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Abstract – Initial design, realization and applica-
tion of a novel electromagnetic actuator to create a time-
harmonic variation of a mechanical stiffness will be dis-
cussed. It is known from theoretical studies, that such
a time-periodic parameter variation at a non-resonant
parametric resonance frequency can improve the damp-
ing behaviour of a mechanical system. Thus, a device
consisting of a current driven coil positioned between
two permanent magnets has been designed and tested.
Finite element analyses have been carried out to obtain
the mechanical stiffness provided as a function of the coil
current excitation. With this novel electromagnetic ac-
tuator it is possible to demonstrate the improved damp-
ing behaviour of a mechanical two-mass system, when
the actuator is operating at or near a certain parametric
combination resonance frequency.

Keywords – Electromagnetic actuator, electromag-
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1. INTRODUCTION

In most cases, physical systems in the fields of electri-
cal and mechanical engineering can either be described
by linear differential equations with constant (i.e. time-
invariant) parameters (LTI-systems) or by linear dif-
ferential equations with time-varying coefficients (LTV-
systems).

Basically, the generic equation of motion of a certain
class of mechanical systems with lumped parameters and
parametric stiffness excitation can be written as

M ẍ(t) + C ẋ(t) + K x(t) + KPSE (t) x(t) = 0 . (1)

Therein, M, C, K denote mass, damping and stiffness
matrix of the mechanical system [1]. In the work pre-
sented here, only single-frequency excitation is consid-
ered. Thus, the parametric stiffness excitation repre-
sented by KPSE (t) shows a time-harmonic variation as

KPSE,ij(t) ∼ cos
(
ωPSE t+ ϕij

)
. (2)

LTV-systems as in (1) with more than two state vari-
ables lead to larger sets of system equations and conse-
quently to a rather complex behaviour with respect to
parametric resonances [2]. Due to the increased num-
ber of eigenvalues of such systems, various frequencies
of parametric resonances are observed. A system with
parametric excitation may exhibit principle parametric
resonances at frequencies

ωprj,k =
2Ωj
k

, j = 1, . . . , n , (3)

and combination parametric resonances at frequencies

ωcri±j,k =

∣∣Ωi ± Ωj
∣∣

k
, i 6= j , i, j = 1, . . . , n . (4)

Therein, Ωi and Ωj denote the i-th (j-th) natural fre-
quencies of the system of order n, obtained from the
undamped eigenvalue problem

M ẍ(t) + K x(t) = 0 . (5)

The denominator k ∈ N represents the order of the para-
metric resonance. Most of the time, only first order res-
onances k = 1 of the two lowest frequencies Ω1 and Ω2

are significant.

Parametric resonances may be resonant or non-
resonant. In the resonant case, a mechanical system
would experience large vibration amplitudes which may
be strong enough to cause serious damage on a machine.
Thus, parametric resonances are commonly considered
as unwanted or even dangerous under certain circum-
stances.

Non-resonant parametric resonances may occur at cer-
tain frequencies ωcri±j,k and simply do not cause any vi-
bration amplitude amplification. Based on early works
of A. Tondl, it is known that non-resonant parametric
resonances are not only just non-resonant but an even
faster decay of vibration amplitudes may occur at these
frequencies [3]. Thus, it is possible to take advantage of
this phenomenon and to stabilize an unstable system by
introducing a parametric excitation at a non-resonant
parametric resonance frequency [4], [5].



Nowadays, analytical and numerical methods have
been applied extensively and results show that para-
metric excitation can significantly enhance the damp-
ing properties of a system [1], [6]. To prove the above
mentioned effect and the theoretical results in an experi-
ment it is necessary to vary a certain physical parameter
of the investigated system periodically. Among the pa-
rameters available with a mechanical systems it is very
effective to choose a stiffness element in the system for
this purpose.

2. DESIGN OF THE ELECTROMAGNETIC
ACTUATOR

There are various possibilities to create a mechani-
cal element with time-dependent stiffness. It has been
shown that a pure mechanical realization of an applica-
ble parametric stiffness excitation is possible, but such
a device has to be designed quite carefully to avoid un-
wanted friction effects and other disturbances [1], [7].
Therefore, a different approach based on the repellent
forces that can be created by two magnetic fields is con-
cerned.

If the same poles of two magnetic fields approach each
other, repellent forces are generated, which increase with
decreasing distance. This reaction is similar to that of
a mechanical spring which is compressed. If one (or
both) of the magnetic fields is modulated, then a time-
periodic stiffness can be created. This is the basic idea
of the electromagnetic actuator which was designed for
the purpose of creating a time-varying stiffness element
in a mechanical arrangement.

Fig. 1 depicts a schematic of the actual design of this
actuator. Inside the cylindrical ferromagnetic housing
(4) at both ends two ring-shaped NdFeB permanent
magnets (2) with axial magnetization in the same di-
rection are installed. In the open space inside the hous-
ing and between the two permanent magnets, a current
driven coil (1) mounted on a high-strength carbon-fibre
rod (3) can travel freely in both axial directions. The
non-magnetic rod extends through the holes of both
magnets and is supported (5) outside of the housing.

Fig. 1: Schematic arrangement of the electromagnetic actuator
with a moving current driven coil (1) between two perma-
nent magnets (2), a carbon fibre rod (3), a ferromagnetic
housing (4) and the linear support (5)

The desired time-varying stiffness is obtained from a
current excitation with a time-constant DC part and
a time-harmonic AC part according to the parametric
resonance frequency.

2.1. Finite Element Analysis

Due to the cylindrical arrangement, a 2D model with a
rotational symmetry is sufficient to give accurate results.
As proposed in [8]–[10], the constitutive relation can be
written as

~H = ν( ~B) ~B , (6)

and the magnetic vector potential ~A is introduced as

~B = curl ~A . (7)

The NdFeB permanent magnets are designed for very
high energy densities and show a remanent magnetic
flux density of Br = 1.35 T as well as a coercive mag-
netic field strength of Hc = 955 kA/m. The coil current
excitation is represented with an impressed current den-
sity in circumferential direction according to the total
magnetomotive force of the coil.

Fig. 2 depicts the distribution of the magnetic flux
density and the magnetic flux tubes of the two perma-
nent magnets without a coil current excitation. Based
on the strong magnetization of both magnets, the ferro-
magnetic housing will guide most of the magnetic flux
generated from the permanent magnets. This will cause
only a slight change of the magnetic field linkage of the
coil in case of a current excitation.

2.2. Force Calculation

The Maxwell stress tensor

p
∼

=
1

2µ0

(
~B · ~B

)
δ
∼
− 1

µ0

(
~B ⊗ ~B

)
. (8)

will be used to obtain both the acting local volume and
surface force densities [10], [11]. Taking into account for

curl ~H = ~J and the continuity of the magnetic field vec-
tors, the volume force density acting within the current
carrying regions and the surface force density acting at
the non-magnetic coil surroundings can be calculated
from

~fv = −∇ · p
∼

= ~J × ~B , (9)

~fs = −~n · p
∼

=
1

2µ0

(
2
(
~n · ~B

)
~B −

(
~B · ~B

)
~n
)
, (10)

where ~n denotes the normal vector oriented from the coil
regions to the surrounding air regions.
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Fig. 2: Magnetic flux density (upper part) and magnetic flux tubes (lower part)
of the two permanent magnets without coil current excitation

2.3. Analysis Results

Due to the above mentioned fact about the dominant
magnetic field of the permanent magnets, the force act-
ing on the coil strongly depends on the current excita-
tion with a linear characteristic. This is clearly depicted
in Fig. 3 and Fig. 4. In addition to the finite element
results, the results from measurements of the mechani-
cal stiffness are shown. Obviously, there is a very good
agreement of both stiffness results.
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Fig. 3: Axial electromagnetic force as a function of deflection
and coil current, finite element results

The nearly perfect linearity with regard to the coil
current yields the analytical approximation of the me-
chanical stiffness achieved by the electromagnetic actu-
ator as a function of the deflection as

k(i, x) = ci i(t)
(

1 + cx x
2(t)
)
, (11)

where the constants are evaluated as cx = 872 m−2 and
ci = 220/3 N/(Am).
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Fig. 4: Axial stiffness as a function of deflection and
coil current, finite element results (solid lines)
and measurement results (circles)
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Fig. 5: Schematic of the experimental setup of the two-mass system with an electromagnetic actuator
providing an additional time-varying stiffness kPSE(t) = k0 + k̂PSE cos

(
ωPSE t+ ϕ0

)

3. EXPERIMENTAL SETUP AND
MEASUREMENT RESULTS

The electromagnetic actuator is part of a vibrational
system with two masses m1 and m2, as shown in the
sketch of Fig. 5. Mass m1 is floating on an air-track
to achieve minimal friction forces. Each mass is con-
nected to the inertia reference frame by conventional
coil springs k01 and k02. A third coil spring k12 con-
nects both masses. The damper element c02 represents
an adjustable eddy current damper, whereas parame-
ter c01 symbolizes the rather small damping originating
from the air-track. Finally, the moving coil is driven by
the time-dependent current

i(t) = i0 + i∼ cosωPSEt . (12)

Table I lists the actual parameters of this test stand.

TABLE I
Parameter Values of the Test Stand

Mass m1 1.526 kg

Mass m2 0.490 kg

Stiffness k01 13.3 N/m

Stiffness k02 20.0 N/m

Stiffness k12 16.5 N/m

Damping c01 0.017 Ns/m

Damping c02 0.385 Ns/m

DC current i0 0.3 A

AC current i∼ 0.1 A

Frequency ωPSE 5.28 rad/s

The electromagnetic actuator provides a constant
stiffness k0 which is related to the constant current i0
by the relationship as shown with Fig. 4. The time-
varying component of i(t) creates a stiffness variation
with the frequency of ωPSE and a stiffness amplitude re-
lated to i∼. Since the actuator stiffness also depends
on the coil position x(t), the actual function of actua-
tor stiffness versus time is not a single-frequency har-
monic function as desired. Depending on the harmonic
components of the coil deflection, various additional fre-
quencies are generated. This is important to keep in
mind, since the theoretical studies so far always assumed
a single-frequency parametric excitation, which cannot
be achieved with the actuator when operated the way as
discussed here.

Numerous experiments have been carried out with the
test stand, see [7], where a few typical results are shown
here. In all experiments, both masses are deflected in the
same direction and then released to oscillate freely until
vibrations have vanished. In the case where the para-
metric stiffness excitation should be active, it is turned
on when both masses are released.

Fig. 6 and Fig. 7 show time series of the deflections of
mass 1 and mass 2 when parametric stiffness excitation
was not active. Basically, both diagrams show free first-
mode oscillations of the masses where the oscillations
vanish after about 32 seconds. The final part of the sig-
nal obtained from mass 2 shows that disturbing friction
effects created by the axial guidance of the actuator be-
come significant at very small vibration amplitudes and
determine more or less, when the vibration stops.

Fig. 8 and Fig. 9 show another time-series, obtained
for identical test conditions as before, except that now
the actuator is operated at the anti-resonance frequency
(4) ωPSE = Ω2 − Ω1. By comparison with the previous
results, a significant reduction of about 10 seconds for
the decay time of the oscillations is achieved. This re-
sult demonstrates that the theoretically predicted effect
of enhanced damping at a parametric anti-resonance can
be proved experimentally. It is interesting to note that
the oscillation amplitudes at mass 1 decay monotoni-
cally, whereas amplitudes at mass 2 become even larger
for a short period of time and then decay very fast. Ob-
viously, the parametric excitation transfers vibrational
energy to mass 2 where it can be dissipated faster due
to the eddy current damper attached to that mass.

4. CONCLUSION

A novel electromagnetic actuator to create a time-
harmonic variation of a mechanical stiffness is presented.
The obvious advantage of the electromagnetic actua-
tor in comparison with pure mechanical realization is
the fact that no moving mechanical parts are needed to
generate the desired damping effect. The time-varying
stiffness can easily be obtained from an according time-
harmonic coil current excitation by an open-loop con-
trol. On the other hand, a major disadvantage is the
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Fig. 6: Transient oscillation of mass 1 after an initial deflection
with inactive parametric stiffness excitation
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Fig. 7: Transient oscillation of mass 2 after an initial deflection
with inactive parametric stiffness excitation

non-linearity of the achieved stiffness in relation to the
deflection of the actuator coil.

As shown, the results of the finite element analysis, in
particular in terms of the mechanical stiffness provided
with the actuator, show a very good agreement with
the results obtained from measurements. This way, the
desired behaviour of the parametric stiffness excitation
can be calculated in advance in a very accurate way.
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Fig. 8: Transient oscillation of mass 1 after an initial deflection
with a parametric stiffness excitation at the anti-resonance
frequency Ω2 − Ω1
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Fig. 9: Transient oscillation of mass 2 after an initial deflection
with a parametric stiffness excitation at the anti-resonance
frequency Ω2 − Ω1
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