
This article appeared in a journal published by Elsevier. The attached
copy is furnished to the author for internal non-commercial research
and education use, including for instruction at the authors institution

and sharing with colleagues.

Other uses, including reproduction and distribution, or selling or
licensing copies, or posting to personal, institutional or third party

websites are prohibited.

In most cases authors are permitted to post their version of the
article (e.g. in Word or Tex form) to their personal website or
institutional repository. Authors requiring further information

regarding Elsevier’s archiving and manuscript policies are
encouraged to visit:

http://www.elsevier.com/copyright

http://www.elsevier.com/copyright


Author's personal copy

Numerical extension of the power law Jc(B) to zero field in thin
superconducting films

F. Hengstberger *, M. Eisterer, H.W. Weber
Atominstitut, Vienna University of Technology, Stadionallee 2, 1020 Wien, Austria

a r t i c l e i n f o

Article history:
Accepted 15 January 2010
Available online 25 January 2010

Keywords:
Numerical simulation
Field dependence
Critical current density
Thin films

a b s t r a c t

Numerical simulations of the current and field distribution in thin superconducting films are carried out
for a given material law Jc(B) and as a function of the applied field H, taking the sample’s self-field into
account. The dependence of the critical current density on the applied field Jc(H) is computed for compar-
ison with experiment, considering the geometry of transport measurements.

We show that extrapolating the high-field power law Jc / B�a to the lowest fields results in a finite crit-
ical current at zero applied field JcðH ¼ 0Þ, despite the singularity of Jc(B). Moreover, particular features of
the experiment, such as a low field plateau in Jc(H), are reproduced and found to be determined by the
self-field.

� 2010 Elsevier B.V. All rights reserved.

1. Introduction

When measuring the critical current density Jc in YBCO thin
films as a function of the applied field H two distinct regimes are
usually observed: starting from zero applied field, Jc(H) first re-
mains approximately constant and then crosses over to a power
law JcðHÞ / H�a dependence. This observation is frequently dis-
cussed in terms of a transition from one pinning regime to another.

However, in order to extract information on pinning from, e.g., a
transport measurement of Jc, it is essential to determine the critical
current density as a function of the magnetic induction Jc(B). Conse-
quently, also the contribution of the self-field Bsf, which stems
from the supercurrents in the sample, to B ¼ l0H þ Bsf has to be ta-
ken into account. This is particularly important at low applied
fields, i.e., when l0H is comparable to or even smaller than Bsf,
and it is a priori not clear if a measurement of Jc(H) reveals the
intrinsic Jc(B) of the material.

2. Calculation

Numerical calculations similar to [1] allow establishing a rela-
tion between an arbitrary material law Jc(B), which controls the
current density distribution inside the sample, and the measured
quantity Jc(H), i.e., the average current density at a certain applied
field. Here, the tape cross-section is divided into discrete elements
and initially a current density JcðB ¼ l0HÞ is assigned to each of
them. After calculating the self-field distribution inside the sample

the elements are updated according to JcðB ¼ l0H þ BsfÞ. The pro-
cedure is iterated until a current density and field distribution is
found, where all the elements satisfy Jc(B), and the average current
density Jc(H) is computed. Varying H results in a Jc(H) curve, which
depends on the dimensions of the sample and on the material law,
and enables a comparison between Jc(H) and Jc(B) for a sample with
a specific cross-section (5 mm � 1 lm in all the simulations).

3. Results

Fig. 1 shows curves generated by JcðBÞ ¼ J1B�a to analyse the
significance of the power law Jc(H) found in transport measure-
ments on YBCO thin films (the parameters are J1 ¼ 109 A m�2 and
a ¼ 0:5). At applied fields above 0.01 T, Jc(H) coincides with Jc(B),
which demonstrates that in this field range a transport measure-
ment reveals significant information on pinning. If, however, the
applied field decreases to below 0.01 T, Jc(H) deviates from Jc(B)
and remains approximately constant despite the strong Jc(B)
dependence. It follows that a transport measurement of Jc(H) does
not disclose the intrinsic Jc(B) of the material in this field range.

Note, that the extrapolation of the high-field power law Jc(B) to
the lowest fields reproduces the field independent Jc(H) observed
in experiment without any additional assumptions. Further,
JcðH ¼ 0Þ is finite regardless of the (unphysical) divergence of
Jc(B) at zero induction.1 This is a consequence of the self-field: the
transport current always maintains a certain magnetic induction
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1 For stability reasons Jc(B) is cut off during the iteration, but the final configuration
satisfies Jc(B) in the entire sample. For symmetry reasons it is necessary that either the
number of rows or columns of the discretisation is even.
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inside the sample. As long as l0H is negligible compared to Bsf, the
effect on the mean transport current density is insignificant and
JcðHÞ is approximately equal to JcðH ¼ 0Þ. The behaviour changes
when l0H becomes comparable to Bsf. If the applied field is further
increased it gradually takes over until it governs the current distri-
bution at high fields and, as a consequence, Jc(H) coincides with Jc(B).

The field, where the transition from self-field to external field
controlled current transport occurs, can be quantified using the
magnetic field scale introduced in [2] to describe magnetisation
and transport currents in thin films

Bsf � l0cJc=p: ð1Þ

Inserting the thickness c = 1 lm and the critical current density
at zero applied field JcðH ¼ 0Þ into (1) results in Bsf � 4 mT, which
falls well in between the constant Jc(H) at low fields and the high-
field power law dependence (see Fig. 1).

It is clear from the above equation that the transition between
the two Jc(H) regimes is shifted to higher fields, when the sample
supports higher current densities, an effect frequently observed
in temperature dependent Jc(H) measurements. Such an experi-
ment is simulated in Fig. 2, which shows a set of Jc(H) curves com-
puted using increasingly larger values of J1 to simulate the effect of
lower temperatures. The transition into the self-field regime,

where Jc(H) becomes constant and differs from Jc(B), is successfully
described by (1). The fact that the sample thickness is the only free
parameter in this equation provides an easy way to exclude self-
field effects before discussing pinning.

4. Conclusion

The relation between the measured Jc(H) dependence assessed
in a transport experiment and the intrinsic Jc(B) of the material
was analysed by numerical calculations. The computations show
that Jc(H) and Jc(B) significantly differ, if the applied field is compa-
rable to or smaller than the field generated by the transport cur-
rent in the sample. If the applied field is in this range, Jc(H)
remains approximately constant and does not reveal information
on Jc(B) at the same field. An expression, which depends only on
the thickness of the sample, allows to ensure that the observed
Jc(H) reflects a material property and is not a self-field effect.
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Fig. 1. At high fields (>0.01 T) Jc(H) coincides with the material law Jc(B) because
the self-field of the transport current is negligible. If the applied field decreases to
the magnitude of the sample’s self-field, Jc(H) is approximately constant and differs
from Jc(B).
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Fig. 2. Simulated Jc(H) curves generated by a power law Jc(B) with increasingly
higher current densities. The transition into the self-field regime is correctly
described by a simple equation.
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