibits a finite
strength;2,7 a similar situation has been found for T > 0.1 We now investigate this behavior, by assuming
that T takes on arbitrarily large values.
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III.A. Initially Attached Flow

In Eq. (12) the Reynolds stress term predominates its viscous counterpart for large values of T if x = O(1)
and Y is sufficiently large, i.e. in the main portion or, equivalently, the fully turbulent region of the BL.
Consequently, the problem given by Eqs. (12)–(15) then is singularly perturbed in an (at least) twofold
manner,1 since both shear stress contributions are found to be of the same order of magnitude in two
different flow regimes: first, in the so-called transitional-flow region close to F and sketched in figure 1
on page 5 (b), where rapid laminar–turbulent transition takes place, so that both the suitable streamwise
coordinate X = b1/2 Tx and Y are quantities of O(1) there; secondly, in the so-called viscous wall layer that
is located adjacent to the surface as it evolves from the transitional-flow region, i.e. in the limit X → ∞.

We note that there exists, in addition, a relatively slender so-called superlayer on top of the main
region, which is expected to develop from the transitional-flow region also as it accounts for the relatively
pronounced outer edge of the turbulent BL and, hence, separates the turbulent motion from the ambient
mainly irrotational flow, cf. Ref. 13. However, this overlayer is disregarded here as its existence is rather of
minor importance for the understanding of the basic properties the turbulent BL flow which are of interest
subsequently. Therefore, by considering Eqs. (12) and the far-field boundary conditions in Eq. (13)), in the
following a sharp line Y = δ(x; k, T ), with δ to be determined, will be taken to represent the BL edge with
asymptotically sufficient accuracy.

As the process of matching the asymptotic expansions of the flow quantities in those two domains of
non-uniformity and with the main layer, respectively, turns out to be essentially governed by the properties
of the viscous wall layer, we consider the latter region first. Moreover, a rational description of the turbulent
BL, based on minimum of physically motivated assumptions, is advantageously build up from the analysis of
that wall region, as the source of the turbulent motion: the turbulent motion originates from its more-or-less
universal dynamics that takes place close to the surface;1 for a more elaborate overview on this topic we
refer to Refs. 14–16.

III.A.1. Viscous Wall Layer

The two following basic properties of that region found in the (hypothetical) limiting case T = Re1/2 of a
fully developed turbulent BL apply unchanged here, cf. Ref. 1:

(A) the time-mean and fluctuating velocity components are of the same order of magnitude, such that u′v′

is (at least for most fractions of time) of O(u2), and the correlation 〈u′v′〉 is of O(TRe−1/2u2);

(B) for initially firmly attached flow, the imposed pressure gradient, given by −ueuex, does not enter the
leading-order approximation of Eq. (12).

Due to the scaling anticipated in item (A), convective terms in Eq. (12) are negligibly small. As a
consequence of the assumption made in item (B), the BL equation then reduces to the well-accepted balance
between the wall shear stress and the sum of the Reynolds and the molecular shear to leading order. The
latter is commonly believed to be universal, or in perfect “equilibrium”, for all types of turbulent wall-
bounded shear flows, as it is considered to be independent of x.1,14–16 The corresponding wall layer scaling
fully agrees with that deduced from usually adopted closure schemes for Σ.4 In turn, we appropriately set

Ψ = Ψ+(x, Y +; k, T )/T, Σ = u2TΣ
+(x, Y +; k, T ), Y = Y +/(TuT ). (16)

Herein, the quantities denoted by the superscript “+” are assumed to be of O(1). Also, since −〈u′v′〉 is seen
to be of O(TRe−1/2u2T ), the term Re−1/4T 1/2uT is appropriately interpreted as the skin-friction velocity, i.e.
the square-root of the wall-shear stress Re−1∂u/∂y evaluated at y = 0, in agreement with item (A) above.
Here we conveniently express it by making use of the BL scaling in the form

uT := [ΨY Y (x, 0; k, T )/T ]
1/2. (17)

Then the BL equations (12) are transformed into the single one

∂Y +Σ+
t = P+ + (TuT )

−2
[
(∂xuT )(∂Y +Ψ+)2 + uT (∂Y +Ψ+ ∂xY +Ψ+ − ∂xΨ

+ ∂2Y +Ψ+)
]
. (18)

Herein, the sum of the Reynolds and the viscous shear stress, the so-called total shear stress, is written as

Σ+
t := Σ+ + ∂2Y +Ψ+, (19)
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and P+ denotes the rescaled imposed pressure gradient,

P+ := −ueuex/(T 2u3T ) → 0, T → ∞. (20)

Then the aforementioned stress balance suggests the expansions

q+ ∼ q+
00(Y

+) + P+[q+
11(Y

+)− γ2q+
12(Y

+) +O(γ3)]− ǫ [q+
21(x, Y

+; k) +O(γ)], q+
ij := [Ψ+

ij , Σ
+
ij ], (21)

provided that the gauge functions are given by

γ := uT /ue → 0, ǫ := 1/(TuT )
4 → 0, T → ∞. (22)

Note the following three restrictions that lead to the specific form of the expansion (21), where consistency
will be shown later: (i) eigensolutions that are due to matching with the flow quantities in the transitional-
flow region have been omitted as they do not affect the main results of the subsequent analysis; (ii) it
anticipates the relationship

γx = O(γ2), (23)

implied by the dependence of γ on T (derived in § III.A.2 below), as it is assumed that uT x = uexγ +O(γ2),
such that the remainder terms, indicated by the Landau symbols, turn out to be proportional to γx to
leading order; (iii) it is based on the aforementioned equilibrium of universal type, associated with the
stress balance, which is expected to hold also for q11 and q12, as the x-dependence of terms of O(P+) and
O(P+γ2), respectively, is absorbed into the gauge functions P+ and γ solely. The idea behind the last
assumption becomes clear immediately by inspection of the accordingly expanded BL equation (18), subject
to the boundary conditions (12).

Substituting the expansion (21) into Eqs. (18) and (12) then yields, after integration with respect to Y +

by taking into account the scalings given by Eqs. (16) and (17) and some manipulations,

Σ+
t 00 = 1, Σ+

t 11 = Y +,
{
Σ+

t 12, Σ
+
t 21

}
=

∫ Y +

0

{
Ψ+
00

′2
,
uexx
u3e

[
Ψ+
00

′
Ψ+
11

′−Ψ+
00

′′
Ψ+
11

]
+2

ue
2
x

u4e
Ψ+
00

′′
Ψ+
11

}
dϑ. (24)

Herein, in the integrands Ψ+
00 and Ψ+

11 are taken to be functions of ϑ. The first two of the relationships (24)
represent, respectively, the already mentioned leading-order equilibrium between the total shear and the
wall shear stress and the dominant effect of the imposed pressure gradient on the wall layer flow. These
relationships initiate the infinite sequence of equations that determine Σ+

t ij . That is, they can be solved

hierarchically to predict Ψ+
ij as functions of x, Y +, and k, subject to the no-slip conditions Ψ+

ij = ∂Y +Ψ+
ij = 0

for Y + = 0, cf. Eq. (4), once the conditions of matching with the fully turbulent flow for Y + → ∞ are known
and a suitable closure for Σ+ is provided. In addition, the near-wall behavior can be elucidated by assuming
that

Σ+
ij ∼ εijY

+3 + · · · (ε00 > 0), Y + → 0, (25)

in agreement with Eq. (13). Hence, this relation indicates that

[Ψ+
00, Ψ

+
11, Ψ

+
ij ] ∼ [Y +2/2−ε00Y +5/20, Y +3/6−ε11Y +5/20, −εijY +5/20]+· · · (i+j > 2), Y + → 0, (26)

since the effects of wall shear stress and the pressure gradient in the expansion (21) are subsumed into the
dominant “equilibrium” terms q+

00 and q+
11, respectively.

The behavior of the leading-order quantities Σ+
00, Ψ

+
00 on top of the viscous wall layer is crucial for the

subsequent analysis. First, since the viscous contribution, Ψ+
00

′′
, to Σ+

t 00 is presumed to vanish there,

Σ+
00 → 1, Y + → ∞. (27)

Secondly, we conclude the wall layer analysis by introducing the celebrated logarithmic law of the wall, which
is commonly believed to hold for fully developed turbulent wall-bounded flow flow and has been introduced
by adopting asymptotic reasoning in the seminal paper by Mellor:5 there are convincing reasons to believe
that the behavior

Ψ+
00

′ ∼ κ−1 lnY + +B+, Y + → ∞, (28)

is typical for the universal character of the time-averaged flow in the near-wall region.1,4, 14–17 Most impor-
tant, integration of the first of the relationships (24) by employing any realistic closure model for the turbulent
stress function Σ+ then is assumed to reproduce the presently accepted empirical values18 κ ≈ 0.384 and
B+ ≈ 4.1, which refer to a perfectly smooth surface.

We will see in the following that the adoption of the logarithmic law (28) indeed implies the initial
assumption (B) or, equivalently, the limits expressed in Eqs. (20) and (22).
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III.A.2. Outer Defect Layer

As has already been outlined in Ref. 1, see also § I, § II, and figure 1 on page 5 (b), the downstream evolution
of the transitional BL for X → ∞ exhibits a small streamwise velocity defect with respect to the external
flow in the outer main portion of the BL. Accordingly, the Reynolds stress function Σ there becomes small,
too.

Let the velocity defect and Σ be measured by the two gauge functions χ(T ) and σ(T ) in the form

[η − Ψ/(ueδ), Σ/(u
2
eσ)] = χ [F, S], (χ, σ) → (0, 0), T → ∞. (29)

From inspection of Eq. (12) one then readily infers that δ = O(Tσ). In turn, a suitable outer-layer coordinate
η is introduced by setting

Y = δη, δ := Tσ∆(x; k, T ). (30)

Then the flow quantities are expected to have expansions of the form

{
[F, S], ∆

}
∼ χq1 + χ2q2 +O(χ3), qi :=

{
[Fi, Si](x, η; k), ∆i(x; k)

}
. (31)

Again, here we have disregarded the occurrence of eigensolutions that result from matching the main layer
with the transitional-flow region, without loss of generality.

With respect to the subsequent investigation, it is sufficient to inspect the (homogeneous) leading-order
equation only, which exhibits linearized convective terms. It is obtained by inserting Eq. (31) into Eq. (12),
subsequent integration with respect to η, and imposing the proper boundary condition F1(x, 0) = 0,

u2e(ue∆1)xηF1η − (u3e∆1F1)x = u3e(S1 − S1,b), S1,b := S1(x, 0; k). (32)

We first consider the specific role of matching the representations of the flow in the main layer with those
in the transitional region,1 which requires that [F1, S1](0, η; k) exists, where F1(0, η; k) > 0 for 0 < η ≤ 1,
S1(0, η; k) > 0 for 0 < η < 1, and ∆1 → 0 as x→ 0+. Since patching the flow at the BL edge is only possible
if F1η(x, 1; k) = S1(x, 1; k) = 0, the shear stress term S1 in Eq. (32) then is seen to enter the least-degenerate
form that equation takes on in this limit; otherwise, the resulting problem for [F1, S1](0, η; k) would have no
solution. By taking into account Eq. (6), one consequently finds that all terms of Eq. (32) are retained in
the limit x → 0+ and, interestingly, the dependence on k disappears. As a remarkable finding, the solution
of Eq. (32) that holds for x = 0 admits an universal form,

[F1, S1] ∼ [G, J ](η) +O(x), ∆1 ∼ Ξx+O(x2) (Ξ > 0), x→ 0+. (33)

These considerations also show why the case S1,b = 0 is to be excluded: it would imply that (the for
x > 0 strictly positive) quantity u3e∆1F1(x, 1; k) is independent of x and, thus, yield the contradiction
∆1F1(x, 1; k) = O(x−3) as x→ 0+. Most important, then the matching conditions (27) and (28) allow
for a direct match of the wall layer with the outer main layer. In turn, both the parameters χ and σ are
conveniently identified formally with γ, cf. figure 1 on page 5 (b), leaving Eq. (32) unchanged, when we
again anticipate the estimate (23). As a result, S1,b = 1, and Eq. (32) is supplemented with the boundary
and matching conditions1

η → 0 : F1 → 0, F1η ∼ −κ−1 ln η +B1(x; k), S1 → 1, η = 1 : F1η = F1ηη = S1 = 0. (34)

Herein, the (positive) function B1(x; k) is considered as part of the solution for F1(x, η; k), and the require-
ment S1 = 0 for η = 1 is associated with vanishing vorticity, expressed through uTF1ηη/δ, at the BL edge.
Also, it is useful to state the aforementioned relationship that follows from evaluation of Eq. (32) for η = 1,

[
(u3e∆1)(x; k)F1(x, 1; k)

]
x
= u3e(x; k), (u3e∆1)(x; k)F1(x, 1; k) =

∫ x

0

u−3
e (ϑ; k) dϑ. (35)

The latter of these relationships represents the integral momentum balance for the small-defect description
of turbulent BL flow,13 which is obtained by making use of Eq. (33).

The knowledge of the universal functions G, J then completes Eqs. (32) and (34) to an initial-boundary
value problem for F1, S1 for x ≥ 0. In principle, this can be solved by means of downstream integration if
an asymptotically correct closure for S is provided that accounts for the logarithmic singularity of F1η, see
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Eq. (34). Evaluation of Eqs. (32) and (34) for x→ 0+ shows that G, J are self-similar solutions of these
equations,1

2Ξ[ηG′ − 2G] = J − 1, Ξ = 1/[4G(1)], (36)

η → 0 : G→ 0, G′ ∼ −κ−1 ln η +D, G(1) = J(1) = 0. (37)

By considering Eq. (37), one finds that D = limx→0B1(x; k) and, thus, not known in advance. Interestingly,
the universal boundary value problem posed by Eqs. (36) and (37) can be interpreted as the turbulent coun-
terpart to the Hiemenz or laminar stagnating-flow problem (15). Note that the transitional flow “connects”
the Hiemenz flow, serving as an initial condition for X = 0, and its limiting downstream form, given by
Eqs. (36) and (37) and obtained for X → ∞.1

Finally, matching of the streamwise velocity, ΨY , completes the leading-order analysis as it reveals the
yet missing dependence of γ on T and the relationship (23) in terms of the “skin-friction law”

γ ∼ κτ [1−τ(2 ln τ+E)+4τ2 ln τ (ln τ+E+1)+O(τ2)], E := κ(B++B1)+ln(κ2ue∆1), τ :=
1

2 lnT
. (38)

This relationship is consistent with the assumption (B) made at the beginning of § III.A.1 as it justifies the
limits expressed in Eq. (20) and, in turn, Eq. (22), and the estimate (23). We remark that the remainder
terms in the expansion (38), indicated by the Landau symbol, are already affected by terms of O(γ2) in the
expansion (31). Also, note that the viscous stress term ΨY Y , entering Eq. (12), is asymptotically given by
−ueF1ηη/(T∆1).

The analysis carried out so far confirms that the investigation of the large-T BL can essentially be traced
back to that of a conventional fully developed turbulent BL1 when T is formally replaced by its theoretical
upper bound Re1/2, which can never be reached here, however.

III.B. Boundary Layer Structure near Separation

First, let us refer to the sketch in figure 3 that depicts the asymptotic splitting of the BL deduced in the
subsequent investigation.

G S s

ηη ∼ 1

Y + = O(1)

ODL

VWL

η∗ = O(1)

s̄ = O(1)

ζ = O(1) ŝ = O(1)

ι = O(1)

Figure 3. Asymptotic splitting of BL flow near x = xS (schematic), light-shaded regions not discussed explicitly in the
text (Goldstein region and passive small-defect regions near G), broken lines confine fictitious extension of respective
regions, dotted vertical line indicates abrupt breakdown of flow description at G.

The matching principle states that an asymptotically correct description of the BL flow in the limit
T → ∞ is initiated by seeking a solution of Eqs. (36), (37) and, in the following, of Eq. (32) by means of
downstream integration. Therefore, we first envisage the behavior of its solution F1, S1 as s→ 0−.

III.B.1. Outer Defect Layer

The local behavior of the small-defect flow near separation has already been accounted for briefly in Ref. 6.
Here we present the analysis in a more precise manner, which, amongst others, accounts for the impact of
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higher-order terms in the resulting expansion, in close connection with the logarithmic behavior required by
Eq. (34).

Inspection of Eqs. (7) and (the second relationship in Eq.) (35) shows that the product ∆1F1(x, 1; k)
is bounded in the limit s→ 0−. Since F1 > 0 for η > 0, the second term in Eq. (32) then is a quantity of
O(1). Furthermore, physically motivated reasoning, substantiated by inspection of any commonly employed
(outer-layer) turbulence closure,1,6 strongly suggests that

S = O
(
F1

2
ηη

)
. (39)

In turn, if one assumes (the rather unexpected case) S1 → 0 as s→ 0− it is readily found that all terms
apart from u3eS1 will enter the leading-order balance of Eq. (32). However, for the same reason explained
for the case x→ 0+ treated above, the resulting equation determining F1 for S1 → 0 is inconsistent with the
boundary conditions (34). Therefore, we are left with the two remaining possibilities S1 → ∞ or S1 = O(1).
In the first case Eq. (32) would reduce to a balance between the left-most term and u3eS1 in leading order
(accompanied by the emergence of a sublayer, located between the viscous wall and the main layer, due
to the apparent inconsistency of the boundary conditions (34) with that balance). However, Eq. (39) then
implies F1 → ∞ and, consequently, ∆1 → 0+ as s→ 0−. The last finding not only is felt to misinterpret the
physical mechanism of separation, but, more drastically, causes the first term in Eq. (32) to have negative
sign and, therefore, a contradiction.

As a preliminary (and rather startling) result, the flow quantities assume finite limits when the external
flow encounters the BV singularity. We then appropriately expand

{
[F1, S1],∆1

}
∼ q10 + λ′(s)q11 + (−s)1/2q12 + (−s)q13 +O(λ), q1j =

{
[F1j , S1j ](η; k),∆1j(k)

}
. (40)

where λ(s) → 0, λ′(s) → 0, and s→ 0−. Note that F10 > 0 and that S10 is non-negative; both these quan-
tities are part of the global solution of Eqs. (32) and (34). In the expansion (40) the term q11 refers to
an eigensolution of, for the time being, unknown strength λ, and the contributions q1j , j > 1, primarily
account for the local behavior (7) of ue and the coupling between F1 and ∆1 in Eq. (32); the flow is seen
to be inviscid for terms of lower order than of O(−s). Inserting the expansion (40) into Eq. (32) yields the
equations determining q11 and q12 as

F11 = (∆11/∆10)(ηF10η − F10), F12 = (2k +∆12/∆10) ηF10η − (6k +∆12/∆10)F10 + · · · . (41)

Herein, the dots indicate possible inhomogeneities due to a coupling between F11 and ∆11, enforced by
Eq. (32). However, the solution for F11 does not satisfy the condition of vanishing vorticity, given by F11ηη,
for η = 1 according to Eq. (34) (except for unlikely circumstances where (∂3ηF10)(1; k) = 0). Consequently,

we assume λ = 0, so that Eq. (40) reduces to an expansion in terms of integer powers of (−s)1/2. Note that
(F12η)(1; k) = 0, and adopting the aforementioned condition for F12 in Eq. (41) then yields the solvability
conditions

F12 = −4kF10, ∆12 = −2k∆10. (42)

In principle, proceeding in this fashion gives q1j , j > 1, where the boundary conditions for η = 1 can be
fulfilled solely by exploiting the convective operator in Eq. (32).

Next, we stipulate that

F10 ∼ F10,b(η; k) := [−κ−1(ln η − 1) +B1,S ]η, B1,S := B1(xS ; k), S10 → 1, η → 0, (43)

in accordance with the requirements of matching with the near-wall flow given in Eq. (34). Unfortunately,
F12η then will also exhibit a logarithmic singularity, cf. Eq. (42), which clearly violates the original near-wall
condition for F1η (and, in turn, for S1). This inconsistency can only be resolved by the introduction of a sub-
layer of (the initially unknown) relative thickness ∆∗(s). The therewith suggested stretching transformation

[F1/∆
∗(s), S1] = [F ∗, S∗](s, η∗; k) = O(1), η = ∆∗(s) η∗, ∆∗ → 0−, s→ 0−, (44)

casts Eq. (32) into the form

u2e(ue∆1∆
∗)s η

∗F ∗
η∗ − (u3e∆1∆

∗F ∗)s = u3e(S
∗ − 1). (45)
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Substitution of the appropriate expansions

[F ∗, S∗] ∼ [−η∗κ−1 ln∆∗ + F10,b(η
∗; k), 1] + (−s)1/2

[
4k η∗κ−1 ln∆∗ + F ∗

1 (η
∗; k), S∗

1 (η
∗; k)

]
+ · · · , (46)

into Eq. (45) and taking into account Eqs. (7) and the second of the relationships (42) then shows that the
least-degenerate form of Eq. (45) reduces to a balance that is aimed at to determine F ∗

1 and S∗
1 ,

2k(−s)−1∆∗F10,b(η
∗; k)−4k η∗κ−1∆∗

s+∆
∗
s η

∗F ∗
1η∗−[∆∗

s−(−2s)−1∆∗]F ∗
1 +O

[
(−s)−1/2∆∗ ln∆∗] ∼ S∗

1 . (47)

This suitably reduced equation not only proves consistency with the assumed behavior (43). Most important,
it fixes that

2kη∗[B1,S + κ−1(3− ln η∗)]− η∗F ∗
1η∗ + (3/2)F ∗

1 = S∗
1 , ∆∗ = −s, (48)

in order to allow for a solution [F ∗
1 , S

∗
1 ](η

∗; k) that satisfies the required matching and boundary conditions

η∗ → ∞ : F ∗
1η∗ ∼ a∗0η

∗1/2+4k(κ−1 ln η∗−B1,S)+O
(
η∗−1/2), η∗ = 0 : F ∗

1 = S∗
1 = 0 [F ∗

1
′ = O(1)]. (49)

Herein, the condition for η∗ → ∞ follows from the asymptotic behavior of Eq. (48) and the first of the
relationships (42). According to Eq. (43), matching with the main region where η = O(1) yields

F10η ∼ F10,b
′(η; k) + a∗0η

1/2 + · · · (a∗0 > 0), η → 0. (50)

Herein, a∗0 is determined by the global solution of Eqs. (32) and (34). Interestingly, an analogous square-root
behavior of the leading-order velocity profile is well-known to hold (albeit in the context of a quite different
asymptotic framework) for a turbulent BL on the verge of marginal separation.17,19

If a particular Reynolds stress closure in agreement with Eq. (39) is chosen, like the mixing-length-based
formulation

S∗ := (κη∗∂2η∗F ∗)2, S∗
1 = 2κη∗∂2η∗F ∗

1 , (51)

which is commonly believed to hold on top of the viscous wall layer,13 Eq. (48) provides a third-order
equation in F ∗

1 (η
∗). Specifically, the second relationship in the model for S∗ given by Eq. (51) then follows

from linearization about the terminal velocity profile, F ′
10, by using Eq. (43) and Eq. (46). In turn, one

recognizes that only the conditions for η∗ = 0 in Eq. (49) represent true boundary conditions. Those for
η∗ → ∞ are seen to be satisfied identically. By adopting the simple model given by Eq. (51), evaluation of
Eqs. (48) subject to the boundary conditions (49) for η∗ → 0 yields

F ∗
1 ∼ Kη∗ − k/(2κ2) η∗2 ln η∗ + [K/(8κ) + k(9+ 2κB1,S)/(4κ

2)] η∗2 +O
(
η∗3 ln η∗

)
, K := F ∗

1η∗(0; k). (52)

The absence of a logarithmic behavior of F ∗
1η∗ for η∗ → 0 a posteriori justifies the introduction of the sublayer.

In fact, the velocity defect at the base of the defect layer is increased by an amount of O[(−s)1/2 ln(−s)] as
it follows from Eqs. (34) and (46) that

B1 ∼ B1,S + (−s)1/2[(4k/κ) ln(−s) +K] +O[(−s) ln(−s)]. (53)

In passing we mention that a closed solution of Eqs. (48) and (49), based on the rather simple but asymp-
totically correct closure (51), is given by20

F ∗
1 = η̌ e−η̌/4

[
a∗0 π

1/2

(2κ−1)3/2

[
(η̌ + 1)I1

( η̌
4

)
+ (η̌ + 3)I0

( η̌
4

)]
− 4k

3

[
(η̌ + 1)K1

( η̌
4

)
− (η̌ + 3)K0

( η̌
4

)]]
+ F ∗

1,p,

F ∗
1,p = (16k/3)− 4kη∗[B1,S + κ−1(1− ln η∗)], η̌ := κ−1η∗. (54)

Inspection of the scalings (16) and (30) indicates a collapse of the sublayer where η∗ = O(1) with the
viscous wall layer when −s = O[(Tγ)−2]. However, we will see subsequently that this scenario is prevented by
the asymptotic structure of the wall layer as s→ 0−, which assigns the outer layer an essentially passive role.
Hence, we conclude the analysis of the analysis of the outer defect layer by emphasizing the basic result that
the primary expansion (31) is seen to be uniformly valid in the (independent) double limit s→ 0−, χ = γ → 0.
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III.B.2. Viscous Wall Layer

The more demanding part of the analysis concerns the near-wall flow. Here both the pressure gradient
and convective term are found to be initially negligibly small in Eq. (18), cf. Eqs. (20)–(22), but inevitably
provide a leading-order effect near separation where the gradients with respect to x become arbitrarily large,
as a consequence of the behavior (7). Let us first demonstrate how they come into play in a rather subtle
manner as s→ 0−.

In the latter limit expansion (21) remains valid and, simultaneously, accounts for the sequence (24) as
long as q11 enters the equation determining q21 as a quantity that is regarded as known already. In other
words, as long as this condition holds, each term in Eqs. (21) and (24) can be expanded into integer powers
of (−s)1/2, according to Eq. (7). This is accomplished by expanding the quantity E in Eq. (38) according
to Eq. (53) and keeping T fixed, giving

γ ∼ γ0 +O[τ2(−s)1/2 ln(−s)], s→ 0−, γ0 := lims→0−γ ∼ κτ [1− 2τ ln τ +O(τ)], (55)

so that γx = O[γ20/(−s)1/2] now suitably replaces the relationship (23). Substituting these expressions
into the expansion (21) then results in an uniformly valid expansion holding in the (independent) dou-
ble limit s→ 0−, T → ∞, which ceases to be valid when ǫq+

21 = O(P+). In the expression for Σ+
t 21

in Eq. (24) the first term then predominates the second as s→ 0−; hence, the breakdown occurs when
uexx/uex ∼ 1/(−2s) = O(T 2γ), i.e. where −s = O[1/(T 2γ)]. Note that Eqs. (38) and (55) then yield

γ ∼ γ0 +O(τ3/2 lnT/T ), γx = O
(
γ
5/2
0 T lnT

)
. (56)

We now concentrate on this distinguished limit by introducing a suitable streamwise coordinate s̄ = O(1),

s = s̄/(T 2uT 0), uT 0 := γ0 ue,S . (57)

We then obtain from Eqs. (20) and (55)–(57)

P+ ∼ π+(−s̄)−1/2 [1 +O(τ1/2/T )], π+ := k/[Tγ
5/2
0 ue,S ]. (58)

In the expansion of Ψ+, Σ+, resulting from inspection of Eq. (18), then only the first two terms are of
interest for the subsequent analysis,

[Ψ+, Σ+] ∼ [Ψ+
00, Σ

+
00](Y

+) + π+
{
[Ψ̄+, Σ̄+](s̄, Y +) +O(γ20)

}
, T → ∞. (59)

Herein, Ψ̄+, Σ̄+ are quantities of O(1). Inserting Eq. (59) into the BL equation (18) and expanding gives
rise to a linear initial-boundary value problem for these quantities,

∂Y +Σ̄+ + ∂3Y + Ψ̄+ = (−s̄)−1/2 + Ψ+
00

′
∂s̄Y + Ψ̄+ − Ψ+

00

′′
∂xΨ̄

+, Ψ+
00 = Ψ+

00(Y
+), (60)

Y + = 0 : Ψ̄+ = ∂Y + Ψ̄+(= Σ̄+) = 0, s̄→ −∞ : [Ψ̄+, Σ̄+] ∼ (−s̄)−1/2 [Ψ+
11, Σ

+
11]

(
+O

[
|s̄|−3/2

])
. (61)

Equations (60) and (61) have to be supplemented with appropriate matching conditions for Y + → ∞. These
provide a match with the outer defect layer as they follow from the matching conditions to be imposed on
the equations for Σ+

t 11 and Σ+
t 21 for −s = O(1), see Eq. (24). Note that they depend on the higher-order

properties of any specific closure for Σ+ that accounts for the leading-order overlap behavior given by (27)
and (28). For the present investigation, however, it is only relevant to consider the behavior of the solution
to the problem posed by Eqs. (60) and (61) in the limit s̄→ 0−. We stress that the understanding of the
BL flow near separation is essentially provided by the local interplay between the two terms quoted in the
expansion (59) in the double limit s̄→ 0−, Y + → 0. Hence, the following analysis shows close resemblance
with that of the purely laminar case, where we refer to the study by Messiter and Enlow21 and the synopsis
presented in Ref. 2: the only striking difference is that here k = O(1) and the problem for perturbation
stream function Ψ̄+ accounts for the relatively weak convective terms in the strongly viscosity-affected near-
wall flow region, whereas in the laminar case the corresponding perturbation is due to an asymptotically
weak BV singularity, giving k = O(Re−1/16), but convection predominates throughout.

It is obvious that the shear stress terms do not enter the leading-order balance Eqs. (60) reduces to in
the limit s̄→ 0−. Then the behavior of Ψ̄+ for s̄→ 0− and Y + = O(1) in its most general form is found in
the form

Ψ̄+ ∼ Ψ̄+
0 (Y +) + α(s̄)Ψ+

00

′
(Y +)− 2(−s̄)1/2 Ψ+

00

′
(Y +)

[
1

Y +
+

∫ Y +

0

(
1

ϑ2
− 1

[Ψ+
00

′
(ϑ)]2

)
dϑ

]
+O(−s̄), (62)
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where both the contribution of O(1), Ψ̄+
0 , and the gauge function α(s̄) that accounts for the occurrence

of eigensolutions are a priori unknown. However, the local solution given in Eq. (62) does not satisfy the
no-slip condition (61). Therefore, a sublayer has to be introduced where the viscous stress term plays a
dominant role. By inspection of Eqs. (60) and (26), this region emerges for Y + = O[(−s̄)1/3]. Moreover,
since the pressure gradient dominates over the stress gradients in Eq. (60) as s̄→ 0−, it must also balance
their viscous contribution in that sublayer. We finally arrive at the appropriate near-wall behavior

Ψ+
00 ∼ (−s̄)2/3ζ2/2 +O[(−s̄)5/3], Ψ̄+

0 ∼ (−s̄)1/2f(ζ) +O
[
(−s̄)3/2

]
, Y + = (−s̄)1/3ζ, ζ = O(1). (63)

Substituting these expansions into Eqs. (60) and (61) yields

ζ2f ′′/3− ζf ′/2 + f/2 = −1 + f ′′′, f(0) = f ′(0) = 0. (64)

The solution to this problem that exhibits sub-exponential growth for ζ → ∞ can be expressed through
confluent hypergeometric functions by adopting standard techniques:20

f(ζ) = −2ζ

∫ ζ

0

[
ΛM( 16 ,

5
3 , ϑ

3/9) + [M(− 1
2 ,

1
3 , ϑ

3/9)− 1]/ϑ2
]
dϑ, Λ :=

Γ( 13 ) Γ(
7
6 )

31/3 π1/2 Γ( 53 )

.
= 1.0770, (65)

f ∼ −a0ζ3/2 + a1ζ − 2 +O
(
ζ−3/2

)
, ζ → ∞, [a0, a1] :=

[
4Γ( 16 )

3 Γ( 23 )
, 481/3 Γ( 23 )

]
.
= [5.4809, 4.9212]. (66)

Note the pronounced increase of the resulting negative perturbation in the resulting expansion of the wall
shear:

Y + = 0 : ∂2Y +Ψ+ ∼ 1− 4Λπ+(−s̄)−1/6 + · · · , s̄→ 0−, T → ∞. (67)

Finally, matching the region where ζ = O(1) and the main portion of the viscous wall layer, where Y + = O(1),
then gives

Ψ̄+
0 ∼ −a0Y +3/2, Y + → 0; α ∼ a1(−s̄)1/6, s̄→ 0−. (68)

That is, Ψ̄+ is bounded for s̄→ 0−, and, accordingly, the contribution to the Reynolds stress, Σ̄+, assumes
a finite limit,

Σ̄+ ∼ Σ̄+
0 (Y

+) + (−s̄)1/6Σ̄+
1 (Y

+) + · · · , s̄→ 0−. (69)

Remarkably, the terminal structure of the problem (60), (61) in the limit s̄→ 0− is found to be universal,
i.e. independent of the specific form of the (exponentially decreasing) eigensolutions for s̄→ −∞, which
trigger a non-zero wall shear contribution, (∂2Y+Ψ̄

+)(s̄, Y += 0) 6≡ 0, that results in the perturbation given
in the expansion (67). That is, the existence of these eigensolutions, not considered here, is crucial for the
asymptotic structure of the flow as s̄→ 0−.

We also note that the expansion (40) remains essentially intact, as a consequence of the logarithmic
behavior (28), in the narrow region where s̄ = O(1), if γ is replaced by γ0. Moreover, it will turn out
in § III.B.3 below that the flow in the outer main layer is virtually unaffected by the wall layer flow for
1/T ≪ x < xG throughout, i.e. even for the terminal distinguished limit s̄→ 0− as T → ∞.

III.B.3. Nonlinear Breakdown

Most important, a further breakdown of the hitherto existing asymptotic structure is encountered when
π+Ψ̄+

0 = O(Ψ+
00) or, by inspection of Eqs. (59), (63), or (67), for (−s̄)1/6 = O(π+), thus, giving rise to a new

sublayer. Therefore, this flow regime is conveniently described by assuming that the streamwise coordinate
ŝ, defined by

s̄ = π+6ŝ, (70)

is a quantity of O(1). Let us first consider the main portion of the wall layer, namely the so-called core
region, where both Y + and ŝ are quantities of O(1).

Note that the pressure gradient term P+ then has increased in magnitude from O(π+), see Eq. (58),
to O(1/π+2) here. Now its contribution to Eq. (60) is seen to be of O(1/π+3), whereas the predominating
convective terms appear to be of O(1/π+6) therein. From inspection of the original wall layer equation (18),
subject to the requirements (26) and (25), and matching with the flow upstream that is represented by the
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expansions (59), (62), and (69), the flow quantities in the core region then are easily found to be expanded
in the form

[Ψ+, Σ+] ∼ [Ψ+
00, Σ

+
00](Y

+) + π+[Ψ̄+
0 , Σ̄

+
0 ](Y

+) + π+
∑∞

i=1
(π+)i[Ψ̂+

i , Σ̂
+
i ](ŝ, Y

+) + · · · . (71)

Herein, the sum in Eq. (71) accounts for the nonlinear convective terms in Eq. (18), where the dominant
ones of O(γ0/π

+6) are those proportional to uT within the brackets. The details of the general analysis of
a mainly inviscid core region of a fluid layer with relatively small streamwise extent can be found in Ref. 2.
The most important results are that the leading-order terms depend on Y + only and that the expressions
for Ψ̂+

i , i > 0, contain eigensolutions that are proportional to Ψ+
00

′
:

Ψ̂+
1

/
Ψ+
00

′
(Y +) = Â1(ŝ) (∼ a1(−ŝ)1/6 + · · · , ŝ→ −∞), (72)

Ψ̂+
2

/
Ψ+
00

′
(Y +) = Â2(ŝ)− Â1(ŝ)

∫ Y +

Y +
b

(
Ψ̄+
0

′
Ψ+
00

′′− Ψ̄+
0

′′
Ψ+
00

′)
(ϑ)

[Ψ+
00

′
(ϑ)]2

dϑ, (73)

Ψ̂+
3

/
Ψ+
00

′
(Y +) = Â3(ŝ)−

∫ Y +

Y +
b

(
Ψ̄+
0

′
Ψ̂+

2Y +− Ψ̄+
0

′′
Ψ̂+

2

)
(ϑ) + [Â2(ŝ)/2]

(
Ψ+
00

′′2− Ψ+
00

′
Ψ+
00

′′′)
(ϑ)

[Ψ+
00

′
(ϑ)]2

dϑ

− 2(−ŝ)1/2 Ψ+
00

′
(Y +)

[
1

Y +
+

∫ Y +

0

(
1

ϑ2
− 1

[Ψ+
00

′
(ϑ)]2

)
dϑ

]
. (74)

The behavior of Â in the limit ŝ→ ∞ given in Eq. (72) follows from Eq. (68). The lower bound Y +
b of

the integrals in Eqs. (73) and (74) must be positive, in order to account for the singular behavior of the
integrands due to the near-wall behavior given by (26) and (25), but otherwise can be chosen arbitrarily. The
relationship (74) for Ψ̂+

3 is affected by the pressure gradient, cf. Eq. (62). The functions Âi are determined
in the course of matching the flow quantities in the core region with that in the aforementioned sublayer,
considered next.

Hence, we introduce sublayer quantities Ψ̂ , Ŷ of O(1) as

Ψ+ ∼ π+4 Ψ̂(ŝ, Ŷ ) +O(π+10), Y + = π+2 Ŷ . (75)

Note that Σ+ is seen to be of O(π+6) and, in turn, negligibly small in this sublayer. As a result, here the
BL equations of classical, i.e. laminar, type are fully retained to leading order:

Ψ̂Ŷ Ψ̂Ŷŝ − Ψ̂ŝ Ψ̂Ŷ Ŷ = −(−ŝ)−1/2 + Ψ̂Ŷ Ŷ Ŷ , (76)

Ŷ = 0 : Ψ̂ = Ψ̂Ŷ = 0, Ŷ → ∞ : Ψ̂Ŷ Ψ̂Ŷŝ − Ψ̂ŝ Ψ̂Ŷ Ŷ ∼ −(−ŝ)−1/2, (77)

ŝ→ −∞ : Ψ̂ ∼ (−ŝ)2/3ζ2/2 + (−ŝ)1/2f(ζ), ζ = Ŷ /(−ŝ)1/3 [= O(1)]. (78)

Herein, the initial conditions for ŝ→ −∞ provide a match with the flow in the region where s̄ = O(1) and
imply Ψ̂ ∼ Ŷ 2/2 +O[(−ŝ)−1/6] for Ŷ = O(1), in agreement with the expansion (67). The matching condition
for Ŷ → ∞, see Eq. (77), reflects the inviscid nature of the flow on top the sublayer, i.e. within the core
region.

It is instructive to outline how the behavior of Ψ̂ for Ŷ → ∞ then can be derived solely from the con-
ditions (78) of matching with the flow upstream. Integration of the inviscid part of Eq. (76) reveals that
Bernoulli’s law holds in the limit Y + → ∞, here expressed through

Ψ̂2
Ŷ
/2− 2(−ŝ)1/2 ∼ Φ(Ψ̂), Φ′(Ψ̂) = Ψ̂Ŷ Ŷ , Ŷ → ∞. (79)

Herein, −2(−ŝ)1/2 and Φ(Ψ̂) represent, respectively, the pressure term and an at first unknown total head.
By taking into account Eq. (66), one infers from matching the sublayer with the region where ζ = O(1)
that Ψ̂ ∼ Ŷ 2/2− a0Ŷ

3/2 +O[(−ŝ)1/6Ŷ ] in the double limit ŝ→ −∞, ζ → ∞. The first two terms of this
expansion allow to determine Φ(Ψ̂) in the limit Ψ̂ → ∞: since higher-order terms are inherently s-dependent
and, correspondingly, lead to an additional s-dependence of Φ, they cannot contribute to the “inviscid” part of
Φ. By disregarding them, integration of the second of the relationships (79) then yields Φ = Ψ̂ − 2−1/4a0 Ψ̂

3/4;
from subsequent integration of the first of those relationships one obtains

Ψ̂ ∼ Ẑ2/2− a0Ẑ
3/2 − 2(−ŝ)1/2 +O

(
Ẑ−3/2

)
, Ẑ := Ŷ + Â1(ŝ), Ŷ → ∞. (80)
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In this expansion the pressure term is found as a particular solution of Eq. (79) and terms of O(Ẑ−3/2) are
affected by the shear stress term in Eq. (76). Furthermore, the “constant” Â1 of integration with respect to
Ŷ follows from a match with the core region, according to Eq. (72).

The initial-boundary value problem posed by Eqs. (76)–(78) describes a BL under the action of an adverse
pressure gradient. Most important, its solution is well-known to terminate at an (a priori unknown) position
ŝ = ŝG < 0 in form of a Goldstein singularity; here we refer to Refs. 2,9,10, and the remarks stated by Neish
and Smith4 in connection with an akin situation that arises in their treatment of trailing-edge flow. (A
thorough numerical treatment of Eqs. (76)–(78) that rigorously clarifies this property and determines the
value of ŝG will be provided in a subsequent related paper.) Here we only present the most relevant results
from the local analysis of these equations by considering the representative limit

ξ := [ω(ŝG − ŝ)]1/4 → 0, (81)

where the (positive) constant ω and the (negative) value of ŝG are fixed by the solution of Eqs. (76)–(78):9,10

Ŷ = O(1) : Ψ̂ − Ψ̂0(Ŷ ) ∼ Ψ̂ ′
0(Ŷ ) ξ2[1 +O(ξ)], Ŷ = 0 : Ψ̂Ŷ Ŷ ∼ (−ŝG)−1/2 ξ2[1 +O(ξ)], (82)

Ŷ → 0 : Ψ̂0 ∼ (−ŝG)−1/2[Ŷ 3/6− (−ŝG)−1/2ωŶ 5/240 +O(Ŷ 6)]. (83)

Strictly speaking, the asymptotically correct description of that singular behavior requires the introduction of
a further region where Ŷ = O(ξ) or, equivalently, Ψ̂ = O(ξ3). In turn, this Goldstein region is characterized
by the distinguished limit

ι := Ŷ /ξ = O(1). (84)

The crucial result is provided by the square–root singularity exhibited by the shear rate Ψ̂Ŷ Ŷ evaluated at
the surface in terms of ŝG − ŝ, cf. Eq. (82).

IV. Comparison with Numerical Results

IV.A. Kirchhoff-type Flow

Without going into the technical details, we note that the Kirchhoff-type potential-flow problem for the
canonical case of a circular cylinder in uniform cross stream, as referred to in figure 1 on page 5 (a), has been
solved numerically by employing the particular methods of conformal mapping elucidated in.3 We now discuss
the solutions displayed in figure 4. Let φ := 180x/π, such that the position of S is characterized by the angle
φS , which is a function of k: φS(k). One then obtains φmin := φS(0)

.
= 55◦ 02′ 30′′, cf. Ref. 3. In general, for

a convex surface contour the BV parameter k increases for increasing values x = xS(k), φ = φS(k). Also, the
case of a body shape which is symmetric with respect to the free-stream flow direction serves as a sufficient
condition that the free streamlines have the form of a parabola sufficiently far downstream of the body under
consideration. Therefore, then they confine an infinitely large dead-water zone. Specifically, in the canonical
case depicted here, the inflection point of the free streamlines is shifted to infinity as k → kmax

.
= 0.49079,

so that they meet asymptotically at infinity for k = kmax and φmax := φ(kmax)
.
= 126◦ 43′ 32′′.
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Figure 4. Kirchhoff flow around a circular cylinder for discrete values k = i × 0.05, i = 0, 1, . . . , 10: (a) separating stream-
lines (figures on axes measure horizontal and vertical distance from centre in multiples of unit radius), (b) distribution
ue(x; k) over φ [◦], terminating at x = xD(k), φ = φD(k) in form of the BV singularity, see Eq. (7) (e.g. φS(0.3)

.
= 86◦ 1′ 54′′).
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Note that k ≥ 0 for geometrical reasons. Also, for k ≤ kmax the dead-water region is semi-infinitely open,
so that there the value of the pressure equals p0,S or, equivalently, p0,C and that of the pressure at infinity,
denoted by p0,∞. For k > kmax, however, the dead-water pressure p0,S enters the problem as a further
parameter. In that case the stagnant-flow region is cusp-shaped and of finite extent, cf. Ref. 22. This type of
potential flow is currently under investigation. Here we only note that the strictly attached potential flow,
exhibiting a rear-stagnation point R, considered by Neish and Smith4 then is seen as the limit of a class of
flows that show an increase of p0,S from p0,∞ up to the limiting value p0,R. According to Bernoulli’s law,
one readily finds that p0,S + u2e,S/2, with p0,S = p0,C and ue,S = ue,C , equals the value p0,∞ + 1/2 (= p0,F )
of the total head, characteristic of the free streamline C. Furthermore, due to the strong inflection of the
C near S as expressed by Eq. (10), ue → 0 in the limit k → ∞. Therefore, we expect that S approaches R
then. Also, in this limiting case the need of a further potential-flow region in the vicinity of S is indicated
as the expansions (7), (9), and (10) are only valid for |s| ≪ k−2.

In the present study, however, we tacitly restrict the analysis to flows exhibiting an open cavity. This
assumption agrees with the original finding of a class of potential flows that are only parametrized by k, as
already mentioned in § II. Both the regimes of the values of k that refer to an open and closed stagnant-flow
region, respectively, are indicated by the light- and dark-shaded sectors in figure 4 (a).

IV.B. Boundary Layer Flow

IV.B.1. Asymptotically Correct Reynolds Stress Closure

In order to obtain numerical solutions of the BL problem posed by Eqs. (12)–(15) for various values of k
and T , the Reynolds shear stress function Σ is conveniently modelled on the basis of the mixing length
formulation, which is associated with the concept of a rather sharp BL edge Y = δ, cf. Ref. 13. In addition,
in the case T → ∞ the solutions shall assume a behavior that is compatible with the asymptotic structure of
the BL derived in § III. This is achieved if the mixing length is modelled as proportional to the “turbulent”
BL thickness δ times a shape function, here denoted by ℓ, which is taken as the product of the two “lengths”,
l and l+. These account for the BL flow in the outer main region and the viscous sublayer, respectively,

Σ = [δ ℓ ΨY Y (x, Y ; k, T )]2, ℓ = l(η) l+(Y +), (85)

l := µ I(ζ)1/2 tanh[κ η/cℓ], I := 1/(1 + 5.5 η6), µ := 0.085, (86)

l+ := 1− exp(−Y +/Γ ), Γ := β [1− exp(−Y +/ϕ)]1/2, β := 27.8, ϕ := 4.8 . (87)

In these relationships η is defined according to Eq. (30), where δ is appropriately determined as the minimum
value of Y where Σ is found to be numerically insignificantly small. The expression for l in Eq. (86) is a
modification of the well-known model by Michel, Quémard, and R. Durant23 (see also Ref. 13, p. 557),
where the usual intermittency factor I by Klebanoff24 has been included. In turn, the associated pronounced
decrease of ℓ eliminates the deficiency of the original model to overestimate the turbulence intensities near
the BL edge. The sublayer closure25 provided by Eq. (87) predicts the correct near-wall behavior given by
Eqs. (13), (25), and (26). In Eqs. (85)–(87) the turbulent reference velocity uT enters the definition of the
wall layer coordinate Y +, given by Eq. (16), in the form uT := κτue, according to Eqs. (22) and Eq. (38),
rather than by adopting the original definition Eq. (17). This advantageously agrees with the asymptotic
structure near separation discussed in § III.B without encountering an unbounded increase of the wall layer
thickness as uT → 0 for s→ 0−.

Formally, Eqs. (85)–(87) represent an appropriate mixing length closure for in the fully turbulent case,
expressed by the limit T → ∞. In this limit it enforces the transition towards the small-defect BL, considered
in § III.A, as Eqs. (86) and (87) provide a common overlap of the main and the sublayer as it predicts the
widely believed linear variation of ℓ with distance from the wall in the overlap domain, ℓ ∼ κη, which
is usually argued for by bringing forward dimensional reasoning.13 This fully agrees with the form of the
closure already addressed in § III.B.1 and expressed through Eqs. (39) and (51). In turn, the overlap behavior
given by Eqs. (27), (28), and (34), is revealed. Specifically, applying the above model to the “universal”

sublayer functions Ψ+
00(Y

+) and Σ+
0 (Y +) yields vSi+0 = [κY +l+Ψ+

00

′′
(Y +)]2, so that Ψ+

0 then follows from
(numerical) integration of the first of the Eqs. (24), subject to the no-slip condition, see Eq. (13). Setting
κ = 0.38418 here gives B+ .

= 4.8831 and Σ+
0 ∼ ε00Y

+3 +O(Y +7/2) with ε00
.
= 9.16× 10−4. That is, the

near-wall behavior given by Eqs. (25) and (26) is satisfied, in numerically good agreement with experimental
findings.25,26
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IV.B.2. Partially Developed Turbulent Boundary Layer near Separation

For a numerical treatment of Eqs. (12)–(15), these equations have been suitable transformed in order to
capture the smooth transition towards the Hiemenz flow as x→ 0+. This procedure is presented in Ref. 1.
Solutions of the transformed equations have been achieved by adopting the method of lines and employing
a Keller–Box-type discretisation, supplemented with automated adaptive step control in the x-direction
and an automated remeshing strategy regarding the grid in Y -direction. The latter was resolved by using
approximately 104 grid points.

Solutions have been found by prescribing Kirchhoff-type potential flows with an open cavity, i.e. for
0 ≤ k ≥ kmax and for a wide range of values of T . The solutions corroborate the conjecture that the position
x = xG of the Goldstein singularity triggered by the BV singularity, see Eq. (7), is shifted downstream for
increasing values of k, thereby increasing in strength. Increasing values of T , i.e. increasing turbulence
intensities, are expected to foster that downstream shift as turbulent BLs are empirically known to be less
prone to separate than laminar ones for identical external-flow configurations (i.e. for identical values of k).
In the following, we solely discuss the solutions obtained for the specific value k = 0.3, which exhibit the
rather surprising property that the strength of the Goldstein-singularity weakens for increasing values of T :
from this scenario one then infers (needless to say, with some caution) that for a certain range of values of
k (within the interval 0 < k < kmax in case of the circular cylinder) the Goldstein singularity vanishes for
critical values of T .

The condition of matching with the external flow has been satisfied numerically at Y = δ within the
range 10 ≤ δ ≤ 100, where δ has been increased properly for increasing values of the parameter T . The
latter is varied from T = 0 up to T = 105; higher values result in numerical difficulties which could only be
overcome by employing a considerably higher grid resolution. Hence, the BV singularity is seen to take place
at φ = φS

.
= 86◦ 1′ 54′′, as indicated in figure 4 on page 18 (b) and figure 5 by vertical dotted lines. The

resulting distributions for the reduced wall shear stress, Ω, together with that for the displacement thickness,
Υ , defined by

Ω(x; k, T ) := ΨY Y (x, Y = 0; k, T )/ue(x; k), Υ (x; k, T ) :=

∫ ∞

0

(1− ΨY /ue) dY, (88)

are plotted in the last figure.
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Figure 5. Key quantities of solutions of BL equations (12)–(15), for k = 0.3 and T = i × 104 over arc angle φ [◦] as
φ − φS(k) → 0−, terminating at φ = φG(k, T ) (positions indicated by circles): (a) reduced wall shear stress Ω, (b) dis-
placement thickness Υ .

For sufficiently small value of T the BL behaves still laminar-like as the corresponding solutions are found
to terminate in form of a Goldstein-type singularity at the location φ = φG(k, T ), i.e. for x = xG(k, T ). That
is, Ω(x; k, T )− (xG ; k, T ) and Υ (x; k, T )− Υ (xG ; k, T ), respectively, vary with (φG − φ)1/2 to leading order as
φ− φG → 0−, in agreement with the analytical results of § III.B.3. Furthermore, φ = φG approaches φ = φS
for increasing values of T . Eventually, when T assumes a certain value, say T = TS(k) (here TS × 10−4 is
slightly below 4), φG(TS , k) = φS(k). In turn, for T ≥ TS the boundary-layer calculations break down at
φ = φS(k), where Ω exhibits a finite limit. In fact, for k = 0.3 the numerical results obtained for relatively
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large values of T strongly suggest a regular local behaviour of the solutions. Consequently, the fully turbulent
BL obtained in the limit T → ∞ having a velocity defect of O(1/ lnT ), would not separate at all. This result
is entirely in line with the analytical investigation given in Ref. 6, which applies to the outer defect layer of
a generic turbulent BL with an asymptotically small velocity deficit as φ− φS → 0−, i.e. for x− xS → 0−.
However, it apparently contradicts the analytically obtained results of § III.B.

V. Conclusions and Further Outlook

The present analysis is initiated by the assumption that, in the limit Eq. (1), the BL that stretches from
F towards the point S of detachment of the free streamline is highly turbulent. Within the framework of
BL theory this flow is governed by the Eqs. (12)–(15) for large values of T and under the action of a pressure
gradient −ueuex that is impressed by the external Kirchhoff-type flow, parametrized by the BV parameter
k. It has been shown in Ref. 1 that, in the limit T → ∞, such a BL assumes the well-accepted two-tiered
splitting. Furthermore, the existence of a front-stagnation point of the external potential flow ensures that
T ≪ Re1/2. The hypothetical limit T = Re1/2 pertains to a fully developed turbulent BL, where the viscous
wall layer is characterized by a perfect equilibrium between the total and the wall shear stress to leading
order. Moreover, we have demonstrated here that in this limit the strength of the Goldstein singularity that
is induced by the rather abrupt pressure rise, expressed by Eq. (7), increases whereas the distance between
its position and that of the BV singularity decreases asymptotically. This behavior is conveniently expressed
by recasting the behavior of Ψ̂Ŷ Ŷ for Ŷ = 0 given in Eq. (82) with the aid of Eqs. (16), (57), (58), (70), (75),
and (81),

ΨY Y (x, Y = 0; k, T ) ∼ Tγ60(u
3/2
e,S/k

3)[(ω/ŝG)(x− xG)]
1/2 (x→ xG−), xS − xG = O[k6/(T 8γ160 u4eS )]. (89)

It is also seen from these relationships that for sufficiently large but fixed values of T the strength of the
Goldstein singularity decreases further, accompanied by a corresponding shift of G towards S, in the limit
k → 0+ that refers to laminar massive separation.2,7, 8 Contrarily, in the limit k → ∞, i.e. for ue,S → 0 as
S is shifted towards R, which is associated with the problem of trailing-edge flow considered in Refs. 4 and
Ref. 6, the singularity decreases in strength whereas the breakdown of the BL equations is correspondingly
delayed. Most important, as a consequence of the streamwise velocity defect of O(1/ lnT ) that characterizes
the outer main portion of the BL, this region is found to be largely unaffected by the singular behavior
expressed in Eq. (89): it exhibits a perturbation about the terminal velocity profile, expressed by F0η(η; k),

which is essentially of O[(−s)1/2], see Eq. (40).
It is quite interesting that this theoretically predicted behavior of a turbulent BL slightly upstream of

separation is strongly supported by the interpretation of experimental findings as well as numerical solutions
of the BL equations based on commonly employed turbulence closure schemes, see Tsahalis and Telionis.27

One should concede, however, albeit with some reservation, that the numerical results presented in § IV.B
do not exclude the possibility that the Goldstein singularity is avoided for certain values of k. To the
authors’ present opinion, this situation is closely related to the suppression of eigensolutions that trigger the
asymptotic splitting of the wall layer flow elucidated in § III.B.2. Of course, further research is required to
shed light on the possibility of a second, different type of separation associated with this behavior.

Needless to say, however, an asymptotically correct description of the separation process requires an
investigation of the full Reynolds-averaged equations of motion (2)–(4). Such a theory is presumably devised
by exploiting the triple-deck formalism,2 in order to take into account locally strong viscous/inviscid inter-
action in the vicinity of S. The consequences of such a strategy include, amongst others, a distinguished
limit T = T (Re) as T → ∞ and Re → ∞ and were already alluded to by Neish and Smith,4 who propose

T = O(Re−1/18) for the case 0 < k <∞ of interest here. They arrive at this conclusion by exploiting scal-
ing arguments and the assumption that the canonical triple-deck problem describing laminar break-away
separation, established by Sychev7 and originally solved numerically by Smith8 (see also Ref. 2), can even
be applied to the developed turbulent case. The latter property apparently has a profound basis as the
region of nonlinear breakdown discussed in § III.B.3 then plays the role of the lower deck. In our point of
view, however, their conclusion seems tentative for three reasons: first, their finding does not properly take
into account the logarithmic law of the wall (28) and the inherently associated asymptotically small velocity
deficit in the upper deck that is located at the base of the outer main region of the BL. Secondly, as has
been demonstrated by Melnik and Chow,28 the BL approximation ceases to be valid already in a region of
streamwise extent of O(Re−1/2Tγ) that compares with the BL thickness, according to Eqs. (11) and (30),
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and where the effect of the pressure gradient acting normal to the surface becomes important. Third, it is
not clear for the time being how turbulence alters the downstream conditions that supplement the original
triple-deck problem and account for the development of a separated shear layer and the region of weak re-
verse flow. These issues are topics of the ongoing research. Here we only give a rather coarse estimate for an
upper bound of T : since the governing equations (2), (3) are required to reduce to a BL approximation in the
lower deck, its streamwise extent must be asymptotically larger than that perpendicular to the surface in the
limit (1). One deduces from Eqs. (11), (30), (38), (57), (58), and (70) that the former is of O[Re−1/2(Tγ0)

−1]

and the latter of O(T−4γ−14
0 ), giving T ≪ Re1/6(lnRe)13/3. The most interesting feature, however, of the

interaction problem to be derived concerns uniqueness of its solution. As in the laminar case,8,29,30 it is very
likely that a solution only exists for a single value of k with 0 < k <∞, which remains the only parameter
entering that problem. Hence, in contrast to the laminar case where the solution approximately fixes the
value of kRe1/16 as Re → ∞, for a developed turbulent BL the position of S on the body surface and hence
the global potential flow is presumably selected by the solution of the local interaction problem.

A BL description akin to that presented here likely applies also to a further related topic of interest
from the point of view of aerodynamics, namely, turbulent trailing edge-flow past a plate under angle
of attack, then measured by k. Here we refer the preliminary asymptotic results given by Melnik and
Chow.28 Most important, it is very likely that a rational description of separation then also predicts a
maximum level of turbulence intensity in the oncoming attached BL. As a remarkable – although tentative –
conclusion drawn from these considerations is that the Reynolds stresses in a turbulent BL along a body of
finite dimensions that undergoes break-away separation never exhibit their theoretically maximum possible
magnitude, associated with the well-established two-tiered fully developed turbulent BL that was described in
a self-consistent manner by Mellor5 and is recovered in the case T = Re1/2. A discussion of the consequences
of this finding are certainly beyond the scope of the present analysis. However, it is corroborated by the fact
that for fully developed turbulent flow the viscous wall layer is exponentially thin compared to the outer
defect layer as these regions have thicknesses of O(lnRe/Re) and O(1/ lnRe), respectively, cf. Eqs. (16), (30),
by noting that σ = γ, and (38): that is, the triple-deck structure then does not apply here as the displacement
exerted by the lower deck located in the wall layer is too weak to generate a sufficiently large pressure feedback
in the same region which originates from the upper deck in the small defect-region. It seems that such a BL
withstands a pressure rise that is associated with a value of k of O(1), cf. Eq. (7), which, however, contradicts
the basic assumption of a free streamline originating in S. In turn, it is felt that a proper coupling between
k, T , and Re in the aforementioned case k → ∞ implies larger values of T than those allowed in the case
k = O(1), which is also indicated by Eq. (89). A treatment of this type of trailing-edge flow, based on the
preceding analysis given in Refs. 4, 6, will be presented in a subsequent study.
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Massive flow separation from the surface of a plane bluff obstacle in an incompressible
uniform stream is addressed theoretically for large values of the global Reynolds num-
ber Re. The analysis is motivated by a conclusion drawn from recent theoretical results
which is corroborated by experimental findings but apparently contrasts with common
reasoning: the attached boundary layer extending from the front stagnation point to the
position of separation never attains a fully developed turbulent state, even for arbitrarily
large Re. Consequently the boundary layer exhibits a certain level of turbulence intensity
that is linked with the separation process, governed by local viscous–inviscid interaction.
Eventually, the latter mechanism is expected to be associated with rapid change of the
separating shear layer towards a fully developed turbulent one. A self-consistent flow
description in the vicinity of separation is derived, where the present study includes the
predominantly turbulent region. We establish a criterion that acts to select the position
of separation. The basic analysis here which appears physically feasible and rational is
carried out without needing to resort to a specific turbulence closure.

Key Words: Boundary Layers, Separation, Turbulent Flows

1. Introduction

Incompressible flow separation past a blunt cylinder with an impervious inflexible
smooth surface is of vital interest from an engineering point of view where a reliable
method is sought to predict the position of time-mean gross separation of the turbulent
boundary layer. As Sandborn & Liu (1968) state at the very beginning of their experi-
mental study, “Turbulent boundary-layer separation is normally listed as one of the most
important unsolved problems in fluid mechanics . . . ”, which represents quite a challenge.
Considerable theoretical efforts however have not yet led to a fully self-consistent picture
of the separation process even within the framework of a time-mean description of the
flow. Also, despite the rapid progress made in recent years in Direct Numerical Simula-
tion (DNS) and semi-direct numerical methods such as Large-Eddy and Detached-Eddy
Simulation, existing computational techniques do not master fully this great challenge by
producing sufficiently accurate solutions of the unsteady Navier–Stokes equations in par-
ticular. This is largely because in practical applications for instance in aerodynamics the
relevant Reynolds numbers must be large enough for the boundary and separated shear
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layer to exhibit rather high levels of turbulence intensity, and these Reynolds numbers
are often too large to be dealt with adequately by numerical methods currently available.

The present study aims to shed some light on the intricate flow structure near separa-
tion with the goal of fostering future progress in modelling turbulent separating flows. It
is desirable to gain deeper insight into two fundamental aspects which constitute the core
problem: (i) the behaviour of the nominally two-dimensional steady flow in the vicinity
of separation, and (ii) how the local theory describing (i) fits into the global picture of
the flow past the obstacle under consideration. In the following all flow quantities are
non-dimensional with respect to the speed Ũ of the unperturbed oncoming uniform flow,
a typical body dimension L̃ (see figure 1a), and the (constant) fluid density. Furthermore,
the global Reynolds number Re takes on arbitrarily large values,

Re = Ũ L̃/ν̃ ≫ 1. (1.1)

where the constant ν̃ is the kinematic viscosity of the fluid. Analytical methods such
as matched asymptotic expansions then provide an appropriate means to establish a
rational theory on the basis of the time- or, equivalently, Reynolds-averaged Navier–
Stokes (RANS) equations, i.e. the Reynolds equations.

In laminar flow (however inadequate that presumption may be on physical grounds) the
triple-deck structure provides a rational description of break-away separation for (1.1),
at least locally: Sychev (1972), Smith (1977). For an overview of the laminar bluff-body
problem, including the controversy concerning the validity and preference of a particu-
lar model of the large-scale separated flow, see Smith (1979, 1985, 1986), Chernyshenko
(1988), Sychev et al. (1998) for instance; the currently accepted solution was put forward
by Chernyshenko (1988), and an overview of the whole subject is in Sychev et al. (1998).
In turbulent flow the current state of asymptotic theory for the fully developed turbulent
case is described by Kluwick & Scheichl (2009). A local description of the separation
process was attempted systematically in interesting original works by Sychev & Sychev
(1980), Sychev (1983), Sychev (1987), Melnik (1989); for further references and a discus-
sion of these enthralling and illuminating attempts see Neish & Smith (1992), Scheichl &
Kluwick (2008a). In a recent development (Scheichl, Kluwick & Alletto 2008; Scheichl &
Kluwick 2008b) a self-consistent flow structure matching the boundary layer region with
the small region of pronounced laminar–turbulent transition near the leading edge of the
obstacle is found to agree with the classical picture of a two-tiered turbulent boundary
layer. It consists of (first) the fully turbulent outer main region comprising most of the
boundary layer, which exhibits a small defect of the streamwise velocity component with
respect to its value imposed by the external potential flow and has Reynolds stresses
dominating over the viscous shear stress, and (second) the viscous wall layer, where the
turbulent shear stress and its molecular counterpart are of comparable magnitude. In the
present study that classical structure is adjusted in order to also account for underdevel-
oped turbulence (following the measurements of Schewe 2001 and suggestions of Scheichl
et al. 2008, Scheichl & Kluwick 2008b below), i.e. for a boundary layer characterised by
a level of turbulence intensity below that of a fully developed turbulent boundary layer
flow. In the present investigation this concept is restricted to sufficiently high turbulence
intensities, so that the turbulent boundary layer already exhibits the aforementioned
typical two-tiered structure. More specifically, here the notion of slightly underdeveloped
turbulence turns out to be crucial.

This type of ‘transitional’ boundary layer flow was originally proposed by Neish &
Smith (1992). In its form adopted here two asymptotically small perturbation parameters
are employed: a measure for the velocity defect, ǫ, and a further one, σ, for the boundary
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layer thickness, denoted by δ. Hence, the quantity

It = αǫ2, with α = σ/ǫ, (1.2)

measures the magnitude of the correlation of the turbulent velocity fluctuations, i.e. of
the Reynolds stresses or the turbulence intensity, in the shear layer. We deal with slightly
underdeveloped turbulent flow if both of the following relationships hold:

ǫ lnRe = O(1), (1.3a)

α≪ 1. (1.3b)

This eventually assumes its fully developed form if both σ and ǫ are of O(1/ lnRe), i.e.
then α = O(1). The ranges (1.3) control the turbulence intensity levels, where (1.3b) alone
emerges to characterise underdeveloped turbulence. The process of laminar–turbulent
transition provides a source (Scheichl et al. 2008; Scheichl & Kluwick 2008b) of delaying
the boundary layer flow from becoming a fully developed turbulent one, so that we speak
of a laminar-turbulent boundary layer in the following. Self-consistency of the slightly-
underdeveloped-flow scaling is confirmed by considering the local asymptotic structure
of the boundary layer close to separation: free-stream convection penetrates through the
outer layer to the top of the wall layer, which is exponentially thin compared to the
former in the classical (fully developed) case. Then the pressure feedback exerted by
the induced inviscid region that feels the local displacement of the flow adjacent to the
surface is too weak to alter this near-wall flow to leading order and avoid the formation
of a Goldstein singularity (cf. Rothmayer & Smith 1998; Sychev et al. 1998). Thus a
sound formulation of this locally strong viscous–inviscid interaction process requires the
von Kármán number δ+ (namely the ratio of the inner- and the outer-layer thicknesses)
to vary essentially algebraically with 1/δ rather than exponentially as in the classical
case. In other words, δ is found to depend predominantly algebraically on Re rather
than logarithmically, associated with the classical scaling. Moreover a detailed analysis
of a turbulent boundary layer evolving from the leading edge towards the location of
separation (Scheichl & Kluwick 2008b) indicates that the first situation leads to a specific
(distinguished) double limit ǫ→ 0, α→ 0, such that the associated dependence of α on Re
determines the ultimate value of the turbulence-intensity level It possible.
Altogether, turbulent separation is found to be associated with a quite complex inter-

play of a so-called inner and an outer mechanism of local viscous–inviscid interaction. In
this paper we concentrate on both mechanisms; however, particular details of the latter
and its interplay with the inner interaction will be addressed more elaborately in a later
study. The outer interaction is of paramount importance for the understanding of the
drastic change of the flow in the wall layer as it undergoes separation, itself governed by
the inner interaction process. The inner interaction process gives rise to a novel inter-
nal triple-deck structure which is located at the base of the boundary layer and which
eventually fixes the value of It.
The concept of slightly underdeveloped turbulence adopted in the present analysis is

novel and somewhat unconventional but is supported by the oil-flow measurements car-
ried out by Schewe (2001) as discussed by Scheichl et al. (2008), Scheichl & Kluwick
(2008b). Also Sandberg & Sandham (2008) conclude, albeit with some reservation, from
the results of their DNS study that the turbulent flow close to the trailing edge of a flat
plate aligned in a uniform stream exhibits characteristics which point to the well-known
triple-deck structure as in laminar flow: see Rothmayer & Smith (1998), Sychev et al.
(1998). Although not directly concerned with separation from a smooth surface, this find-
ing is of particular interest: it is demonstrated below how the asymptotic representation
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Figure 1. Sketch of flow situation, including streamlines of inviscid flow (arrows indicate flow
direction, for caption see text): -------- free-stream region, - - - - slipstream;
(a) global (here shown for a symmetric body), (b) local (near the position D of flow detachment).

of the flow near separation in the regime of the outer interaction is closely related to that
occurring in the turbulent flow past the trailing edge of a flat plate at angle of attack as
considered first by Melnik & Chow (1975). The differences are mainly due to different
near-wall boundary conditions downstream of separation.
The paper is organised as follows. After the problem description on the basis of the

Reynolds equations in § 2 an outline for the external and boundary layer flows is given
in § 3, concluded by the rationale supporting the existence of underdeveloped turbulent
boundary layer flow and the definition of the slightly underdeveloped case. The results
presented lead to a complete flow picture and a thorough investigation of the inner and
(less elaborately) the outer interaction process as in § 5. The solutions of the impressed
potential flow as well as the boundary layer equations that govern the outer small-defect
portion of the oncoming turbulent flow enter the interactive-flow description in the form
of certain parameters and require both an analytical and numerical treatment: they are
discussed separately in § 4. Finally, the implications of the description of separation here
are highlighted in § 6. Also, those assumptions made in the course of the analysis with
the most important repercussions on its progress are summarised there.

2. Problem formulation

As a starting point, we formulate the basic equations governing the time-mean flow
past the cylindrical body under consideration. In this section and in § 3 we tacitly refer
to figure 1 whenever necessary.
Let x, y, u, v, ψ, p denote natural coordinates along and perpendicular to the upper

part of the perfectly smooth body surface, respectively, having the origin in the point L
defining the leading edge of the cylinder, the velocity components in x- and y-directions,
the stream function, and the pressure. Furthermore, φ(x) denotes the angle of inclination
of the surface contour at a distance x measured counter-clockwise from the direction of
the oncoming parallel flow. Then the value of the surface curvature

κ(x) = −dφ/dx (2.1)

is positive/negative for a convex/concave part of the contour. In turn, the continuity
equation is satisfied identically with u = ∂yψ, hv = −∂xψ, where h = 1 + κy. Hence, the
Reynolds equations consist of the momentum equations for the x- and y-directions (see
e.g. Schlichting & Gersten 2003, p. 81),

h2Dt∂yψ − κ(∂xψ)(∂yψ) = −h∂xp− h∂x〈u′2〉 − ∂y(h
2〈u′v′〉) + νh2∂y∇2ψ, (2.2a)

−hDt(h
−1∂xψ)− κ(∂yψ)2 = −h∂yp− ∂y(h〈v′2〉)− ∂x〈u′v′〉+ κ〈u′2〉 − ν∂x∇2ψ, (2.2b)
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Turbulent break-away separation for large Reynolds number 5

where ν = Re−1 (for the sake of brevity) and the total derivative and the Laplacian are
written as

Dt = h−1[∂yψ ∂x − ∂xψ ∂y], ∇2 = h−1[∂x(h
−1∂x) + ∂y(h∂y)]. (2.2c)

Also, u′, v′ denote the turbulent fluctuations of the x- and y-velocity components re-
spectively. Thus, the components of the Reynolds stress tensor are identified by 〈·〉.
Equations (2.2) are supplemented with the usual no-slip and no-penetration boundary
conditions at the solid cylinder surface and the requirement for uniform parallel flow
infinitely remote from the body, such that for

y = 0: u = v = u′ = v′ = 0, (2.3)

y → ∞ : [u, v, u′, v′, p] → [cosφ,− sinφ, 0, 0, 0]. (2.4)

Here φ is the slope angle introduced before.
Furthermore, in the following we tacitly assume that all components of the Reynolds

stress tensor have the same order of magnitude under the assumption (1.1) (hypothesis
of locally isotropic turbulence, cf. Kolmogorov 1961 and references therein).
We subsequently aim at investigating the flow in the vicinity of separation in the

regime (1.1) on the basis of (2.2)–(2.4). To this end, we start with considerations regarding
the overall asymptotic picture of the (non-interactive) flow as put forward by Scheichl
et al. (2008) and Scheichl & Kluwick (2008b). This is the subject of § 3.

3. Overall background and preliminary results

The structure of the flow on the scale of body dimensions under the assumption (1.1)
represents a decisive but delicate issue still under debate. Nonetheless, its rather few
salient properties underlying the present analysis seem plausible.

3.1. Does Euler flow provide a feasible asymptotic state for large values of Re?

As will be argued in § 3.4.1, the attached boundary layer emanating from L exhibits
underdeveloped turbulence and thus typically shrinks towards the line y = 0 as Re in-
creases. On the other hand, it is a widely accepted fact that a free turbulent shear layer is
a fully developed and ‘thick’ one insofar as its thickness is essentially independent of Re
and measures the turbulence intensity concentrated in it. However, from an empirical
point of view such a shear layer can still be regarded as relatively slender though, as was
put in a formal asymptotic concept first successfully by Schneider (1991); for boundary
layers see Melnik (1989), Scheichl & Kluwick (2007b). Hence, the existence of separated
flow here does not restrain us from regarding the Reynolds stresses as negligibly small en-
tirely within an extent of a typical body dimension from the body surface, so that (2.2a),
(2.2b) reduce to the Euler equations in the present regime. Therefore the question posed
at the beginning of this section is answered in the affirmative, even if tentatively.
We concede of course that the real behaviour of the flow may be different due to the

effect of the free shear layers, but, hopefully, not too different from the model proposed
here, so that it can be adapted in a self-consistent manner. We are also aware that the
picture of the global flow remains incomplete as long as transition of the just separated
shear layer to a fully developed one is accepted without being understood in detail. An
interesting step in this direction was made recently by Sychev (2010).
This flow behaviour considered here then is accounted for by the leading-order term

of the expansion

[ψ, u, v, p] ∼ [ψ0, u0, v0, p0](x, y; k) +O(ǫσ), y = O(1), (3.1)
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which is suggested by the form of the small-defect structure of the boundary layer as
already addressed in § 1. The non-negative parameter k shall account for the initially
unknown location x = xD(k) of the point D where the free streamline, on which ψ0 = 0
by definition and here denoted by S, detaches tangentially from the body surface. A
precise definition of k that involves the structure of the flow near D is given in the course
of its further discussion (see § 3.3). Next, we subsume the essential topological properties
of that Euler flow which, in view of (1.1), is formally assumed in the limit of arbitrarily
large values of Re.

3.2. Global picture of inviscid flow

The inviscid free-stream flow, characterised by y > yS , is irrotational. The potential flows
past a cylinder that are parametrised by k and leave a (semi-infinitely) open cavity, i.e.
a dead-water zone where p0 ≡ 0 according to the far-field conditions (2.4), downstream
of the body are usually referred to as Helmholtz–Kirchhoff (HK) flows; for an extensive
treatment see e.g. the textbook by Gurevich (1979). It is self-evident that in this case (2.4)
only holds outside the cavity. In contrast to the more general approach proposed sub-
sequently but according to what is conventionally suggested in previous related studies,
it should be mentioned that Sychev et al. (1998) (also cf. the references therein) and
Schlichting & Gersten (2003) consider this type of a potential flow as the only physically
realistic one that is representative in the case (1.1), in agreement with the prerequisites
of the original analysis of laminar separation by Sychev (1972), at least as far as steady
flows are concerned.
In the following we relax the assumption that in the inviscid-flow limit, formally ex-

pressed as Re−1 = 0, the slipstream of the body degenerates into an open cavity: it is
equivalently reasonable from the viewpoint of first principles that the terminal asymp-
totic picture of the flow about the cylinder exhibits a closed region that either forms a
dead-water cavity (cf. Eppler 1954; Gurevich 1979) or even an inviscid recirculating flow
with (negative) vorticity, hereafter denoted by ω0, behind the body. This region then is
assumed to have an extent comparable to a characteristic dimension of the body and
thus to lie within a distance y = O(1) from the trailing edge, denoted by T . Under the
assumption of a dead-water region confined by S the first possibility applies when D is
sufficiently close to T . Then the uniform k-dependent value of p0 typical for the (cusp-
shaped) dead-water zone is positive. One should mention, however, that this patently
contrasts with experimental findings as these support the existence of a sub-pressure
cavity (cf. Zdravkovich 1997), even for Re

.
= 1.782× 107 for a circular cylinder and Re

formed with its diameter (Jones, Cincotta & Walker 1969). The second possibility is
associated with a rich variety of complex flow pictures and comprises the first situation
by including the trivial case ω0 ≡ 0 (y > 0). Due to the inherent impact of turbulent
unsteadiness on the flow even for arbitrarily large values of Re, for ω0 6≡ 0 the (two)
counter-rotating eddies are not necessarily of the celebrated Prandtl–Batchelor type,
where each eddy is identified by a uniform value of ω0 (Batchelor 1956a,b): the latter
situation only applies if the unsteady terms in the Navier–Stokes equations tend to zero
faster than the viscous ones for increasing values of Re. In passing we note that critical
overviews on such categories of inviscid flows, exhibiting different forms of closed wakes,
are put forward by Wu (1972), Zdravkovich (1997), and Sychev et al. (1998). Both sce-
narios discussed so far are displayed in figure 2, where C denotes the point confining
either the cavity or the wake flow on the centreline. In the first the free streamlines S
indicated by I, II, III refer to the cases k < kc (HK flow), k = kc (C infinitely remote),
and k > kc (C finitely remote), respectively, for some critical value kc depending on the
body geometry.
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Figure 2. Sketch of inviscid (here symmetric) bluff-body flows (for caption see text and
figure 1): S separating (a) a cavity, (b) a vortex flow (here assumed to form a cusp near C).

We now focus briefly on the specific asymptotic structure of the external Euler flow
and the initially attached boundary layer, by both taking up a global point of view and
scrutinising the vicinity of the point of separation D.

3.3. Inviscid free-streamline theory reappraised

The reasoning outlined so far in § 3 implies that the Euler flow around the cylinder is
sought in the class of flows that are irrotational far upstream (and downstream), exhibit
free streamlines and, as a consequence, are essentially parametrised by the parameter k.
A careful investigation of the inviscid flow near D provides a first step towards the
understanding of the separation process.
By introducing a local coordinate

s = x− xD(k), (3.2)

let y = yS(s; k) describe the position of S, so that yS = 0 for s 6 0 (upstream of D)
and yS > 0 for s > 0 (downstream of D). That is, S separates the irrotational free-
stream flow (y > yS) from the slipstream (s > 0, 0 6 y < yS). Also, we introduce the
speed US(x; k) of the inviscid flow on S. The flow in D then is characterised by the as yet
unknown values u0D = US(xD; k) = u0(xD, 0; k), p0D = p0(xD, 0; k), and the local surface
curvature κD = κ(xD) according to (2.1). For s > 0, in the following the subscripts +
and − distinguish the different values of US for y − yS = 0+ and y − yS = 0− respectively.
In light of the central investigation it seems expedient to demonstrate concisely how
one can determine the asymptotic representations of ψ0, p0 (see (3.1)), US , and yS in
the vicinity of D term by term iteratively (in principle with arbitrary accuracy) by
prescribing ω0(ψ0; k). As a matter of fact, the specific form of ω0(ψ0; k) is expected to
be known once the self-consistent asymptotic structure of the large-scale separated flow
under the assumption (1.1) is understood satisfactorily well.
Here we list the results of that local analysis possessing ramifications on the remaining

study, where the details are left to Appendix A. At first we obtain

ψ0/US ∼ y − κ y2/2 +O(y3), s 6 0, y → 0. (3.3)

By setting pS(x; k) = p0 on S we have

pS + U2
S /2 = 1/2, ψ0 > 0, (3.4)

and p0D = (1− u20D)/2 for the pressure at separation. Polar coordinates

r =
√
s2 + y2, θ = arctan(y/s) (π > θ > 0) (3.5)

come into operation as they facilitate the resultant expansion of ψ0 in suitable form,

ψ0/u0D ∼ r sin θ + ψ0,3/2(r, θ; k) + ψ02(r, θ; k) +O(r5/2), π > θ > 0, r → 0, (3.6a)

ψ0,3/2 = −4k

3
r3/2 cos(3θ/2), ψ02 = −r2

{
5k2

3
sin(2θ) +

κD
4

[1− cos(2θ)]

}
. (3.6b)
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Finally, we obtain

US ∼ b(k)x+O(x2), b(k) > 0, x→ 0+, (3.7a)

US/u0D ∼ 1 + 2k(−s)1/2 + (10k2/3)(−s) +O
[
(−s)3/2

]
, s→ 0−, (3.7b)

and in turn, with the aid of (3.4),

pS/u
2
0D ∼

(
u−2
0D − 1

)
/2− 2k(−s)1/2 − (16k2/3)(−s) +O

[
(−s)3/2

]
, s→ 0−, (3.8)

and

US+/u0D ∼ 1− (ω0D/u
2
0D)(2k/3)s

3/2 +O(s5/2), s→ 0+, (3.9a)

yS ∼ (4k/3)s3/2 +O(s5/2), s→ 0+. (3.9b)

From (3.9b) it immediately follows that indeed k > 0 for geometrical reasons. The region
of non-uniformity along S mentioned at the end of item (i) in Appendix A emerges for
y = O(s3/2) and represents the early-stage separated shear layer in the inviscid limit. In
the above added form (3.7a) of US near L the coefficient b reflects the local behaviour of
the stagnant potential flow. Expansions (3.6)–(3.9) represent a summary of the results
that are essential for the further analysis. We remark that they are uniformly valid in
the regime k > 0.

The vorticity ω0 is found to enter the description of the potential flow only in the trun-
cated terms in (3.6a), (3.7b), (3.8), not considered here. The singular behaviour of ψ0

near D accounted for by the second contributions to these expansions and in (3.9) reflects
the well-known Brillouin–Villat (BV) singularity (cf. Gurevich 1979), which here we have
retrieved without restricting to the conventional assumption that the free streamline S
confines a dead-water region (ω0 ≡ 0). Accordingly, the here important result (3.6) has
been derived directly rather than from the global solution of the potential flow, which
in the existing literature is usually obtained in a distinctly more cumbersome manner
by means of conformal mapping. A short survey on this procedure is presented in Ap-
pendix B.

The strength of the BV singularity is measured by the flow parameter k, which vir-
tually controls the magnitude of the unbounded adverse pressure gradient immediately
upstream of D, given by (3.8) in the form dpS/dx ∼ k(−s)−1/2 +O(1) as s→ 0−. In this
study we deal with k = O(1), which contrasts with the description of laminar break-away

separation where k = O(Re−1/16) (cf. Sychev 1972; Smith 1977; Sychev et al. 1998). How-
ever, it is well-accepted that turbulent boundary layers are less prone to separate than
laminar ones, which substantiates the present approach, by Neish & Smith (1992) referred
to as ‘non-smooth’ separation, in allusion to the singular behaviour of the curvature of S
given by (3.9b). That is, we anticipate that one cannot determine the actual value of k
and, in turn, the position of D without having gained a considerably deeper insight in
the interplay of the boundary layer and the large-scale separated-flow structure. In case
of ω0 ≡ 0 and for a convex cylinder xD is shifted towards T for increasing values of k,
accompanied by decreasing values of u0D. It should be mentioned that the assumption
k ≫ 1 refers to separation asymptotically close to T where u0D becomes asymptotically
small (see figure 2a). This limiting scenario has been addressed first by Neish & Smith
(1992) and critically reviewed by Scheichl & Kluwick (2008a), at least for the case of a
fully developed turbulent boundary layer immersed in fully attached potential flow, here
recovered in the formal limit k−1 = 0 under the premise (1.1).
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3.4. Incident attached boundary layer

The attached portion of the boundary layer forming in the regime (1.1) is ‘trapped’ as it
stretches approximately from L to D over a finite distance, regardless of the actual value
of Re. This characteristic of bluff-body flows is apparently strongly linked to the effective
magnitude of the asymptotic parameters ǫ, σ, and α, introduced in § 1, and the associated
level of turbulence intensity It, defined in (1.2), that prevails in the entire boundary layer.
We start with an outline of the generation of the turbulent boundary layer close to L.
This specific picture of short-scale transition then is remarkably found to promote the
assumption of underdeveloped turbulence. Finally, this state of flow is identified by (1.3b),
which results from the order-of-magnitude analysis of ǫ and σ performed in § 3.4.3.
3.4.1. Onset of turbulence

In the setting of the original formulation of boundary layer turbulence by Neish &
Smith (1992) that also covers underdeveloped turbulence the Reynolds shear stress in
the boundary layer is written as

−〈u′v′〉 = TRe−1/2Σ̄(x, ȳ; k, T ), ȳ = yRe1/2. (3.10)

Here T and Σ̄ denote, respectively, the non-negative constant so-called turbulence-
intensity gauge factor that serves to quantify the magnitude of the Reynolds shear stress,
and a shape function (that has to be modelled). Owing to this scaling, the term T∂ȳΣ̄
adds to the conventional Prandtl-type boundary layer equations (formed with x, ȳ used
as independent variables). Their solutions then are parametrised by T (aside from k).
They describe purely laminar flow for T = 0, whereas the subsequently interesting case of
highly developed turbulence is indicated by T ≫ 1. It will become evident in the course of
the subsequent investigation that the latter case is preferably described by virtue of the
formalism already outlined in § 1: i.e. in terms of the two parameters ǫ and σ, forming It,
and their asymptotic dependencies both on T and Re, instead of T and Re.
The analysis by Scheichl et al. (2008) and Scheichl & Kluwick (2008b) suggests that

for arbitrarily large values of Re the boundary layer evolves from the well-understood
stagnant laminar flow (cf. Schlichting & Gersten 2003) taking place in a small vicinity

of L with an extent of Re−1/2 and undergoes rapid laminar–turbulent transition in a
relatively small adjacent region where the flow is still of boundary layer type. The idea
that US provides the only reference velocity of that flow stimulates the scaling relation
Σ̄ = O(U2

S ). Inspection-of-magnitude analysis of (2.2a) in connection with (3.7a) then
yields the estimates x = O(T−1), ȳ = O(1) for this region of transition, which in turn
implicates

TRe−1/2 ≪ 1. (3.11)

Furthermore, we recall that in the regime (1.1) the turbulent dynamics is more-or-less
constricted to a relatively thin boundary layer present for x = O(1). Under this basic
supposition matching this developed turbulent boundary layer flow with that early-stage
turbulent flow is found to require a small streamwise velocity deficit with respect to US in
the bulk of the former, i.e. 1− u/US ≪ 1. However, the scalings of the Reynolds stresses
and in turn of the boundary layer thickness δ first remain unknown. A most simple strat-
egy, motivated by physical reasoning and consistent with the considerations above leading
to (3.11), to proceed with the scaling of the flow is to assume that both regions have in
common that the turbulent motion is governed by a single velocity scale: this is initially
represented by US , which is superseded by a turbulent reference velocity ut(x; k,Re) when
x = O(1), so that there

1− u/US = O(γ), Σ̄/U2
S = O(γ2), with γ = ut/US ∼ ǫ. (3.12)
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The advanced (far-downstream) stage of the transition process characterised by an inter-
mediate limit of the form T−1 ≪ x≪ 1 is associated with a correspondingly pronounced
reduction of the streamwise velocity defect in the main region of the boundary layer.
Simultaneously, the value of the turbulence-intensity level It increases and eventually
reaches its maximum for x = O(1). There the velocity defect is of O(ǫ) finally, which
motivates us to stipulate asymptotic proportionality between ǫ and γ in (3.12). Specifi-
cally, it will become evident below how the definition of ǫ is traced back to this relation,
without any loss of generality.
The turbulent boundary layer is driven by US , known from the solution for ψ0, from L

towards D. Its behaviour near these critical points is essentially determined by the local
expansions (3.7). We initially reconsider the relevant conclusions inferred from the first-
order description of (underdeveloped) turbulent boundary layer flow.

3.4.2. First-order theory

As brought out by e.g. Schlichting & Gersten (2003), turbulent shear flows are in-
trinsically tied to a rather pronounced change from the external almost irrotational to
the fully turbulent flow inside the boundary layer. In a rigorous asymptotic framework
this is accounted for by the outermost tier of the boundary layer that is extremely thin
relative to its main region. It is formed at the aforementioned final stage of the transition
process and accompanied by an increase of the boundary layer thickness proportional
to x (which reflects the vanishing effect of the viscous shear stress and thus the lack of
a typical boundary layer length scale in the regime T−1 ≪ x≪ 1). Since in the present
context the specific properties of that overlayer do not play an important role, it can be
approximated with sufficient accuracy by the sharp line y = δ, with δ = O(σ). Then the
distinct outer edge of the boundary layer and its thickness δ are well-defined. Thereby a
patching of the flow quantities is required at y = δ, specifically for u and the boundary
layer approximation −∂yu of the vorticity, such that u is smooth there. Taking up the
more computational point of view, we accomplish this by employing a mixing-length-
based closure of the Reynolds shear stress, notwithstanding the alternative (rather more
conventional) eddy-viscosity-based approach in favour of claiming a diffusive decay of
vorticity. This is aligned with the usual technique of matching as known from laminar
shear flows and adopted by e.g. Neish & Smith (1988, 1992).
As an even more important finding, (2.2), (3.3) imply p ∼ pS + U2

S κy +O(ǫ2, α2ǫ2)
throughout the turbulent boundary layer. In the outer small-defect region (2.2a) then
reduces to the differential form of (3.4), dpS/dx = −US dUS/dx to leading order, and the
defect structure is essentially described by the scaling introduced in § 3.4.1. Inspection
of (2.2a), (3.3) then shows that for any ǫ≪ 1, σ ≪ 1 the flow in the small-defect region
is governed by the expansions

[
USη − ψ/δ

ut
,
−〈u′v′〉
αu2t

]
∼ [F,Σ](x, η; k) +O(ǫ, αǫ),

δ

σ
∼ ∆(x; k) +O(ǫ), (3.13a)

0 < x < xD, η = y/δ, 0 < η 6 1. (3.13b)

Here higher-order contributions of O(ǫ) are triggered by the nonlinearities of the inertia
terms in (2.2a), which, however, appear to be unessential in view of the subsequent
investigation.
An investigation of the boundary layer approximation of (2.2a) involving the first-

order quantities F , Σ, ∆ reveals that these can only be matched with the flow quantities
in the aforementioned region of rapid transition if Σ assumes a finite limit at the base
of the defect layer (Scheichl et al. 2008; Scheichl & Kluwick 2008b, 2009; Kluwick &
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Turbulent break-away separation for large Reynolds number 11

Scheichl 2009). This is accounted for by choosing ut such that Σ → 1 as η → 0. Also, as
a start it proves sufficient to only discard the (meaningless) case α≫ 1, so that US − u
predominantly accounts for the velocity defect characteristic of the turbulent boundary
layer rather than for absorbing the effect of the surface curvature on the potential flow,
as seen from (3.3) and the truncated terms in (3.13a). Furthermore, the inertia terms
are seen to be negligibly small in the viscous wall layer. This allows for a direct match
of the latter with the defect layer, which is crucial for the particular two-layer structure
of the boundary layer. By adopting the basic idea behind the classical theory of (fully
developed) wall-bounded turbulent flow, we have in consequence that ut also serves as a
suitable reference velocity for both u and the Reynolds stresses in the viscous sublayer.
Accordingly, It measures the magnitude of the Reynolds stresses in both tiers.
As a result of these considerations, the scalings
[
u

ut
,
−〈u′v′〉
αu2t

]
= [u+, τ+t ](x, y+; k,Re), y+ =

y

δν
, δν =

1

αutRe
∼ 1

σReUS
, (3.14)

are appropriate in the comparatively thin wall layer; note (3.12), (3.13a). The expres-
sion for the wall layer thickness δν in (3.14) is underpinned by the form of momentum
equation (2.2a) for y+ = O(1) when integrated with respect to y subject to (2.3),

τ+ ∼ 1+ p+y++ i+
{∫ y+

0

∂x
[
ut u

+(x, t; k,Re)2
]

ut
dt− u+

∫ y+

0

∂xu
+(x, t; k,Re) dt

}

+O(δν), τ+ = τ+t + ∂y+u
+, i+ = δν/α, p+ = (i+/u2t ) dpS(x; k)/dx. (3.15)

Here the dominant contribution to the remainder term is due to the Reynolds normal
stress. Most importantly, it is indicated by (3.15) that one conveniently identifies the
wall shear stress, given by τw = Re−1∂u/∂y for y = 0, with αu2t ; that is

τw/U
2
S = αγ2. (3.16)

To leading order, (3.15) reduces to the expected balance of the sum of the viscous and
the Reynolds shear stresses with the wall shear stress as the pressure gradient contributes
to higher-order effects. This situation is enforced by the match with the fully turbulent
small-defect flow in the bulk of the boundary layer. Then both the quantities p+ and i+

provide asymptotically small gauge functions that control the effects of the pressure
gradient and inertia, respectively, in the resulting (formal) expansions,

p+ ∼ −π+U−2
S dUS/dx+ · · · , π+ = (ǫσ2Re)−1 ≪ 1, (3.17a)

[u+, τ+] ∼ [u+0 (y
+), 1] + p+[u+p (y

+), y+]

+ i+
{
[u+i , τ

+
i ](x, y+; k) + · · ·+ π+[u+ip, τ

+
ip](x, y

+; k) + · · ·
}
. (3.17b)

For the derivation of (3.17a) we refer to (3.15), (3.12), (3.4). In (3.17b) the common key
assumption is made that the wall layer flow is in equilibrium: the wall functions u+0 (y

+)
and u+p (y

+) are taken as ‘universal’, i.e. they do not exhibit any dependence on stream-
wise variations of the flow.
Strictly speaking, u+0 (y

+) and u+p (y
+) have to be determined experimentally or via

DNS. The only information available in an asymptotic flow description using turbulence-
closure-free RANS is the broadly believed behaviour

−〈u′v′〉 = O(y+3), y+ ≪ 1, (3.18)

which is supported by evaluating the continuity equation for the fluctuating motion
for y = 0 in combination with (2.3) (cf. Monin & Yaglom 1971, pp. 270–272), and the
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conditions of matching with the small-defect flow on top of the viscous sublayer. These
basic considerations yield for

y+ → 0: [u+0 , u
+
p ] ∼ [y+, y+2/2] +O(y+4), (3.19a)

y+ → ∞ : u+0 ∼ κ−1 ln y+ + C+, κ
.
= 0.384, C+ .

= 4.173 . (3.19b)

The relationship (3.19b) represents the celebrated logarithmic law of the wall. The (cur-
rently accepted) empirical values for the von Kármán constant κ and the intercept C+

have been reported by Nagib, Chauhan & Monkewitz (2007). Although found for the
canonical zero-pressure-gradient boundary layer, they seem admissible in the present
context in view of the asymptotic equilibrium expressed through (3.17b).
The considerations above complete the description of the flow in the outer tier. Inte-

grated once with respect to η, the leading-order boundary layer equation then reads

U−1
S ∂x(US∆)η∂ηF − U−3

S ∂x(U
3
S∆F ) = Σ − 1. (3.20)

Equation (3.20) is subject to the conditions of matching and patching with the flow
representations in the wall region and the irrotational external flow, respectively, for

η → 0: F → 0 (Σ → 1), ∂ηF ∼ −κ−1 ln η + C(x; k), (3.21a)

η = 1: ∂ηF = ∂2ηF = Σ = 0. (3.21b)

With respect to the further analysis, it is interesting to note that the scaling velocity ut
prevents higher-order terms in the expansion of F provided by (3.13a) from exhibiting
a logarithmic singularity similar to that given in (3.21a). The function C(x; k) depends
on the actual turbulence closure adopted to model Σ. The condition for ∂2ηF imposed
at the boundary layer edge is due to vanishing vorticity. Also, (3.20) is supplemented
with universal initial conditions, as predicted by (3.20) and (3.7a) and revealed from the
limiting form for

x→ 0+ : [F,Σ](x, η; k) ∼ [F0, Σ0](η)+O(x), [∆/x,C](x; k) ∼ [∆0, C0]+O(x). (3.22)

Here the subscript 0 indicates the stagnant-flow solution that describes the terminal stage
of the laminar–turbulent transition process as treated in § 3.4.1 and in more depth and
breath by Scheichl et al. (2008). The values of the quantities F0, Σ0, and the (positive)
constants ∆0, C0 are the solutions of the boundary value problem

2∆0(ηF
′
0 − 2F0) = Σ0 − 1, (3.23a)

η → 0: F0 → 0, F ′
0 ∼ −κ−1 ln η + C0, η = 1: F ′

0 = F ′′
0 = Σ0 = 0, (3.23b)

representing the limiting forms of (3.20) and (3.21) as x→ 0+; here and in the following
primes on F denote ordinary derivatives with respect to the independent variable.
Finally, matching the small-defect and the wall layer according to (3.19b), (3.21a),

and (3.12) yields

γ/ǫ ∼ 1− ǫ[κ−1 ln(US∆) + C + C+] +O(ǫ2), ǫ = κ/ ln(σ2Re) ≪ 1, (3.24)

which determines ut (in agreement with the asymptotic errors anticipated in (3.13a)),
provides a first relationship between ǫ, σ, and Re, and, in view of (3.16), represents the
skin-friction law. It is noted that (3.24) confirms that the pressure gradient affects the
wall layer equilibrium only in second order, as anticipated in (3.15) and (3.17).

3.4.3. Boundary layer scaling: T - versus (ǫ, σ)-formalism

In the first instance, (3.24) asserts that δ is much larger than Re−1/2, measuring
the thickness of a strictly laminar or a laminar–turbulent boundary layer (a notion in-
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Turbulent break-away separation for large Reynolds number 13

troduced in § 3) having T = O(1). Let us reconsider the match of Σ̄ for x = O(T−1),
defined by (3.10), and for x = O(1), where it has the form given by (3.12). Without loss
of generality, we assume Σ̄/u2t ∼ Σ0 = O(1) in the intermediate regime T−1 ≪ x≪ 1
according to (3.13a) and (3.22) and thereby readily reveal by using (3.11) the existence
of an underdeveloped turbulent boundary layer flow as

α = TRe−1/2 ≪ 1. (3.25a)

This relationship, backed by the proposed specific picture of short-scale transition path
to turbulence, underlies (1.3b). From (1.2) and (3.24) then follows

ǫ ∼ ǫT = κ/(2 lnT ), σ ∼ αǫT , It ∼ αǫ2T , (3.25b)

which completes the scaling of the boundary layer in terms of T and Re as proposed
originally by Neish & Smith (1992). Hence, for T ≫ 1 the boundary layer thickness is
augmented in magnitude by the factor ǫTT whereas that of the emerging wall layer
is reduced by the same factor when compared to the thickness of a laminar–turbulent
boundary layer mentioned above.
Also, first conclusions that prove useful for the subsequently preferred description of the

interactive boundary layer flow in terms of the asymptotic parameters ǫ and σ are drawn
from (3.24): when the value of It is increased for Re kept fixed then σ (i.e. δ) increases
and ǫ, the wall layer thickness δν given by (3.14) and in turn the von Kármán number,

δ+ = δν/δ ∼ 1/(σ2ReUS∆) (3.26)

decrease as d[σ, ǫ]/dIt ∼ [1/ǫ,−2ǫ/(κσ)]. A possibly appealing aspect of these findings is
noted, namely that they allow to ‘simulate’ the variations of It and ǫ by passing through
all possible dependences of σ on Re as σ is increased. If σ2Re is sufficiently large to vary
predominantly algebraically with Re, so that δ+ varies accordingly with some negative
power of Re, see (3.14), we already arrive at the traditional asymptotic scaling of the
velocity defect as ǫ = O(1/ lnRe). Then we are concerned with the precise definition
of slightly underdeveloped turbulent boundary layer flow, so that (1.3) supplemented
with (3.24) now is expressed in the more accurate form

σ = χ(Re)Reµ−1/2, ǫ ∼ κ/(2µ lnRe), with lnχ = o(lnRe), 0 < µ < 1/2. (3.27)

Here the slowly varying gauge function χ(Re) and the exact value of the constant µ are
determined by the inner mechanism of viscous–inviscid interaction and eventually provide
an accurate estimate of the value of It in the regime (1.1) as it fixes the dependences of ǫ
and α on Re.
We revert to this issue in § 5.1 in more depth. Here we only note that the relation-

ships (3.27) conform to the internal scaling of the associated triple-deck structure, as
already anticipated in § 1: any further increase of σ (or, equivalently, of It) that is ac-
companied by a weaker, i.e. not basically algebraic, rate of decay of σ for increasing values
of Re is precluded as it implies super-algebraic growth of Re in the dependence on 1/σ
and, in turn, a correspondingly strong unacceptable decay of δ+ in the dependence on σ,
according to (3.26). Eventually, the hypothetical upper and lower limits of σ (i.e. of It)
and ǫ, respectively, which refer to the classical (i.e. fully developed) turbulent boundary
layer, are attained when µ assumes its least upper bound given by 1/2 and for σ = χ
chosen proportional to ǫ, i.e. for α = O(1). This entails ǫ ∼ κ/ lnRe; a situation exactly
unmasking the scaling of the classical (i.e. fully developed) turbulent boundary layer.
Then ut serves as the single reference quantity for scaling both the velocity defect and
the Reynolds stresses, see (3.13a). In that case δ+ varies with exp(−κ/ǫ)/ǫ2 or, equiva-
lently, with (lnRe)2/Re, in agreement with (3.14), which expresses the well-established
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Figure 3. Asymptotic substructures of incident boundary layer and overlap behaviour (3.19b)
(not to scale, for caption see text).

property that the wall layer is transcendentally thin when compared to the outer defect
layer.
The sketch in figure 3 depicts the resulting two-tiered structure of the attached tur-

bulent boundary layer. Next, we study its asymptotic subdivision when the boundary
layer flow approaches the point D of inviscid flow detachment, i.e. when exposed to a
free-stream speed US that locally has the form (3.7b).

4. Non-interactive boundary layer near separation

The flow behaviour in the outer main (small-defect) part of the boundary layer as
x→ xD is important for the local separation process. Particular emphasis is placed below
on a further sublayer that emerges as that main part splits, before we address the viscous
wall layer.

4.1. Small-defect layer

It has been pointed out by Scheichl & Kluwick (2008a,b) that the velocity defect, scaled
Reynolds stresses, and the boundary layer thickness take on finite limits with

{
[F,Σ],∆

}
∼

{
[FD, ΣD](η; k),∆D(k)

}
+ (−s)1/2

{
[F1/2, Σ1/2](η; k),∆1/2(k)

}

+(−s)
{
[F1, Σ1](η; k),∆1(k)

}
+O

[
(−s)(3/2)

]
as s→ 0−, (4.1)

where s is defined by (3.2) and the quantities with subscripts are of O(1), from (3.20)
and (3.21). The quantities with subscript 1/2 are unaffected explicitly by the Reynolds
shear stress. For the equations determining the quantities with subscript 1/2 and 1 one
infers from the requirement F ′′

1/2(1; k) = F ′′
1 (1; k) = 0 (by disregarding the rather unlikely

case F ′′′
D (1; k) = 0), see (3.21b), the solvability conditions (cf. Scheichl & Kluwick 2008a,b)

∆1/2 = −2k∆D, ∆1 = ∆D(2k
2/3− β), β = Σ′′

D(1; k)/[F
′′′
D (1; k)∆D] (> 0). (4.2)

Consequently, one obtains

F1/2 = −4kFD, F1 = −βηF ′
D + (60k2/3 + β)FD +ΣD/∆D. (4.3)

The results (4.2), (4.3) involve terms already found for the contributions of O[(−s)1/2].
Also they give values of Σ1/2, Σ1 according to the chosen Reynolds stress model and the
corresponding linearisation of the shear rate F ′′ about F ′′

D. Higher-order terms in (4.1) can
be determined by proceeding in this manner. Eventually, we find from (3.13a), together
with (3.7b), (1.3b), that the velocity defect locally has the form

(US − u)/u0D ∼ ǫF ′
D[1− 2k(−s)1/2 +O(−s)] +O(ǫ2). (4.4)
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Turbulent break-away separation for large Reynolds number 15

Since FD is subject to (3.21a) for x = xD, each member of the sequence F1/2, F1, . . . ex-
hibits a similar logarithmic singularity (as indicated by (4.3)), which violates the original
boundary conditions (3.21a) for F . This inconsistency shows that the initial–boundary
value problem posed by (3.20)–(3.23) is singularly perturbed as s→ 0−. Thus a small
so-called adjustment region arises where η = O(−s), so that the balance of linearised
convection with the Reynolds stress gradient expressed by (3.20) is retained to leading
order. We accordingly define

[F/(−s), Σ] = [F̂ , Σ̂](s, η̂; k), η̂ = η/(−s) = O(1), s→ 0−, (4.5)

and end up with the appropriate expansions

FD ∼ F̂D(η; k) =
[
CD + κ−1(1− ln η)

]
η, CD = C(xD; k), η → 0, (4.6a)

[F̂ , Σ̂] ∼
[
−κ−1η̂ ln(−s) + F̂D(η̂; k), 1

]

+(−s)1/2
[
4kκ−1η̂ ln(−s) + F̂1(η̂; k), Σ̂1(η̂; k)

]
+ · · · , s→ 0−. (4.6b)

The quantities F̂1, Σ̂1 describe the dominant deviations from the behaviour determined
by (3.21a) that governs F̂ , Σ̂, and they satisfy the correspondingly reduced form of (3.20),

−η̂F̂ ′
1 + (3/2)F̂1 = Σ̂1 + 2kη̂[κ−1(ln η̂ − 3)− CD]. (4.7a)

The matching with the quantities in the main region where η is O(1) and the conditions
to resolve the mismatch with the wall layer flow give

η̂ → ∞ : F̂1 ∼ â(k)
[
(2/3)η̂3/2 + · · ·

]
− 4kF̂D(η̂; k) + · · · , (4.7b)

η̂ → 0: F̂1 = Σ̂1 = 0, F̂1η̂ = O(1). (4.7c)

The terms proportional to the unknown function â(k) are due to the homogeneous part
of (4.7a). The second contribution to (4.7b) arises from the particular solution of (4.7a)
and provides consistency with (4.6a). The variation of the streamwise velocity compo-
nent with the square root of wall distance on top of the logarithmic region here is like
that in the immediate vicinity of comparatively ‘mild’, i.e. marginal, turbulent separa-
tion (Scheichl & Kluwick 2007b,a), even though the local flow description there closely
resembles that of a turbulent boundary layer in quasi-equilibrium showing global internal
separation (cf. Schlichting & Gersten 2003).
It is widely believed that on top of the viscous wall layer the mixing-length model of

Prandtl holds,

−〈u′v′〉 ∼ (κy)2∂yu|∂yu|, (4.8)

where it predicts the logarithmic velocity distribution as a result of the approximately
constant shear stress (cf. Schlichting & Gersten 2003). If (4.8) is chosen as a specific
shear stress closure for the adjustment region we then arrive at Σ̂ = (κη̂ ∂2η̂F̂ )

2 and, by
linearisation in view of (4.6),

Σ̂1 = 2κη̂ ∂2η̂F̂1. (4.9)

In turn, one recognises that only (4.7c) represents a true boundary condition for (4.7a)
and (4.7b) is satisfied identically. In fact, for any value of â in (4.7b) the two homo-
geneous solutions of (4.7a), (4.9) are represented by the dominant algebraic behaviour
proportional to â, so that the dots in parentheses stand for −η̂1/2 +O(η̂−1/2) and terms
that vary basically with exp[−η̂/(2κ)]. In consequence, (4.7b) is supplemented with
Σ̂ ∼ âη̂1/2 + 8k +O(η̂−1/2) as η̂ → ∞, which matches ΣD and Σ1/2 in (4.1), and we
obtain a two-term expansion at the base of the defect region close to separation,

FD ∼ F̂D+(2/3)â(k)η3/2+ · · · , ΣD ∼ (κηF ′′
D)

2 ∼ 1+ â(k)κη1/2+ · · · , η → 0. (4.10)
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So â(k) is determined by the overall solution of the boundary layer problem upstream of
x = xD. Moreover, we deduce from (4.9) the near-wall behaviour

F̂1 ∼ b̂η̂−k/(2κ2) η̂2 ln η̂+
[
b̂/(8κ)+k(9+2κCD)/(4κ

2)
]
η̂2+O

(
η̂3 ln η̂

)
, η̂ → 0, (4.11)

where b̂ = F̂1(0; k) depends linearly on â. The absence of a logarithmic behaviour in F̂1η̂

for η̂ → 0 a posteriori justifies the introduction of the sublayer. Furthermore, from (4.6)
the velocity defect at the base of the small-defect region is increased by an amount of
O[(−s)1/2 ln(−s)] as

C ∼ CD + (−s)1/2
[
4kκ−1 ln(−s) + b̂

]
+O[(−s) ln(−s)], s→ 0−. (4.12)

Finally, problem (4.7) supplemented with (4.9) can be solved in closed form for a
given â(k). To this end, we conveniently decompose F̂1(η̂; k) = F̂1h + F̂1p, where

F̂1h(η̂; k) = e−η̌ η̌
{
â(k)

√
κ3π/2

[
(4η̌ + 3)I0(η̌) + (4η̌ + 1)I1(η̌)

]

+(4k/3)
[
(4η̌ + 3)K0(η̌)− (4η̌ + 1)K1(η̌)

]}
, η̌ = η̂/(4κ), (4.13a)

represents a homogeneous solution of (4.7a) expressed in terms of the modified Bessel
functions I0, I1 and K0, K1 of the first and the second kind, respectively, and

F̂1p(η̂; k) = 16k/3− 4kF̂D(η̂; k) (4.13b)

a particular one.

4.2. Numerical results

We now demonstrate that the results of § 4.1 are in fair agreement with numerical so-
lutions of the boundary layer problem posed by (3.20)–(3.23). Here we consider the
canonical HK flow around a circular cylinder of radius L̃, equal to 1 in non-dimensional
form. In particular, we focus on the behaviour of the key quantities US(x; k) and ∆(x; k).
The specific form of FD(Y ; k) is part of the solutions, parametrised by the potential flow
parameter k.
Solving this problem represents the only stage in the present analysis where the

Reynolds shear stress has to be modelled explicitly in the entire bulk of the bound-
ary layer, but without affecting any of the results of the analysis qualitatively. We close
these equations by adopting the traditional formalism based on the mixing length ℓ,
which is defined for 0 6 y 6 δ by setting −〈u′v′〉 = ℓ2∂yu|∂yu|, with ℓ = 0 for y = 0,
ℓ > 0 for y > 0, and ℓ being finite for y = δ. This approach then is consistent with the
conditions (3.21b) of smooth patching with the external flow, and the matching condi-
tions (3.21a) are accounted for when we assume that (4.8) holds in the overlap of the
defect and the viscous wall layer, viz. ℓ ∼ κy. The algebraic closure by Michel et al. (1969),
utilised quite frequently in the literature on turbulent boundary layers, provides a most
simple but sufficiently complex example for such an asymptotically correct modelling.
Specifically, here we employ a slight modification of the model in the form

Σ = [(ℓ/δ) ∂2ηF ]
2, ℓ/δ = cℓI

1/2
K tanh(ηκ/cℓ), IK = 1/(1 + 5.5 η6), cℓ = 0.085, (4.14)

where the inclusion of the intermittency factor IK(η) proposed by Klebanoff (1955) is
expected to cope with the usually observed overestimate of ∆ and Σ near the boundary
layer edge (when compared with results obtained with eddy-viscosity-based models). We
use the value of κ noted in (3.19b).
In order to obtain a highly accurate solution of (3.20)–(3.23), supplemented with (4.14),

we adopted an advanced numerical scheme with a Keller–Box discretisation, combined

4.10 Journal of Fluid Mechanics, in print (2010)

155



Turbulent break-away separation for large Reynolds number 17

with the method of lines with respect to the streamwise direction, and an automatic
adaptive remeshing strategy. Downstream-integration is performed using a higher-order
backward-differentiation-formula technique or alternatively a Theta method, where the
tolerance em of the (locally estimated) absolute error is given by m1/2 with m denoting
the relative machine precision (m ≈ 10−16 in our case). It is initiated by solving (3.23)
with the local absolute error bounded by em. This is accompanied by the automated
generation of a non-uniform initial mesh for the variable η, having typically 550 nodes
optimally distributed in the interval η0 6 η 6 1, where η0 = 10−5 (lower values of η0 re-
sult in severe numerical difficulties due to the logarithmic singularity in (3.21)). Therefore
the associated methodical error matches the numerical error expected to be encountered
in the calculation of the HK flow, as explained in §B.3 (Appendix B): both US(x; k)
and dUS/dx are imposed by evaluation of two cubic B-splines that interpolate US and x
between values of these quantities computed for uniformly spaced values of the aux-
iliary variable ̺. Consequently, the spacing between consecutive x-values is properly
condensed near the BV singularity, according to (B 6). A typical number of 450 spline
knots for 0 6 x 6 xD (−π/2 6 ̺ 6 0) renders the additional error due to the spline
interpolation sufficiently small. We note that the boundary layer problem is singular
not only for x = xD but also for x = 0, as is the convective operator in (3.20) due to
the disappearance of both US and ∆, see (3.7a) and (3.22). Accordingly, the interval of
downstream integration is given by em 6 x 6 x∗, xD − x∗ = ∆x > 0, with ∆x having the
magnitude of em, which proves satisfactorily accurate. It should be noted that the value
x = x∗ of termination of the solution is largely affected by the internal stopping criteria
implemented in the integrator used (which apparently impedes a higher resolution of the
results close to x = xD).

We discuss the results for k = 0.45 as an example, which yields xD(0.45)
.
= 1.9849

.
=

113◦ 43′ 28′′ and represents a physically reliable choice in view of the semi-empirical
knowledge of bluff-body separation in the regime (1.1) (cf. Zdravkovich 1997). It is
found that C0

.
= 1.3212, ∆0

.
= 0.07166, and (by extrapolation to x = xD) CD

.
= 18.1760,

∆D
.
= 0.4464.

Figures 4 (a,b) show the solutions for ∂ηF and Σ: the defect profiles become more and
more pronounced (i.e. they deviate from the log-law in the overlap as C increases, see
3.21a) the more the boundary layer approaches separation. Simultaneously, the position
where the Reynolds shear stress assumes its maximum moves from the overlap region
outwards into the defect layer. Such shear stress profiles are typically observed in any
type of separating turbulent boundary layer. Also, the smooth patching with the external
flow as [F ′, Σ] = O[(1− η)2] is clearly visible, and we note that Σ − 1 = O(η ln η) as
η → 0 (deduced from (3.20) and (3.21a)). It is noted that here xD is identified with x∗.
In figure 4(c) the values of the key quantities US and ∆ including their asymptotes
(see (3.22), (4.1), (4.2)) and the coefficient cpS of the surface pressure, cpS = 1− U2

S , are
plotted.

Finally, the log-log plots in figure 5 display a comparison of the numerical with the
asymptotic results holding at the onset of separation. This exploits the two-term expan-
sion (4.1) with [g1, g2] = [2k(−s)1/2,−s] and [∆1,∆2] = [∆g1/(1− g1),∆D(1− g1)−∆]
serving as gauge functions and reference quantities respectively. The behaviours ∆1 ∼
∆Dg1+O(g21), ∆2 ∼ −∆1g2 +O

(
g
3/2
2

)
are easily verified. Here the asymptote of the first

relationship is reproduced excellently, whereas that of the second suffers a more distinct
deviation from the numerical data due to the relatively larger effect of higher-order terms.
The closure-dependent (negative) value of the coefficient ∆1 is confirmed by evaluation
of (4.2).
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Figure 4. Solution of (3.20)–(3.23) for k = 0.45 (for caption see text):
(a), (b) - - - - x

.
= 0 (stagnation), -------- x = xD[1− (i/10− 1)2], i = 1, 2, . . . , 9 (curves from left

to right refer to increasing values of i), - · - · - x = x∗
.
= xD (incipient separation), ····· asymptote

F ′ ∼ −κ−1 ln η, (c) key quantities.

4.10 Journal of Fluid Mechanics, in print (2010)

157



Turbulent break-away separation for large Reynolds number 19

 0.1

 0.001

 0.01

 0.001  0.01  0.1  0.25

∆1

| lg∆D|

g1

(a)

 0.01

 0.008  0.1 0.01

 0.02

1e−3

1e−4

∆2

g2

(b)

Figure 5. Comparison of numerical and asymptotic errors of ∆ near x = xD (for caption see
text): ∆· data points, -------- asymptotes;
(a) first order, - · - · - median line, (b) second order, - - - - (−∆1 ± 0.1)g2.

4.3. Wall layer

To complete the description of the non-interactive flow, the behaviour of the wall layer
flow approaching D has to be investigated next. One infers from (3.15), (3.17), (3.24)
that

τ+i =
U ′
S
US

∫ y+

0

u+2
0 (t) dt, U ′

S =
dUS(x; k)

dx
, (4.15a)

τ+ip =
d

dx

[
U ′
S
U2
S

]
u+0

∫ y+

0

u+p (t) dt−
1

US

d

dx

[
U ′
S
US

] ∫ y+

0

u+0 (t)u
+
p (t) dt. (4.15b)

Expanding p+, τ+i , τ+ip for s→ 0− according to (3.7b) gives rise to corresponding subex-
pansions in (3.17b).

4.3.1. First breakdown

The wall layer has a thickness of O[1/(σRe)], according to (3.14) and is thus expected
to merge with the adjustment region discussed in § 4.1 when δν ≪ −s = O[1/(σ2Re)]
by (3.14). Hence, the flow in this region of the first breakdown of the original wall
layer structure is again of boundary layer type. It is characterised by perturbations of
the original leading-order stress balance that introduce corresponding variations of the
wall shear stress. At present the detailed structure of this collapse is not completely
understood but does not affect the essential characteristics of the second breakdown
further downstream.

4.3.2. Second breakdown

To the order of accuracy considered here the wall layer analysis which neglects the
interplay with the small-defect flow, resulting in the first breakdown, agrees with that
performed by Scheichl & Kluwick (2008b) in the different context of (3.10) for T ≫ 1.
Thus it is not repeated here but it suffices to recast the central findings in terms of the
perturbation parameters ǫ, σ by using the relationships (3.12) and (3.25) as follows.
The original asymptotic hierarchy reflecting the shear stress balance and the effects of

pressure gradient and inertia on the oncoming wall layer flow breaks down when the last
two terms become of the same order of magnitude. As seen from (3.17b) and (4.15), this
structural change of the near-wall flow occurs when i+τ+ip, which grows like (−s)−3/2, is
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of O[(−s)−1/2], i.e. when s̄ = s/δ̄ = O(1) with

i+∼ δ̄ = ǫ/(u0Dσ
2Re) ≫ δν , s̄→ 0−, (4.16)

here we refer to (3.15), (3.14), (1.3b). That is, this second breakdown of the wall layer
takes place in a region of boundary layer type on a streamwise scale of O(ǫ) smaller
than that characterises the first breakdown.
Let the new perturbation parameter

π̄+ = π+k/(δ̄1/2u0D) = k/(u
1/2
0D ǫ

3/2σRe1/2) ≪ 1, (4.17)

as suggested by (3.15) and (3.17a), account for the pressure rise as p+ ∼ π̄+(−s̄)−1/2 + · · ·
for 0 < −s̄ = O(1). Substitution of the appropriate expansion [u+, τ+t ] ∼ [u+0 (y

+), 1] +
π̄+[ū+, τ̄+](s̄, y+)+O(ǫ2π̄+) into (3.15) finally yields to second order the linear boundary
layer problem

u+0
∂ū+

∂s̄
− du+0

dy+

∫ y+

0

∂ū+

∂s̄
(s̄, t) dt = − 1√−s̄ +

∂τ̄+

∂y+
, τ̄+ = τ̄+t +

∂ū+

∂y+
, (4.18a)

y+ = 0: ū+ = τ̄+t = 0, y+ → ∞ : ū+ ∼ 2κ
√−s̄

ln y+
,
∂τ̄+t
∂y+

→ 0, (4.18b)

y+ = O(1), s̄→ −∞ :
√−s̄ [ū+, τ̄+] → [u+p (y

+), y+]. (4.18c)

Here the conditions for y+ large in (4.18b) are enforced by a balance of the pressure
gradient with the inertia terms in (4.18a) on the basis of (3.19b), in order to allow for
matching u in the wall layer and in the small-defect region. This behaviour is apparently
incompatible with the balance of the pressure and shear stress gradients of the oncoming
flow, as expressed by (4.18c). In order to resolve this inconsistency, one then has to
consider in addition a limit where both y+ and −s̄ are large and all terms in (4.18a)
are of comparable order of magnitude. In this context we mention that u+p ∼ y+/(2κ) as
y+ → ∞, by exploitation of (4.8) and taking into account that τ+p = y+. Then this limit

is characterised by y+ = (−s̄)1/2/ ln(−s̄) as −s̄→ ∞ and its investigation is expected
to shed light on the first breakdown and higher-order contributions to the upstream
conditions (4.18c).
The problem (4.18) can be solved for ū+ in the range −∞ < s̄ < 0 by means of down-

stream integration provided τ̄+t is modelled properly. However, the behaviour of [ū+, τ̄+]
for s̄→ 0−, discussed extensively by Scheichl & Kluwick (2008b), is crucial for the subse-
quent analysis rather than is the full solution. One finds that the flow then is essentially
governed by inertia terms. Specifically, we obtain for

s̄→ 0− : [ū+, τ̄+] ∼ [ū+0 , τ̄
+
0 ](y

+) + (−s̄)1/6
[
a−

dū+

dy+
, τ̄+1 (y

+)
]
+O

[
(−s̄)1/2

]
, (4.19a)

y+ → 0: ū+0 ∼ −b̄y+3/2 + · · · , (4.19b)

a− = 481/3 Γ( 23 )
.
= 4.9212, b̄ = (4/3)Γ( 16 )/Γ(

2
3 )

.
= 5.4809. (4.19c)

Here ū+0 (y
+), τ̄+0 (y

+) depend on the particular form of u+p (y
+) in the upstream condi-

tions (4.18c) (apart from the modelling of τ̄+t ). We also note that ū+0 = o(1/ ln y+) as
y+ → ∞ due to (4.18b). Specifically, (4.19) follows from the investigation of a new ad-
justment region where y+/(−s̄)1/3 = O(1) and the viscous stress term plays a dominant
role: there the flow is laminar-like as u+0 ∼ y+2/2, fitting to (3.19a), and the solution
of (4.18) is predominantly unaffected by τ̄+t , according to (4.18b), and hence of universal
self-similar character.
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Figure 6. Asymptotic substructures of interactive boundary layer near D (not to scale, for
caption see text): outer defect layer (ODL), viscous wall layer (VWL), adjustment region (AR)
of § 4.1 (the broken line indicates its virtual continuation towards D), positions of first (I),
second (II), and third (III) wall layer breakdown, outer interaction region (OIR), separated
shear layer (SSL), triple-deck (shaded), lower deck (LD), main deck (MD), buffer deck (BD),
upper deck (UD).

As a further finding of the analysis in that adjustment region, we have for

y+ = 0, s̄→ 0− :
∂u+

∂y+
∼ 1− c̄π̄+

(−s̄)1/6 + · · · , c̄ =
Γ( 16 )Γ(

1
3 )

31/3π1/2Γ( 23 )

.
= 4.3078. (4.20)

The behaviour (4.20) indicates that the wall shear stress is reduced significantly and no
longer determined by (3.16) and (3.24) for s̄ = O(π̄+6). Even more importantly, then
a third (nonlinear) breakdown of the wall layer flow takes place in the aforementioned
adjustment region as u+ and π̄+ū+ become of the same order of magnitude. It is shown
below that this scenario has to be considered from the viewpoint of viscous–inviscid
interaction.

5. The interaction process

In the small-defect region of the boundary layer the wall-normal pressure gradient ∂yp
becomes of the order of magnitude of the streamwise one, ∂xp, when −s decreases to O(δ).
The conventional boundary layer approximation then ceases to be valid in the region of
outer viscous–inviscid interaction in the vicinity of D. However, a thorough investigation
of this interaction mechanism has to account also for the flow at distances y ≪ δ and thus
requires knowledge of the near-wall flow and the associated scaling of the boundary layer.
Therefore its properties, associated with the inner interaction process, are discussed next,
while the outer interaction is topic of § 5.2.

The therewith completed local subdivision of the interactive boundary layer flow is
anticipated by the sketch in figure 6. Here the actual point of separation coincides with D
for the sake of clarity.

5.1. Inner interaction: internal triple-deck structure

We begin by outlining the strategy adopted here to work out the triple-deck structure.
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5.1.1. Basic considerations

One faces two key points in the analysis of the wall layer flow approaching D: (first) the
merging with the adjustment region, as addressed briefly in § 4.3.1 (first breakdown), and
(second) the terminal structure of the non-interactive wall layer flow as s̄→ 0 presented
at the end of § 4.3.2 (second breakdown).

The first breakdown of the wall layer applies only on condition that δ ≪ Re−1/3 or
δ = O(Re−1/3); if δ ≫ Re−1/3 it is displaced by the occurrence of the outer interaction.
In that case the adjustment region is continued as a so-called blending or Reynolds stress
sublayer located at the base of the interaction region and having a thickness measured
by δ2, where the momentum equation (2.2a) still reduces to a balance between linearised
convective terms and the turbulent effect −∂y〈u′v′〉 to leading order. This situation is
described by Melnik & Chow (1975) in their study of the small-defect flow past the trailing
edge of an inclined flat plate in a uniform stream. (Unfortunately, from the present point
of view their assumption of an incident fully developed turbulent boundary layer renders
a self-consistent description of the wall layer flow passing the trailing edge an intractable
task.) More generally, such a flow region is also found in other types of interacting fully
developed turbulent boundary layers (see e.g. Melnik & Chow 1975; Sykes 1980; Agrawal
& Messiter 1984). Therefore determining the order of magnitude of δ in terms of Re not
only completes the scaling of the boundary layer but also answers the question of the
existence of that blending layer and in turn the asymptotic structure of the flow near D.

This task is intrinsically tied to the second issue, which implies the formation of a
further sublayer where the nonlinear inertia terms in (2.2a) are fully retained (cf. Scheichl
& Kluwick 2008b). As found from (3.15), there rescaled coordinates

X̄ = s̄/π̄+6, Ȳ = y+/π̄+2 (5.1a)

are quantities of O(1). However, strong viscous–inviscid interaction of a boundary-layer-
type flow in a small region encompassing both D and the actual point of separation, and
thus dominated by the full nonlinear convective terms, is the sole possibility to regularise
the BV singularity within the limits of the Reynolds equations (2.2). This sublayer must
serve as the active or lower deck in the expected triple-deck structure (cf. Neish & Smith
1992; Rothmayer & Smith 1998; Sychev et al. 1998). There the pressure gradient ∂xp is
self-induced such that it both surmounts the BV singularity and avoids the formation of
a Goldstein singularity. Henceforth let

δTD = δ̄π̄+6, δLD = δνπ
+2 (5.1b)

define the triple-deck length scale and the thickness of the lower deck respectively.

Consequently, for X̄ = O(1) the core of the wall layer acts as the main deck where the
flow must also be of boundary layer type, i.e. the ratio of its thickness to the length of the
sublayer in the x-direction is small. From (4.16), (4.17), (1.2), and the wall layer scaling
given by (3.14) and (1.2) this ratio is found to be measured by ǫ8σ7Re3 for k = O(1),

which yields the estimate Re−1/2 ≪ σ ≪ Re−3/7(lnRe)8/7, in agreement with (3.24).

Then δ ≪ Re−1/3, which as a first remarkable result here precludes the existence of a
blending layer.

5.1.2. Lower deck and near-wall flow reversal

Inspection of (3.14), (3.15), (5.1) indicates that appropriate lower-deck expansions read

αReψ ∼ π̄+4 Ψ̄(X̄, Ȳ ) + · · · , p− p0D ∼ δ̄1/2π̄+3u20DkP (X̄) + · · · , π̄+ ≪ 1. (5.2)
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Furthermore, the velocity gradient ∂y+u
+ = O(1) but τ+t = O(π̄+6), according to (3.18).

Thus (2.2a), (2.3) give rise to the lower-deck problem for quasi-laminar separation in
canonical form,

∂Ȳ Ψ̄ ∂ȲX̄ Ψ̄ − ∂X̄ Ψ̄ ∂
2
Ȳ
Ψ̄ = −dP/dX̄ + ∂3

Ȳ
Ψ̄ , (5.3a)

Ȳ = 0: Ψ̄ = ∂Ȳ Ψ̄ = 0, Ȳ → ∞ : Ψ̄/Z̄2 → 1/2, Z̄ = Ȳ +A(X̄), (5.3b)

X̄ → −∞ : Ψ̄ → Ȳ 2/2, P/(−X̄)1/2 → −2, X̄ → ∞ : P → 0. (5.3c)

Once these equations are closed by the interaction law between the pressure and dis-
placement functions P (X̄) and −A(X̄) (see § 5.1.4), they constitute the core problem
governing the separation process. (The corresponding non-interactive problem consid-
ered by Scheichl & Kluwick 2008b is obtained formally by setting P = −2(−X̄)1/2).
The behaviour of Ψ̄ for Ȳ → ∞ is again triggered by the predominance of the iner-

tia terms in (5.3a) in combination with the upstream conditions in (5.3c). A thorough
examination of the non-interactive flow region far upstream where Ȳ /(−X̄)1/3 = O(1)
or, equivalently, y+/(−s̄)1/3 = O(1) recovers the universal laminar-type near-wall part of
the terminal structure of the non-interactive wall layer flow and the associated nonlinear
breakdown as outlined in § 4.3.2. We finally obtain for

X̄ → −∞ : A ∼ a−(−X̄)1/6 + · · · , (∂2Ȳ Ψ̄)(X̄, 0) ∼ 1− c̄(−X̄)−1/6 + · · · , (5.4a)

Z̄ → ∞ : Ψ̄ ∼ Z̄2/2− b̄Z̄3/2 + P (X̄) +O(Z̄−3/2), (5.4b)

in agreement with (4.19), (4.20). In the following we demonstrate that the form of Ψ̄
far downstream is fully determined by (5.3) when supplemented with an interaction law,
provided gross separation takes place for some X̄ = X̄S (where the rescaled wall shear
stress (∂2

Ȳ
Ψ̄)(X̄, 0) changes sign). Expansion (5.4b) reflects the predominantly inviscid

flow on top of the lower deck.
For X̄ ≫ 1 the expansion (5.4b) apparently breaks down in the region of a mixing layer

which encompasses the location of the separating streamline defined by Ȳ = ȲS(X̄) with
Ψ̄(X̄, ȲS) = 0. This shear layer has an extent in the wall-normal direction of, say, B(X̄)
with B = O(1) or larger and −B/A≪ 1 as −A≫ 1, X̄ ≫ 1, so that Ψ̄ ∼ B(X̄)2F̄ (η̄),
η̄ = Z̄/B = O(1). Inserting these last expressions into (5.3a) shows that the pressure
gradient dP/dX̄ is negligibly small there, and balancing inertia and viscous terms yields
B ∼ X̄1/3 and the mixing-layer problem as in the laminar counterpart of the sepa-
ration problem: F̄ ′2/3− (2/3)F̄ F̄ ′′ = F̄ ′′′, together with the two conditions governed
by the convective terms and compatible with the ambient flow, F̄ ∼ η̄2/2 as η̄ → ∞
and F̄ ′(−∞) = 0, and F̄ (η̄S) = 0. Here η̄ = η̄S defines the yet unknown position of
the separating streamline which itself is regarded as part of the full solution of (5.3):
ȲS ∼ −A(X̄) + η̄SB(X̄). Therefore, η̄S is arbitrary for the time being as it is determined
by an higher-order analysis. However, the solution F̄ is unique when written in the form
F̄ (η̄ − η̄S) with F̄ (−∞) = −ā .

= −1.2539 (Neiland 1971; Stewartson & Williams 1973;
Diesperov 1984). Accordingly, for Ȳ = O(A) we expect backflow that is governed by the
inviscid form of (5.3a). Eliminating the pressure gives ∂2

Ȳ
Ψ̄ ∼ −ω̄(Ψ̄), where ω̄ denotes

the vorticity. From matching Ψ̄ with its representation holding in the mixing layer we
conclude that ∂2

Ȳ
Ψ̄ = O(B2/A2), hence ω̄ is treated as negligibly small. In turn, the

slow irrotational reversed flow in the bulk of the lower deck is found to be described
by Ψ̄ ∼ āX̄2/3Ȳ /A(X̄) < 0, P ∼ −ā2X̄4/3/(2A2), X̄ ≫ 1, where A varies basically alge-
braically with X̄. Finally, a sublayer emerges for Ȳ = O[X̄1/6(−A)1/2] where all terms
in (5.3a) are retained to leading order, governing viscous self-preserving reversed flow.
Therefore, even without knowing in advance the behaviour of A(X̄) for X̄ → ∞ in

detail we end up with a three-tiered structure of the downstream flow as in the laminar
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case, where A = O(X̄3/2) as discussed elaborately by Sychev (1972), Sychev et al. (1998),
in particular.

5.1.3. Main deck

Expansion (5.4b) allows for a match with the flow in the bulk of the wall layer for X̄
of O(1). There the leading-order stress balance stays intact and the corresponding ex-
pansions (taken directly from the non-interactive analysis, see Scheichl & Kluwick 2008b)
are

αReψ ∼
∫ y+

0

[u+0 (t) + π̄+ū+0 (t)] dt+ π̄+2A(X̄)u+0 (y
+) +O(π̄+3), (5.5a)

p− p0D ∼ δ̄1/2π̄+3u20DkP (X̄) + · · · , (5.5b)

supplemented by −〈u′v′〉 ∼ αǫ2u20Dτ
+
0 (y+) + · · ·. Expansion (5.5a) in combination with

(5.4a) matches (4.19a). We remark that the logarithmic law of the wall is still present,
according to (3.19b).
The separating streamline, originating in the lower deck, penetrates into the core of

the wall layer far downstream, where Ȳ ∼ A = O(1/π̄+2). There the forms of the wall
functions u+0 (y

+), τ+0 (y+) are finally modified substantially.

5.1.4. Upper deck and boundary layer scaling

In an ad-hoc analysis assuming non-interactive flow (i.e. for P = −2(−X̄)1/2 and A(X̄)
known from the solution of (5.3)) the expansions (5.5) provide a match with the flow
in the small-defect region (cf. Scheichl & Kluwick 2008b). In striking contrast, here the
flow structure on top of the wall layer is crucial for the determination of the interaction
law. Since the flow there is predominantly governed by the equations for inviscid flow,
we specifically have to deal with a square region having an extent measured by O(δTD),
so that here Ŷ = y/δTD = O(1).

The BV singularity can only be avoided by the flow in the upper deck if the first
X̄-dependent term in the expansion of ψ there accounts for the leading-order variations
of both the pressure and the displacement, exerted by the lower deck and transferred
unchanged through the main deck. We thus conclude that this expansion starts with
terms ‘frozen’ at x = xD known from the non-interactive flow analysis of the small-defect
region (rewritten in terms of Ŷ and accordingly expanded) is followed by the X̄-dependent
contribution arising from the displacement of the lower deck and accounting for the
mechanism of inner interaction: we, therefore, write by inspection of (3.19b), (3.14), and
(5.2)

ψ − δTDu0DŶ + · · · ∼ (αRe)−1π̄+2 ln(σRe/δTD)κ−1ΨTD(X̄, Ŷ ) + · · · , (5.6a)

p− p0D ∼ δ̄1/2π̄+3u20DkPTD(X̄, Ŷ ) + · · · . (5.6b)

Herein ΨTD and PTD are governed by the linearised Euler equations the equations of
motion (2.2) reduce to in the approximation considered. This requires the ratio of the
coefficients of ΨTD and PTD in (5.6) to be proportional to δTD/(Γu0D) with Γ denoting
a similarity parameter assumed to be of O(1). Since the terms on the left-hand side of
(5.10a) due to the incident flow ‘frozen’ at x = xD are independent of X̄, (2.2) then
reduces to

[∂Ŷ ,−∂X̄ ]∂X̄ΨTD = −Γ [∂X̄ , ∂Ŷ ]PTD . (5.7)

We furthermore obtain with the aid of (1.2), (4.16), (4.17), (5.1b), and (3.24) in the
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regime (1.1) the relationships

χ̄ ∼ K̄

(
κRe

ǫ10 ln χ̄

)1/9

, χ̄ = σRe5/9 ≫ 1, K̄ =

(
k8

9Γu40D

)1/9

= O(1). (5.8)

From (5.8) the desired scaling of the interactive boundary layer is found in terms of

ǫ ∼ 9κ/ lnRe, σ = K̄Re−4/9/ǫ, (5.9a)

δν = O(ǫRe−5/9), δTD = O(Re−4/9), δLD = O(Re−6/9), (5.9b)

δ̄ = O(ǫ3Re−1/9). (5.9c)

The relationships (5.9a) describe slightly underdeveloped turbulent flow according to

(3.27), where we end up with χ = K̄/ǫ and µ = 1/18. Also, we find that It = K̄Re−4/9

and α = K̄(9κ)−2(lnRe)2Re−4/9 by (1.2), which gives T = O
[
(lnRe)2Re1/18

]
by (3.25a)

and finally confirms (3.25b). The length scales quoted in (5.9b) follow accordingly from
(3.14) and (5.1b), with the help of (4.17), and basically agree with those suggested by
Neish & Smith (1992). We note, however, that according to the more detailed analysis
carried out here the upper-deck scale δTD is smaller than the boundary layer scale δ by
a factor ǫ. This has two remarkable consequences: (first) it means that the triple-deck

scale is slightly smaller than in laminar case where it is of O(Re−3/8) (cf. Rothmayer &
Smith 1998; Sychev et al. 1998), and (second) the triple-deck structure is ‘squashed’ in
the square region with an extent measured by δ, which renders the notions of inner and
outer interaction sensible. We finally note that δ+ defined by (3.26) varies with ǫ2Re−1/9

and (5.9c) is a consequence of (4.16). Thus the second breakdown of the wall layer flow
occurs upstream of the onset of the outer interaction.
As a result of the ‘frozen’ state of the boundary layer expressed by (4.1) and (3.21a),

one finds the vorticity in the upper deck to vary as −ǫu0Dκ−1/(δTD Ŷ ) + · · ·, which is
of O(1/σ). Also, the flow in the upper deck is still of small-defect form and thence matches
that in the region of the outer interaction identically. In order to clarify this situation
further in view of the scalings (5.9a) with K̄ given by (5.8), we now re-establish the
upper-deck expansions (5.6) by using (5.1b) as

ψ/u0D − δTD Ŷ + · · · ∼ δ
3/2
TDk[ΨTD(X̄, Ŷ )/Γ +O(ǫ)] + · · · , (5.10a)

(p− p0D)/u
2
0D ∼ δ

1/2
TDk[PTD(X̄, Ŷ ) +O(ǫ)] + · · · . (5.10b)

Here the terms of O(ǫ) in brackets arise from (5.5a) subject to the logarithmic be-
haviour (3.19b).
It is noted that matching of the gradients with respect to y requires the introduction

of a so-called ‘buffer’ deck, located between the main and the upper deck, as a conse-
quence of (5.5a) and (3.19b). Comparison of the latter expansion with (5.10a) shows that
lnRe Ŷ ∂Ŷ ΨTD is of the same order of magnitude as y+du+0 /dy

+ there. By taking notice

of (5.11b), one immediately infers that this additional layer is located at ŷ = Ŷ /ǫ = O(1).
This indicates that the ratio of its thickness to that of the upper deck is again given by ǫ.
However, this buffer deck behaves fully passive as the expansions of the flow quantities
holding there are essentially found by re-expanding their counterparts in the adjacent
layers when rewritten in terms of ŷ. We therefore refrain from considering this region in
more detail.
Elimination of the pressure PTD in (5.7) yields Laplace’s equation in Cartesian coor-

dinates,

∇̄2
c ΨTD = 0, ∇̄2

c = δ2TD∇2
p = ∂2X̄ + ∂2

Ŷ
, (5.11a)
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in agreement with (3.5), (A 7), (2.2c), as a possible X̄-independent ‘constant’ of integra-
tion is conveniently absorbed in the ’frozen’-flow contribution to (5.10a). From match-
ing (5.10) and (5.5) we find that

ΨTD(X̄, 0) = A(X̄), ∂Ŷ ΨTD(X̄, 0) = −ΓP (X̄), P (X̄) = PTD(X̄, 0) (5.11b)

and deduce that ΨTD ∼ A(X̄)− ΓP (X̄)Ŷ for |X̄| → ∞, Ŷ = O(1). A standard investi-
gation of the Laplacian subject to the conditions for P , A in (5.3c), (5.4a) and the form
of the downstream decay of P elucidated at the end of § 5.1.2 then suggests for

R̄ =
r

δTD
=

√
X̄2 + Ŷ 2 → ∞ : ΨTD ∼ Γ

k
ψ0,3/2(R̄, θ) + ΛR̄1/2 cos(θ/2)

+
(
2a−/

√
3
)
R̄1/6 cos(θ/6) +O(ln R̄). (5.11c)

Here r, θ, and ψ0,3/2 are defined by (3.5) and (3.6b) respectively. Expansion (5.11) was
already established by Brown & Stewartson (1970) and Melnik & Chow (1975) in their
study of laminar non-symmetric flow past a sharp trailing edge, where the external flow
exhibits a BV-like singularity and thus an upper deck having alike properties. They
demonstrated that the dominant eigensolution of Laplace’s equation proportional to the
constant Λ unknown at this stage indeed varies strictly algebraically with R̄1/2 in order
to match the upstream behaviour of the lower-deck solution governed by (5.3) and (5.4).
Expansion (5.11c) closes the upper-deck problem (5.11), based on potential flow theory
and being fully equivalent to that in the laminar case (cf. Sychev et al. 1998).
The higher-order contributions in the far-field behaviour (5.11c) allow for correspond-

ing estimates of A(X̄) and P (X̄), more accurate than those given in (5.3c) and (5.4a) as
necessary for later considerations. We obtain for

X̄ → −∞ : A ∼ a−(−X̄)1/6 +O[ln(−X̄)], (5.12a)

P ∼ −2(−X̄)1/2 − Λ

2Γ
(−X̄)−1/2 − a−

6
√
3Γ

(−X̄)−5/6 + · · · , (5.12b)

X̄ → ∞ : A ∼ −a+X̄3/2 + ΛX̄1/2 +
2a−√

3
X̄1/6 +O(ln X̄), a+ =

4Γ

3
, (5.12c)

P ∼ −p+X̄−5/3 + · · · , p+ = (ā/a+)
2/2. (5.12d)

The relationship (5.12d) attests to a structure of the early-stage reversed flow, having its
origin in the lower deck as outlined in § 5.1.2, known from the laminar counterpart. In the
case considered here the free streamline penetrates into the bulk of the viscous wall layer
for δ ≪ s = O(ǫ2/3Re−10/27), according to the comments given in § 5.1.3, (5.12c), (5.1a),
and (4.17). Therefore the wall function u+0 (y

+) and the leading-order stress balance in
the wall layer, reading τ+0 = 1, remain unaltered even for s = O(δ), the length scale
characteristic of the outer interaction.
Equation (5.7) states that ΓPTD , −∂X̄ΨTD represent a harmonic conjugate pair. An

analogous conclusion holds for the derivatives of the function ΨTD − (Γ/k)ψ0,3/2, har-

monic in the upper half-plane Ŷ > 0 and subject to (5.11b). Then

P̄ = ΓP + 2ΓH(−X̄)(−X̄)1/2, −Ā′ = −dA/dX̄ − 2ΓH(X̄)X̄1/2 (5.13a)

with H denoting the Heaviside unit step function form a Hilbert pair,

[P̄ ,−Ā′](X̄) =
1

π

∫ ∞

−∞
− [Ā′, P̄ ](S)

X̄ − S
dS. (5.13b)

As an important aspect, (5.13) guarantees the downstream decay of P originally required
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by (5.3c). Finally, these relationships together with the dominant behaviour of P far
upstream fixes that of A far downstream, see (5.12c), and thus the structure of the
postseparated flow according to the analysis of § 5.1.2. The resulting interaction law (5.13)
closes the lower-deck problem (5.3), then forming a triple-deck problem, parametrised
by Γ , which is formally identical with that found in the theory of laminar separation as
suggested for the turbulent case by Neish & Smith (1992). Smith (1977) demonstrated
by a numerical investigation that a (unique) solution to this triple-deck problem only
exists for a specific (positive) eigenvalue of Γ ; refined solutions were obtained by Korolev
(1980) and van Dommelen & Shen (1984). This problem can be cast into standard form
(cf. Sychev et al. 1998) by means of the affine transformation X̄ 7→ X̄/Γ̄ 6, Ŷ 7→ Ŷ /Γ̄ 2,
Ψ̄ 7→ Ψ̄/Γ̄ 4 (i.e. A 7→ A/Γ̄ 2), P 7→ P/Γ̄ 4, with

2Γ 1/8 = 2Γ̄
.
= 0.415± 0.005 (5.14)

as the currently most accurate figure of this eigenvalue given by the latter authors. This
situation renders the scalings (5.9) and, notably, the value of Λ uniquely determined for
a given value of the external-flow parameter k. The far-field eigensolution of Laplace’s
equation proportional to Λ as seen from (5.11c), (5.12b), (5.12c) reflects the invariance
of the triple-deck solution with respect to an arbitrary shift of the origin X̄ = 0 for |X̄|
large. In contrast to the laminar case, here Λ proves crucial in connection with matching
the ‘inner’ and the ‘outer’ interacting flow as shown next.

5.2. Outer interaction and separation criterion

We introduce appropriately stretched variables [R,X, Y, Ψ ] = [r, s, y, ψ/u0D]/δD, which
are assumed to be of O(1) in the square region of the outer interaction, forming the con-
tinuation of the main tier of the boundary layer and continued as a separated shear layer
further downstream. Here R = (X2 + Y 2)1/2 and δD denotes the value of the boundary
layer thickness for s = 0, expanded as δD ∼ σ[∆D +O(ǫ)] according to (3.13a) and (4.1).
It is convenient to write

δTD/δD ∼ (ǫ/K)[1 +O(ǫ)], K = k2∆D(k)/(9Γ ) = O(1), (5.15)

which follows after some manipulations from (5.1b), (4.17), (5.8), (5.9a).
In the asymptotic limit currently under focus separation is seen to take place at the

origin R = 0, which then forms a singular point in the flow description. Moreover, in the
viscous wall layer expansions of the type (5.5a) hold,

αReψ ∼
∫ y+

0

u+0 (t) dt+ · · ·+ π̄+2u+0 (y
+)

{
a−(−KX/ǫ)1/6 + · · · , X < 0,

−a+(KX/ǫ)3/2 + · · · , X > 0,
(5.16a)

p− p0D ∼ −δ1/2D u20Dk

{
2(−X)1/2 + · · · , X < 0,

p+(ǫ/K)13/6X−5/3 + · · · , X > 0,
(5.16b)

in agreement with (5.12). In turn, matching the stream function with its representations
in the wall layer for X 6= 0, the upper deck for R→ 0 in the form (5.11c), the external
flow as given by (3.1), (3.6), and, eventually, the oncoming boundary layer as expressed
by (3.13), (4.1), (3.7b), and taking note of the dominance of inertia terms in (2.2) in the
region of the outer interaction suggests the expansions

Ψ ∼ Y + δ
1/2
D ΨOP (X,Y ; k) +O(δD)

− ǫ[FD(Y ; k)− δ
1/2
D ΨOI (X,Y ; k) +O(δD)] +O(ǫ2), (5.17)

δ/δD ∼ 1 + δ
1/2
D [D1/2(X; k) +O(ǫ)] +O(δD). (5.18)
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That is, effects of surface curvature are insignificant for the outer interaction process,
and the small-defect structure is preserved as FD(Y ; k) represents the locally ‘frozen’
state of the oncoming boundary layer: convective terms in (2.2) are linearised about the
unperturbed velocity expressed by [u, v] = [u0D, 0], and the leading-order boundary layer
velocity profile given by F ′

D is transferred unchanged into the separated shear layer,
forming for large values of X. We remark that the Reynolds shear and normal stress
gradients first enter the equations that govern contributions of O(ǫδD) in (5.18), in the
form of inhomogeneities.
The equations governing ΨOP and ΨOI are derived from (2.2) by elimination of the

pressure in straightforward manner as in § 5.1.4. One then finds in leading order the
potential flow problem

∇2
c ΨOP = 0, ∇2

c = δ2D∇2
p = ∂2X + ∂2Y , (5.19a)

X < 0: ΨOP (X, 0; k) = 0, X > 0: ∂Y ΨOP (X, 0; k) = 0, (5.19b)

R→ 0: |ΨOP |/R3/2 <∞, R→ ∞ : ΨOP ∼ ψ0,3/2(R, θ; k), (5.19c)

where we refer to (3.5), (A 7), (3.6b). The condition for R→ 0 in (5.19c) asserts that
a singularity at the separation point R = 0 stronger than the original BV singularity is
unacceptable in a self-consistent interactive-flow description. By exploiting the extremal
properties of solutions of Laplace’s equation or applying the Mellin transform one can
show that

ΨOP ≡ ψ0,3/2(R, θ; k) =
(
2
√
2k/3

)
Ψ̆ , Ψ̆(X,Y ) = (R− 2X)

√
R+X, (5.20)

is the only conceivable solution of (5.19). This not only confirms (5.16) and agrees with
(5.11c) by matching but also a posteriori justifies the strategy followed in § 5.1: namely,
that the BV singularity is effectively avoided by means of the inner interaction mecha-
nism.
As a crucial result, the contribution of O

(
ǫδ

1/2
D

)
to the expansion (5.18) describes an

induced vortex flow that accounts for the interaction of the boundary layer flow with the

irrotational leading-order disturbance of O
(
δ
1/2
D

)
. Here the vorticity transport equation

reduces to Poisson’s equation,

∇2
c ΨOI = −F ′′′

D (Y ; k)ΨOP (X,Y ; k). (5.21a)

Now primes denote derivatives with respect to Y . The right-hand side of (5.21a) repre-
sents the negative X-dependent leading-order contribution of the vorticity generated in
the boundary layer upstream and convected with the irrotational flow. Here a further
X-independent adding term that results from integration in the derivation of (5.21a)
has been set to zero as it would imply perturbations of O(σ1/2) in (3.13a) and, thus,
unacceptably alter the original structure of the incident (attached) boundary layer flow.
Also, we have for

X < 0: ΨOI (X, 0; k) = 0, X > 0, Y → 0: ∂Y ΨOI + F ′′
DΨOP → 0, (5.21b)

X → −∞ : ΨOI ∼ 2k
√
−X GD(Y ; k), GD = 2FD − Y F ′

D, (5.21c)

Y = 1: ∂Y ΨOI = 0. (5.21d)

The conditions (5.21b) arise from matching the stream function and the pressure in the
outer and the wall layer, according to (5.16). The requirements of matching with the
oncoming boundary layer, see (4.1) and (4.4), lead to (5.21c), where the near-wall form
of FD(Y ; k) is given by (4.6a) and (4.10). Here we add that ΨOI is obviously subject to
subexponential growth for X → ∞. Furthermore, (5.21d) is due to patching the solution

4.10 Journal of Fluid Mechanics, in print (2010)

167



Turbulent break-away separation for large Reynolds number 29

 15

 10

 5

−5
−5 −4

 0

−2  0  2  4  5
X

D̆

D̆ ∼ −3
p

−X/2

D̆ ∼
√
2X3

Figure 7. Boundary layer thickness near separation in normalised form (for caption see text).

with the disturbance of O(ǫδ) in the ambient external flow as given by (3.1) forX = O(1),
y = O(1). Finally, an investigation of (5.21a) subject to (5.21b) gives for

π > θ > 0, R→ 0: ΨOI ∼ E(k)R1/2 cos(θ/2) + · · · , E = 9Λ/[k∆D(k)], (5.22)

where the specific form of the coefficient E is required by matching the outer and the
inner interacting flow by using (5.10a), (5.11c), (5.17), with the aid of (5.15).
Apart from the matching conditions (5.21b) for X > 0 and (5.22), the description of

the outer interaction here closely resembles that in fully developed turbulent trailing-
edge flow as put forward by Melnik & Chow (1975, pp. 224–225, with 5.21a having the
wrong sign on its right-hand side). However, the presence of a wall further downstream,
as in the problem considered here, leads to a change in detail and makes the treatment
more involved. This becomes evident by evaluation of (5.21a) subject to (5.21b) and
supplemented with (5.20), which reveals a contribution adding to the logarithmic portion
of the initial velocity profile F ′

D(Y ; k) upstream of separation, superseded by a stronger
singular behaviour immediately downstream as for

Y → 0 : ΨOI ∼ −2k

3κ

{
3(−X)1/2Y lnY +O(Y ), X < 0,

2X3/2 lnY +O(1), X > 0.
(5.23)

The analysis of the interaction process described so far is unaffected by any turbu-
lence closure. This enables us to also express the local variation of the boundary layer
edge represented by D1/2 in (5.18) in closed form. It is found by patching the vor-
ticity reading −∇2ψ ∼ −(u0D/δD)∇2

c Ψ for y = δ. There it must vanish up to and in-
cluding the orders quoted explicitly in (5.17), which yields D1/2 = −ΨOP (X, 1; k) by
(5.21a) (since F ′′′

D (1; k) > 0). This result matches the variation of δ in the oncoming
flow as expressed by (3.13a), (4.1), (4.2) as D1/2 ∼ −2k(−X)1/2 + · · ·, X → −∞, and

gives D1/2 ∼ (4k/3)X3/2 + · · ·, X → ∞. The latter expression confirms that the region
of outer interaction recovers as a separated shear layer which coincides with the region
of breakdown along S for s→ 0+ addressed briefly in connection with (3.9b). We re-
mark that this local variation of the boundary layer thickness is already indicated in
figure 6. Its canonical representation D̆(X) = −Ψ̆(X, 1) inferred from (5.20) is displayed
in figure 7, together with the asymptotes for |X| being large noted above.

A particular solution of the elliptic problem posed by (5.21) can be constructed through
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exploitation of standard methods. Hence we differentiate (5.21a) triply with respect to X,
in order to cope with the growth of the inhomogeneity for |X| → ∞ resulting from (5.20),
which gives in the limit

ε =
Y

X
→ 0 : ΨOP ∼ 2k|X|1/2

{
Y [1 + ε2/24 +O(ε4)], X → −∞,

(2X/3)[−1 + 3ε2/8 +O(ε4)], X → ∞.
(5.24)

By writing ΨOI (X,Y ; k) = ΨOIh + ΨOIp, we then find

ΨOIp(X,Y ; k) =

∫ X

−∞

[∫ S1

−∞

∫ S2

−∞
Φ(S3, Y ; k) dS3 dS2 + k

H(−S1)√−S1

GD(Y ; k)

]
dS1

+2kH(−X)
√
−X GD(Y ; k), (5.25a)

Φ(X,Y ; k) = − 1

2π

∫ 1

−1

− sgn(Z)F ′′′
D (|Z|; k)

∫ ∞

−∞
Π(S, |Z|; k) lnR⋆ dS dZ, (5.25b)

Π(X,Y ; k) = ∂3XΨOP = −3ΨOP/(8R
3), R⋆ =

√
(X − S)2 + (Y − Z)2, (5.25c)

for a particular solution of (5.21a) which satisfies (5.21b) and (5.21c) rather than (5.21d)
and (5.22). The determination of a complementary non-trivial homogeneous solution
ΨOIh(X,Y ; k) which supplements (5.25) to yield a (unique) composite solution of (5.21)
is critical for an advanced flow description, and efforts to solve (5.21) are under way.
Eventually, the procedure of fixing the value of the external-flow parameter k, i.e.

the position x = xD(k) of inviscid flow detachment, on the basis of a rationally derived
separation criterion for turbulent flow is delineated by the following four steps:

(A) extract the (non-vanishing) value of the coefficient Λ in the second-order term of
(5.12c) from the unique eigensolution of the triple-deck problem;
(B) seek a formal solution of the well-posed problem (5.21) in dependence of k;
(C ) compute the quantity E in (5.22), either (semi-)analytically or numerically;
(D) evaluate the resulting solvability condition for (5.21),

9Λ = kFx=xD
x=0 {US(x; k)}, F = ∆DE, (5.26)

representing the desired separation criterion.
It is insinuated in (5.26) that F represents a functional of the surface speed US that
drives the boundary layer from stagnation towards separation. Here we point to the
dependences of the flow variables ΨOP , ΨOI on k and the ‘frozen’ state of the boundary
layer entering the right-hand side of (5.21a). Thus (5.26) accounts for the global external
flow as well as the upstream history of the boundary layer, as one would expect from
a separation criterion that deals with the case k = O(1), though deduced from local
asymptotic analysis. It is intriguing how this is achieved by matching due to the universal
structure of the triple-deck solution.
The separation criterion (5.26) completes the description of the entire process of tur-

bulent separation to the leading approximation.

6. Conclusions and further outlook

The comprehensive description of time-mean bluff-body separation presented here ap-
pears to be self-consistent and physically relevant when the global Reynolds number Re
is so large that the potential flow parameter k is independent of Re. In this situation
separation is provoked at a distance from the leading edge of the body that is comparable
to its typical dimension L̃. It is significant that the asymptotic picture of the initially
attached boundary layer is founded on a minimum of assumptions merely regarding the
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scaling of the turbulent motion. These consequently determine the flow structure in a
region centred around the point of separation with an extent comparable to the boundary
layer thickness δ. It is interesting that the scaling properties of the boundary layer can-
not be determined entirely unless the process of viscous–inviscid interaction that governs
separation is taken into account. We further emphasize that the major results of the anal-
ysis are qualitatively unaffected by a specific turbulent shear stress closure provided that
it satisfies restrictions which reflect the asymptotic properties of the overlap of the pre-
dominantly turbulent region of the boundary layer and the viscous wall layer. Effectively,
classical mixing-length-based arguments suffice to disclose all the essential features of the
separating flow. Altogether, the theory is essentially based upon the following premises:

(I ) the body has a perfectly impermeable rigid smooth surface;
(II ) the flow is nominally two-dimensional;
(III ) the flow on the body scale in the high-Reynolds-number limit is described by

the Euler equations;
(IV ) free-stream turbulence is of no importance;
(V ) all components of the Reynolds stress tensor are of comparable magnitude;
(VI ) each subregion of the turbulent boundary layer is characterised by a single ve-

locity scale;
(VII ) the wall layer is in equilibrium (initially firmly attached turbulent boundary

layer).
We find that a rational description of separation starting with the classical picture of

an initially attached fully developed two-tiered turbulent boundary layer is affected by
two key aspects, depending on whether the adverse pressure gradient near separation
exerted by the external flow is bounded or not. In the first case flow reversal in the
predominantly inviscid small-defect region that reaches close to the wall requires a pres-
sure rise of O(1) acting on a relatively short streamwise distance, which contradicts the
original assumption; in the second the transcendentally thin viscous sublayer prevents
the formation of viscous–inviscid boundary layer interaction that is sufficiently strong to
ensure a smooth continuation of the incident boundary layer into a separated shear layer
(cf. Sykes 1980). In order to overcome this dilemma, two disparate routes to separation
can be established: in the first situation the assumption of a large velocity defect leads
to a multi-layered flow structure that distinctly differs from that outlined here and in
turn to the theory of turbulent marginal separation (Scheichl & Kluwick 2007a,b). The
massively separating flow considered here pertains to the second case. Then the structure
of the stagnant-flow near the leading edge of a bluff body provides the remedy as the
turbulence intensity level in the boundary layer further downstream seems inevitably
associated with so-called slightly underdeveloped turbulence: the von Kármán number
varies essentially algebraically with δ, but the velocity defect is of O(1/ lnRe) as in the
classical theory. In contrast to what is known from a marginally separating turbulent
boundary layer, here the logarithmic law of the wall is not eradicated as the vast bulk of
the small-defect layer is transferred unchanged into a separated shear layer – a probably
surprising observation.
As an intriguing interpretation of the present flow description, the boundary layer

undergoing separation is always influenced by its laminar origins near the leading edge,
irrespective of how large Re is. Above all, this conclusion is interestingly supported by
experimental findings (Schewe 2001), although yet not conclusively. The rapid evolution
towards a free fully developed turbulent shear layer of finite width is likely to take
place at a rather short distance downstream of separation (cf. Sychev 2010). The related
mechanism is still to be ascertained, and much more effort both experimentally and
in DNS seems required in order to fully corroborate this flow picture.
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It is noteworthy that the scenario of an underdeveloped turbulent boundary layer allows
for a self-consistent time-averaged picture of quite rapid laminar–turbulent transition and
thus a complete description of the boundary layer from transition towards separation.
Therefore, it is promising for completing the theory of the turbulent flow past a sharp
trailing edge at angle of attack (cf. Melnik & Chow 1975), associated with a Brillouin–
Villat-type singularity in the potential flow. Beyond that it might be useful for future
self-consistent descriptions of, for example, turbulent boundary layer flows over wall-
mounted obstacles (cf. Sykes 1980) or turbulent boundary layer/shock wave interaction
(cf. Agrawal & Messiter 1984 and references therein) that include separation.
Apart from the description of the separated shear layer, open points mainly concern

the precise position x = xD of inviscid flow detachment or, equivalently, the value of k.
In lieu of attempting to settle this question first, here we have drawn attention to the
local structure of the separating flow by having in mind a particular value of k. The
latter is predicted for a prescribed body geometry by the separation criterion derived
rationally from the interplay of the inner with the outer interaction mechanism, which is
encouraging. The exploration of this criterion, based on a thorough investigation of the
underlying vortex-flow problem, will prove crucial for further progress. The forecast of xD
is linked to the correct choice of the inviscid-flow model and in turn to solving the long-
standing problem of the asymptotic structure of the large-scale turbulent separated flow.
This consists of the free shear layer along the free streamline S having a thickness that
grows linearly with the arc length along S, the adjacent near wake that exhibits (two)
reversed-flow eddies, and the wake further downstream that results from the merging of
the two former flow regions. In view of present knowledge the chances of establishing
a complete description of self-induced massive separation are viewed as high. When it
comes to the investigation of viscous effects on the separated inviscid flow we might
expect an interesting comparison between the asymptotic eddy models of laminar steady
flow (finally resolved in all essentials by Chernyshenko 1988, cf. Smith 1986; Sychev et al.
1998) and the turbulent case, partly due to the small-defect structure of the separating
turbulent boundary layer (cf. Sychev 2010). This, among other things, is a topic of current
and future exciting research.

Fruitful discussions with Professor Sergei I. Chernyshenko are gratefully acknowledged.
The authors also wish to express their thanks to the referees for helpful comments.

Appendix A. Brillouin–Villat singularity

We adopt the well-known vorticity transport theorem, deduced from (2.2), and cast
the problem governing the inviscid flow into the form

∇2ψ0 = −ω0(ψ0; k), y > yS(s; k) : ω0 = 0, (A 1a)

ψ0(x, 0; k) = ψ0(x, yS(s; k); k) = 0. (A 1b)

The kinematic boundary condition (A 1b) reflects (2.3) for s 6 0. The quantity ω0 may
exhibit a discontinuity at y = yS for s > 0. We have

US =
√
u20 + v20 for y = yS , (A 2)

so that US = u0 for s 6 0, according to (A 2) and (A 1b). This gives (3.3), which is in line
with (A 1a), (2.2c). Then the requirement for smooth flow detachment reads

s→ 0− : US → u0D(k) > 0, s→ 0+ : US+ → u0D(k), US− → 0. (A 3)
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Moreover, our concern is with separation on the upper part of the cylinder, so that
ψ0 > 0 for y > yS , whereas the stagnant-flow or backflow region under consideration is
characterised by ψ0 = ω0 = 0 or both ψ 6 0 and ω0 < 0 for 0 6 y < yS respectively.
The pressure p0 is required to be continuous on S since the asymptotically slender

separated viscous shear layer along S emerging in the case (1.1) exhibits a correspondingly
weak variation of p in the direction transverse to S (which mostly compensate centripetal
forces proportional to U2

S times the curvature of S). Employing Bernoulli’s theorem
together with (2.4) then states that

p0 +
u20 + v20

2
= B0(ψ0; k) =





1/2, ψ0 > 0,

p0D(k)−
∫ ψ0

0

ω0(t; k) dt, ψ0 < 0,
(A 4)

which yields (3.4) along with the relationship

pS + U2
S−/2 = (1− u20D)/2, ψ0 < 0, (A 5)

calculated from (A3). Finally, (A 1) is supplemented with the resulting dynamic jump
condition

U2
S+ − U2

S− = u20D, (A 6)

according to the jump of B0 across S, given by 1/2− p0D.
We now derive the final expansions (3.6)–(3.9) in a stepwise fashion by invoking (A 1)

and (A 6):
(i) we advantageously introduce polar coordinates, see (3.5), and investigate (A 1)

for y > yS near D. To this end, we express ∇2 in terms of r, θ by inspection of (2.2c),
(3.5). Since ψ0 ∼ u0Dy + · · ·, y = r sin θ, as r → 0, according to (3.3) and (A 3), in this
limit one can write

∇2ψ0 ∼ [∇2
p + κD ∂y + · · ·][1 +O(r)]ψ0, (A 7a)

∇2
p = r−1∂r(r∂r) + r−2∂2θ , ∂y = sin θ ∂r + r−1 cos θ ∂θ, (A 7b)

with ∇2
p being the Laplacian in the case of a planar surface (κ ≡ 0). In the present con-

text, ψ0 = 0 for θ = π. The analysis of the eigensolutions of Laplace’s equation ∇2ψ0 = 0
then yields the asymptotic expansion

ψ0/u0D ∼ r sin θ + ψ0λ(r, θ; k) + · · ·+ ψ02(r, θ; k) + · · · , π > θ > 0, r → 0, (A 8a)

ψ0λ = aλ(k) r
λ sin[λ(π − θ)], ψ02 = r2

{
a2(k) sin(2θ)− (κD/4)[1− cos(2θ)]

}
, (A 8b)

matching (3.3) as θ → π, with ∇2
p [ψ0λ, ψ02] = [0,−κD] and both the constant λ > 1 and

the dependences of the parameters aλ 6= 0 and a2 on k unknown at this stage. Specifi-
cally, we seek the smallest value of λ by utilising the kinematic and dynamic boundary
conditions (A 1b) and (A 6), respectively, that hold on S. (We notice the passive nature
of the inherent breakdown of the expansion (A 8) in the limit y − yS → 0+. Hence, we
first can ignore the region of non-uniformity and the expansion of ψ0 is restated solely
by rearranging the terms that result from expanding each term in (A 8a) in this limit.)

(ii) Inserting (A 1b) into (A 8a) provides the one-term estimate θ ∼ cλr
λ−1 + · · · and,

by using (3.5), θ ∼ cλs
λ−1 + · · · for yS ∼ cλs

λ + · · ·, cλ = −aλ sin(λπ) > 0, as s→ 0+.
Consequently we infer from (A2), (A 7) that U2

S+ ∼ [(∂rψ0)
2 + r−2(∂θψ0)

2][1 +O(κDrλ)]
for y = yS in this limit. After some algebra we then derive from the aforementioned one-
term approximation and the three-term expansion (A 8) the expression

(US+/u0D)
2 ∼ 1− 2λaλs

λ−1 cos(λπ) + [λ+ 2(λ− 1) sin(λπ)2]λa2λs
2λ−2

+4a2s+O(sλ, s2), s→ 0+. (A 9)
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(iii) Next, we envisage the flow in the slipstream zone close to D, near which it is of
cusp-type shape, according to the estimate for yS given in item (ii). In turn, for ω0 < 0 we
have |v0| ≪ |u0| = O(US−) there. One then finds that ψ0 assumes the self-similar form
ψ0/(ySUS−) ∼ f(ξ) + · · ·, ξ = y/yS , as s→ 0+. Substituting this expression into (A 1)
results in the least-degenerate form of this problem,

US−f ′′ − 2λc2λs
2λ−1U ′

S−(ξf
′ − f) + c2λs

2λU ′′
S−f ∼ −cλsλω0, s→ 0+, (A 10a)

f(0) = f(1) = 0, f ′(1) = 1; (A 10b)

primes on US− denote derivatives with respect to s. The relationships (A 10) give rise to
a boundary value problem fixing both f(ξ) and US− near D. The first term in (A 10a)
contains the highest derivative with respect to ξ and must, therefore, be retained to
leading order. Since US− → 0+, according to (A 6), the second and thus the third term
in (A 10a) are negligibly small. Hence, (A 10a) is seen to reduce to a balance of the first
and the term on the right-hand side, where we impose the apparent restriction that ω0 is
bounded as ψ0 → 0− and define ω0D = ω0(0−; k) 6 0. By using (A 10b), we then arrive
at the reverse-flow representation f(ξ) = (ξ2 − ξ)/2 as the possibly slowest decay of US−
reads

US− ∼ −ω0D cλs
λ + · · · , s→ 0+. (A 11)

(iv) We now evaluate (A 6) by inserting (A 9), (A 11), in order to fix λ, aλ, a2. One
then finds that US+ = o(sλ−1). From (A9) we infer that λ is a member of the sequence of
eigenvalues λ = 3/2, 5/2, 7/2, . . . as ψ0λ is seen to represent a homogeneous eigenfunction
of the Laplacian with ∂θψ02 = 0 for θ = 0 and ψ02 = 0 for θ = π and coefficients aλ that
cannot be determined by the local analysis. Next, we conclude that integer powers of s
have to be eliminated in (A 9), which demands a2 = −15a2λ/16 for λ = 3/2 and a2 = 0 for
λ > 3/2. Also, higher-order terms indicated by dots are seen to be of O(rλ+1) in (A 8a)
and of O(rλ), O(sλ), and O(sλ+1), respectively, in the three relationships expressing the
shape of S as s→ 0+ in item (ii) above. However, only the terms stated explicitly will
turn out to significantly affect the further description of separation and are thus under
focus here.

(v) Let λ take on its minimum value 3/2, corresponding to the most general ap-
plication. We then define a3/2 = aλ = cλ, ψ0,3/2 = ψ0λ, where it proves convenient to
introduce the constant k by setting a3/2 = 4k/3. Eventually, we restate (A 8) in the
form (3.6) and obtain the expressions (3.7b) and (3.9a) from (A6) and (A 11), respec-
tively, where (3.5) and (A 7) are employed. We note that (3.6)–(3.9) capture the general
case λ > 3/2 as λ = 3/2 for k > 0 and the case λ = 5/2 in the degenerate limit k = 0.

Appendix B. Computation of potential flow

The classical way to solve the problem of potential flow around a finite two-dimensional
body that exhibits (two) detaching streamlines confining a dead-water cavity, as formu-
lated by (A 1) with ω0 ≡ 0, is provided by Levi–Cività’s method (with certain additions,
cf. Gurevich 1979).

B.1. Preliminaries

The associated conformal transformation maps the region of flow in the physical plane
(see figure 1), with complex variable z, onto a closed contour lying in the plane of a
complex variable ζ and its interior (see figure 8). This contour consists of the upper
half-unit circle H′, the points ζ = ∓1, and the portion R′ of the real axis between these
points, which are, respectively, the images of the wetted fraction of the body surface,
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Im ζ

Re ζ0−1 1

1

D′

H′

L′

R′

S ′

Figure 8. Flow situation in the complex ζ-plane (for caption see text in §B.1).

the points of flow detachments, and the detached parts of the free streamlines. Here the
bijective function ζ(z) is regarded as analytic in the whole z-plane except for z = ∞,
having the image ζ = 0, where it has a pole. For a symmetric problem as considered
here, let D′ at z = −1 and L′ at ζ = i be the images of the detachment and stagnation
points D and L respectively. Accordingly, the upper detaching streamline S is mapped
onto the curve S ′, which consists of the right halves of H′ and R′.

Also, we introduce the complex potential w0(z; k) = ϕ0 + iψ0 and the functionΩ(ζ; k) =
i ln[(dw0/dz)/u0D] = ϑ0 + i ln(V/u0D). We stress that w0 and Ω are analytic inside and
on the contour comprising H′ and R′ apart from, respectively, ζ = 0 (where w0 has a
pole) and ζ = i as

Ω ∼ i ln(ζ − i) +O(1), ζ − i → 0 (B 1)

(since dw0/dz vanishes in a regular manner at the point L). Thus V and ϑ0 denote the
(positive) flow speed and the flow angle respectively. On H′ we have ψ0 = 0 and ϑ0 = φ
with φ satisfying (2.1). The image of S then is parametrised in terms of a real parameter ̺
that increases in the flow direction (as indicated by the arrows on S ′ and R′ in figure 8)
by setting, respectively,

ζ = exp[i(π + ̺)], −π/2 6 ̺ 6 0: ψ0 = 0, V = US , ϑ0 = φ, (B 2a)

ζ = −1 + ̺, 0 < ̺ < 1: ψ0 = 0, V = US+ ≡ u0D (> 0). (B 2b)

The last identity follows by equating pS and US− (A 5) with the constant cavity pres-
sure (1− u20D)/2p0 and 0, respectively, according to (A 3), and upon substitution in (A 6).
Finally, the corresponding relationships

s 6 0, y = 0: dϕ0/dl = US(x; k), l = s, x = xD + s, (B 3a)

s > 0, y = yS(s; k) : dϕ0/dl = u0D (B 3b)

between the real flow potential ϕ0 and V holding on S are imposed, so that l denotes the
arc length along S measured from D. Also, ϕ0 > 0 and dϕ0/d̺ > 0 for −π/2 6 ̺ < 1.

B.2. Flow along S close to detachment

The results (3.7b), (3.9b) evince the behaviour of the potential flow near the BV singu-
larity with sufficient accuracy. We first demonstrate in a nutshell how these are recovered
readily by exploiting the real parts of the Taylor series about D′ derived from (B 2),

w0 ∼ ϕD +W2[(ζ + 1)2 + (ζ + 1)3] +O[(ζ + 1)4], (B 4a)

Ω ∼ φD +Ω1(ζ + 1) +Ω2(ζ + 1)2 +O[(ζ + 1)3], (B 4b)
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with some real coefficients ϕD (> 0), W2 (> 0), φD, Ω1, Ω2: by substituting (B 2a)
into (B 4) the image of the flow on S near D for s→ 0− is represented in the form

ϕ0 ∼ ϕD −W2̺
2 +O(̺4), (B 5a)

US/u0D ∼ exp[Ω1̺+O(̺3)] ∼ 1 +Ω1(̺+ ̺2/2) +O(̺3), (B 5b)

φ ∼ φD + (Ω1/2−Ω2)̺
2 +O(̺4), (B 5c)

as ̺→ 0−. By rewriting (B 3a) as (dϕ0/d̺)(d̺/ds) = US we now extract from (B 5a) the
relationship d(̺2)/ds ∼ −(u0D/W2)[1 +Ω1̺+O(̺2)] as s→ 0−; one then easily obtains

Ω1̺ ∼ 2k(−s)1/2[1 + 2k(−s)1/2/3 +O(−s)], s→ 0−, (B 6)

k = Ω1ς
1/2/2, ς = u0D/W2 (> 0). (B 7)

Here we have reintroduced the potential flow parameter k. Inserting (B 6) into (B 5b)
finally yields the three-term expansion (3.7b). Furthermore, we infer from (B 5c) that

ς(Ω1/2−Ω2) = κD. (B 8)

For the flow along the detached portion of S governed by (B 2b), (B 3b) the relations (B 4)
then give ̺ ∼ (ςl)1/2 − (ςl)/2 +O(l3/2) and, in turn,

ϑ0 ∼ φD + 2kl1/2 − κDl +O(l3/2), l → 0+. (B 9)

This last result accounts for the curvature −dϑ0/dl of S (with the sign conforming to
the definition (2.1) of κ) immediately downstream of D, in agreement with (3.9b) since
l ∼ s+ · · ·, dϑ0/dl ∼ d2yS/ds2 + · · · as s→ 0+. In this context, the BV singularity is
commonly described by (3.8) and (B 9), see e.g. Sychev et al. (1998, p. 10).

We have shown that the representation of the flow in the ζ-plane together with the
choice of the auxiliary parameter ̺ as the independent variable allows for a convenient
regularisation of the BV singularity. Nonetheless, calculating the local form (3.6) of ψ0 by
means of the method described in §B.2 is definitely less gratifying when compared to the
procedure outlined in § 3.3. On the other hand, Levi–Cività’s method provides a powerful
tool for constructing a numerical solution of the overall potential flow problem (A1).

B.3. Global flow: numerical treatment

Here we restrict the application of Levi–Cività’s method to the case of an open cavity,
i.e. by anticipating u0D = 1 in (B 2b) by (A 4) and (2.4). The main focus lies on the
determination of the surface flow speed US(x; k) for a prescribed (non-negative) value
of k.
We consider a specific conformal mapping ζ(z) that achieves

w0 = [̟(k)(ζ + 1/ζ)/2]2, (B 10)

with the yet unknown function ̟(k) being real. The relation (B 10) has all the desired
properties of the potential w0 discussed in §B.1, also see (B 2). In addition, it reflects the
symmetry of the problem as φ0 and ψ0 are respectively symmetric and antisymmetric
with respect to both the imaginary and the real axis of the ζ-plane. Corresponding
requirements then have to be met by Ω = ϑ0 + i lnV : in the upper half-plane ϑ0 (V )
are antisymmetric (symmetric) with respect to the imaginary axis, and the converse
conditions hold in the lower half-plane; note (B 2b) with V = 1 and ϑ0 = 0 for z = ∞ or
ζ = 0). Moreover, (B 1) gives evidence that

Ξ(ζ; k) = Ω(ζ; k)− π − i ln[(ζ − i)/(ζ + i)] (B 11)
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is analytic inside and on the boundary of the unit circle and exhibits symmetry prop-
erties identical with those of Ω. That is, Ξ can be expanded in the Taylor series Ξ ∼∑∞
n=1Ξ2n−1ζ

2n−1, |ζ| 6 1, with ImΞn = 0.
The aforementioned symmetry properties are revealed by expansions of the form

φ ∼ π/2 +O(υ), US/US0(k) ∼ υ + U1(k)υ
3 +O(υ5) as υ = π/2 + ̺→ 0+, with US0(k)

being a positive quantity. They confirm the stagnating-flow behaviour (see figures 1a
and 8). By noticing (B 2a), we then end up with the Fourier representation ofΞ

[
ei(π+̺); k

]
,

̺ = −π

2
: φ =

π

2
, Υ = ln(2US0) = −

∑∞

n=1
(−1)nΞ2n−1, (B 12a)

0 > ̺ > −π

2
: φ− π

2
+ i ln

US(1− sin ̺)

cos ̺
= −

∑∞

n=1
Ξ2n−1 exp[i(2n− 1)̺], (B 12b)

In turn, the antisymmetry of US with respect to υ = 0 is confirmed by the limiting form
ImΞ

[
ei(π/2+υ); k

]
∼ Υ + υ2(U1 − 1/12) +O(υ4) as υ → 0+. Also, evaluation of (B 2a),

(B 11), (B 12b) for ̺ = 0 gives

φD = Ω0 = π/2−
∑∞

n=1
Ξ2n−1. (B 13)

A collocation method can be set up for a prescribed inclination angle (flow angle) φ(x),
0 6 x 6 xD, of the body surface to approximately compute̟ andΞn with n = 1, 2, . . . , N
for some index N . First, we notice that (B 10) yields ϕ0 = (̟ cos ̺)2 on |ζ| = 1 and find

̟ =W
1/2
2 by using (B 5a). Then we rewrite (B 3a) with the help of (2.1),

−π/2 6 ̺ < 0: κ̟2 sin(2̺) = US dφ/d̺, (B 14a)

̺ = 0: 2κD̟
2 = d2φ/d̺2; (B 14b)

applying de l’Hôpital’s rule to (B 14a) gives (B 14b), in agreement with (B 5c), (B 7), and
(B 8). In turn, elimination of Ω1 from (B 7) with the aid of (B 5b) reveals the effect of
the control parameter k in terms of a compatibility condition,

̺ = 0: 2k̟ = dUS/d̺. (B 15)

We now treat the surface curvature κ as a function of φ and have the right-hand sides
of (B 14), (B 15) expressed through (B 12), where we terminate the sum at some index
n = N , N being sufficiently large. Then the evaluation of (B 14a) at N − 1 different loca-
tions ̺ = ρn, −π/2 < ̺n < 0, n = 1, 2, . . . , N − 1, supplemented with (B 14b) and (B 15)
establishes a set of N + 1 nonlinear transcendental equations for N unknown coeffi-
cients Ξ2n−1, n = 1, 2, . . . , N , and ̟ (> 0). Their roots can be found efficiently by using
standard numerical methods. Finally, (B 13) gives the flow angle φ = φD(k) at the detach-
ment point D. As the simplest but most important example, we consider the canonical
problem of the flow around the unit cylinder, where κ ≡ 1, x = π − φ, xD(k) = π − φD(k)
(see figure 1a). Here we choose equidistantly spaced values of ̺n = (π/2)(n/N − 1),
n = 1, 2, . . . , N , and N = 350. It is demonstrated in the theory of Fourier analysis that
ΞN = O(N−2) or smaller for N ≫ 1. However, here even ΞN = o(Nq) for any q < 0
due to analyticity of Ξ, which in turn suggests the absolute numerical error then to be
reduced to the order of 10−5 or smaller.
The physically admissible solutions have been discussed extensively by Scheichl et al.

(2008), Scheichl & Kluwick (2008b) for the particular range 0 6 k 6 kc
.
= 0.4911 (refer-

ring to monotonically increasing values of the separation angle xD). Specifically, the limit-
ing values attract most interest. First, xD(0)

.
= 55◦ 2′ 30′′ denotes the so-called BV angle

that points to laminar separation (Sychev 1972; Sychev et al. 1998; Smith 1977). A
simplified version of the procedure presented here, successfully applied to this case much
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earlier, must be attributed to several authors appreciated by Gurevich (1979). Second, let
us refer to figure 2(a) discussed in § 3.2: then xD(kc) .= 124◦ 12′ 11′′ represents the critical
downstream limit of xD in the sense of case II. Note that values of k larger than kc imply
a contradiction to the original assumption of a semi-infinite cavity as they predict a non-
smooth intersection of S with the real (symmetry) axis of the z-plane at a finitely remote
point. A simple criterion for the occurrence of this situation is indicated by the Taylor ex-
pansion of (B 11) about ζ = 0. This gives ϑ0 ∼ π − (2−Ξ1)ζ + (2/3 +Ξ2)ζ

3 +O(ζ5)
and thus describes the shape of S far downstream when ζ → 0−. It asymptotes to the
well-known Kirchhoff parabola (case I, 0 6 k < kc) for Ξ1 < 2, which degenerates to a
cusp (case II, k = kc) for Ξ1 = Ξ1c = 2.

Early numerical computations of HK flows around the circular cylinder were carried
out by Woods (1955). The integral method he exploited, however, is considerably more
complicated and less straightforward to apply compared to that proposed here, based on
Levi–Cività’s method.
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5 Break-away separation: summary and
perspectives

Summary. A first rigorous description of gross separation is highlighted in brief,
where an initially firmly attached boundary layer undergoes laminar–turbulent transi-
tion asymptotically close to the stagnation point on the surface of a plane bluff obstacle
in uniform stream. We deal with nominally two-dimensional steady incompressible flow
of constant density and and a smooth impermeable solid body surface. Recent theoret-
ical results concerning the local structure of break-away separation are accompanied by
a numerical study.

5.1 Preliminary remarks

Consider a parallel flow just disturbed by the presence of a bluff body and let Re,
formed with the unperturbed free-stream velocity and a typical body dimension, take
on arbitrarily large values: what is the actual position of flow separation? This question
represents a long-standing but nevertheless central challenge in theoretical hydrodynam-
ics. Matched asymptotic expansions prove the adequate means for a rigorous treatment
of this problem. Here we present the essential results of this analysis by starting with
the overall flow structure and leaving the technical details to Scheichl et al. (2008b) and
Scheichl et al. (2010).

In contrast to the description of marginal, i.e. mild or internal, separation studied by
Scheichl and Kluwick (2007a,b) here the global Reynolds number Re is found to repre-
sent the only parameter entering the description of the Reynolds-averaged flow. It shall
be large enough to ensure that laminar–turbulent transition takes place in a correspond-
ingly small region encompassing the stagnation point. Consequently, the concomitant
asymptotic hierarchy starts with the external Helmholtz–Kirchhoff potential flow, which
detaches at an initially unknown point, say D, from the body, driving the turbulent
boundary layer. It is found that the separation mechanism is inherently reminiscent
of the transition process. Hence, the local analysis of separation not only fixes the ac-
tual scaling of the entire boundary layer but is also expected to eventually predict the
position of D in a rational way.

5.2 Non-interactive global and boundary layer flow

In the following x, y, u denote natural coordinates along and normal to the body surface,
with x = y = 0 indicating the stagnation point S, and the velocity component in x-
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direction, respectively.
Two findings are decisive. Firstly, laminar–turbulent transition near S generates a

boundary layer that is basically characterised by (i) a main layer exhibiting an asymp-
totically small relative streamwise velocity deficit and (ii) the classical shear stress equi-
librium in the viscous wall layer. Together with the required direct match of both flow
regions items (i) and (ii) establish the picture of a classical turbulent boundary layer
but with an a priori unknown scaling. This reflects the remarkable property that it
never attains a fully developed turbulent state, even for arbitrarily large values of Re.
Such an “underdeveloped” turbulent boundary layer contrasts with common reasoning
but is reliable as viscous–inviscid flow interaction near separation requires the wall layer
thickness to vary predominantly algebraically with the boundary layer thickness δ rather
than exponentially as in the classical case. The asymptotic structure of the boundary
layer in the latter case is sketched in Figure 5.1, together with the logarithmic law
of the wall in the common notation (cf. Mellor, 1972; Schlichting and Gersten, 2003;
Kluwick and Scheichl, 2009): κ, C+, uτ , and y+ denote the von Kármán constant, the
second empirical constant in the law of the wall, the skin friction velocity, and the
wall layer coordinate, respectively. Here uτ = Re−1/2(∂u/∂y)1/2 evaluated at y = 0 and
y+ = yuτRe.

y

δ

u
Ue

O(uτ )
overlap region :

u

uτ
∼ 1

κ
ln y+ + C+ ,

y+ → ∞

{
outer (predominantly

inviscid) region

viscous wall layer





Figure 5.1: Structure of classical two-tiered boundary layer.

Secondly, it has become evident from the data provided by Roshko (1961) and nu-
merous subsequent related experimental studies that for increasing values of Re the
point of gross separation approaches a position a finite distance remote from its rear
stagnation point observed in case of fully attached potential flow. This contradicts
the conclusion drawn in the first theoretical investigation of this problem that ac-
counts for the global flow structure by Neish and Smith (1992). A critical review by
Scheichl and Kluwick (2008a) has finally promoted the aforementioned experimental
observation as a starting point for further analysis. This in turn suggests that here
in the formal limit Re−1 = 0 the free-stream flow past the body is to be sought in the
class of Helmholtz–Kirchhoff flows, parametrised solely by the position of D where the
well-known Brillouin–Villat (BV) singularity is encountered. Then the surface veloc-
ity imposed on the attached boundary layer given by Ue and the perturbation stream
function F that accounts for the velocity defect satisfy the fundamental asymptotic
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relationships

Ue(x; k) ∼ 1 + 2k
√
−s+O(−s) , s = x− xD(k) , s → 0− , (5.1)

1− u/Ue(x; k) ∼ ǫ ∂ηF (x, η; k) +O(ǫ2) , η = y/δ(x;Re) , ǫ → 0 . (5.2)

Here the positive control parameter k measures the strength of the BV singularity and in
turn the position xD of D. Determining both the correct value of k and the dependencies
of δ and the defect measure ǫ on Re represents one crucial goal of this research. Notable
previous works (e.g. Melnik, 1989; Sychev, 1983, 1987, to cite the most relevant ones)
unfortunately lacked the discussion of the global flow and thus led to different (large-
defect) structures of the boundary layer, where the resulting inconsistencies precluded a
uniformly valid flow description.
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Figure 5.2: Defect function ∂ηF and key quantities, including asymptotes of ∆(x; k)
(dashed : linear rise in x = 0, dashed-and-dotted : square-root behaviour near x = xD).

The canonical situation of the flow around the circular unit cylinder (Re formed
with the cylinder radius) is tackled numerically. We first approximate the potential
flow by choosing k = 0.45 or, by exploitation of Levi–Cività’s method, xD

.
= 113.5◦.

This seems reliable in view of the experimentally observed separation angles for the
largest values of Re available so far (Re ≈ 106 − 107) and the basic assumption con-
cerning the asymptotic flow state. Integration of the leading-order small-defect equa-
tions subject to Ue(x; k) and supplemented with an (asymptotically fully consistent)
algebraic mixing-length closure based on that by Michel et al. (1969) starts at stag-
nation. It yields the results displayed in Figure 5.2: an initially favourable and then
adverse pressure gradient acts on the boundary layer. In contrast to usual reasoning
(cf. Schlichting and Gersten, 2003), it is not in “quasi-equilibrium” (a specific situation
addressed by Kluwick and Scheichl, 2009) as the variation of F with x is fully present.
The profiles of ∂ηF at various x-stations exhibit the logarithmic near-wall behaviour
and admit a wake-type shape near x = xD, well-recognised in other adverse-pressure-
gradient turbulent boundary layers (but for strictly attached potential flow): see Melnik
(1989), Neish and Smith (1992), and Kluwick and Scheichl (2009). Furthermore, let the
O(1)-quantity ∆(x; k) denote the appropriately scaled boundary layer thickness. The
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expansion [F,∆] ∼ [(1− 4k
√−s)FD(η), (1− 2k

√−s)∆D] +O(−s), s → 0−, is derived
from (5.1) and (5.2) and revealed by the numerical data by exploiting the values of the
function FD(η) and the constant ∆D. However, due to the associated splitting of ∂ηF
in an infinite series of logarithmic velocity portions as η → 0 a direct match of the
small-defect and the wall layer is only accomplished by the introduction of a so-called
intermediate layer immediately upstream of D.

A Detached Eddy Simulation (DES) carried out by Paton (2010) underlies the snap-
shot of instantaneous circular-cylinder flow in Figure 5.3 (a). Here Re = 106 and an ra-
dius/width aspect ratio of 1 : 10 ensures considerable suppression of three-dimensional
effects in the time-averaged flow picture. This yields xD

.
= 95◦, which is also promising.

S

xD
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(a)

δ

δTD

δTD

∼ ǫ

u

D

TD

VF

VWL

(b)

Figure 5.3: (a) DES: colours distinguish isotachs; (b) sketch of separating flow: vis-
cous wall layer (VWL), triple deck (TD, shaded), vortex-flow region (VF), separating
streamline (dashed).

5.3 “Inner” and “outer” flow interaction

The separation process is vitally governed by the interplay of two locally strong interac-
tion mechanisms, see Figure 5.3 (b): an “inner” (viscous–inviscid) one associated with a
novel triple-deck structure, and an “outer” (rotational–irrotational) one expressed by a
linear problem describing an inviscid vortex flow. The latter is subject to a solvability
condition that arises from matching both interactive flow regimes. This is currently
expected to finally fix the actual value of k for a given body shape.

In the classical description of the viscous wall layer the shear stress equilibrium is
followed by the influence of the pressure and finally the inertia terms on the momen-
tum equation in x-direction. The BV singularity triggers a rather complex multi-stage
breakdown of this asymptotic hierarchy a short distance upstream of D, initiated by
the emergence of the intermediate layer mentioned above. This eventually leads to the
formation of a so-called lower deck adjacent to the surface of streamwise extent δTD,
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say, where all those contributions except for the turbulent shear stress are in operation
at leading order. Hence, separation takes place within a distance of O(δTD) from D as a
self-consistent flow description in terms of viscous–inviscid interaction aims at avoiding
the occurrence of both the well-known Goldstein and the BV singularity. This mecha-
nism intrinsically renders the wall layer locally a passive main deck: it transfers the flow
displacement exerted by the lower deck to an upper deck formed on its top (together
with a passive buffer layer). Here the induced potential flow accounts for the pressure
feedback in the lower deck. Herewith the interaction loop is closed and the triple-deck
structure mentioned above completed. As a result, the BV singularity is resolved in a
manner formally identical to that found in the asymptotic theory of laminar break-away
separation (see Sychev, 1972; Smith, 1977).

This situation is virtually unaffected by the outer small-defect portion of the boundary
layer. On the other hand, expansion (5.2), applicable to the oncoming boundary layer
sufficiently far upstream of D, subject to (5.1) ceases to be valid in the square region
of outer interaction where both s and y are of O(δ) and which encloses the triple deck.
Finally, the triple-deck structure requires that δTD/δ = O(ǫ), with ǫ ∝ 1/ lnRe (which
agrees with the classical boundary layer scaling) and δTD = Re−4/9 (which specifies the
notion of underdeveloped flow).

5.4 Conclusions and outlook

A self-consistent asymptotic theory describing gross separation associated with flows past
(more-or-less) blunt bodies or, to put it more precisely, flows which start at a stagnation
point rather than a sharp leading edge, has been developed. Most importantly, a recent
careful numerical investigation of the time-mean flow for the canonical case of a circu-
lar cylinder, presented, among others, by Scheichl et al. (2008b), Scheichl and Kluwick
(2008c), undoubtedly indicates that the boundary layer approaching separation exhibits
a small rather than a large velocity defect. However, the accompanying asymptotic
analysis based on the turbulence intensity gauge model introduced by Neish and Smith
(1992), however, strongly suggests that a boundary layer forming on a body of finite
extent and originating in a front stagnation point does not reach a fully developed tur-
bulent state, even in the limit Re → ∞. Specifically, it is found that the boundary layer
thickness δ and the Reynolds shear stress are slightly smaller than predicted by classical
small-defect theory, while, most important, the thickness of the wall layer is slightly
larger. In fact, δ varies predominantly algebraically with Re, whereas the velocity defect
measure ǫ in the outer region is still of O(1/ lnRe), which is decisive for the classical flow
description. As a consequence, the outer large-momentum region does not penetrate to
distances from the wall which are transcendentally small. In turn, this situation opens
the possibility to formulate a local interaction mechanism that describes the detachment
of the boundary layer from the solid wall within the framework of free-streamline theory
at pressure levels which are compatible with experimental observation. This is a topic
of intense current investigations; for the preliminary state of research see Scheichl et al.
(2009, 2010). Activities of the planned research include the aforementioned determi-
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nation of the singularity parameter k and the description of the associated body- and
large-scale separated flow.
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Addendum zur Habilitationsschrift

eingereicht an der

Technischen Universität Wien,
Fakultät für Maschinenwesen und Betriebswissenschaften,

zur Erlangung der Lehrbefugnis (Venia Legendi) im Fachgebiet
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1 Preface

This supplement to the principal part of the Habilitation thesis contains additional mate-
rial that shall demonstrate the diversity of the candidate’s knowledge in fluid mechanics
and heat transfer. The specific scientific approach adopted in the contributions presented
here comprises perturbation and corresponding numerical techniques and thus serves as
the methodical link to the main topic of the thesis.

The supplement consists of three selected peer-reviewed conference papers and two
technical reports. The reports were accomplished in the course of two industrial projects
carried out at the Institute of Fluid Mechanics and Heat Transfer, Vienna University of
Technology. The individual contributions are enumerated as follows:

[1] B. Scheichl, A. Kluwick: Annular spread of a thin liquid film over a rotating disk, in:
“Compilation of Abstracts for the Second M.I.T. Conference on Computational Fluid
and Solid Mechanics, June 17–20, 2003”, K. J. Bathe (ed.), Massachusetts Institute
of Technology, Cambridge, MA, USA (2003), p. 187;

[2] V. G. Marian, B. Scheichl, N. Tungkunagorn, G. Vorlaufer, F. Franek: Evaluation of
Mass Conservative Models for the Tribological Analysis of Porous Bearings, in: “11th
International Conference on Tribology – SERBIATRIB ‘09. PROCEEDINGS”, Ser-
bian Tribology Society and Faculty of Mechanical Engineering, Belgrade (2009),
ISBN: 978-86-7083-659-4, pp. 220–223;

[3] A. Neacşu, B. Scheichl, S. Eder, G. Vorlaufer: Cavitation in Porous Journal Bearings
Lubricated with Ionic Liquids, short abstract, accepted for oral presentation/extended
abstract/full paper at the “3rd European Conference on Tribology (ECOTRIB 2011)”,
Vienna, Austria, June 7–9, 2011;

[4] B. Scheichl: On the Turbulent/Inertial Range in Fully Hydrodynamic Lubrication,
short abstract, accepted for oral presentation/extended abstract/full paper at the
“3rd European Conference on Tribology (ECOTRIB 2011)”, Vienna, Austria, June
7–9, 2011;

[5] B. Scheichl, A. Kluwick: Local heat conduction in the sheet membrane of the iSi He-
lium inflator due to the impingement of the combustion gas jetting from the ignition
chamber, Research report (2007);

[6] B. Scheichl: Feasibility study of a novel hydrodynamically lubricated thrust bearing
device operated with water or saturated water vapour, Technical report (2009).
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1 Preface

Paper [1] refers to the preliminary investigation of thin liquid layers on rotating discs.
Papers [2]–[4] reflects the recent efforts in the rigorous prediction of lubricant flow in-
cluding effects as cavitation and the occurrence of turbulence, carried out in the course
of the in the course of the candidate’s current scientific engagement at the Competence
Center for Tribology, located at the Austrian Center of Competence for Tribology in
Wiener Neustadt and funded within the COMET K2 program of the Austrian Research
Promotion Agency (FFG). Both the topics dealt with by paper [1] and papers [2]–[4],
respectively, are highly relevant not only from the viewpoint of basic research but also
for engineering applications. The papers [5] and [6] represent the technical reports.

PLEASE NOTE: The technical reports and the included information have
to be considered as strictly confidential by the reader, according to the non-
disclosure agreement between the company partners involved and the uni-
versity.
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2 Selected contributions

The contributions are enclosed subsequently in the order of the list given in chapter 1.
Each contribution represents a section of this chapter.
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Annular spread of a thin liquid film over a rotating disk

Bernhard Scheichl & Alfred Kluwick
Institute of Fluid Dynamics and Heat Transfer, Vienna University of Technology,

Resselgasse 3/1/3, A-1040 Vienna, Austria
bernhard.scheichl@tuwien.ac.at

Liquid jet impingement on a spinning disk is of vital importance in many engineering appli-
cations. Specifically, in semiconductor industries it is adopted for machining and cleaning the
surface of silicium wafers. However, although the associated flow physics has been appreciated
by many researchers in the special case of a stationary surface (for an overlook see e.g. [1]), radi-
ally spreading thin-film flow adjacent to a rotating disk has only been examined numerically for
nozzle-like inlet conditions ([2]). In this contribution a thorough analytical/numerical investiga-
tion of the flow field generated by an impinging jet is presented, strictly based on first principles.

We consider a non-rotating circular jet carrying a volume flux
��

of a liquid with kinematic viscos-
ity

�� . It shall impinge perpendicularly with cross-section-averaged velocity
��

on the center of a
disk which rotates with constant angular velocity

��
in a horizontal plane. The jet flow is assumed

to be essentially inviscid. Thus, a boundary layer and, sufficiently far from the center, a thin
viscous film forms above the disk. Employing asymptotic methods, the different flow regimes
reflecting varying effects of viscous shear and centrifugal body force are elucidated. As a conse-
quence of jet-forcing, the influence of gravity on the flow is seen to be negligibly small, which,
most important for numerical reasons, in turn allows for a parabolic shallow-water approximation
of the non-dimensionalized equations of motion.

As one crucial result of the analysis, the spread of the film appears to be primarily characterized
solely by the Rossby number Ro of the problem if an appropriately defined reference radius

��
is

introduced, that is
Ro � ����
	 �� ����� �� � ���������� 	���� � �� �� ��� �����

Numerical solutions of the shallow-water equations have been obtained for a wide range of values
of Ro. To this end, the inviscid inlet conditions were chosen to represent the practically important
case of a parabolic velocity profile in the oncoming jet. Interestingly, if Ro exceeds a certain
threshold, the radial distribution of the film thickness exhibits a maximum at a distinct radius
while it tends to zero for large radii.

In addition, emphasis is put on the cases Ro �  and Ro � ! . The latter one appears to
be associated with a breakdown of the asymptotic structure of the flow, requiring a separate
treatment. The corresponding limits of application of the theory presented are discussed.

References

[1] LIENHARD V, J. H. 1995 Liquid Jet Impingement. In Ann. Rev. Heat Transfer (ed. C.-L.
Tien), Vol. VI, pp. 199–270. Begell House.

[2] RAHMAN, M. M. & FAGHRI, A. 1992 Numerical simulation of fluid flow and heat transfer
in a liquid film over a rotating disk. Int. J. Heat Mass Transfer 35, 1441–1453.
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Abstract: Two theoretical mass-conservative models for the tribological evaluation of porous journal 
bearings are investigated rigorously. The first model supposes that the lubricating fluid film is fully 
contiguous in the range between two angles, i.e. effects due to cavitation are excluded. The fluid pressure 
distribution is determined numerically by solving a modified Reynolds equation which governs the fluid film 
and accounts for the porous surface and the well-known Darcy's law that describes the flow through the 
porous matrix in the usual manner. These equations are supplemented with the integral angular momentum 
equation applied to the fluid film and the integral mass balance between the flow rates of the lubricant 
entering into and leaking from the clearance, respectively. Considering the second theoretical model, we 
again solve the Laplace equation governing the pressure distribution due to Darcy's law that holds in the 
porous bearing seat, but adopt a modification of the Elrod’s model in order to study the flow in the 
clearance. 

 

Keywords: hydrodynamic lubrication, journal porous bearings, cavitation, angular momentum equation, 

Elrod’s model 

 

 

1. NOTATIONS 
 

c  –  bearing clearance 

D  –  shaft diameter 

Db  –  bearing outer diameter 

F  –  load parameter, 
LUr

Fc
F

i

2

2

η
=  

g –  switch (unit step) function 

h –  film thickness 

L  –  bearing seat width 

Mθ1 –  circumferential momentum flow rate across 

oil-film surface at inlet end of oil region  

(θ = θ1) 

Mθ2 –  circumferential momentum flow rate across 

oil-film surface at trailing end of oil region 

(θ = θ2) 

Mθc –  circumferential momentum flow rate across 

oil-film surface at both axial ends 

p  –  fluid pressure 

pc  –  cavitation pressure 

qin –  flow from porous matrix in the fluid film 

qc –  axial leakage flow from both ends     

through the clearance gap 

r –  radial coordinate 

ri  –  internal radius of bearing seat 

z –  axial coordinate 

h   –  dimensionless film thickness, h/c 

p  –  dimensionless pressure, 
ηω2

2

ir

pc
p =  

r  –  dimensionless radial coordinate, r/ri 

z  –  dimensionless axial coordinate, z/(L/2)) 

ε –  bearing eccentricity 

η  –  oil viscosity 

φ   –  material permeability 

θ –  angular coordinate 

σ –  oil film volume fraction 
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2. INTRODUCTION 

 

Self lubricated porous journal bearings are used 

in a lot of applications due to several advantages: 

they are cheaper than rolling bearings and produce 

less noise. Therefore they can be used in a lot of 

applications, like household appliances, all sorts of 

fans, and tool kits. Numerous articles in the 

literature present experimental tests in order to 

evaluate the cavitation zone in the fluid film [1] or 

the film thickness and friction torque of these 

bearings [2]. Theoretical models are also presented 

based on different assumptions:  

- the lubricating fluid film is fully contiguous in 

the range between two angles and the integral 

angular momentum equation is applied to the fluid 

film [3]; 

- the cavitation model of Elrod is applied in the 

clearance region [4], [5], [6]. 

Recently the flexibility of porous liner was 

introduced in the numerical computations [7], [8].  

Due to the fact that the model proposed by 

Kaneko [3] was not compared to any experimental 

data, a more rigorously analysis of the above 

models is needed. 

In the present paper the results obtained by 

means of the numerical exploitation of two mass-

conservative models [3], [5] are compared with 

experimental data [2] in order to establish which of 

the two models in more appropriate for the 

modelling of the tribological performance of self 

lubricated porous bearings and more suited for 

further developments. 

 

3. GOVERNING EQUATIONS 

 

2.1 Kaneko’s model 

 

The first model supposes that the lubricating 

fluid film is fully contiguous in the range 

θ1 < θ < θ2 (Figure 1), i.e. effects due to cavitation 

are excluded [3]. The fluid pressure distribution is 

determined numerically by solving a modified 

Reynolds equation which governs the fluid film and 

accounts for the porous surface and Darcy's law 

that describes the flow through the porous matrix in 

the usual manner. 
 
 

 
 

Figure 1. Schematic of the bearing 

 

Modified Reynolds equation in the fluid film  
 

The Reynolds equation in the fluid film was 

modified in order to account for the permeability of 

the bearing housing: 

 

 
1

3
2

3 12
=∂

∂
−

∂

∂
=









∂

∂

∂

∂








+








∂

∂

∂

∂

rr

ph

z

p
h

zL

Dp
h φ

θθθ
(1) 

 

Equation in porous media 

 
The equation describing the lubricant flow in the 

porous media is the Darcy’s equation which in 

terms of pressure is the Laplace equation: 
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Continuity of flow 
 

The flow that enters in the film from the porous 

matrix is equal to the axial leakage flow through the 

clearance gap. 

 cin qq =  (3) 

 

Momentum equation 
 

Applying the momentum of momentum 

equation yields (the torque radius being constant 

and the control volume is the fluid film): 

 021 =−− cMMM θθθ  (4) 

 where: 

shaft 

porous 
bearing seat 

fluid film 

ω 

clearance 

θ 

θ1 

θ2 

L 

D 

z 

qc/2 

qc/2 
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2.2 Model by Giudicelli and Elrod 
 

Model describing the fluid film 
 

The Elrod’s model was employed in order to 

solve the Reynolds equation in the fluid film. In the 

zone with negative pressures, a homogeneous 

mixture of oil, oil vapour and air is built. 

The universal differential equation in the fluid 

film contains the oil fraction σ as variable. The 

relation between p and σ is: 

 )1( −+= σβgpp c   (8) 

where:  

g = 1 and σ > 1 when p > pc 

g = 0 and σ ≤ 1 when p = pc 

 

Then the modified Reynolds equation is: 
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Equation in porous media 

 

The equation in the porous media is again the 

Darcy’s equation as in the previous model. 
 

The coupling between the two equations above 

was realized by considering the continuity of mass 

flow through the interface between the fluid film 

and the porous media. 
 

4. METHOD OF SOLUTION 

 
The system of differential equations was solved 

by using the finite-difference method, where 

second-order accuracy was achieved. The resulting 

system of algebraic equations was solved iteratively 

by adopting the Gauss-Seidel method. 

 

5. RESULTS 
 

The pressure distribution was computed using 

the two models presented above for the following 

input parameters: ε = 0.7, D = 19mm, L = 33mm,  

c = 32µm, Db = 25mm,φ  = 15 x 10
-14

m
2
,  

η = 0.035 Pa s, n  = 870 r.p.m., pc = -0.1bar. 

The pressure distribution using the model 

proposed by Kaneko is presented in Figure 2. 

 

Figure 2. Pressure distribution in the fluid film – 

Kaneko’s model 

 

One clearly observes a small region in the 

divergent zone where negative pressures occur. 

The pressure distribution obtained by using the 

Elrod’s model is presented in Figure 3. 

 

Figure 3. Pressure distribution in the fluid film – Elrod’s 

model 

 

It can be seen that the maximal pressure is 

double in the case of the Elrod’s model. This could 

be due to the fact that the Kaneko’s model allows 

negative pressures in the computation procedure. 

The variation of the eccentricity as a function of 

the load parameter is presented in Figure 4, where 

the two theoretical models are compared with the 

experimental data. All the experimental data are 

clearly provided and discussed vividly in the 

literature cited, except for the values of 

temperatures and, consequently, the viscosities in 

the fluid film. Hence, rather rough estimates for the 

latter had to be made.  

In passing we note that in case of the Kaneko’s 

model, numerical difficulties were encountered due 

to the relatively high values of the eccentricities 

obtained. 
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Figure 4. Eccentricity of the shaft versus load parameter 

 

Using the Kaneko’s model higher eccentricities 

are obtained compared to the experimental data. In 

case of the Elrod’s model the obtained 

eccentricities are slightly higher, but the results 

better approximate the experimental data. 

The variation of the friction coefficient as a 

function of load parameter is presented in Figure 5. 
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Figure 5. Friction behaviour versus load parameter 

 

We can remark that the friction coefficients 

obtained by employing the Kaneko’s model are 

much higher than the corresponding experimental 

data. In the case of the Elrod’s model the friction 

coefficients are slightly higher but the results are 

qualitatively quite similar. 
 

6. CONCLUSION 

 

Two theoretical models concerning the 

evaluation of frictional properties of unsupplied 

porous bearings have been evaluated in this paper. 

It is found that the results based on the 

cavitation algorithm proposed by Giudicelli and 

Elrod agree considerably better with the 

experimental findings. 
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CAVITATION IN POROUS JOURNAL BEARINGS LUBRICATED WITH IONIC LIQUIDS

 

3rd European Conference on Tribology, June 7-9, 2011; Vienna, Austria 1 

CAVITATION IN POROUS JOURNAL BEARINGS LUBRICATED 
WITH IONIC LIQUIDS 

Adina Neacşu1, Bernhard Scheichl1,2, Stefan Eder1, Georg Vorlaufer1 
 

 
Keywords: cavitation, hydrodynamic lubrication, ionic liquids, porous journal bearings, Reynolds equation.   

1 PRELIMINARIES 

Ionic liquids are organic salts with very low vapour pressures. This property renders them potential 
candidates for lubricants. Specifically, our concern here is with the phenomena of film cavitation in 
porous journal bearings lubricated with ionic liquids. The associated rather steep pressure gradients 
near the bearing edges require specific attention in the computational schemes. 

2 APPROACH 
Regarding the theoretical considerations, we solve the well-known Reynolds equation by adopting 
an improvement of the original Elrod’s model [1] and its application [2] to the flow situation 
considered here: the pressure-density relationship is kept, but the solution is obtained by using a 
simulated-annealing strategy in order to account for the nonlinearity introduced by the expected 
occurrence of cavitation regions. This not only proves advantageous from a numerical point of view 
but also captures the fact that the fluid density varies inside the cavitation region but is constant in 
the fully contiguous liquid regime. Furthermore, the solution of the Reynolds equation is coupled in 
terms of pressure with the widely-used Darcy’s law, which describes the flow through the porous 
seat of the bearing with satisfactory accuracy. The numerical results aim at a most reliable 
prediction of the pressure and density distributions of the coupled problem, where a major goal is to 
determine the boundaries of applicability of classical cavitation theory, i.e. to extend the flow 
description towards the mixed-lubrication regime. In this sense we vary several parameters, in first 
instance the eccentricity ε and the permeability Φ. Two particular situations are considered in detail: 
(i) the onset of cavitation, i.e. the first appearance of a small cavitation region, and (ii) the limit             
ε →1, associated with a locally large pressure rise and finally the need to properly include effects of 
surface roughness in the flow description. 

Also, spatial variations of Φ can be included conveniently in the numerical scheme. An improved 
description of the surface porosity by means of homogenisation techniques is currently under way, 
which we expect to provide a more rationally founded expression for Φ. First results are presented. 

3 REFERENCES 
[1] Elrod, H. G.: A cavitation algorithm. ASME Journal of lubrication technology (1981), 103, 

350-354. 
[2] Giudicelli, B.: A 3D conservative model for self-lubricated porous journal bearings in a 

hydrodynamic state. ASME Journal of lubrication technology (1999), 121, 529-537.
                                                           
1  Austrian Center of Competence in Tribology, Austria, neacsu@ac2t.at 
2 Institute of Fluid Mechanics and Heat Transfer, Vienna Technical University, Austria, b.scheichl@tuwien.ac.at 
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ON THE INERTIAL/TURBULENT RANGE IN FULLY 

HYDRODYNAMIC LUBRICATION 

Bernhard Scheichl1
, 2 

 
 
Keywords: high-speed lubrication, internal flows, matched asymptotic expansions, wall-bounded turbulence. 

1 PRELIMINARIES 

The classical long-standing theory of lubrication in the fully hydrodynamic regime is essentially 

traced back on the assumptions of (i) a relatively slender gap between the counter-sliding rigid 

surfaces, (ii) a Newtonian lubricant, (iii) the neglect of inertia terms in the Navier-Stokes equations, 

and (iv) strictly laminar flow. Issues (i)-(iv) prove sufficient for a rigorous derivation of the well-

known Reynolds equation (in the most general form) governing the pressure distribution in the gap. 

In engineering applications as e.g. thrust bearings for oil- or steam-lubricated high-speed rotors, 

however, the Reynolds number Re formed with a typical gap height may take on rather large values, 

thus rendering prerequisite (iii) questionable. It is pointed out on the basis of quantitative results 

relevant for the global stability bounds of internal flows that relaxing assumption (iii) also involves 

a critical review of supposition (iv), which finally suggests the inclusion of turbulence. Here we 

restrict the investigation to incompressible fully developed turbulent flow between smooth surfaces. 

2 RATIONAL EXTENSION OF THE CLASSICAL FLOW DESCRIPTION 

As a consequence of the above findings, the present analysis contrasts with associated previous 

extensions of the usual lubrication approximation towards the regime of boundary-layer flow, both 

laminar (cf. [1]) and superlaminar or turbulent (cf. [2]). In the latter case the few studies available 

rely on the rather ad-hoc inclusion of the turbulent shear stress in the Prandtl-type boundary layer 

equations exhibiting nonlinear convective terms. However, studying high-Re turbulent lubricant 

flow by rigorous asymptotic analysis of the ensemble-averaged equations of motion has patently not 

attracted many researchers. Although desirable, the establishment of such a theory is severely 

hampered by the correct scaling of the a priori unknown pressure rise induced by the interplay of 

the sliding motion and the wedge effect. Also, the yet limited understanding of laminar-turbulent 

transition in internal flows currently does not provide a pathway, but the well-accepted theory of 

turbulent channel flow does: the lubricant flow differs mainly due to crucial effects of inertia. First 

numerical results supplement the new theory, which does not rely on a specific turbulence closure. 

3 REFERENCES 

[1] Tuck, E. O.; Bentwich, M.: Sliding sheets: lubrication with comparable viscous and inertia 

forces. Journal of Fluid Mechanics (1983), 135, 51-69. 

[2] Frêne, J.; Arghir, M.; Constantinescu, V.: Combined thin-film and Navier-Stokes analysis in 

high Reynolds number lubrication. Tribology International (2006), 39, 734-747.
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Local heat conduction in the sheet

membrane of the iSi Helium

inflator due to the impingement of

the combustion gas jetting from

the ignition chamber

Research report – final version,

02/19/2007

B. Scheichl* and A. Kluwick
*Principal investigator and corresponding author
E-mail: bernhard.scheichl@tuwien.ac.at

Abstract: The spatial and temporal temperature distribution across the the sheet
membrane, which serves as a closing of the inflator filled with pressurized Helium, due
to the heat flux impressed by the hot combustion gas jet impinging on its surface is
calculated. As the main objective, this calculation shall provide an input for a subse-
quent conservative estimate of the mechanical fatigue of the sheet and, consequently, its
burst, intended to be carried out by the customer. As the highest temperature (which
are critical for the mechanical behavior of the material) are expected on the surface of
the membrane near the stagnation point of the impinging jet (apex of the membrane),
it proves sufficient to restrict the analysis to the vicinity of the axis of the jet. Most
important, in order to obtain a conservative estimate of the temperature distribution,
it is assumed that the temperature at the surface of the membrane is below its melting
temperature. In connection with some further simplifications justified by the purpose
of this study, this supposition allows for a most simple analytical approximate solution
of the problem.

INSTITUTION CARRYING OUT THE STUDY

INSTITUTE OF FLUID MECHANICS

AND HEAT TRANSFER

RESSELGASSE 3/E322

A-1040 VIENNA

AUSTRIA

www.fluid.tuwien.ac.at

CUSTOMER

iSi Automotive GmbH & Co KG
Scheydgasse 30–32,
A-1210 Vienna, Austria

BASIC CONVENTIONS

• Symbols for physical quantities:

a . . . Thermal diffusivity
c . . . Specific heat capacity (at constant pressure)
g . . . Weighting function
h . . . Step response function
H . . . Heaviside unit step function
j . . . Heat flux
k . . . Wave number
M . . . Molecular weight
n . . . Counter
p . . . Pressure
R . . . Ideal-gas constant
S . . . Stagnation point of gas jet
t . . . Time
T . . . Temperature
y . . . Spatial coordinate
Z . . . Real-gas factor
δ . . . Thickness of thermal boundary layer
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∆ . . . Difference symbol
θ . . . Relative temperature
λ . . . Heat conductivity
ρ . . . Density
R . . . Molar ideal-gas constant, R .

= 8.341 J/molK

• Subscripts . . .

• . . . referring to medium:

g . . . (hot) gas
He . . . Helium
s . . . solid (sheet membrane)

• . . . referring to point of time:

c . . . critical
e . . . endpoint
ig . . . ignition

av . . . averaged across membrane thickness

• Dimensional quantities are denoted by symbols with
a tilde (apart from constants denoted by calligraphic
symbols), non-dimensionalized quantities without a
tilde.

• Results, comments, and the referring section headings
which are considered to be of immediate interest for
the customer are displayed in red.

1 PURPOSE OF STUDY

The temperature distribution inside the sheet membrane
shall be predicted near its apex, with the aim to adopt
it for a subsequent calculation of the deformation of the
membrane, leading to its rupture. The latter analysis is
intended to be carried out by the customer.

2 BASIC ASSUMPTIONS

• Close to the stagnation point of the impinging jet
(apex of the membrane) the variations of the temper-
ature at the upper side of the membrane with distance
from the centerline may be neglected.

• Natural convection inside the Helium chamber due to
the heat flux input from the adjacent membrane may
be disregarded (as a consequence of the geometric di-
mensions of the inflator).

• As a presumption usually adopted for rigid materials,
the temperature in the sheet membrane shall not de-
pend on the deformations. It is rather regarded to be
prescribed independently in case of determining the
stresses with deformation of the membrane.

• The ambient temperature T̃ 0 is set to 20 ◦C through-
out.

ρ̃

T̃m

c̃s λ̃s

α̃

Figure 1: Relevant physical properties of the membrane
material (original notations in German).

• The temperature T̃ g on the surface of the membrane
due to the hot gas jet is assumed to be 1000 ◦C. That
is, with respect to the data given in the table pro-
vided by the customer and displayed in Figure 1, T̃ g

is below its melting temperature T̃m. In turn, the
deformations of the material are locally regarded as
negligibly small, which agrees with the the magnitude
of the thermal expansion coefficient denoted by α̃ in
that table (note: in the author’s opinion the correct
scaling factor must be 10−6 K−1, in order to obtain
values of α̃ which are comparable to those usually at-
tributed to steel).

Important consequence: If the calculation of the fa-
tigue of the membrane exhibits local yielding of the mem-
brane material, the latter two assumptions provide a con-
servative estimate, following from an underestimate of
the temperature distribution (due to the neglect of latent
heat).

3 FURTHER IDEALIZATION OF THE PROBLEM

The situation considered is sketched in Figure 2. Under the
assumptions given in Section 2, the local temperature dis-
tribution in both the membrane and the (pressurized) He-
lium is governed by the well-known one-dimensional heat
conduction equation

c̃iρ̃i
∂T̃

∂t̃
= −∂j̃i

∂ỹ
= λ̃i

∂2T̃

∂ỹ2
+

dλ̃i

dT̃

(∂T̃
∂ỹ

)2

, (1)

according to Fourier’s law,

j̃i = −λ̃i ∂T̃ /∂ỹ. (2)

In these relationships the index i means either He or s.
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hot gas flow

sheet

Helium (600 bar)

δ̃He

j̃g

j̃s

j̃He

0

0

S

ỹ
ỹ = s̃ t̃t̃c t̃ig

T̃ (ỹ = 0, t̃)

T̃ 0

T̃ g

Figure 2: Configuration of the problem. For t̃ < 0 both
the sheet and the Helium “pad” assume the temperature
T̃ 0 of the environment.

3.1 Local thermal conduction in the sheet

From the balance (1) the reference time

t̃s = s̃2ρ̃sc̃s(T̃ 0)
/
λ̃s(T̃ 0)

.
= 11, 7× 10−3 s, (3)

characteristic of the heat conduction inside the membrane
(which is initially of temperature T̃ 0) is formed; for the
material data see Figure 1. Considering the sheet, we fur-
thermore introduce the following non-dimensional quanti-
ties

θ =
T̃ − T̃ 0

T̃ g − T̃ 0

, as =
(λ̃s/c̃s)(T̃ )

(λ̃s/c̃s)(T̃ 0)
, σs =

1

λ̃s

dλ̃s

dθ
,

y = ỹ/s̃, t = t̃/t̃s. (4)

For the sheet (1) then takes on the form

∂θ

∂t
= as

[
∂2θ

∂y2
+ σs

(∂θ
∂y

)2
]
, 0 ≤ y ≤ 1. (5)

Evaluation of the data in Figure 1 indicates that
the slope dλ̃/dT̃ can hardly be approximated better
than by an average value formed by the limit values
λ̃s(T̃ g) = 26.7W/(Km) and λ̃s(T̃ 0) = 9.8W/(Km). This
gives

dλ̃s

dθ
= (T̃ g − T̃ 0)

dλ̃s

dT̃
≈ λ̃s(T̃ g)− λ̃s(T̃ 0)

.
= 16.9

W

mK
. (6)

From the data in Figure 1 then the values for both σs and
as are formed according to (4); see Figure 3. By focus-
ing on the aim of calculating a conservative estimate of
T̃ , a lower bound for the temporal variation of T̃ and, in
turn, T̃ itself, will be obtained by adopting the following
simplifications:

• We omit the non-negative term proportional to σ
in (5).

• In the whole range T̃ 0 ≤ T̃ ≤ T̃ g of interest we set the
thermal diffusivity as to the value of 1 it assumes for
T̃ = T̃ 0 ≈ 20 ◦C.

 0.6

 0.8

 1.2

 1.4

 1.6

 1.8

 1000 900 800 700 600 500 400 300 200 100 20

 1

T̃ [◦C]

σs,

as

Figure 3: Evaluation of the data shown in Figure 1.

Most important, and as will be shown in Section 4, this ad
hoc-linearization of (5) allows for an analytical treatment
of this equation. It is expected (but has to be shown a
posteriori) that the anticipated error is of a few percent
with respect to the analytical solution of the thereby ide-
alized problem. We note that a numerical solution of the
full heat conduction problem governed by (5), which takes
into account the temperature-dependence of the thermal
properties of the sheet, is beyond the scope of the present
study.

3.2 Boundary condition at the sheet/jet interface

Near the stagnation point S the complexity of the hot gas
flow can be reduced considerably by applying the first law
of thermodynamics along the streamline which collapses
with the jet axis, cf. Figure 2: Since the pressure inside the
jet is approximately equal to ambient value (by neglecting
shock wave interactions), the energy theorem states that
the specific total enthalpy (the sum of enthalpy and kinetic
energy) is constant along a gas particle path from the igni-
tion chamber orifice to the membrane surface. Moreover,
the radially spreading film, embedding (thermal) boundary
layer, near S is expected to be not fully developed within
the time period t̃ig characteristic of the duration of the
combustion; for further details of the boundary layer flow
see cf. Schlichting and Gersten (2000). As a first approx-
imation, then the term ∂p̃g/∂t̃ may be neglected in that
energy balance even close to the surface. In turn, these
consideration allow for the simplest model possible of the
temperature T̃ g on the membrane surface adjacent to the
hot gas close to S and for 0 < t̃ < t̃ig :

• T̃ g is almost equal to the temperature T̃ ig ≈ 3800K
in the ignition chamber issuing the jet (at speed of
sound). The value of T̃ ig is provided by the customer.

• T̃ g is approximately constant, giving rise to the pulse-
type surface temperature distribution sketched in Fig-
ure 2.

By evaluating the pressure measurements in the ignition
chamber provides by the customer, for what follows we

3

2.5 Technical Report I (2007)

19



assume
t̃ig ≈ 2× 10−3 s, T̃ g = 1000 ◦C. (7)

Not that the purpose of this underestimate of T̃ g has al-
ready been discussed Section 2.

Comment on modelling T̃ g: We add that a more pre-

cise prediction of T̃ g would be based on a much more elab-
orate investigation of the hot gas flow, based on its ther-
modynamic properties which, in turn, are highly sensitive
to the rather complex chemical composition of the gas.
Due to the rather high temperature, deviations from the
state of an ideal gas would have to be taken into account.
However, we stress that we do not expect that such an
analysis would improve the estimate of the temperature
distribution in the sheet essentially.

3.3 Boundary condition at the sheet/Helium in-
terface

Let T̃He and j̃s,He denote the temperature and the heat
flux at the interface ỹ = s̃; see Figure 2. By taking into
account (2), an order-of magnitude estimate yields

−j̃s,He ∼ λ̃s(T̃ g − T̃He)/s̃ ∼ λ̃He(T̃He − T̃ 0)/δ̃He . (8)

Herein j̃s,He is expressed in terms of both the sheet ma-
terial and the Helium properties. From elimination of j̃s
evaluated at the interface by using (2) again then follows
the non-dimensional expression for the temperature gradi-
ent at the interface

∂θ

∂y

∣∣∣∣
y=1

∼ T̃He − T̃ 0

T̃ g − T̃He

λ̃s

λ̃He

s̃

δ̃He

. (9)

In analogy to (3), the heat conduction equation (1) al-
lows for estimating a time constant

t̃He = δ̃2He ρ̃He c̃He(T̃ 0)
/
λ̃He(T̃ 0), (10)

characteristic of the heat transfer across the boundary
layer thickness δ̃He . Since both t̃s and t̃He are typical for
the heat transfer at the interface, they may be equated. In
turn, the boundary layer thickness δ̃He can be eliminated
in (9). Then the latter relation is written as

∂θ

∂y

∣∣∣∣
y=1

∼ T̃He − T̃ 0

T̃ g − T̃He

√
λ̃He ρ̃He c̃He

λ̃s ρ̃s c̃s
. (11)

The first factor on the right-hand side of (11) is clearly
smaller than 1. For a numerical estimate of this rela-
tionship we use the values of Figure 1 by assuming that
T̃He = 400 ◦C. We note that the results discussed in Sec-
tion 4.3 a posteriori confirm that this value is a realistic
estimate. For the following properties of the Helium we
refer to VDI Wärmeatlas (2002). By assuming that the
Helium behaves as an ideal gas, the density is approxi-
mately calculated by means of the equation of state, i.e.

ρ̃He ≈ p̃/(Z̃He R̃He T̃ 0)
.
= 100 kg/m3. (12)

Here the real-gas factor Z̃He ≈ 1, and R̃He = R/M̃He

where M̃He
.
= 4× 10−3 kg/mol. Then substitution of (12)

and the values

λ̃He
.
= 0.152W/(Km), c̃He

.
= 5193 J/(kgK) (13)

into (11) gives an estimate for the non-dimensional tem-
perature gradient (∂θ/∂y)(y = 1, t) of the magnitude of
10−2. With respect to the simplifications made so far, this
value may be considered as negligibly small in the follow-
ing. That is, the pressurized Helium is seen to serve as an
insulator.

4 IDEALIZED HEAT CONDUCTION PROBLEM

Customer’s requirement: The membrane shall burst
within a critical time t̃c

.
= 1.3× 10−3 s. The values given

in (3) and (7) then yield

tig = t̃ig/t̃s
.
= 0.17, tc = t̃c/t̃s

.
= 0.11. (14)

These values are critical for the non-dimensional distribu-
tion θ of the temperature.

4.1 The standard problem

Making use of the simplifications discussed in Section 3,
one has to solve the linear heat conduction equation for
θ(y, t; tig),

∂θ/∂t = ∂2θ/∂y2, 0 ≤ y ≤ 1, t ≥ 0, (15a)

subject to the, respectively, initial and boundary condi-
tions

θ(y, 0; tig) = 0, (15b)

(∂θ/∂y)(1, t; tig) = 0, (15c)

θ(0, t; tig) = θ0(t; tig), θ0(t > ts; tig) = 0. (15d)

The dependence of θ on the parameter tig results from
the very simple model we use in the present study for
describing the hot gas flow impinging on the membrane
surface. Thus, θ0 is approximated by the aforementioned
(unit) pulse of duration time tig,

θ0(t; tig) = H(t)−H(t− tig). (16)

Herein H(t < 0) = 0 and H(t ≥ 0) = 1.

4.2 Analytical solution

A formal solution of the initial/boundary value prob-
lem (15) is commonly found by using the Laplace trans-
form with respect to t. Under rather weak conditions, for
an arbitrarily prescribed surface temperature θ0(t; tig) the
solution is found in terms of the convolution integral

θ(y, t; tig) =

∫ t

0

θ0(t− τ ; tig) g(y, τ) dτ. (17)
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Note that the so-called weighting function g(y, t) is a (here
fictitious) solution of (15) if θ0(t; tig) in the boundary con-
dition (15d) equals the Dirac delta function δ(t). By skip-
ping further (rather subtle) mathematical details, we note
that the Laplace transform of g(y, t) and, in turn, its in-
verse can be expanded in a series. The resulting Fourier
representation for g(y, t) can conveniently be cast in the
form

g(y, t) = 2
∑∞

n=0
(−1)nkn gn(t) cos[kn(1− y)],

kn = π(n+ 1/2), gn(t) = exp(−k2nt), t > 0. (18)

The structural dependence on y and t of that specific so-
lution can be checked by adopting the standard method
of separation of variables; then it is readily seen that
θ = g(y, t) satisfies (15a) as well as the boundary condi-
tion (15c). However, the coefficients kn have to be deter-
mined by inverting the Laplace transform of g(y, t).

In the particular case (16) considered in the present
study, it follows from (17) and (18) that the solution of (15)
reads

θ(y, t; tig) = 2
∑∞

n=0
(−1)n hn(t; tig) cos[kn(1− y)]/kn,

hn(t; tig) = 1− gn(t)−H(t− tig) [1− gn(t− tig)],

0 < y ≤ 1, t ≥ 0. (19)

In the following this temperature distribution is evaluated
numerically and discussed from the physical point of view.

4.3 Numerical evaluation via FFT

The Fourier series (18) and (19), respectively, define func-
tions which are periodic in y with a periodicity of 4, i.e. the
interval 0 ≤ y ≤ 1 represents a quarter period. In addition,
the function defined by the series (19) is discontinuous at
y = 0 as its value is zero there but its one-side limit for
y → 0+ indeed equals θ0(t; tig), which in the case consid-
ered here is given by (16). Moreover, that series is seen to
converge uniformly on 0 < y ≤ 1.

These considerations then suggest to compute the tem-
perature distribution θ(y, t; tig) by means of an approxi-
mate computation of the Fourier series (19) for 0 < y ≤ 1
and by setting it equal to its one-side limit θ0(t; tig) at
y = 0. The numerical evaluation of the series is accom-
plished most efficiently by applying a Fast Fourier Trans-
form (FFT) by assuming a quarter-period of 1 to a certain
number n of the Fourier coefficients in (19) for all specific
values of the time t where the temperature is considered
to be of interest. The choice of n = 2000 Fourier modes
proves satisfactory to obtain a sufficiently smooth discrete
approximation of the solution (note that due to the well-
known Gibbs’ phenomenon the Fourier representation be-
haves highly oscillatory as y → 0+, even for an arbitrarily
large number of n).

In Figure 4 (see next page) the solution θ(y, t; tig) is
plotted for the values of tig and tc given in (14).

5 CONCLUSIONS

Since the sheet temperature assumes its minimum value at
the surface adjacent to the Helium given by ỹ = s̃, its value
at this location and for the critical time t = tc provides a
critical lower bound T̃ c for a sufficiently intense heating
of the sheet, such that the resulting stresses immediately
initiates the bursting process (by disregarding melting, see
Section 2).

Employing the values given in (14), one infers from the
solution for θ(y, t; tig) that θc = θ(y = 1, t = tc; tig) ≈ 0.07,
see Figure 4 (next page). Equivalently, by using (4), that
means that an estimate for T̃ c is given by

T̃ c = T̃ 0 + θc(T̃ g − T̃ 0) ≈ 159 ◦C. (20)

As expected from a conservative estimate, this value is
below the experimental finding T̃ c ≈ 240 ◦C reported by
the customer.

Finally, the values T̃ av of the temperatures averaged
across the membrane thickness for different times, up to
t̃ ≈ t̃c, are presented in the table below. They are calcu-
lated by means of

T̃ av = T̃ 0 + θav(T̃ g − T̃ 0). (21)

Here the original value of T̃ av ≈ 3800K is used; see Sec-
tion 3.2.

t̃ [10−3 s] 0 0.16 0.32 0.47 0.63 0.79

T̃ av [◦C] 37.6 486 676 821 944 1052

t̃ [10−3 s] 0.95 1.11 1.26 1.42 1.58 1.74

T̃ av [◦C] 1149 1239 1323 1402 1476 1.547

Important consequence: It is readily seen that after
approximately 0.4× 10−3s and 1.3× 10−3s, respectively,
the temperature ≈ 700 ◦C that characterises the upper
limit of linear-elastic behavior (customer information), and
the melting temperature T̃m, see Figure 1, are exceeded.
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Wärmeübergang, 9th edn (in German). Berlin, Heidel-
berg: Springer-Verlag.

5

2.5 Technical Report I (2007)

21



 0.8

 0.4

 0.6

 0.2

 0
 0  0.2  0.4  0.6  0.8  1

 1

y

θ

θct = 0

t = 0

t = ∆t

t ≈ tc

t ≈ tig
t ≈ tig +∆t

t = te

Figure 4: θ(y, t; tig) for discrete times t, differing by ∆t
.
= 1.35× 10−2 in the range 0 ≤ t ≤ te = 1.5 tc

.
= 2.56. The blue

curves are the values for tig < t ≤ te, showing the tendency of the temperature to adjust with its ambient value for
larger values of t.
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Summary

A feasibility study concerning the stationary operation mode of a novel thrust bearing
device, to be used in pulping systems, is presented. In essence, it consists of a circular
stator, centrically parallel to the axisymmetric rotor, such that the tilting of the clearance
between these two discs controls the hydromechanical operation of the bearing. Unlike
the commonly adopted tilted-pads bearings, here the specific gap geometry is achieved by
milling an annulus consisting of adjacent identical sectors from the surface of the stator,
such that the tilting of the clearance in circumferential direction accounts for the hydrody-
namical bearing behaviour. The maximum load-bearing capacity is found by optimising the
azimuthal pitch. The lubricant is supplied radially at the inner edge of the annulus. As a
consequence of the imposed supply pressure, the bearing operates in both hydrostatic and
hydrodynamic mode, i.e. in hybrid mode, associated with the flow in radial and azimuthal
direction, respectively. Both the cases water and saturated water vapour used as lubricants
are investigated. In order to predict the hydromechanical performance, the basic equations
of lubrication theory are solved by adopting both analytical and numerical methods.
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Nomenclature

Br Brinkmann number
Re Reynolds number
B̃ Width of bearing in radial direction [mm]
F̃ Thrust force, load-bearing capacity [kN]
g̃ Gravitational acceleration, g̃ ≈ 9.81m/s2

H̃ Minimum clearance height [mm]
M̃ Overall mass flow rate [kg/s]
P̃ Friction power [kW]
p̃ Pressure of lubricant [bar]
Q̃ Overall volume flow rate [l/s]
R̃i Inner radius [mm]
T̃ Operating temperature [◦C]
B Width of bearing in radial direction [-]
F Thrust force, load-bearing capacity [-]
h Local value of clearance height [-]
j Exponent, j = 0 or 1
K Parameter measuring strength of tilting of clearance
m Mass flux integrated across height of clearance [-]
n Circumferential pitch, number of tilted sectors
p Pressure of lubricant [-]
r Radius [-]
S State of saturated vapour
s Variable of integration
t Tilting of clearance either in x- or y-direction
u Radial velocity component [-]
v Azimuthal velocity component [-]
w Axial velocity component [-]
x Radial coordinate [-]
y Azimuthal coordinate [-]
z Axial (vertical) coordinate, measured from rotor surface [-]

Subscripts

0 ϕ = 0 (y = 0)
1 ϕ = ϕmax (y = 1)
r r-direction
ϕ ϕ-direction
x x-direction
y y-direction
g Gaseous (saturated water vapour)
i Supply value, holding at inner edge of bearing ring, r̃ = R̃i

l Liquid (water)
max Maximum value
min Minimum value
o Ambient value, holding at at outer edge of bearing ring, r̃ = R̃i + B̃
r Reference quantity
s Value at surface of rotor and stator

Symbols

β̃ Volumetric thermal expansion coefficient at constant pressure of lubricant[1/K]
λ̃ Thermal conductivity of lubricant [W/(mK)]
µ̃ Dynamic viscosity of lubricant [Pa s]
Ω̃ Angular velocity of the rotor [r.p.m.]
˜̺ Density of lubricant [kg/m3]
∆ Difference value
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ǫ Thin-film parameter
γ Control parameter for studying stability
λ Thermal conductivity of lubricant [-]
µ Dynamic viscosity of lubricant [-]
τ Wall shear stress [-]
θ Difference between actual and temperature at inner edge of bearing ring [-]
ϕ Azimuthal angle
̺ Density of lubricant [-]

Superscripts

∼ Dimensionful quantity
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I. Introduction

It is the primary goal of the present study to estimate the behaviour of an axial thrust bearing with
respect to the maximum load-bearing capacity gained. Hydrodynamically operating (i.e. self-acting) thrust

bearings are normally engineered as tilted- or, equivalently, sector pad slider bearings. However, in striking
contrast to the conventional designs of such bearings, here the disc where usually tilted pads are mounted
in circumferential direction in order to form a more-or-less contiguous annulus, only penetrated by narrow
grooves that separate adjacent pads, is replaced by a rigid one where correspondingly adjacent sectors are
milled from, which account for the hydrodynamic bearing operation. As an important consequence, the
pressure in the grooves here not necessarily equals the ambient pressure but has to be calculated. It seems
expedient to first provide a concise description of the bearing design, the lubricant to be considered, and the
techniques used to investigate the lubricant flow in this report.

In essence, the bearing device consists of a circular stationary disc, i.e. the stator, centrically parallel
to an axisymmetric rotating disc, i.e. the rotor, where both plates are taken to have the same radius.
Furthermore, they are considered as flexurally rigid solids, both having a for the lubricant impervious
surface. The (constant) tilting in azimuthal (and radial) direction of the thickness of the relatively small
bearing gap between these two discs controls the hydromechanical operation of the bearing. The specific gap
geometry is achieved by milling identical adjacent, i.e. aligned, sectors of an annulus (i.e. the bearing ring),
having an outer radius which equals that of the discs, into the surface of the stationary disc. The maximum
load-bearing capacity is found by optimising the circumferential pitch. The lubricant, entirely filling the
clearance separating the discs, is supplied radially at the inner edge of the annulus by imposing a positive
differential pressure with respect to the ambient pressure that holds at its outer edge. Therefore, the bearing
operates in both hydrostatic and hydrodynamic mode, i.e. in hybrid mode, associated with the flow in radial
and azimuthal direction, respectively. Both the cases water and (at feed-in) saturated water vapour used as
lubricants are investigated. In order to predict the hydromechanical performance of the bearing, the basic
equations of lubrication theory are solved by adopting both analytical and advanced numerical methods.

II. Operating conditions

The essential geometrical properties of the bearing gap, i.e. of the clearance, for a single sector pad are
sketched in figure 1 (not to scale). The specific data that refer to the principal quantities defining steady
operation of the bearing and are used as reference values in the subsequent analysis are displayed in table 1.

Table 1. Reference values and minimum (required) thrust force F̃min.

R̃i B̃ H̃ Ω̃ p̃i p̃o T̃l T̃g ˜̺l ˜̺g,i ˜̺g,o µ̃l µ̃g F̃min

500 300 0.1 1800 20 5 150 220 917.45 9.787 2.247 1.825× 10−4 1.650× 10−5 1850

The value of H̃ is characteristic of the minimum clearance height that is possible from the viewpoint of
manufacturing. Note that the effect of hydrodynamic bearing requires H̃ ≤ H̃1 < H̃0, since, with respect
to figure 1, the rotor is assumed to turn counter-clockwise. The values of R̃i and B̃ conform to the actual
geometry of the pulping machine. Here we anticipate that the value of H̃ represents an upper bound for
the effective (nominal) minimum clearance height and the values of R̃i, B̃, and p̃i are found to provide lower
bounds, required to achieve the value of F̃min.

The values of T̃l and T̃g approximately refer to the saturation temperature of water vapour for, respec-
tively, the lower and the upper bound for the pressure, given by p̃ = p̃o and p̃ = p̃i, and are taken from Ref. 1.
This specific choice of the operation temperatures are not only associated with realistic operating conditions
but, most important, is consistent with the assumption of discarding the possibility of phase transition,
i.e. partial condensation, of the lubricant. Also, the analysis and the calculations show that the relative
temperature changes are small, justifying a posteriori the here made assumption of isothermal flow. The
values of µ̃l and µ̃g refer to the lower (case: liquid) and the upper (case: vapour) pressure bound, p = p̃o
and p = p̃i, respectively, cf. Ref. 1: the relative increase of the viscosities with, respectively, increasing (liq-
uid) and decreasing (vapour) pressure (for a given temperature) are approximately 0.2% (liquid) and 2.3%
(vapour) for p̃o ≤ p̃ ≤ p̃i and, in turn, here neglected.
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ϕ

ϕ = 0
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Ω̃

Ω̃

R̃i

B̃

H̃0H̃1

H̃1 : H̃0 ≈ 1 : 3

Figure 1. Geometry of a single tilted bearing sector (for caption see text).

As a consequence of the specific choice of the values of µ̃l and µ̃g, the predicted value of thrust force F̃
is regarded as a lower bound for its actual value.

III. Problem formulation

We now provide an overview how the pressure distribution in the bearing, determining F̃ , is calculated.
To this end, we provide the basic equations governing the transport of mass, momentum, and energy of the
flow through the bearing and the assumptions under which the approximations made within the framework of
lubrication theory are valid, for the latter cf. Refs. 2,3. Most important, we demonstrate that regarding the
flow as isothermal allows for a rationally simplified and self-consistent description of the flow that captures
all its essential properties. For the full set of governing equations see e.g. Ref. 4.

III.A. Governing equations

We introduce appropriate non-dimensional quantities

r = r̃/R̃i , B = B̃/R̃i , x = (r̃ − R̃i)/B̃ , y = ϕn/(2π) (n = 1, 2, 3 . . .) , z = z̃/H̃ , (1)

h = h̃/H̃ , u = ũ/(Ω̃R̃i) , v = ṽ/(R̃iΩ̃) , w = w̃/(Ω̃H̃) , p = p̃/p̃r , ̺ = ˜̺/ ˜̺r , µ = µ̃/µ̃r , (2)

θ = (T̃ − T̃i)/∆T̃r , λ = λ̃/λ̃r . (3)

For what follows, note that ϕmax = 2π/n, cf. figure 1, and the relationship r = 1 +Bx. The dependent
quantities, given in (2) and (3), are regarded as functions of the variables r, ϕ, z, apart from h = h(x, y),
which will prove convenient further below. The specific choice of the reference state is a topic of the
subsequent analysis.
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III.A.1. Geometry of clearance

In order to allow for milling the clearance geometry in each of n sectors, the clearance height is assumed to
take on a bilinear form in each of the sectors:

h(x, y) = tx ty , [tx, ty] =

{
[1 +Kx(1− x/xmax), 1 +Ky(1− y/ymax)] . . . [x ≤ xmax, y ≤ ymax] ,

1 . . . [x > xmax, y > ymax] .
(4)

Since pi > po and the rotor turns counter-clockwise (see figure 1), the effect of hydrostatic bearing (due to
radial flow) and hydrodynamic bearing (due to azimuthal flow) increases for increasing tilting of the bearing
gap height in radial and azimuthal direction, measured by Kx and Ky, respectively. Furthermore, by taking
into account operation after lubrication-system failure, it proves advantageous to slightly blunt the milled
contour where the clearance height takes on rather small values (‘tapered land’ bearing, tx ≈ 1, ty ≈ 1).
Considering the specific form of h proposed in (4), this is accomplished by requiring 0 ≤ 1− xmax ≪ 1 and
0 ≤ 1− ymax ≪ 1. Therefore, in the following we assume

Kx ≥ 0 Ky ≥ 0 , xmax = ymax = 0.95 . (5)

Here we anticipate that varying the values of xmax and ymax within the range 0.92 . . . 0.98 do not alter the
results, shown in § IV.B and § IV.C, significantly.

Furthermore, we note that the case Ky = 0 refers to a perfectly axisymmetric bearing ring, which then
behaves hydrodynamically as a (tapered) sealing ring (i.e. no pitch at all, purely hydrostatic bearing). In
that case the clearance geometry and, thus, the flow through the bearing is independent of the specific choice
of n.

III.A.2. Conservation of linear momentum, energy, and mass

We conveniently introduce the (non-dimensional) groups

ǫ := H̃/R̃i , Re := H̃R̃iΩ̃ ˜̺r/µ̃r , Br := µ̃r(R̃iΩ̃)2/(λ̃r∆T̃r) , (6)

representative of the flow through the bearing.
The flow is investigated within the framework of lubrication theory. That is,

(A) the pressure is approximately constant across the clearance, i.e. the bearing gap (thin-film approxima-
tion);

(B) effects due to convection, here by centrifugal forces, are negligibly small.

Inserting (1) and (2) into the basic equations of motion, namely the Navier–Stokes equations for strictly
steady flow, which consist of the continuity equation and the momentum equations in r-, ϕ-, and z-direction,
respectively, shows that these two independent conditions are expressed equivalently in the form

(A) ǫ ≪ 1,

(B) ǫRe ≪ 1.

Here all non-dimensional flow quantities given in (2) and (3) are considered to be of O(1). Also, effects of
gravity on the pressure distribution can be neglected: a conservative estimate of this effect can be expressed
as the ratio ˜̺lg̃(R̃i + B̃)/p̃o ≈ 1.57% (where the lubricant is assumed to be water as the density takes on its
largest value).

In view of these approximations, we advantageously define

p̃r := µ̃rΩ̃R̃2
i /H̃

2 = µ̃rΩ̃/ǫ2 . (7)

Then the accordingly reduced equations for the linear momentum in the r- and ϕ-direction, respectively,
read

∂p

∂r
=

∂

∂z

[
µ
∂u

∂z

]
,

1

r

∂p

∂ϕ
=

∂

∂z

[
µ
∂v

∂z

]
,

∂p

∂z
= 0 , (8)
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and the correspondingly simplified thermal energy equation is written as

− 1

Br

∂

∂z

[
λ
∂θ

∂z

]
= β̃T̃

[
u
∂p

∂x
+

v

r

∂p

∂ϕ

]
+ µ

[(∂u
∂z

)2

+
(∂v
∂z

)2
]
. (9)

In (9) the left-hand side and the last contribution represent, respectively, the gradient of the heat flux density
across the bearing gap, expressed in terms of Fourier’s law, and the dissipation function. The latter equals
the negative internal power of viscous forces per volume unit. Note that θ and λ enter the energy equation (9)
solely. The equations (8), (9) are supplemented with the exact form of the continuity equation,

∂(r̺u)

∂r
+

∂(̺v)

∂ϕ
+ r

∂(̺w)

∂z
= 0 . (10)

The resulting set of equations (8)–(10) governs the flow quantities u, v, w, p, and θ. It is subject to the
boundary conditions

z = 0 : u = w = 0 , v = r , θ = θs , (11)

z = h(x, y) : u = v = w = 0 , θ = θs , (12)

x = 0 : p = pi , (13)

x = 1 : p = po (< pi) , (14)

and the obvious requirement for periodicity,

q(r, ϕ, z) ≡ q(r, ϕ+ ϕmax, z) , 0 < ϕ < ϕmax , q = u, v, w, p, θ . (15)

The relationships (11) and (12) account for the no-slip and no-penetration conditions in combination with
the thermal boundary conditions, and (13) and (14) represent the inlet and outlet conditions, respectively.
Note that the thermal conductivity of the steel is much larger than that of water of saturated vapour: then
the lubricant acts as an isolator, and the heat conduction equation for the solid discs is supplemented with
isolating boundary conditions, i.e. vanishing temperature gradient normal to the surfaces of both the rotor
and the stator. In turn, it is reliable to assume that both surfaces take on the universal temperature θs of the
(otherwise also isolated) neighbouring parts of the machine (which is mainly due to mechanical dissipation
during operation), as expressed in (11) and (12).

III.B. Effects of compressibility and inertia

For lack of reliable estimates for T̃s, here the reduced transport equation (9) for the temperature shall not be
invoked furthermore. However, setting Br = 1 in (9) gives rise to suitable values of ∆T̃r,l and ∆T̃r,g, according
to the definition of Br in (6). The corresponding values, resulting from the specific properties of water found
in Ref. 1 and shown table 2, are found to be rather small compared with the values T̃l and T̃g, respectively,
that characterise the operation conditions of the bearing. As a result and in agreement with the statement
made in § II, one follows that the flow may regarded as isothermal with sufficient accuracy. Hence, T̃i is
identified with T̃l and T̃g, respectively, quoted in table 1. In addition, the following important conclusion is

inferred from the data given in Ref. 1: in the here interesting effective temperature range T̃ = 220◦C− 300◦C
expected in the clearance (see table 1) in the case of saturated and (slightly) superheated vapour as lubricant
(cf. § II) the equation of state is fairly accurately approximated by the observation that p/̺ merely depends
on θ, rather than on p. Furthermore, for both liquid and gaseous water the relative changes of µ̃ for the
temperatures considered here are found to depend insignificantly on p̃. As a consequence,

µ ≡ 1 , ̺ = ̺(p) :

{
̺ ≡ 1 . . . liquid (water) ,

̺/p ≡ 1 . . . gas (saturated vapour) .
(16)

Then ˜̺r := ˜̺l, µ̃r := µ̃l for liquid water and ˜̺r := ˜̺g,i, µ̃r := µ̃g for vapour, respectively, as lubricants. If
the vapour is assumed to be saturated at the inlet, its change of state when pushed through the bearing
in merely radial direction due to a difference pressure p̃i − p̃o is sketched in figure 2: the real behaviour is
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Table 2. Reference values of temperature (note the values of T̃l, T̃g adopted in [K], found by adding 273.16 to those in
[◦C] given in table 1).

∆T̃r,l ∆T̃r,l/T̃l ∆T̃r,g ∆T̃r,g/T̃g

2.38 0.0056 3.70 0.0075

p

1/ρ

S

Figure 2. Change of state of vapour, saturated at S, flow through bearing indicated by arrows: region of wet steam
(shaded), saturated-vapour line (dotted), ideally isothermal (dashed) and real (solid) behaviour.

associated with a relatively moderate temperature rise, and for fully saturated vapour any here disregarded
pressure rise by the effect of lubrication is inevitably associated with condensation.

The resulting approximate values of ǫ, Re (together with that of Br, for the sake of completeness),
introduced in (6), for both modifications of water are shown in table 3. Unfortunately, it is seen that the
condition (B) is only satisfied for the case of vapour (and even then with some reservation). However, the
lubrication approximation implied by both the requirements (A) and (B) stated in § III.A.2 is adopted in
both cases. For further comments see § V.

Table 3. Values of non-dimensional flow parameters.

ǫ Re l Reg Br

2× 10−4 4.74× 104 0.129× 104 1

III.C. Reynolds equation

Integration of (8) with respect to z, subject to (16) and the no-slip and and no-penetration conditions given
by (11), (12) yields the parabolic velocity distributions

u = (z − h)
z

2

∂p

∂r
, v = (z − h)

[
z

2r

∂p

∂ϕ
− r

h

]
. (17)

Both the u- and the v-component represent so-called Couette–Poiseuille flow, cf. Ref. 4, where the Hagen–
Poiseuille part denotes the first contribution to their representations in (17). Its contribution to the u-
component gives rise to the hydrostatic bearing performance as it is induced by the imposed pressure dif-
ference pi − po, apart from its origin in the radial tilting of the clearance in case of finite values of Kx.
Most important, the boundary condition (11) accounts for the additional Couette flow contribution to the
v-component and, hence, the capability of hydrodynamic bearing due to the angular speed of the rotor.
Accordingly, integration of (10) across the bearing gap subject to (11), (12) gives

∂(rqr)

∂r
+

∂qϕ
∂ϕ

= 0; [mr,mϕ](r, ϕ) :=

∫ h(x,y)

0

[̺u, ̺v](r, ϕ, z) dz , (18)

where, by substitution of (17),

mr = −̺
h3

12

∂p

∂r
, mϕ =

̺

2

[
rh− h3

6r

∂p

∂ϕ

]
. (19)
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Finally, with the aid of (16) we arrive at the well-known Reynolds equation, here specified for a thrust
bearing in stationary operation and for isothermal flow conditions,

∂

∂r

[
rh3pj

∂p

∂r

]
+

1

r

∂

∂ϕ

[
h3pj

∂p

∂ϕ

]
= 6r

∂(pjh)

∂ϕ

{
j = 0 . . . liquid (water) ,

j = 1 . . . gas (saturated vapour) .
(20)

The elliptic second-order equation (20) governing the pressure distribution p(r, ϕ) is subject to the inlet
and outlet boundary conditions (13), (14). In addition, boundary conditions at the edges of the sectors
stretching in radial direction, given by y = 0 and y = 1, i.e. near the grooves between adjacent tilted sectors,
see figure 1, have to be supplied: without going into details, it can be shown that (15) also holds for ϕ = 0 and
ϕ = ϕmax. However, here the pressure distribution contrasts that provoked by tilted pads that commonly
assemble thrust bearings so that p assumes the value of the ambient pressure near the grooves insofar as the
value of p for ϕ = 0 is a priori unknown. In essence, this weaker form of the condition of periodicity only
expresses the fact that the grooves are rather narrow compared to the circumferential extent of a specific
tilted sector. In turn, from combining this strict periodicity of the flow with respect to the ϕ-direction with
the global conservation of mass one then infers that the mass flow rates entering the clearance at ϕ = 0 and
ϕ = ϕmax, respectively, are equal for identical values of r,

∫ r

1

mϕ(r, 0) ds =

∫ r

1

mϕ(r, 2π/n) ds , 1 < r ≤ 1 +B . (21)

Since this equation must be valid for any value of r in the given range, one infers that

mϕ(r, 0) = mϕ(r, 2π/n) , 1 < r ≤ 1 +B . (22)

Finally, by making use of (16) and (19), we arrive at the conditions of periodicity

p(r, 0) = p(r, 2π/n) ,

[
6r2pjh− h3pj

∂p

∂ϕ

]

ϕ=0

=

[
6r2pjh− h3pj

∂p

∂ϕ

]

ϕ=2π/n

, 1 < r ≤ 1 +B . (23)

Hence, the problem posed by (20), (13), (14), (23), (4) in connection with (5), and the number of sectors n
determines p(r, ϕ). This problem is linear in case of liquid water and nonlinear (quasi-linear) in case of vapour
as lubricant, respectively. As a consequence of (7) and (16), the value of p̃ is independent of the actual value
of the reference quantity ˜̺. Moreover, the analysis presented so far demonstrates that the various parameters
characteristic of the problem enter p in the form

p = p(r, ϕ; pi, po, n,B,Kx,Ky, xmax, ymax) . (24)

Once the pressure distribution has been obtained, other relevant (global) data are evaluated easily.

IV. Load-bearing capacity

The sought load-bearing capacity F̃ , the supplied mechanical power (due to friction) P̃ , Q̃, and M̃ then
are readily calculated by integrating p, the negative value of the wall shear stress in circumferential direction,
and u across the overall area of the bearing ring and the inlet gap at r̃ = R̃i, respectively,

F̃ = p̃rR̃
2
i F , F :=

∫ 1+B

1

r

∫ 2π

0

p(r, ϕ) dϕdr , (25)

P̃ = P̃r

∫ 1+B

1

r

∫ 2π

0

[−τϕ(r, ϕ)] dϕdr , −τϕ :=
∂v

∂z

∣∣∣∣
z=0

=
h

2r

∂p

∂ϕ
+

r

h
, (26)

Q̃ = Q̃r

∫ 2π

0

mrr dϕ = −Q̃r

∫ 2π

0

r
h3

12

[
p

pi

]j
∂p

∂r
dϕ , 1 ≤ r ≤ 1 +B , (27)

M̃ = ˜̺iQ̃ . (28)

Herein, ˜̺i = ˜̺l for liquid water and ˜̺i = ˜̺g,i for water vapour, respectively (see table 1), and

Q̃r := R̃2
i H̃Ω̃ , P̃r := p̃rQ̃r . (29)
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The approximate values of p̃r, see (7), Q̃r, and P̃r are shown in table 4. Note that the expression for the
volume flow rate Q̃ that enters the clearance at its inner edge within the range 1 < r ≤ 1 +B follows from
the requirement (23) for identical mass flow rates through the circumferential borders of the clearance with
the aid of (16). In order to avoid numerical difficulties arising from a possibly weak singular behaviour of p
near ϕ = 0 and ϕ = 2π/n for r = 1 and r = 1 +B, detected by inspection of (20), (13), (14), and (23), but
not discussed here in detail, the numerical evaluation of the integral in (27) is carried out for r ≈ 1 +B/2.

Table 4. Scaling values.

p̃r,l p̃r,g Q̃r P̃ r,l P̃ r,g

8.600 0.7775 4.71 4.05 0.366

Before evaluating (25)–(27), one has to solve the aforementioned problem determining p by prescribing
a specific distribution h(x, y), i.e. Kx and Ky, numerically, in general. We note that an analytical solu-
tion can be obtained if ∂h/∂y ≡ 0, i.e. in case of a perfectly axisymmetric bearing, which then behaves
hydrodynamically as a (tapered) sealing ring. However, it proves convenient to include this special case
into a sensitivity analysis with respect to different values of Ky that is performed by solving the problem

numerically throughout. Notwithstanding the result (presented in § IV.B) that the maximum value of F̃
is found for n = 8 to 10, it is seemingly worthwhile to also consider the advantages that are due to perfect
axial symmetry (∂/∂ϕ ≡ 0):

• simple geometry, bearing ring relatively feasible to design and manufacture;

• pressure distribution and, hence, resulting load independent of rotational speed and medium (i.e. of
Ω̃, ˜̺, µ̃) – the load depends solely on geometry of the clearance, p̃i, p̃o;

• pressure distribution is exact solution of (20) and its prediction, therefore, more reliable than for a
more complex geometry.

In case of liquid water, the linearity of the problem can be exploited with the aim to superpose the load
that results from the constant pressure p ≡ po (and, thus, can be determined very easily) and the differential
load that is determined numerically by solving the problem subject to a prescribed pressure difference pi − po,
such that this value replaces pi. However, also in the incompressible case it is convenient to numerically
solve the composite problem.

IV.A. Numerical method

The Reynolds equation (20) and the boundary conditions (23) are discretised with second-order accuracy,
cf. Ref. 5. To this end, an equidistantly spaced mesh in x- and y-direction is adopted. In order to use the
classical three-point stencils throughout except from the discretised borders given by x ≡ 0, x ≡ 0, x ≡ 1,
y ≡ 0, y ≡ 1, the second order derivatives are treated explicitly, such that both the first and second derivatives
are approximated with central finite differences. Specifically, 200× 200 grid points are used in the square
range 0 ≤ x ≤ 1, 0 ≤ y ≤ 1. The resulting algebraic system of equations, supplemented with the remaining
boundary conditions (13) and (14), is solved numerically by employing the software SPARSOL that has been
designed by the author for generally solving very large systems of (both nonlinear and linear) equations in a
highly user-friendly way. In essence, SPARSOL adopts a Newton-Raphson method, accompanied by a global
strategy to achieve robustness with respect to the choice of the initial guess of the solution. Most important,
SPARSOL effectively accounts for the sparsity pattern of the Jacobian: it is detected automatically, the
non-zero entries of the Jacobian are computed numerically, and a direct sparse solver for the solution of the
underlying linear system is invoked. For more details the reader is referred to Ref. 6.

IV.B. Numerical results for nominal conditions

The optimum load-bearing capacity is found iteratively for Ky ≈ 3, as already indicated in figure 1, and
Kx ≈ 1, see (5). The results for the cases of liquid water and saturated water vapour as lubricant are shown
in tables 5 and 6, respectively. Interestingly, the slightly higher loads achieved in latter case suggest a
positive effect of compressibility on the load-bearing capacity that overcompensates the, compared to the
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former case, about a factor of 10 reduced viscosity (cf. table 1). The data for the load are also displayed as
solid curves in figure 3.

Table 5. Results for liquid water and Ky = 3, Kx = 1.

p̃i = 20bar, p̃o = 5bar p̃i = p̃o = 5bar

n F̃ P̃ Q̃ M̃ F̃ P̃ Q̃ M̃

2 1840.5 12.58 651.66 597.86 620.3 12.58 0.086 0.079

3 1843.1 12.85 651.63 597.84 622.9 12.85 0.057 0.053

4 1844.9 13.14 651.61 597.82 624.7 13.14 0.042 0.038

5 1846.2 13.42 651.60 597.81 626.0 13.42 0.032 0.029

6 1847.1 13.69 651.60 597.81 626.9 13.69 0.025 0.023

7 1847.6 13.95 651.59 597.80 627.4 13.95 0.020 0.019

8 1847.8 14.18 651.59 597.80 627.6 14.18 0.016 0.015

9 1847.8 14.39 651.58 597.79 627.6 14.39 0.013 0.012

10 1847.7 14.58 651.58 597.79 627.5 14.58 0.010 0.009

11 1847.5 14.75 651.58 597.79 627.3 14.57 0.008 0.007

12 1847.3 14.91 651.58 597.79 627.1 14.91 0.006 0.005

13 1847.0 15.04 651.57 597.79 626.8 15.04 0.004 0.003

14 1846.7 15.17 651.57 597.78 626.5 15.17 0.002 0.002

Table 6. Results for saturated water vapour and Ky = 3, Kx = 1.

p̃i = 20bar, p̃o = 5bar p̃i = p̃o = 5bar

n F̃ P̃ Q̃ M̃ F̃ P̃ Q̃ M̃

2 1980.5 1.14 4504 44.09 613.3 1.14 0.086 8.5e-4

3 1980.7 1.16 4504 44.09 613.5 1.16 0.058 5.6e-4

4 1980.9 1.19 4504 44.09 613.7 1.19 0.042 4.1e-4

5 1981.0 1.22 4504 44.09 613.8 1.21 0.032 3.2e-4

6 1981.1 1.24 4504 44.09 613.9 1.24 0.025 2.5e-4

7 1981.1 1.26 4504 44.09 614.0 1.26 0.020 2.0e-4

8 1981.2 1.28 4504 44.09 614.0 1.28 0.016 1.6e-4

9 1981.2 1.30 4504 44.09 614.0 1.30 0.013 1.3e-4

10 1981.2 1.32 4504 44.09 614.0 1.32 0.010 1.0e-4

11 1981.1 1.34 4504 44.09 613.9 1.33 0.008 7e-5

12 1981.1 1.35 4504 44.09 613.9 1.35 0.006 5e-5

13 1981.1 1.36 4504 44.09 613.9 1.36 0.004 4e-5

14 1981.1 1.38 4504 44.09 613.9 1.37 0.002 2e-5

Most important, it appears that in the here considered case p̃i = 20bar the maximum load is obtained
for n = 8 to 9 (indicated by bold fonts in tables 5 and 6). The data for the (here fictitious) case p̃i = 5bar,
i.e. for purely hydrodynamic bearing mode, reveal that the effect of hydrostatic bearing due to the flow in
radial direction provoked by the imposed difference pressure p̃i − p̃o contribute to approximately 2/3 of the
overall load. This effect is even more pronounced for the case of vapour, as inferred from the relatively
small value of p̃r compared to p̃i and p̃o, see table 4. Also, this observation agrees with the finding that
the radial pressure drop has only insignificant effect on the friction power, which is a consequence of the
flow in circumferential direction: the latter is triggered by (i) the angular speed of the rotor and (ii) the
azimuthal tilting of the clearance, represented by the non-zero value of Ky. Accordingly, the azimuthal
component v of the fluid velocity and, in turn, the associated shear stress component τϕ are composed of a
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Figure 3. Load-bearing capacity F̃ (ordinates) vs. n (abscissae) for (a) liquid water, (b) saturated water vapour: discrete
points connected by straight lines, γ = 0 (solid), γ = −0.01 (dashed), γ = 0.01 (dotted).

Couette and Hagen–Poiseuille flow contribution, cf. (17) and (26), that account for the effects (i) and (ii),
respectively. However, one then infers from (20), (13), (14), and (26) that for relatively large values of the
radial pressure drop pi − po and, correspondingly, of the gradient ∂p/∂r the shear stress τϕ merely originates
from the Couette flow contribution to v in a first approximation, which is independent of the actual pressure
difference pi − po. This behaviour is due to the specific product composition of the clearance geometry
described by (4): as the flow triggered by the radial pressure loss is approximately governed by the left-hand
side of (20) solely, it is almost independent of ϕ. As a most relevant implication, the predominance of the
radial flow is also recognised through the rather tremendous difference of Q̃ and M̃ compared to the values
referring to purely hydrodynamic operation.

IV.C. Stability of steady-state operation

Following the usual considerations on stability of the stationary operation of a hydrodynamic bearing, the
response times typical for the dynamics describing deviations of steady-state conditions are taken to be
sufficiently large in order to allow for a quasi-static treatment of the problem. Then an operating point
(H̃, F̃ ) is regarded as stable if F̃ increases/decreases for decreasing/increasing values of H̃; conversely, it is
unstable, cf. Refs. 2, 3.

To be more precise, stability is investigated by calculating F̃ for varying values of a control parameter
γ that accounts for a relative change of H̃ as the minimum clearance height is given by H̃(1 + γ), γ > −1,
and all other parameters are kept fixed. That is, the minimum value of h is kept equal to 1, such that the
expression for h in (4) is replaced by (h+ γ)/(1 + γ). In view of (24) and (25), stability then is encountered
for

∂[(1 + γ)−2F ]/∂γ < 0 , (30)

where the dependence of F on γ has to be determined numerically. Consequently, stability is investigated by
carrying out a corresponding sensitivity analysis for F . To this end, the computations discussed in § IV.B
and referring to the case γ = 0 are repeated by having γ take on slightly negative and slightly positive values.
Therefore, the specific results displayed in figure 3 point to stable operating conditions, according to (30).

V. Concluding remarks

The analysis carried out so far allows for drawing the following conclusions and proposing adequate
further measures:

• it has been demonstrated that the required load-bearing capacity is achieved by using both liquid water
and, with some reservation concerning the possibility of phase transition, saturated water vapour as
lubricants (the latter case giving rise to slightly enhanced loads);

• in both cases stable operation with respect to small deviations of the load F̃ and the minimum clearance
height H̃ from their nominal values is expected;
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• in view of the unsatisfactorily large values of Re due to the relatively large value of Ω̃, in particular
in the case of liquid water as lubricant, the validity of the results can be improved significantly by
rendering the application of the lubrication approximation more reliable as H̃ is reduced about a
factor of 10 or even more;

• otherwise, condition (B) given in § III.A.2 is violated, such that a more realistic prediction of the
pressure distribution requires to retain the convective terms in the equations of motion (then the thin-
film approximation ∂p/∂z = 0 gives rise to a boundary-layer problem, cf. Ref. 4), where in the case of
vapour corresponding additional effects due to compressibility play an important role;

• the inclusion of elasto-hydrodynamical effects would probably improve the accuracy of the predicted
loads F̃ considerably, in view of the impact of the resulting deflections of both the stator and the rotor
on the clearance geometry;

• as a further improvement of the bearing design, it is suggested to supply the lubricant through one
relatively small borehole in each sector, parallel to the axis of the stationary disc; for a sketch made
by the customer see figure 4. Note that solving the full Navier–Stokes equation, i.e. by employing
commercial software in the field of Computational Fluid Dynamics, then might be required in order to
investigate more elaborately the associated supposed enhancement of the load-bearing capacity.

With respect to the last three issues, the execution of a subsequent research project is strongly recom-
mended. In order to account properly for the rather high values of Re, this should include the possible
occurrence of turbulence, associated with drastically enlarged friction. Also, in view of the probably un-
satisfactorily large values of the flow rates Q̃ and M̃ , see tables 5 and (6), the idea of a (sintered) porous
bearing, to the author’s knowledge not addressed so far in the present context, seems noteworthy. In that
case the stator would act as the porous segment-bearing shell, which then serves as the storage of the specific
lubricant. As a major advantage of such a (without a doubt, rather unconventional) design, the power losses
associated with the relatively high flow rates, as predicted in the present investigation, are avoided due to
the presence of the lubricant reservoir. As a different suggestion, the machining of functional surfaces is
potentially a further means adding to a substantial reduction of the overall lubricant transfer rate.

Figure 4. Proposition: milled clearance with borehole (drawing by Andritz AG)

Finally, it is remarked that a more detailed study of effects of both compressibility and phase transition of
the lubricant is not only of great engineering relevance but also of interest from the viewpoint of fundamental
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research in fluid mechanics.
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