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Abstract — Distributed averaging is a fundamental tool for
inference in wireless sensor networks; it builds on the ex-
change of messages between nodes to achieve consensus.
Practical implementations of distributed averaging require a
communication protocol that manages the message exchange.
We propose a simple asynchronous ALOHA-like protocol
that requires no node coordination and applies to any av-
eraging scheme that tolerates link failures. We analytically
characterize the collisions occurring with this protocol and
we provide numerical performance results for asynchronous
distributed averaging under the proposed protocol.

1. INTRODUCTION

1.1. Background

There are mainly three classes of algorithms for distributed
averaging: randomized gossip [1], average consensus (AC)
[2], and consensus propagation (CP) [3]. A recent compari-
son between AC and gossiping can be found in [4]. In wire-
less sensor networks (WSN), it is desirable to exploit the
broadcast nature of the medium. While AC implicitly al-
lows for broadcast transmissions, broadcast versions of gos-
sip and CP have been presented in [5] and [6], respectively.
While most existing work deals with static scenarios (one
measurement per node), we are interested in the dynamic
case with repeated measurements of a time-dependent quan-
tity. A modification of CP for this case has been studied
in [5]. A discrete-time dynamic AC algorithm has been pro-
posed in [7].

The issue of medium access has received rather little at-
tention in the literature on distributed averaging. A collision-
free transmission protocol for WSN was introduces in [8].
Other works [9, 10] study the impact of link failures on AC,
but these link failures are not tied to the network topology
(similar results for CP apparently do not exist). A different
approach is to study the SINR in random geometric graphs
[11] and ensure error-free messages with appropriate chan-
nel coding.
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1.2. Contributions

In this paper, we investigate an asynchronous communica-
tion protocol for static and dynamic distributed averaging.
Our specific contributions are:

• We propose an ALOHA-like communication protocol
that is very simple to implement and thus highly at-
tractive for WSN.

• We derive closed-form expressions and bounds quan-
tifying the occurrence of message collisions with the
proposed protocol.

• We compare the averaging performance of dynamic
CP and dynamic AC.

• We provide a numerical performance assessment of
the performance of asynchronous CP under the pro-
posed communication protocol and compare it with
collision-free synchronous CP.

In Section 2, we describe and analyze our proposed pro-
tocol in detail. Numerical results are provided in Section 3
and Section 4 concludes the paper.

2. ALOHA-LIKE PROTOCOL FOR DISTRIBUTED
AVERAGING

2.1. WSN Topology

We model the WSN via a random geometric graph [12] in
which the nodes correspond to the sensors and the edges cor-
respond to communication links. We assume thatI nodes
are randomly placed within a regionA according to a uni-
form distribution. The positions of the nodes are denoted
xi, i = 1, . . . , I. Two nodesi andj can communicate with
each other if they are located within a prescribed distance
r, i.e., if ‖xi − xj‖2 < r. The (graph) neighbors of node
i are thus given byN (i) = {j 6= i : ‖xi − xj‖2 < r}.
the degree of sensor nodei equals the number of its neigh-
bors, i.e.,d(i) = |N (i)|. If the area|A| and the number of
nodesI tend to infinity such that the average node density
η = I−1

|A| is fixed, the asymptotic degree distribution for this
random geometric graph is given by a Poisson distribution
with parameterr2πη.
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Fig. 1. Illustration of proposed ALOHA-like protocol: medium access in the vicinity of node 1 with neighbor set N (1) = {2, 3, 4}.

2.2. Transmission Protocol

A schematic illustration of our transmission protocol is shown
in Fig. 1. The transmission duration for all messages ex-
changed between nodes equalsTm. Each sensor has a local
clock which defines transmission windows of durationT0

(the transmission windows are not synchronized across sen-
sors). The sensors do not use any kind of carrier sensing.
Rather, a sensor broadcasts one message to its neighbors at
a randomly chosen time instant∆i ∼ U (0, T0−Tm) within
the transmission window. Hence, the transmission duty cy-
cle (per node) equalsτ = Tm/(T0−Tm). The number of
message collisions grows with increasing duty cycleτ (see,
below); hence, typicallyτ ≪ 1. The proposed communica-
tion protocol is asynchronous and requires no coordination
and thus is extremely simple to implement. In fact, it is simi-
lar to ALOHA [13], with the main difference that there is no
collision resolution, i.e., sensors do not retransmit messages
which have been lost due to a collision. We assume that re-
ceiving sensor nodes are able to detect collisions (e.g. using a
CRC) and discard the corresponding messages. Avoiding re-
transmissions and discarding messages is possible since dis-
tributed averaging algorithms iteratively exchange messages
and hence a limited loss of messages does not necessarily
deteriorate the averaging performance.

2.3. Collision Analysis

We next analyze the occurrence of collisions for our pro-
tocol assuming a random geometric graph topology. To this
end, we neglect the differences in message propagation time.
We consider two types of collisions which correspond to two
practical implementation constraints (see Fig. 2):

• We assume that the sensor nodes only have half-duplex
capabilities and hence cannot transmit and receive si-
multaneously. If the messages sent by two neighbor-
ing nodes overlap in time, both nodes will not be able
to decode the neighbor’s message and we call this a
type 1 collision.
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Fig. 2. Possible collision types involving node i: type 1 collision
(left) and type 2 collision (right).

• The sensor nodes are considered to have only single-
user detectors and hence are not able to decode mul-
tiple messages from different neighbors. Thus, if two
neighbors of a given node broadcast messages that over-
lap in time, those messages will be lost and we have a
type 2 collision.

Type 1 Collisions. A collision between two neighboring
nodesi and j ∈ N (i) occurs if sensorj transmits within
the interval[∆i − Tm,∆i + Tm]. Consider a given transmit-
ting node withd neighbors. For each message of a neighbor,
the probability for a type 1 collisions equalsp1 = 2Tm/(T0+
Tm). Because the neighbors are unsynchronized it can hap-
pen that in the observed interval one neighbor transmits two
messages and another one none; on average, however, we
haved messages. Since all transmissions are independent,
the number of type 1 collisions at the given node has a bi-
nomial distributionB(d, p1) (for simplicity of exposition,
we here neglect rarely occurring collisions at the boundary
whose frequency tends to zero forTm → ∞).

The probability for at least one type 1 collision for a node
with degreed thus reads

P1(d) = P{C1 > 0|D = d} = 1− P{C1 = 0|D = d}

= 1− (1− p1)
d
= 1−

(

T0 − Tm

T0 + Tm

)d

,

whereC1 denotes the number of type 1 collisions andD
is a random variable characterizing the degree of a randomly



picked node. It is seen thatP{C1 > 0|D = d} grows rapidly
for increasing number of neighborsd and increasing relative
message durationTm/T0. Furthermore, the expected number
of type 1 collisions at a node of degreed equals

E{C1|D = d} = p1d =
2Tmd

T0 + Tm
.

Type 2 Collisions.We next consider type 2, which occur if
two nodes sharing a common neighbor transmit messages in
overlapping time intervals (cf. Fig. 2). Here, the collision
analysis is slightly more involved. Picking at random a node
i with degreed > 1, we are interested if messages of the sen-
sorsk, l ∈ N (i) collide (i.e., nodek starts its transmission
within [∆l−Tm,∆l+Tm]). This is equivalent to calculating
the type 1 collisions in a fully connected graph whose nodes
are given byN (i) (we assume the same simplifications as
for type 1 collisions). For the first node inN (i), the number
of collisions thus has binomial distributionB(d−1, p1); for
the second node inN (i), collisions with the first node have
already been accounted for and hence are excluded, leading
to a binomial distributionB(d− 2, p1). Repeating this ar-
gument for all nodes inN (i) leads to a sum of binomially
distributed variables with equal success probabilityp1 and
cardinalitiesd−1, d−2, . . . ,1, thence a binomial distribution
B(d2, p1) with d2 =

∑d−1
l=1

l = d(d−1)/2. It follows that
the probability of at least one type 2 collision at a randomly
picked node of degreed equals

P2(d) = P{C2 > 0|D = d} = 1− P{C2 = 0|D = d}

= 1− (1− p1)
d2 ,

and the expected number of type 2 collisions equals

E{C2|D = d} = p1d2 =
Tmd(d−1)

T0 + Tm
.

Total Collisions. Since the type 1 collision event and the
type 2 collision event are not mutually exclusive the total
numberC of collisions is upper bounded asC ≤ C1 + C2.
The probability of at least one collision (C > 0) at a ran-
domly picked node with degreed is upper bounded as

P{C > 0|D = d} ≤ P1(d) + P2(d) .

This further implies the following bound for the uncondi-
tional collision probability:

P{C > 0} =
∑

d

P{C > 0|D = d} P{D = d}

≤
∑

d

(P1(d) + P2(d)) P{D = d} ,

whereP{D = d} denotes the graph’s degree distribution
(Poisson in the case of random geometric graphs).

The expected number of collisions can be bounded as

E{C} ≤
∑

d

(E{C1|D = d}+ E{C2|D = d}) P{D = d}

= E

{

p1D + p1
D(D − 1)

2

}

=
p1
2

E{D(D + 1)}.

For random geometric graphs, we thus obtain

E{C} ≤
Tm

T0 + Tm

(

(r2πη + 1)2 − 1
)

,

whereη denotes the average node density andr is the com-
munication range (see Subsection 2.1).

2.4. Averaging Algorithms

Consensus Propagation.CP is a distributed averaging algo-
rithm which solves a convex optimization problem via belief
propagation and achieves convergence to the global average
at each node [3]. The algorithm consists of two types of
messages, theµ-messages and theK-messages (which are
independent of theµ-messages and are attenuated through a
positive constantβ; see the simulation section). In dynamic
scenarios, it was shown that CP requires smallβ in order
to be able to track temporal signal evolutions (cf. [5]); as
a consequence, theK-messages in this case typically con-
verge after a few iterations and therefore eventually only the
µ-messages need to be transmitted. In contrast to AC, the
CP message updates are non-linear and hence difficult to an-
alyze. We note that CP also allows for a weight matrix for
messages which can be used to tune the performance. How-
ever, to date there is no existing work regarding the weight
optimization and therefore we assume identical weights. The
interpretation of CP as distributed belief propagation sug-
gests that the scheduling of the message updates can play
an important role, specifically in view of the fact that most
WSN are characterized by a communication graph with nu-
merous, possible very short, cycles. In the next section, we
thus study the performance of the dynamic broadcast version
of CP developed in [5] under (i) the proposed ALOHA-like
protocol (this version of CP will be referred to as CPA), (ii)
the usually considered unrealistic synchronous protocol,and
(iii) a completely asynchronous (random) protocol.

Average Consensus.AC is easier to analyze than CP due to
the linearity of the message updates. Therefore many papers
deal with AC, specifically with weight optimization to en-
hance the convergence speed. Setting some weights to zero
implies no transmission over the corresponding link; this is
useful for enforcing asynchronous operation. For the com-
parison with dynamic CP, we use the first-order dynamic AC
algorithm proposed in [7]. This algorithm, which has re-
ceived rather little attention in the signal processing commu-
nity, includes temporal changes of the desired and measured
signals into the update equations. For simplicity and fair-
ness, we assume constant averaging weights as in [2].

3. NUMERICAL RESULTS

3.1. Simulation Setup

We consider WSN whose topology is modeled by random
geometric graphs over the regionA = [0, 1]× [0, 1]. Unless
stated otherwise, the number of sensor nodes is given byI=
100, the communication range equalsr=0.2 and we have a
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Fig. 3. Analytical and empirical results for collisions with our
proposed protocol for different duty cycles τ .
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Fig. 4. Convergence behavior of CP for different protocols (β=90
and τ=5 · 10−3).
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Fig. 5. Mean (solid line) and standard deviation (thin solid line) of the spatial average obtained with AC (top) and CP with β = 5 (bottom)
for an SNR of 2 dB (left panels) and 20 dB (right panels; note the different axis range). The true spatial average is shown as dashed line.

transmission duty cycle ofτ=5 ·10−3. We use the broadcast
version of CP throughout. Furthermore, we assume perfect
detection of a collision.

3.2. Collision Probability

We first verify our analytical results for the (type 1 and type
2) collisions occurring with our ALOHA-like protocol by
empirically determining the collisions for duty cyclesτ rang-
ing from10−4 to 10−1. The empirical results were obtained
by counting collisions at each node, which were then aver-
aged over the nodes and over100 scenarios. Fig. 3 shows the
analytical and empirical results for the collision probability
and the average number of collisions versusτ for r = 0.24
and r = 0.16. For the analytical curves we used refined
versions of the results in Section 2.3.

It is seen that the analytical results match the empiri-
cal results well, except that they are slightly too pessimistic.
This is due to the fact that the actual average node degree
is smaller than the theoretical one since close to the bound-
ary of A there are fewer neighbors. For better connected

WSN (largerr), collisions become more frequent which is
intuitively expected.

3.3. Averaging Algorithms

In the following simulations, we apply dynamic CP and dy-
namic AC to noisy sensor measurements of a smooth spatio-
temporal field (see [14] for details).

We first illustrate the convergence behavior of synchro-
nous CP, asynchronous CP, and CPA in Fig. 4; here, the CP
parameter is chosen asβ=90. It is seen that there are only
minor differences in performance between the three CP pro-
tocols. We note, however, that synchronous. In contrast,
CPA is very simple to implement and yields virtually the
same performance in spite of the fact that there is a signifi-
cant number of collisions.

In Fig. 5 we illustrate the tracking behavior of dynamic
CP and dynamic AC for SNRs of2dB and20dB. The tem-
poral dynamics of the field are characterized by a bandwidth
Θ which here equals1.2 · 10−3. Here, the step-size for AC
was approximately equal to the reciprocal of the largest node
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degree. While dynamic CP results in better noise suppres-
sion (smaller fluctuations of the estimates), it lags behind
the true spatial average due to its inherent memory (this lag
can be compensated using per-sensor predictors, see [5]). In
contrast, dynamic AC suffers no temporal delay but is much
more susceptible to noise (larger fluctuations).

In our last simulation we compare the mean square er-
ror (MSE) achieved with synchronous CP, asynchronous CP,
and CPA in a dynamic scenario (the MSE is averaged over
all sensors, all time instants, and 100 network realizations).
Fig. 6 shows the MSE of the estimated spatial average versus
the temporal bandwidthΘ of the field under consideration.
It is seen that asynchronous CP outperforms synchronous
CP (both impractical), while the proposed CPA schemes per-
forms in between those two cases. Our interpretation of why
asynchronous CP and CPA perform better than synchronous
CP is that with synchronous CP a larger number of message
updates happens in parallel and hence any given message
needs a larger number of updates to propagate through the
network.

4. CONCLUSIONS

We proposed a simple ALOHA-like protocol which can be
used for distributed averaging, especially for consensus prop-
agation. With this protocol, messages that cannot be decoded
are dropped rather than retransmitted. A quantitative analyt-
ical assessment of the occurrence of collisions revealed that
the message duty cycle and average number of neighbors per
node are the parameters determining performance. Our sim-
ulation results showed that in spite of its simplicity and the
fact that a significant number of messages are dropped, con-
sensus propagation under the ALOHA-like protocol features
excellent tracking and averaging performance.
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