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ABSTRACT

Wireless networks are fundamentally limited by the intensity of the
received signals and the mutual interference caused by many con-
current transmissions. We consider large wireless ad hoc networks
whose underlying node distribution is a Poisson cluster process. Un-
der the assumption that multiple antennas are available at each node,
we evaluate the performance of interference alignment (IA) inside
each cluster. We extend our previous analysis of the outage proba-
bility achieved by this technique by generalizing it to IA with receive
diversity. Furthermore, we provide a simplified expression applica-
ble at high Signal-to-Interference Ratio, along the lines of the anal-
ysis recently proposed by Ganti, Andrews and Haenggi.

Index Terms— Interference Alignment, Stochastic Geometry

1. INTRODUCTION

Interference determines the fundamental performance limits of wire-
less ad hoc networks. In that setting, the exact characterization of the
interference including fading effects and general node distributions
is a challenging problem. Analytically tractable results on the inter-
ference distribution, outage probability and transmission capacity of
large random wireless networks whose underlying node distribution
is a Poisson clustered process were established in [1]. In this work,
techniques from stochastic geometry were used to characterize the
distribution of interference at a reference receiving node not belong-
ing to the spatial point process as a function of the density of the
transmitters, the path-loss function and the fading distribution.

Interference alignment (IA) over the K-user interference chan-
nel was introduced in [2], where it was shown to achieve almost
surely a sum-rate multiplexing gain of K

2
per time and frequency

dimension. This coding technique, requiring perfect channel knowl-
edge, is based on linear precoding at the transmitters and interference
suppression filtering at the receivers. By aligning all interfering sig-
nals in the same subspace from the point of view of all receivers
simultaneously, IA enables interference-free communication over a
channel of reduced dimension.

Despite the fact that IA over the constant MIMO interference
channel is only possible among a limited number of users [3], we
proposed in [4] to use IA in infinite networks, by aligning interfer-
ence only inside finite-sized clusters of nodes, and suffering from
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uncoordinated interference from the rest of the network. Other at-
tempts at applying IA to large networks can be found e.g. in [5] and
references therein. These results are not directly comparable to our
work: [5] assumes a finite area, while we consider an infinite space,
multiple-antenna terminals and different fading assumptions.

The goal of this contribution is to evaluate the performance of
MIMO interference alignment in large clustered wireless networks,
while accounting for fading. The contributions are as follows:

• We extend the previous outage probability results from [4]
to the case of IA with receive diversity [3], i.e. where the
dimension of the intra-cluster interference-free signal space
available at the receiver can be strictly greater than the rank
of the signal of interest.

• We link this analysis to the high Signal-to-Interference Ra-
tio (SIR) framework of [6], whereby the probability of non-
outage when using ALOHA can be written as P(success) ∼
1 − γη as the density of interferers η goes to zero, and iden-
tify the spatial contention parameter γ applicable to the per-
cluster IA model.

• We compare the performance of alignment-based precoding
with dominant eigenmode (EM) transmission, analyzed in [7]
for a homogeneous node distribution.

2. SYSTEM MODEL

Let us introduce the model for the clustered wireless ad hoc network.
The clustering of nodes may be due to geographical factors, hot spots
with a high user density or induced by the channel access scheme.
The location of the transmitting nodes is modeled as a Neyman-Scott
cluster process which is a stationary and isotropic Poisson cluster
process Φ on the infinite plane R2, an example of which is depicted
in Fig. 1. A Neyman-Scott process results from homogeneous inde-
pendent clustering applied to a stationary Poisson process [1]. The
cluster process consists of a parent Poisson process of intensity λp.
The parent points identify the cluster centers (depicted by crosses in
Fig. 1) and serve as reference points for the daughter points (trans-
mitters) that are scattered i.i.d around the parent point according to a
circularly symmetric normal distribution of variance 2σ2. Here, we
assume that the number of points K in a representative cluster Ψ is
fixed. The clusters form a partition of Φ. The overall intensity of the
cluster process is λ = λpK.

We can write the point process as a random set Φ = {x1, x2, . . . ,
x∞}, where xj is the coordinate of the point in R2. Let us de-
note the set of indices of the points φ = {1, 2, . . . ,∞} where ψ =
{k, k + 1, . . . , k + K − 1} is a subset of φ containing the indices
of Ψ. Each transmitter j ∈ φ is assumed to transmit at unit power.
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Fig. 1. Poisson cluster process with λp = 0.2, K = 3, σ = 0.25

The receivers, depicted by squares in Fig. 1, are not considered a
part of the process. That is, the model excludes the partner selec-
tion problem and focuses on the notion of a common distance that
information travels in the network [1], aka the bipolar model. Ev-
ery transmitter and receiver is equipped with NT and NR antennas,
respectively. The transmitters inside of a cluster Ψ use a spatial IA
scheme, i.e. the members of a cluster Ψ cooperate and adjust the
spatial structure of their transmitted signals in order to avoid inter-
fering with each other. The rest of the network Φ \ Ψ contributes
non-aligned interference. While not optimal in general, treating the
inter-cluster interference as noise is, in fact, optimal in the Gaussian
weak interference regime. In particular, this case arises when the
cluster intensity λp is small.

Let us focus on a receiver i ∈ φ, see Fig. 1. The discrete-time
signal received at a given time instant is the superposition of the
signals transmitted by the K transmitters of the considered cluster
Ψ, and the transmitters of the rest of the network Φ \ Ψ, weighted
by their respective channel gains and path-loss coefficients. Namely,
the signal at receiver i can be written as

y
i

=
∑
j∈φ

√
γijHijvjsj + ni, (1)

where sj ∈ C represents the scalar signal transmitted by node j, and
vj ∈ CNT×1 is the associated precoding vector which will be fur-
ther specified in Subsection 2.1. [Hij ]i,j∈φ are complex NR ×NT

matrices representing the MIMO channels between transmitter j and
receiver i. We assume a flat-fading channel model and Rayleigh
fading, i.e. the elements of Hij are complex Gaussian i.i.d. ran-
dom variables, with zero mean and unit variance. γij = g(dij) is
the path-loss model on the same link with dij the distance between
transmitter j and receiver i and g(·) the path-loss function. ni is
additive white Gaussian noise.

2.1. Intra-cluster IA and Feasible Cluster Settings

Let us focus on a given cluster Ψ, where we aim to achieve IA with
multiplexing gain allocation 1 for each of the K users in Ψ. This
strategy is suboptimal in general, but chosen for analytical tractabil-
ity. Each transmitter is assigned a precoding vector vi in order to
steer its transmitted signal into a receive signal subspace of mini-
mum dimension at each unintended intra-cluster receiver. IA is fea-
sible in Ψ with multiplexing gain 1 and receive diversity d′ per user
iff there exists NT× 1 unit-norm vectors (precoding vectors) vi and
NR×d′ truncated unitary projection matrices (interference suppres-

sion matrices) Ui such that, for all i ∈ ψ,

UH
i Hijvj = Od′×1, ∀(j 6= i) ∈ ψ, and (2)

rank
(
UH
i Hiivi

)
= 1. (3)

As shown in [3, Theorem 1], under mild assumptions on the chan-
nel fading process, and considering a network where all nodes are
equipped with respectively NT transmit or NR receive antennas, a
solution (in terms of the Ui and vi for i ∈ ψ) to the intra-cluster IA
problem above exists almost surely iff

NT − 1

d′
+NR − d′ + 1 ≥ K. (4)

Henceforth, we assume that (4) is satisfied. Note that each trans-
mitter causes uncoordinated interference to all receivers outside its
cluster, i.e. i ∈ (φ \ ψ).

Let us now introduce a receiver architecture that uses linear op-
erations to suppress the intra-cluster interference and to achieve the
feasible diversity gain. The intra-cluster interference decorrelator
is a linear filter comprised of a projection receiver followed by the
matched filter (MF) to the signal of interest in the intra-cluster inter-
ference-free subspace, i.e. uDi = UiuMFi, with Ui ∈ CNR×d′ as
defined in (2) and uMFi = UH

i Hiivi/‖U
H
i Hiivi‖ ∈ Cd

′×1.

The following example with d′ = 2 and NR = 3 illustrates
the interference decorrelator. The three-dimensional receive signal
space of user i in the cluster Ψ is shown in Fig. 2. The intra-
cluster interference [

√
γikHikvksk]k 6=i∈ψ is aligned along a one-

dimensional subspace. The intra-cluster interference decorrelator
projects the receive signal onto the plane orthogonal to the span of
[
√
γikHikvksk]k 6=i∈ψ . The projection is depicted along the dashed

lines and the components of the signal of interest
√
γiiHiivisi and

the inter-cluster interference [
√
γikHijvjsj ]j∈(φ\ψ) parallel to the

plane are highlighted in Fig. 2. The projection of the signal of inter-
est
√
γiiU

H
i Hiivisi spans a one dimensional subspace in the two

dimensional intra-cluster interference-free subspace of user i. The
MF to the signal of interest achieves the diversity gain and further
mitigates the energy of the residual inter-cluster interference.

Hiivi si[ Hikvksk]k≠i∈ψ

[ Hijvjsj]j∈(ϕ\ψ)

√γ  ik
√γ  ii

√γ  ij

Hiivi si√γ  iiU
H

intra-cluster interference:

inter-cluster interference:

 signal of interest:

i

Fig. 2. Intra-cluster interference decorrelator

Using the interference decorrelator, the filtered receive signal
ȳi = uH

Diyi writes

ȳi =
√
γii‖UH

i Hiivi‖si +
∑

j∈(φ\ψ)

√
γiju

H
DiHijvjsj + uH

Dini

=
√
γiih̄iisi +

∑
j∈(φ\ψ)

√
γij h̄ijsj + n̄i, (5)

where interference from transmitters within Ψ is perfectly suppressed,
due to (2). The effective channel h̄ii = ‖UH

i Hiivi‖ as seen by re-
ceiver i is scalar. Furthermore, since UH

i Ui = Id′ and vH
i vi = 1,



and Ui,vi are independent of Hii, UH
i Hiivi has d′ Gaussian i.i.d.

fading coefficients having the same variance as the components in
Hii. Hence, ‖UH

i Hiivi‖ is Chi distributed with 2d′ degrees of
freedom. Similarly, since uH

DiuDi = uH
MFiU

H
i UiuMFi = 1 and in-

dependent of [Hij ]j∈φ\ψ , the effective channels h̄ij = uH
DiHijvj

are scalar Gaussian fading with the same variance as the components
of Hij . The effective noise term n̄i = uH

Dini, is a scalar Gaussian
fading with the same variance as the noise vector ni.

3. OUTAGE PROBABILITY AND HIGH RELIABILITY
ANALYSIS

In this section, we introduce the model for successful transmission,
review the expression for intra-cluster IA without diversity gain de-
rived in [4] and analyze the performance of intra-cluster IA with
receive diversity in the high SIR regime.

We assume that the desired transmitter is located at the origin
and its intended receiver at location z at distance dii = ‖z‖. Com-
munication is assumed successful iff the SIR exceeds a threshold T
that depends on the physical layer parameters such as rate of trans-
mission, modulation and coding. The probability of success for this
pair (neglecting the noise) is given by [6]

P(success) = P
(
|h̄ii|2γii
Iφ\ψ

≥ T
)
, (6)

with Iφ\ψ =
∑

j∈(φ\ψ)
|h̄ij |2γij the accumulated inter-cluster in-

terference from the rest of the network with |h̄ij |2 exponentially dis-
tributed. The complementary cumulative density function (CCDF)
of the signal power of interest is F|h̄ii|2(h) = e−h

∑d′−1

k=0
hk/k!.

Using tools from stochastic geometry, a numerically integrable ex-
pression for the case of d′ = 1 is derived in [4, Equation (9)]. A
closed form upper bound on the probability of success is derived for
the path-loss model g(dij) = d−αij with α = 4 and small cluster
sizes

P(success) ≤ exp

{
−λpπδ(K)d2

ii

√
T tan−1

(
d2
ii

√
T

4σ2

)}
, (7)

where δ(K) =
∑K−1

k=0
(−1)k

(
−1/2
k

)
. The generalization of

(7) to intra-cluster IA with receive diversity d′ is not straightfor-
ward. However, the outage probability can be analyzed in the high-
reliability regime for any d′. As the underlying MAC protocol, we
assume highly clustered ALOHA [8], i.e. each cluster either trans-
mits or remains muted with a fixed medium access probability η.
This is equivalent to a thinning of the parent Poisson point process.

Let us denote the parent process Φp = {xp1, xp2, . . . xp∞}
with xpi the coordinate of the cluster center and φp = {1, 2, . . . ,∞}
is the set of indices of the clusters. In the asymptotic regime as the
density of residual inter-cluster interferers goes to zero, we use a
cluster fusion approach to derive the intrinsic spatial contention of
the network. Hence, we replace the daughter points by a represen-
tative point at the coordinates of the cluster center. Assuming finite
cluster size, the accumulated interference in (6) is approximated by

Iφ\ψ ≈
∑
j∈φp\i

|h̄′ij |2γ′ij , (8)

with |h̄′ij |2 =
∑

k∈Ψj
|h̄ik|2 the compound channel power gain and

γ′ij = g(‖z − xpj‖) the path-loss coefficient. |h̄′ij |2 is the sum

of i.i.d. exponentially distributed random variables and therefore
Gamma distributed, i.e. the density function writes f|h̄′

ij
|2(h) =

hK−1 exp(−h)/Γ(K). Φp is a homogeneous Poisson point process
with second order product density ρ(2)(x) = λ2

p and according to [6,
Theorem 3] the asymptotic success probability writes P(success) ∼
1− γη with the spatial contention

γ =
1

λp

∫
R2

[
1− E|h̄′

ij
|2F|h̄ii|2

(
h
Tg(x)

g(dii)

)]
ρ(2)(x)dx. (9)

The integrand in (9) can be simplified to

λp

[
1−

∫ ∞
0

F|h̄ii|2(h′) (hϑ)

(
h′

ϑ

)K−1

e−h
′/ϑ 1

Γ(K)ϑ
dh′
]

=λp

[
1− 1

Γ(K)ϑK

(
d

dK − 1
(−1)K−1L

(
F|h̄ii|2(s)

) ∣∣∣
s= 1

ϑ

)]
(10)

=λp

[
1− 1

Γ(K)ϑK

(
d

dK − 1
(−1)K−1

d′−1∑
k=0

1

(1 + s)k+1

∣∣∣
s= 1

ϑ

)]
,

with ϑ = Tg(x)/g(dii). For the first expression we used the substi-
tution h′ = hϑ, the first equality comes from the Laplace transform
equivalence tnf(t)←→ (−1)nL(f)(n)(s) and the second equality
from the equivalence (tn/n!)e−t ←→ 1/(s + 1)n+1. Above steps
turn (9) into

γ = λp

∫
R2

1−
(
g(dii)

Tg(x)

)Kd′−1∑
k=0

(
K − 1 + k
K − 1

)
(

1 + g(dii)
Tg(x)

)K+k


 dx.

(11)

For the special case of g(dij) = d−αij with α = 4, one can show
(steps omitted) that (11) is equivalent to

γ = λpπ
2/2δ(K)ε(d′)d2

ii

√
T , (12)

with δ(K) from (7) and ε(d′) =

(
2(d′ − 1)
d′ − 1

)
/4d

′−1. Hence,

ε(d′) in (12) captures the impact of diversity gain on the success
probability. We note that for d′ = 1, 1−γη with γ according to (12)
coincides with a first-order Taylor approximation of (7) for σ → 0.

4. SIMULATION RESULTS

In this section, we present simulation results and validate the high
SIR formulas derived above. The curves for the probability of suc-
cess are verified by Monte-Carlo simulation of (6) over different
transmitter positions and fading coefficients. The standard power
law g(dij) = d−αij with α = 4 and a threshold T = 1 is used.

We evaluate the transmission success probability of intra-cluster
IA with receive diversity and compare with the outage performance
of dominant EM transmission. For dominant EM transmission, |h̄ii|2
in (6) is distributed as the largest eigenvalue of a complex Wishart
matrix whereas the interference term contains inter- and intra-cluster
interference, i.e. Iφ =

∑
j 6=i∈φ |h̄ij |

2γij with |h̄ij |2 exponentially
distributed [7].

The results are presented in Fig. 3 for a network with fixed clus-
ter density λp = 0.05 and cluster scattering parameter σ = 0.25.



Depending on d′ and the antenna configuration, a different number
of users per cluster can be accommodated according to (4). Here,
we consider the case of NR = 3 receive antennas and two different
transmit antenna deployments, i.e. NT = 5 and 7. We consider the
case of K = 4 users allowing for d′ = 2 and K = 7 users with
d′ = 1 for the 5× 3 antenna setting, as well as K = 5 users render-
ing d′ = 2 andK = 9 users with d′ = 1 for the 7×3 antenna setting,
respectively. All cases fulfill the feasibility criterion (4) with equal-
ity. In all cases considered, intra-cluster IA outperforms dominant
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Fig. 3. P(success) versus dii for λp = 0.05, σ = 0.25

EM transmission for small transmitter–receiver distances dii. IA
with receive diversity substantially improves the transmission suc-
cess probability. For a fixed outage probability target, the maximum
achievable dii is increased significantly for both antenna configura-
tions, e.g. P(success) > 0.9, the maximum dii increases by about
60%. However, decreasing diversity allows for more users per clus-
ter that can be supported while still fulfilling the IA condition. Dom-
inant EM outperforms intra-cluster IA for large distances between
transmitter–receiver pairs. Here, the inter-cluster interference is pre-
dominant and the performance of intra-cluster IA is suffering from
the diminishing received intended signal power caused by the align-
ment procedure. In that case, maximizing the receive signal power
of the intended transmitter should be preferred to IA. In all consid-
ered cases, the equivalent SISO system performs worst. Clearly, an
increasing number of nodes per cluster decreases the transmission
success probability, as can be verified from Fig. 3.

For the same network settings as above, Fig. 4 plots the derived
asymptotic expression 1−γη for intra-cluster IA with diversity gain
d′ = 1, 2 with γ according to (12) and dii = 2 along with Monte-
Carlo simulations. We observe a close match between simulation
and asymptotic expression for small η.

5. CONCLUSION

The performance of intra-cluster interference alignment with receive
diversity was characterized in a large clustered wireless ad hoc net-
work. The proposed scheme was shown to significantly increase
the reliability of short range communication with respect to non-
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cooperative precoding schemes. Interference alignment in conjunc-
tion with per cluster ALOHA was analyzed in the high-reliability
regime. For a special network setting, closed form expressions for
the outage probability were derived and the term related to the diver-
sity gain was identified.
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