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Asymptotic Statistics of the Mutual Information for
Spatially Correlated Rician Fading MIMO
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Abstract—The statistics of the mutual information of a sepa-
rately correlated Rician fading multiple-input multiple-output
(MIMO) channel in the presence of multiple-access interference
are addressed in this paper. The approach followed is asymptotic
in the number of transmit, receive, and interfering antennas,
which are all assumed to grow asymptotically large while ap-
proaching finite ratios. In this asymptotic regime: i) the mean
and the variance of the mutual information are calculated; and
ii) the mutual information distribution is shown to converge to
the Gaussian distribution, specified completely by the mean and
variance, under some mild technical conditions. The asymptotic
method adopted relies on two powerful tools developed in the
context of theoretical physics: the replica method and superanal-
ysis. The former has been already successfully applied in several
research studies on MIMO systems. The application of these
asymptotic results takes advantage of the fact that, in spite of
being developed under the assumption of an asymptotically large
number of antennas, they still represent a very accurate approx-
imation even when the number of antennas is limited to a few
units, as supported by the ample set of numerical results obtained
by Monte Carlo simulations and reported in this paper.

Index Terms—Multiple-input multiple-output (MIMO) system
capacity, correlated Rician fading, replica method, superanalysis,
interference channels.

I. INTRODUCTION

M ULTIPLE-INPUT multiple-output (MIMO) communi-
cation systems have drawn considerable attention for

more than one decade because of the promise of increasing the
capacity by a factor which is the minimum between the number
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of transmit antennas and the number of receive antennas em-
ployed at the link ends [16], [47], [52]. The promise was based
on the early assumption that the channel gains were iid and
Rayleigh distributed, which is the common ground of most early
literature results.

This assumption, often referred to as rich scattering assump-
tion, relied on the presence of a very large number of indepen-
dent propagation paths from the transmitter to the receiver. The
absence of line-of-sight (LOS) propagation implies that the path
gains are Rayleigh-distributed and independence of the entries
of the channel matrix refers to the spatial or antenna domain.

Subsequent studies showed that the rich scattering assump-
tion was not always realistic and spatial correlation came often
into play [20]. It has been noticed that antenna (or spatial) corre-
lation changes drastically with the scattering environment, the
distance between the transmitter and the receiver, the antenna
configurations, and the Doppler spread [1], [39]. Although the
growth rate of the asymptotic (in the number of antennas) ca-
pacity is affected by the presence of spatial correlation, it has
been shown that capacity still scales linearly in the number of
antennas under the assumption that the empirical eigenvalue dis-
tributions of the spatial correlation matrices converge in distri-
bution to some limiting distributions as the number of transmit
antennas tends to infinity [9]. This result holds in the case of
perfect channel state information at the receiver (CSIR) and ei-
ther perfect channel state information at the transmitter (CSIT)
or no CSIT. In the absence of CSIT, the growth rate in the cor-
related case was shown to be smaller compared to the iid case.
Oppositely, the authors showed that the situation changes in the
low SNR regime where correlation helps to increase capacity in
the case of full CSIT.

By using the replica method, Moustakas et al. [29] derived
the mean and variance of the asymptotic capacity in the case
of perfect CSIR and perfect channel distribution information at
the transmitter (CDIT) with and without multiple-access inter-
ference and show that all higher moments tend to zero in the
asymptotic limit. Five years later, the results from [29] have
been rediscovered without using the replica method by Hachem
et al. in [23] (these results are based on the Poincaré-Nash in-
equality and the application of Stieltjes-transform methods de-
veloped by Girko in [18]). This reflects the difficulty of the
problem even for the central case, where the channel matrix
doesn’t have any LOS component, not to mention the case where
multiple-access interference is present.

However, LOS propagation, which leads to consider a spa-
tially correlated Rician fading model, has an important impact
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on the MIMO channel capacity. Many experimental and theo-
retical studies have shown that, in order to encompass correctly
all the channel characteristics, correlated Rician fading models
have to be considered [17], [19], [37]. This is due to the fact that
the statistical model depends on the time scale of interest. For
example, in the short term, the channel coefficients may have a
nonzero mean. If the transmitter receives frequent updates of the
channel statistics it can adapt to these time-varying updates of
short-term channel statistics and capacity is increased relative
to the transmission strategy associated with just the long-term
channel statistics [19].

Nevertheless, until recently, the Rician fading channel model
received more limited attention in the literature, as far as con-
cerns its capacity, with some notable exceptions, which are re-
ported in the following. The effect of imperfect feedback for
the multiple-input single-output (MISO) case was considered by
Visotsky and Madhow in [50]. The optimum input covariance
in the MIMO case was found by Venkatesan et al. in [49] under
the assumption of unit-rank average channel matrix. Later, Jafar
and Goldsmith obtained in [26] necessary and sufficient condi-
tions for the optimality of beamforming in the full CSIR case,
assuming that the transmitter only knows either the average
channel matrix (with arbitrary rank) or the channel covariance
matrix. More recently, Hösli et al. [24] studied the dependence
of channel capacity on the average channel matrix and showed
that the mutual information increases monotonically (for a fixed
covariance matrix, not a fixed SNR) with the Lowner partial
order of the singular values of the average channel matrix. As-
suming Rician fading and spatial correlation at the receiver only,
Jayaweera and Poor [27] obtained the exact value of the ca-
pacity in the case of a transmitter which has no knowledge about
the channel, and bounds on the capacity when the transmitter
knows the Rician factor. Tulino et al. [48] derived the eigen-
vectors of the ergodic capacity achieving covariance matrix for
several MIMO channel models of interests and suggested a nu-
merical algorithm to obtain the eigenvalues. The asymptotic ca-
pacity for the Rician channel with perfect CSIR and CDIT has
been obtained recently in [30]. Combining Rician fading and the
Kronecker model, Taricco [43] derived the mean and variance
of the asymptotic capacity in the case of perfect CSIR and CDIT
and proved the asymptotic Gaussianity of the mutual informa-
tion. Similar results for the ergodic capacity have been obtained
in [12], [13], and [22] using the Stieltjes transform.

With the exception of [29], all previous results focused only
on the single user case. A few papers considered the presence
of multiple-access interference, corresponding to a more real-
istic multiuser MIMO scenario [3], [4], [6]–[8], [29]. Recently,
Chiani et al. found a closed-form expression of the exact mean
capacity for an uncorrelated Rayleigh fading MIMO channel
with interference [7]. Notice that assimilating interference to
additive noise leads to incorrect capacity results, as properly
evidenced in [7]. The asymptotic (in the number of antennas) er-
godic capacity with interference and ergodic sum-rate capacity
of the separately correlated Rician fading MIMO channel have
been obtained recently by the authors of these paper in [44],
[45], and [35].

It is worth mentioning that the calculation of the average mu-
tual information, in the presence of interference, can be reduced

to the single user (interference-free) case using the linearity of
the mean value. However, for higher moments, this is no longer
the case. In this contribution we complement the results of [29]
and [43] by extending the asymptotic analysis to the case of
separately correlated Rician fading MIMO channels with mul-
tiple-access interference. We also show that, under mild tech-
nical conditions, all moments higher than the second tend to
zero asymptotically (under the assumption that all number of
antennas grow to infinity with their ratios approaching finite
values). These results are applicable to the analysis of outage
probability, where one is interested in finding a tradeoff be-
tween high average mutual information and low standard devi-
ation (see [43, Remark IV.2]). While optimizing the asymptotic
average mutual information in the presence of interference can
be done by water-filling [45], a systematic way to optimize the
asymptotic outage mutual information is still an open research
question, even in the single user case.

The remainder of this paper is organized as follows. In
Section II we summarize the notations in this paper. Section III
describes the model of the separately correlated Rician fading
MIMO channel in the presence of co-channel interference.
This section also contains the key parameters, the normaliza-
tions, and the definition of the asymptotic setting. Section IV
defines the cumulant moment generating function of a random
mutual information, whose asymptotic derivation is among the
goals of this paper. Section V summarizes the key concepts
of two tools from theoretical physics upon which we built our
results: the replica method and superanalysis. The main result
of this paper is reported in Section VI, while the details of the
asymptotic approximation of the cumulant generating function
are collected into the Appendices. Section VII presents several
numerical examples aimed not only to assess the accuracy of
the approximation proposed but also to analyze a selection
of communication scenarios of interest. Finally, Section VIII
summarizes the results presented in this paper and provides our
concluding remarks.

II. NOTATION

We denote column-vectors and matrices by lowercase
and uppercase boldface characters, respectively. Grassmann
variables are denoted by Greek letters while for complex
numbers we use Latin symbols. The transpose of a matrix
is . The Hermitian transpose of is . The trace of is

. The exponential of the trace of is denoted
by . The Frobenius norm of a matrix

is . The spectral norm of is defined as

. is
the 2 2 block diagonal matrix with upper matrix block and
lower matrix block . denotes the usual Kronecker
product of two matrices and . Among the properties of the
Kronecker product we recall the following: i)

; ii) ;
iii) ; (iv)
if and are invertible; v) ; vi)

; (Vii) where is the
column vector obtained by stacking the columns of on top
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of each other from left to right. is the unique positive
semidefinite matrix square-root of a positive semidefinite ma-
trix . The notation means that is a complex
Gaussian random variable with mean value and
variance . Given two functions and

if

and if

III. MIMO CHANNEL MODEL

We consider a narrowband block fading channel with re-
ceive antennas, transmit antennas from a transmitting user,
and transmit antennas from an interfering source (possibly
representing several different users) characterized by

Here, is the received signal vector, is the
transmitted complex, Gaussian distributed signal vector with
zero mean and covariance , is the in-
terfering complex, Gaussian distributed signal vector with zero
mean and covariance , and is addi-
tive zero-mean white noise with iid entries . The
channel matrices and model sep-
arately (or Kronecker) correlated Rician fading. Thus, they can
be written as

(1)

where and represent the mean values of and , re-
spectively, and are related to the presence of LOS components,

, and the positive semidefinite
matrices and are the transmit signal (interference)
and receive signal (interference) spatial correlation matrices, re-
spectively. The covariance between the different entries of
and satisfies the identities

cov
cov

Remark III.1: (Extension to multiple interfering transmitter)
(3) can be applied to model multiple interfering transmitter
under the assumption of a common receive correlation matrix
for each interfering source. Indeed, assume that we have
interfering users, so that the channel of interfering user

is of the form and
.

Then set ,
, and . Different receive

correlation matrices for the interfering transmitter can be mod-
eled be introducing virtual delays in combination with a wide-
band channel model, as proposed in [36] and [46].

A. Normalizations

Following the approach in [43], we define

(2)

Then, the transmitted signal and interference covariance ma-
trices are implicitly accounted for into , and . Ac-
cording to these definitions, the total received power is given by

Splitting the total received power components into direct and
diffuse parts we obtain the Rician factors

(3)

Then, we can define the signal-to-noise and the interference-to-
noise power ratios as

(4)

with signal-to-interference power ratio . It can
be noticed that the previous definitions of the Rician factors and
of the SNRs in (3) and (4) depend on the full transmit covariance
matrices and , and not only on their traces, unless they are
proportional to the identity matrix. This may be an issue when
the channel capacity is evaluated against the since is not
proportional to the identity matrix if it is optimized to achieve
the ergodic capacity (see [43, Remark II.1]).

In what follows we further assume that:
1) The spatial correlation matrices are normalized by

2) The matrices defined in (2) are normalized according to the
identities

(5)

B. Asymptotic Setup

We define the following asymptotic setting:
1) We assume that while the ratios

and .
2) The Rician factors and the signal-to-noise and in-

terference-to-noise ratios and are kept fixed as
.
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3) The spatial correlation matrices are bounded by

4) The LOS matrices are bounded by

IV. MUTUAL INFORMATION AND CUMULANT GENERATING

FUNCTION

We assume that the receiver knows exactly the realizations of
the channel matrices and . The random mutual informa-
tion is given by [7], [29]

(6)

nat/complex dimension. Here, the channel matrices and
are distributed according to (1). Their randomness determines
the statistic distribution of , which is specified at the second
order by the first two cumulant moments, i.e., the mean and the
variance, given by

and

respectively.
In our numerical simulations in Section VII we will compare

the asymptotic statistics of with the asymptotic statistics of

(7)

nat/complex dimension. The mean and variance of read as

and

respectively. The advantage of the random quantity is that
the computation of its mean and its variance can be accom-
plished with methods obtained for the single user case [43]. Note
that due to Jensen’s inequality [10, p. 27]. Thus, er-
godic capacity (we assume CDIT) is always lower bounded by
ergodic capacity when interference is treated as Gaussian noise,
as is stated in [7, Section V].

Splitting the in (6) in two parts, we can see that the mean
can be obtained by the same asymptotic methods which are
used in the interference-free case [7], [44], [45]. However, these
methods cannot be used to derive the variance or higher mo-
ments of (because the variance and higher moments of are
not linear in ), but superanalysis has to be applied. Thus, in
order to calculate the asymptotic cumulant moments of , we
introduce the moment generating function

(8)

and the cumulant generating function (CGF) as
. This definition allows us to obtain the mean and the

variance of as

V. REPLICA METHOD AND SUPERANALYSIS

To derive an asymptotic expression for we resort to the
following tools from theoretical physics: the replica method and
superanalysis. Here we briefly explain the main ideas behind
these concepts.

A. Replica Method

Originally, the replica method was introduced in [14] to de-
velop a mathematical model of magnetism, which is character-
ized by randomness in interactions between magnetic moments.
Since then, the replica method has been applied to the physical
model of spin glasses [15] and found later application in a va-
riety of research areas, such as digital communications (see [33]
for a full account). In the following we briefly summarize the
concept in view of its application to our analysis.

The replica method is based on the so called replica trick,
which allows to evaluate the expectation of the logarithm of
a random variable by using its moment generating function

. The starting point is the following identity:

The expectation is obtained for positive integer values
of and the result is extended to a real interval near . Infor-
mation theoretical applications assume that is a random
instance of a mutual information, such as (6), and the expec-
tation is taken with respect to the channel gain (corresponding
to the matrices and in our case). When the evaluation of

is too hard, asymptotic approximations (in our case in
the number of antennas) are called for, typically based on the
method of saddlepoint approximation [5].

To sum up, the key assumptions for the replica method are
listed as follows:

1) (Extension from positive integers) The function can
be extended from the positive integers to a right neighbor-
hood of .

2) (Interchange of limits) The limits and
can be interchanged.

3) (Replica symmetry) The saddlepoint approximation ad-
mits a real and rotation invariant saddlepoint in the replica
space. This assumption is quite plausible because (i) we
want to obtain real moments and (ii) there should not be a
preferred direction in the replica space.

In our case, the replica space is the space spanned by the
auxiliary variables which will be introduced in Section VI-C,
(30)–(32). The function in (36) depends only on these aux-
iliary variables. To perform a saddlepoint approximation of
we will make an ansatz for the saddlepoint in (38). In (38), all
matrices evaluated at the saddlepoint are assumed to be scalar
multiples of the identity matrix. These matrices are real and ro-
tationally invariant.
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For a discussion of these assumptions in a more general con-
text see, for example, [41] and the references therein.

B. Superanalysis

The presence of interference in our framework leads to a de-
terminant with positive exponent in the expression of
the moment-generating function (8), which can not be handled
as a convergent multi-dimensional Gaussian integral1. A sim-
ilar problem was addressed in the Rayleigh case by [29], who
suggested the introduction of (anticommuting) Grassmann vari-
ables.

In that contest, (commuting) complex and (anticommuting)
Grassmann variables decouple nicely2 and need not to be con-
sidered simultaneously. On the contrary, in our Rician channel
contest, complex and Grassmann variables mix together and this
is why we have to resort to superanalysis.

The origins of superanalysis go back to a paper from 1953
by Schwinger [38], who presented a theoretical analysis based
on commuting and anticommuting variables without rigorous
mathematical proofs. A detailed explanation of superanalysis is
provided by the excellent book of Berezin [2] and a short intro-
duction to Grassmann variables can be found in Appendix II of
[29].

As far as our present application is concerned, we have to deal
with superfunctions, which are functions from a vector space

(or more general domain) into a Grassmann algebra ,
which is an algebra over the complex numbers with a set
of anticommuting generators . The anticom-
muting property implies that .
These generators are called Grassmann variables. Though the
theory applies even in the case of infinitely many generators, in
our case it is sufficient to assume that is finite. Thus, a super-
function is defined as a power series

(9)

where are ordinary complex valued func-
tions on . Convergence of superfunctions is defined elemen-
twise for each component . We say that a
superfunction if

for all indices appearing in the power series

1See Identity A.1.
2More precisely, the matrices defined in (34) become block diagonal.

(9). Integrals of superfunctions [2, p.76] with respect to Grass-
mann variables are defined by the following rule:

Moreover, , and . Es-
sentially, integrals over Grassmann variables act as derivatives
which is the reason why Grassmann variables can be used to
rewrite positive powers of determinants3.

VI. MAIN RESULT

This section contains the main contribution of this paper,
summarized in Theorem 1, which characterizes the asymp-
totic statistics of the mutual information defined in (6) as
a Gaussian random variable. More precisely, we derive an
asymptotic approximation for the CGF of under the asymp-
totic settings stated in Section III-B. Theorem 1 allows to derive
the asymptotic mean and variance of and to show that all its
higher moments tend to zero as .

Theorem 1: The CGF of the random mutual information
defined in (6) has the following asymptotic expansion:

(10)

In this expression, we defined the matrices

(11)

(12)

and those reported in (13), shown at the bottom of the page. The
above matrices are based on the following two sets of auxiliary
matrices:

(14)

and

3See Identity B.1.

(13)
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(15)

Above, we used the following short-hand notation:

(16)

The positive real numbers and are the
solutions of the following two systems of coupled fixed-point
equations:

(17)

From the CGF expansion (10), we obtain directly the asymptotic
mean and variance of as

and

Higher-order moments tend to zero as , so that
converges in distribution to the Gaussian random variable

.
Proof: The Theorem is proved in Sections VI-A to VI-D.

A. Rewriting Determinants

In what follows we use repeatedly Identities A.1 and B.1 in
order to represent the determinants appearing in (8) in integral
form. The numerator of (8) can be written as

(18)

where integration is carried out over the domains ,
, and we set

Fig. 1. Mean and standard deviation of mutual information � versus with
� ��� dB.

(19)

(20)

(21)

(22)

where . The derivation of (18) is described in detail in
Appendix C. Similarly, we can write the inverse of the denomi-
nator in the argument of the logarithm from (8) as

(23)
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Fig. 2. Same as Fig. 1 but � � dB.

where integration is carried out over the domains
, and

(24)

(25)

The derivation of (23), based on Grassmann integrals, is re-
ported in Appendix D. In the remainder of this proof we adopted
the following notation:

1) Symbols with a tilde, i.e., , and , depend only on
LOS components and do not affect expectations. The index
“ ” stands for interference, meaning dependence on
and not on .

2) Quantities with an index “ ,” i.e., , and , refer
to expectations. The index “ ” has the same meaning as in
point 1).

B. Calculating Expectations

The expectation in (8) can now be calculated. Using Identity
(A.1) we find that

with

(26)

(27)

and

(28)

To sum up, we end up with

(29)

Here, , and depend on the LOS components of the
channel matrices and are defined in (19), (20), and (24), respec-
tively. The functions , and are from (26), (27), and (28),
respectively.

C. Calculating Integrals

In order to integrate out the complex matrix variables
and the Grassmann matrix variables , we

have to disentangle the quartic products in the exponents of
, and . Applying Identity A.2 to in (26) and in (27)

yields

(30)

(31)

Applying Identities A.2 and B.1 (with and ) to
in (28) leads to (32).
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(32)

Inserting (30), (31), and (32) into the expression of in
(29) allows us to perform the integration over matrices
and . The generating function (8) can be written as
in (33).

(33)

In this equation, we used the definitions given by (34), shown
at the bottom of the page. The derivation of (33) is based on
Identities A.1 and B.1 and is postponed to Appendix E.

D. Saddlepoint Approximation

Note that we have to perform a simultaneous saddlepoint ap-
proximation in the Grassmann and complex integration vari-
ables appearing in (33). To this end, we define the supermatrix

[2, p. 82] by

with superdeterminant and supertrace

Equation (33) can then be rewritten as

(35)

with

(36)

Using the fact that sdet str [2, p. 112] and the
multiplicative property of superdeterminants [2, p. 101], we get
the following expansion:

sdet sdet str

(37)
where is assumed to be a real and replica-symmetric saddle-
point

(38)

of in (36) and denotes evaluation at the saddlepoint.4 In-
serting (37) and the ansatz for the saddlepoint (38) into (36)
leads to an expansion with

(39)

Before starting to evaluate the different ’s, we need to elabo-
rate

4The symbol � in (38) denotes deviations around the saddlepoint � . For ex-
ample, ��� � ��� � � ���� � � ��� � ���� , which defines the deviation
���� � in a unique way. See also [29, eq. (18)] and [43, p. 13].

(34)
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Fig. 3. Same as Fig. 1 but � �� dB.

To this end, we have to calculate the inverse of the 2 2 and
3 3 block matrices and , respectively. The block in-
verse of is obtained by using standard results from linear
algebra [25, p. 18]. We get

Fig. 4. Mean and standard deviation of � as a function of � � � with
� ��� dB.

with the matrices defined in (14). Next, we
define the matrices , and according to (16) and calculate
the block inverse of . This can be done by iterating the 2 2
block matrix inversion formula [25, p. 18], which eventually
leads to (40), shown at the bottom of the page, and to

where the block matrices are defined in (15).
Now, we can evaluate the terms defined in (39) as follows:

(40)
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Fig. 5. Same as Fig. 4 but � � dB.

1) The constant term in the saddlepoint approximation is
given by

(41)

where the matrices and are defined in (11) and
(12).

2) The first-order term in the saddlepoint approximation
is given by (42).

Fig. 6. Same as Fig. 4 but � �� dB.

(42)

Setting gives the two systems of coupled fixed-
point equations in (17).

3) The second-order term in the saddlepoint approxima-
tion is given by

(43)

Defining the matrices , and as in (13) and the
vectors
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Fig. 7. Same as Fig. 4 but � �� dB.

equation (43) can be written as

(44)

4) Higher-order terms ( with ) in the saddlepoint ap-
proximation tend to zero as . This result is proved
in Appendix F by using the asymptotic setup defined in
Section III-B.

We can summarize the results obtained as

where we used Identity (B.1) with and .
The integrals can be evaluated as

(45)

Finally, the logarithm of (45) gives the result reported in (10).

VII. NUMERICAL RESULTS

In this section, we present some numerical examples to assess
the accuracy of the asymptotic analysis provided above. More-
over, the numerical results are aimed at describing the influence
of the channel parameters on the mutual information statistics.

Following the model proposed in [28], the transmit and re-
ceive correlation matrices are assumed to be exponential, i.e.,
their elements are obtained by raising a common base to the
power corresponding to the absolute value of the difference of
their indexes in the matrix. The key advantage of this assump-
tion is simplicity: the whole matrix depends on a single param-
eter. Thus, the correlation matrices are defined as

The average channel matrices and are assumed to have
all constant entries.

Following these assumptions, we define the following set of
parameters:

1) The number of antennas is equal to .
2) The Rician factors are dB.
3) , i.e., there is no spatial

correlation.
4) The covariance matrix of the (interfering) signal is propor-

tional to the identity matrix.
A certain parameter in this set will be reintroduced in a simula-
tion if it differs from this definition.

In all figures, thick lines refer to the mutual information
defined in (6), accounting for the real statistics of multiple-ac-
cess interference, and thin lines refer to the mutual information
defined in (7), where interference is considered as additive
Gaussian noise. The markers ‘ ’ and ‘ ” report the corre-
sponding Monte Carlo simulation results with the goal of
assessing the accuracy of the asymptotic approach when the
number of antennas is small.

A. Impact of Interference

Figs. 1 to 3 show the mean and the standard deviation of the
mutual information for , and 10 dB, respectively,
for as the ranges from to 40
dB. The figures show that the Gaussian interference assumption
corresponds to lower values of mutual information, as already
noticed, e.g., in [7] and [8]. This effect is emphasized as the

gets lower, whereas it has more limited impact for larger
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Fig. 8. Mean and standard deviation of random mutual information as a func-
tion of � with � ��� dB.

. Moreover, the effect is more visible at higher for a
fixed , as expected. Similar effects are noticed for the mutual
information standard deviation.

B. Impact of Rician Factor

Figs. 4 to 7 report the mean and the standard deviation of the
mutual information for , and 10 dB, respectively,
for dB. Here, the Rician factors range
from to dB. It can be noticed
that all the mean (or ergodic) mutual information plots decrease
monotonically versus the Rician factor. The same effect is vis-
ible for the standard deviation plots.

The effect of considering interference as additive Gaussian
noise is more noticeable when the Rician factor and the are
low and when the is high. In other words, proper interfer-
ence cancelation is more effective when there is a weak LOS
component, when the useful signal power is high (high ),
and when the interfering signal power is still higher (low ).
Finally, it can be noticed that for very high (30 dB) and

low ( dB) the accuracy of standard deviation is lim-
ited, as can be seen in Fig. 7. Similar effects have also been
reported in [45]. This can be explained by noting that, in this
low-SIR regime, the mutual information is obtained as the dif-
ference between two large numerical values. Thus, we believe
that the results are affected by significant cancelation errors that
amplify the difference between the asymptotic and the simula-
tion results.

C. Impact of Spatial Correlation

Figs. 8 to 10 show the mean and the standard deviation of the
mutual information for , and 10 dB, respectively,
for dB. Spatial correlation is accounted
for by the common exponential basis of all the spatial correla-
tion matrices, namely, .
We can see that the effect of increasing spatial correlation de-
creases the mean (ergodic) mutual information. The reduction is
more sensible at higher SNR. Notice that we assumed iid power
allocation, i.e., is proportional to the identity matrix. In [45]
it is shown that optimizing (in order to achieve the ergodic
capacity) leads to different results at low SIR ratio, which con-
firms the fact that spatial correlation can sometimes increase ca-
pacity. As far as concerns the standard deviation, it can be no-
ticed that there are an and a threshold after which the
standard deviation starts to decrease. Indeed, at dB
the standard deviation increases with for all values of . For

dB the curve for dB starts decreasing at
. For dB this effect is still more pronounced.

D. Impact of Antenna Ratio

Figs. 11 to 13 report the mean and the standard deviation of
the mutual information for , and 10 dB, respec-
tively, for dB. In this case, the number of
receive and interfering antennas are kept fixed to ,
while ( denotes the set of nat-
ural numbers). For low , the mean (ergodic) mutual infor-
mation is almost constant while the standard deviation decreases
sharply with at all values of the . As the increases,
the mean (ergodic) mutual information exhibits a slightly higher
rate of increase but remains limited by the low assumption.
Finally, it can be noticed that, when the number of antennas is
low ( and ), the accuracy of the asymptotic
approximation decreases slightly at high and low .

To sum up, the numerical results we presented show that
the asymptotic approximation provides very accurate results
in broad range of channel settings even with a small number
of antennas. As expected, treating co-channel interference as
Gaussian noise reduces the mutual information. This effect is
most visible at low and Rician factor and, at fixed , for
high .

E. Asymptotic Gaussianity of

Fig. 14 shows the cumulative density function (CDF) of the
mutual information given by (6) (thick lines) and given by
(7) (thin lines) for and
dB. The figure below corresponds to dB and the
figure above to dB. Dashed blue curves are obtained
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Fig. 9. Same as Fig. 8 but � � dB.

numerically by Monte Carlo simulations and show an empirical
CDF plot. Solid red curves report the asymptotic CDF, which
is determined by the asymptotic mean and variance calculated
analytically with the method proposed in this paper. The curves
show that there is a rather good agreement between simulation
and asymptotic analytic results, supporting the applicability of
the asymptotic analysis when the number of antennas is small.

VIII. CONCLUSION

In this paper, we addressed the problem of evaluating the
probability distribution of the mutual information over a sep-
arately correlated Rician fading MIMO channel affected by the
presence of interference. Previous works in the literature ad-
dressed the evaluation of either the mean and variance of the mu-
tual information without interference [43], or only the mean (er-
godic) mutual information with interference and Rician fading
[44]. As a matter of fact, the ergodic mutual information is a
representative figure for ergodic channels but it is insufficient
to properly describe the capacity versus outage tradeoff in non-
ergodic systems. Second-order statistics are needed to find the
outage probability or the outage capacity, for whose derivation

Fig. 10. Same as Fig. 8 but � �� dB.

the knowledge of the ergodic mutual information is not suffi-
cient.

This work complements earlier results by Moustakas et al.
[29], dealing with the case of Rayleigh fading. These results
paved the way to further developments by focusing on a more
specific (Rayleigh fading) channel model which does not en-
compass many practical situations occurring with MIMO sys-
tems. The main extension of the present analysis with respect to
[29] stands in the consideration of mixed-valued matrices con-
taining both Grassmann and complex variables. This type of
matrices, introduced in the context of theoretical physics, are
used to accomplish the derivation of the mean and variance of
the mutual information in the presence of multiple-access inter-
ference for the Kronecker model with Rician fading. In order
to deal with these mixed-valued matrices we resorted to some
powerful tools developed in the contest of theoretical physics,
namely: the replica method and superanalysis.

Therefore, our main result is the derivation of the asymptotic
second-order mutual information statistics for a separately
correlated Rician fading MIMO channel in the presence of
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Fig. 11. Mean and standard deviation of mutual information as a function of
� with � ��� dB.

co-channel interference. Our analysis shows that the mutual
information probability distribution approaches the Gaussian
distribution asymptotically (as the number of transmit, in-
terfering, and receive antennas grow large, with their ratios
approaching finite constants).

From an applicative standpoint, our analytic results turn out
to be useful in the analysis of MIMO systems with a moderately
large number of antennas. In fact, we showed by Monte Carlo
simulation that the difference between the asymptotic analytic
results and their numerically obtained counterparts are limited
in the case of as few as 4 antennas. Similarly, we compared
outage probability curves obtained by asymptotic analysis and
by Monte Carlo simulation, and this comparison showed that a
good agreement exists also in this case but with a slightly larger
number of antennas.

Since in this paper we focused on the mutual information,
further developments are called for in order to obtain approxi-
mations of the outage capacity.

Fig. 12. Same as Fig. 11 but � � dB.

APPENDIX A
INTEGRAL IDENTITIES FOR COMPLEX MATRICES

Identity A.1: (Completing the Square) Let be a com-
plex, Hermitian, positive definite and matrix, re-
spectively, and be complex matrices. Then

with integration over the domain and
.

Proof: see [43, Identity B.1]
Identity A.2: (Hubbard-Stratonovich Transformation) Let

be complex matrices. Then

where and the con-
tours for the elements of and are along the real
and parallel to the imaginary axis, respectively.
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Fig. 13. Same as Fig. 11 but � �� dB.

Proof: This identity is obtained as the limit of a sequence
of Gaussian integrals, see [43, Identity B.2].

APPENDIX B
INTEGRAL IDENTITIES FOR GRASSMANN VALUED MATRICES

Identity B.1: (Completing the Square) Let be a com-
plex, nonsingular and matrix, respectively, and

be Grassmann valued and matrices, respec-
tively. Then

with integration over and and
.

Proof: see [29, Identity 5].

Fig. 14. CDF of random mutual information for � ��� dB (figure on
the top) and � � dB (figure at the bottom). � � � � � � ��� ��.

APPENDIX C
DERIVATION OF (18)

Setting , and
in Identity (A.1), we get

Using Identity (A.1) with
, and we further find that
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Using Identity (A.1) with
, and yields

Finally, inserting and from (1) yields the functions de-
fined in (19)–(22).

APPENDIX D
DERIVATION OF (23)

Setting and in
Identity (B.1) gives

Using again Identity (B.1) with
, and gives

Finally, inserting from (1) yields the functions defined in
(24)–(25).

APPENDIX E
DERIVATION OF (33)

We define the following vectors of complex variables

(46)

and Grassmann variables

(47)

First we integrate out the Grassmann variables in (47). Using
vectorization the Grassmann integrals can be written as in (48),

(48)

where we used Identity B.1 and defined , and according
to (34). Next we integrate out the complex variables. Using vec-
torization, the complex valued integrals can then be written as

where we used Identity A.1 and the definition of the matrix
given by (34).

APPENDIX F
ASYMPTOTIC VANISHING OF HIGHER-ORDER TERMS

Recall from (39) that

for . Let be an arbitrary positive semi definite
matrix with the property that . Matrix is

a placeholder for or , which share the same asymptotic
properties. From the asymptotic setting defined in Section III-B
we then get the bounds for the matrices from (15) given by (49).

(49)

Here, we used the fact that for .
We further find that
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An almost identical calculation yields the following bounds for
the matrices defined in (14):

Changing variables

plainly leaves the measure in (35) invariant and has the effect
that each matrix block in is . Therefore,

which approaches 0 as
for all .
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