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ABSTRACT

Bit-interleaved coded modulation with iterative decoding
(BICM–ID) performs well under a variety of channel con-
ditions. Based on a factor graph representation of BICM–
ID, we propose a modification of the BICM-ID receiver that
can reduce the computational complexity significantly with-
out BER degredation. The basic idea is to avoid updates
of code bit log-likelihood ratios whose magnitude is already
sufficiently large. Simulation results illustrate the excellent
performance-complexity trade-off of our method.

1. INTRODUCTION

Bit-interleaved coded modulation is a pragmatic approach to
coded modulation. It has been first proposed by Zehavi [1]
and a thorough analysis of the achievable information rates
and error probabilities was given by Caire et al. [2]. BICM
has been used in many recent standards like DVB-S2, wireless
LANs, DSL and WiMAX because of its flexibility and sim-
plicity. With BICM, modulation and coding are separated by
a bitwise interleaver. At the receiver, the demodulator passes
soft information about the transmitted code bits on to the de-
coder. This soft information usually consists of log-likelihood
ratios (LLRs). The (small) performance loss of BICM relative
to optimal coded modulation can be further decreased via iter-
ative (turbo) decoding where LLRs are repeatedly exchanged
between the decoder and the demodulator (see [3, 4]).

Since iterative decoding of BICM (BICM–ID for short)
increases the computational complexity of the receiver, low-
complexity implementations have received increasing atten-
tion. With regard to the demodulator, complexity reduction is
often achieved using the max-log approximation. Approaches
to further simplify the max-log demodulator are described in
[5, 6]. BICM has also been studied in the context of multiple
input multiple output (MIMO) systems [7]. Here, the demod-
ulator complexity is very high, even with sophisticated sphere
decoder implementations (e.g. [8]).
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In this paper we propose a general approach to reduce the
computational complexity necessary in the iterative decod-
ing process. In contrast to previous work, we save compu-
tations not only at the demodulator but also at the decoder.
Our approach builds on the interpretation of turbo demodu-
lation as message passing (or loopy belief propagation) on
a corresponding factor graph. The basic idea, referred to
as “selective LLR update”, is to stop updating the LLR for
a code bit once the magnitude of this LLR exceeds a pre-
scribed threshold. While being applicable to any turbo-like
iterative receiver (see [9] for the application in a multi-user
setup, and [10, 11] in LDCP decoding), we here restrict our-
selves to BICM–ID and describe in detail the modifications
to the usual message passing scheme. We further provide an
interpretation of our approach as an adaptive message passing
schedule. Numerical simulations corroborate the fact that our
scheme achieves significant complexity savings.

The rest of the paper is organized as follows. Section 2
discusses BICM–ID. In Section 3, we describe the selective
LLR update scheme. Simulation results are provided in Sec-
tion 4; conclusions are presented in Section 5.

2. BICM–ID

2.1. System Model

Transmitter. A sequence of I information bits ui ∈ {0, 1},
i = 1, . . . , I , is encoded using a convolutional channel code
C of rate R. The encoder generates J = 1/R code bits ci,j ,
j = 1, . . . , J , per information bit. Denoting the encoder
states by si, we write (si, ci) = ω(si−1, ui) to characterize
the state transition and code bits ci = (ci,1 . . . ci,J) generated
when the encoder is in state si−1 and is fed with the informa-
tion bit ui. The code bits ci,j are passed through an interleaver
Π that provides the sequence c̃k,l with (k, l) = Π(i, j). Here,
k = 1, . . . ,K denotes the symbol time and l = 1, . . . , L with
L = log2|X |, where X denotes the complex signal constel-
lation. Each block c̃k = (c̃k,1, . . . , c̃k,L) is modulated to a
symbol xk = µ(c̃k) ∈ X using a mapping µ : {0, 1}L → X .
The symbols are transmitted over a fading channel with input-
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Fig. 1. Block diagram of a BICM–ID receiver.

output relation

yk = hk xk + wk, k = 1, . . . ,K.

Here, yk is the received symbol, hk is the fading coefficient
and wk is additive white Gaussian noise with variance N0.
Receiver. The optimum receiver minimizing the block error
probability is an ML receiver that jointly takes into account
the channel code and the symbol mapping. Due to its high
computational complexity such an ML receiver is practically
infeasible. Therefore, practical BICM receivers use a subop-
timal divide-and-conquer strategy that separates the demodu-
lation and the channel decoding. The performance loss of this
approach can be partly compensated by feeding back (soft) in-
formation from the decoder to the demodulator. This results
in a BICM with iterative decoding (BICM–ID) scheme that is
illustrated in Fig. 1. Here, the demodulator first computes ex-
trinsic LLRs L̃dem

k,l for the interleaved code bits from the chan-
nel observations yk. The LLR sequence is then deinterleaved
according to (i, j) = Π−1(k, l), resulting in the permuted
sequence Ldem

i,j = L̃dem
Π(i,j) which is passed on to the channel

decoder; the decoder in turn calculates extrinsic LLRs Ldec
i,j

for the J code bits associated with each information bit ui.
The LLRs are re-interleaved and used as a priori information
for the demodulator in the next iteration (in the first itera-
tion, the demodulator uses L̃dec

k,l ≡ 0). Through this iterative
exchange of soft information, the information bit LLRs ob-
tained after convergence represent an approximate solution to
the decoding problem. This approximate solution is typically
very close to the ML solution and hence achieves low bit error
rate (BER).

2.2. Factor Graph Representation

Basic Principle. Factor graphs represent another way to study
BICM–ID receivers [12, 13]. A factor graph captures the
structure of the joint probability distribution (in other words,
the statistical dependencies) of all variables involved. The
decoding problem can be viewed as the calculation of the in-
formation bit probabilities, i.e., a marginalization of the joint
distribution. This is usually accomplished by running the

Demodulator Decoder

In
te
rle
av
er

Fig. 2. Factor graph representation of BICM–ID.

sum-product algorithm (i.e., loopy belief propagation, mes-
sage passing) on the factor graph (cf. [12]). In our case, this
amounts to updating the LLRs for the code bits and the in-
formation bits. A fundamental degree of freedom here is the
scheduling of the message updates. Factor graphs have the
advantage of capturing the receiver operation in a more fine-
grained way than a turbo block diagram. This is useful since
it allows to understand the receiver in more detail and think
of modifications that might lead to algorithm improvements.

Fig. 2 shows a part of the factor graph for a BICM–ID re-
ceiver with rateR = 1/2 convolutional code (i.e., J = 2 code
bits per information bit) and a 16-QAM symbol constellation
(L = 4 bits per symbol). The left-hand side corresponds to
the (de)modulator and the right-hand side to the (de)coder.
These two parts are connected via the (de)interleaver. In the
modulator, factor nodes Sk, k = 1, . . . ,K (depicted as a
black squares) connect the variable nodes c̃k,1, . . . , c̃k,l, and
yk (depicted as white circles) and represent the constraints
imposed by the modulator and the channel. The demodulator
computes (outgoing) code bit LLRs L̃dem

k,l based on the (in-
coming) code bit LLRs L̃dec

k,l and the constraint node Sk. The
decoder block consists mainly of a Markov chain of states
si that reflects the trellis structure; here, trellis factor nodes
Ti, i = 1, . . . , I , describe how the previous state si−1 and
the current information bit ui are mapped to the code bits
ci = (c1i , . . . , ci,j) and the subsequent state si by the encoder
mapping ω, i.e.,

Ti(ui, si−1, si, ci) =

{
1, (si, ci) = ω(si−1, ui),

0, else.

The decoder processes the code bit LLRs Ldem
i,j from the de-

modulator and combines those with the probabilities of the
current state α(si) and of the subsequent state β(si) to obtain
improved LLRs Ldec

i,j .

LLR Updates. We next discuss in more detail the LLR up-
dates at the factor nodes. Using the max-log approximation,
the demodulator updates (assuming perfect channel state in-



formation) amount to computing the extrinsic LLRs

L̃dem
k,l = min

x:c̃k,l=1
ψk,l(x) + min

x:c̃k,l=0
ψk,l(x) (1)

with the demodulator metric

ψk,l(x) =
1

N0

∣∣yk − hkx∣∣+
1

2

∑
l′ 6=l

(2cl′(x)−1) L̃dec
k,l′ , (2)

where cl(x) denotes the lth bit in the bit label of x.
For the message updates at the decoder, the code bit LLRs

are mapped to probabilities according to

γ(ci,j) =
1

1 + exp
(
(1−2ci,j)L

dem
i,j

) .
Furthermore, the forward and backward probabilities of the
states si are determined as1

α(si) =
∑
∼si

Ti(ui, si−1, si, ci)α(si−1)

J∏
j=1

γ(ci,j), (3)

β(si−1) =
∑
∼si−1

Ti(ui, si−1, si, ci)β(si)

J∏
j=1

γ(ci,j). (4)

The code bit LLRs then equal Ldec
i,j = log

γ̄(ci,j=1)
γ̄(ci,j=0) with

γ̄(ci,j) =
∑
∼ci,j

Ti(ui, si−1, si, ci)α(si−1)β(si)
∏
j′ 6=j

γ(cj
′

i ),

After the receiver iterations are terminated, the information
bit LLRs are obtained as Li = log φ(ui=1)

φ(ui=0) where

φ(ui) =
∑
∼ui

Ti(ui, si−1, si, ci)α(si−1)β(si)

J∏
j=1

γ(cji ),

We emphasize that Li and φ(ui) have to be computed only
once at the end of the decoding process.
Schedule. The classical BICM–ID receiver described in Sec-
tion 2.1 can be viewed as message passing scheme on the fac-
tor graph according to the following message schedule. First,
all demodulator factor nodes Tk, k = 1, . . . ,K, compute
the LLRs (i.e., “messages”) L̃dem

k,l in (1), which are passed
to the decoder factor nodes Si via the interleaver (Ldem

i,j de-
notes the messages after de-interleaving). Then, the decoder
runs the BCJR algorithm [14] which performs the forward
and backward recursions (3), (4) sequentially for all states si
and then determines the decoder output LLRs Ldec

i,j which are
re-interleaved and passed to the demodulator nodes Tk. This
completes one decoding iteration.

While this is just one possible schedule, apparently no
other types of schedules for iterative decoding of BICM have

1The notation
∑

∼x indicates that the summation is with respect to all
variables except x.

been considered thus far. Alternative schedules have the po-
tential of faster convergence and better approximation of the
optimal ML solution; see [15] and [16] for examples that re-
spectively consider sequential scheduling in the context of
general belief propagation and LDPC decoding. The selec-
tive LLR update scheme we propose in the next section can
be interpreted as an adaptive message passing schedule; our
primary goal in this paper, however, is complexity reduction
and not performance improvement. The latter is a natural next
step for further research.

3. SELECTIVE LLR UPDATE

The computational complexity (measured in number of LLR
updates) of the demodulator and decoder in a BICM–ID re-
ceiver can be prohibitive. From (1) we see that the calcu-
lation of the messages L̃dem

k,l is quite costly for higher-order
constellations, and it becomes even higher in the case of a
MIMO systems. The complexity of the decoder essentially
depends on the code rate and on the number of states. Several
techniques for reducing the overall complexity of BICM–ID
have been proposed (see the introduction). Our proposed ap-
proach to reduce the BICM–ID complexity is based on the
observation that LLRs that are large in magnitude correspond
to almost certain knowledge about the corresponding bit and
hence need not be further updated; this idea has previously
been applied to the design of a low-complexity MIMO-IDMA
receiver [9], and in the context of LDPC decoding [10, 11].
We adapt this approach to a BICM–ID system in order to re-
duce the number of LLR/message updates both in the demod-
ulator and the decoder.

Our proposed scheme, termed “selective LLR update”,
consists of the following steps:

1) Initialization: The demodulator first calculates all code
bit LLRs L̃dem

k,l according to (1) and (2) using the ini-
tialization L̃dec

k,l ≡ 0. The de-interleaved LLR sequence
Ldem
i,j = L̃dem

Π−1(i,j) is passed to the decoder which runs
the BCJR algorithm once to obtain the LLRs Ldec

i,j .

2) Update Criterion: The code bit LLRs which are going to
be updated in the next iteration are characterized by the
index set (a justification for this is provided below)

U =

{
i

∣∣∣∣ J∑
j=1

∣∣Ldec
i,j

∣∣ ≤ Lth

}
×
{

1, . . . , J
}
. (5)

Here, Lth is an “LLR update threshold” (this threshold
can either be fixed or may change in the course of the
receiver iterations).

3) LLR Updates: The demodulator uses the interleaved de-
coder LLRs L̃dec

k,l = Ldec
Π−1(k,l) to perform the LLR up-

dates (1), (2) for the code bits c̃k,l with (k, l) ∈ Ũ =
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Fig. 3. BER versus complexity of selective LLR updates for (a) Eb/N0 = 6 dB, (b) Eb/N0 = 8 dB, (c) Eb/N0 = 10 dB.

ΠU . The rest of the demodulator LLRs are no longer
updated, i.e., their value remains unchanged. After per-
forming the forward/backward recursion for α(si) and
β(si), the decoder also updates only the code bit LLRs
Ldec
i,j for which (i, j) ∈ U and leaves the other LLRs

(i.e., those satisfying the inequality in (5)) unchanged.

4) Termination: If a given stopping criterion is satisfied, the
algorithm calculates the information bit LLRs Li and
terminates. Otherwise, the algorithm goes back to step
2 and determines a new update set U according to (5).

Our method reduces the receiver complexity by perform-
ing only 2|U| instead of 2IJ LLR updates per iteration. With
a fixed LLR threshold Lth, the update set U becomes smaller
after each pass of LLR updates (all LLRs not belonging to
U remain frozen forever); hence, in this case the complexity
(number of LLR updates) per iteration is monotonically de-
creasing (although not strictly) with the iteration count.

The update criterion (5) can be justified as follows. The fi-
nal information bit decisions and their reliabilities are respec-
tively given by the signs and magnitudes of the information
bit LLRs Li. Hence, the decision whether to update or not
specific LLRs should ideally be based on the LLR magnitude
|Li|. However, such a direct approach is impractical since the
information bit LLRs need to be calculated only once, at the
end of the receiver iterations; calculating the information bit
LLRs would actually increase the complexity. Hence, we es-
timate the reliability of the information bit LLRs in terms of
the code bit LLRs according to the sum

∑J
j=1 |Ldec

i,j |; if this
sum is large, our uncertainty about the respective informa-
tion bit tends to be low and hence updating the code bit LLRs
becomes less useful. This heuristic reliability measure was
observed to result in excellent performance (see Section 4).

Our selective LLR update scheme can alternatively be in-
terpreted as an alternative message passing schedule on the
associated factor graph in which unreliable code bit LLRs
are updated while reliable ones remain frozen (temporarily or
forever). The unusual aspect of this message schedule is its

adaptive nature, i.e., the order and frequency of the LLR up-
dates is not prescribed but depends on the specific realization
of channel and noise.

4. SIMULATION RESULTS

We next provide numerical simulations illustrating the com-
plexity savings and performance of the proposed selective
LLR update scheme. We used a (13,15) convolutional code
of rate R = 1/2 to encode I = 512 information bits into
I/R = 1024 code bits. The code bits were passed through
a random interleaver and modulated to 16-QAM symbols us-
ing set partition mapping [17]. A fast Rayleigh fading chan-
nel was simulated via i.i.d. complex Gaussian channel coeffi-
cients hk ∼ CN (0, 1). The signal-to-noise ratio is defined as
SNR = Eb

N0
, where Eb = E{|xk|2}/(LR) denotes the energy

per information bit and N0 is the noise variance.
To measure algorithm complexity, we use the quantity

Nrel which equals the total number of LLR updates after ini-
tialization, normalized by twice the block length. For conven-
tional BICM–ID,Nrel is always integer and equals the number
of turbo iterations minus one. In contrast, our algorithm can
realize fractional Nrel. Fig. 3 shows BER versus complexity
Nrel for SNRs of 6, 8, and 10 dB (markers indicate one pass
of LLR updates). The different curves correspond to conven-
tional BICM–ID (labeled ‘no sel’) and our selective LLR up-
date with Lth = 5 (‘+’), Lth = 10 (‘�’), and Lth = 15 (‘×’).
It is seen that for small LLR thresholds the BER initially de-
creases faster but also levels off at high values while for large
LLR thresholds a lower BER saturation level is payed for by
a slower convergence rate. An LLR threshold that gradually
increases from 5 to 15 (labeled ‘var’ in Fig. 3(b)) leads to fast
initial convergence and low BER saturation level. Compared
to conventional BICM–ID, our scheme can realize enormous
complexity savings. As an example consider the practically
relevant case of SNR = 10 dB, where conventional BICM–
ID requires Nrel = 2 iterations (4096 LLR updates) after ini-
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Fig. 4. Empirical cdfs of information bit LLRs.

tialization to achieve a BER of 4.4 ·10−5. Our proposed algo-
rithm achieves the same BER with only Nrel = 0.2 (400 LLR
updates), amounting to a complexity reduction by a factor of
about 10. At lower SNRs, complexity is reduced by factors of
about 5 (at 8 dB) and 2.5 (at 6 dB).

The reason why much fewer updates can lead to identi-
cal BER performance can be understood from the distribution
of the information bit LLRs which are used for the final bit
decisions. Fig. 4 shows the empirical cumulative probability
distribution function (ecdf) of the information bit LLRs Li
conditioned on ui = 1 at an SNR of 8 dB for BICM–ID with
Nrel = 1 (dashed line) and Nrel = 9 (dash-dotted) and for
our selective update scheme with Nrel = 1 (solid). It is seen
that our scheme tends to produce smaller LLR magnitudes
(e.g., the frequency of LLRs less than 20 equals 44% for our
scheme but only 26% and 10% for conventional BICM–ID
with Nrel = 1 and Nrel = 9, respectively). However, our
selective update simultaneously decreases the number of neg-
ative LLRs which correspond to bit errors, i.e., the frequency
of LLRs below 0 (which equals the BER) is about 3 ·10−4 for
our scheme with Nrel = 1 and for BICM–ID with Nrel = 9.
This confirms the usefulness of our reliability measure in (5).
Apparently, conventional BICM–ID spends a lot of computa-
tional effort to generate large LLRs that do not improve the
BER.

5. CONCLUSIONS

We proposed a pragmatic selective LLR update scheme for
BICM–ID systems with the goal of reducing computational
complexity. This scheme can be interpreted as an adaptive
schedule for loopy belief propagation on the BICM factor
graph. Simulation results revealed that a significant com-
plexity reduction can be achieved without performance loss.

While this paper is intended as a proof of concept, our future
research will be concerned with an analytical treatment of the
convergence properties of the scheme and the derivation of
design guidelines for the LLR threshold. Instead of updat-
ing a variable number of LLRs whose magnitude lies below
a given threshold, a practically interesting alternative may be
to update the smallest (in magnitude) U LLRs, with U a fixed
number determined by hardware constraints.
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