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Abstract – Permanent magnet synchronous machines
with fractional slot stator windings using the tooth coil
technology require detailed investigations on the electro-
magnetic parameters due to a very low number of slots
per pole and phase. Finite element analyses can pro-
vide many results but a subsequent application of the
frozen permeabilities method allows for a more detailed
discussion of effects caused by both permanent magnets
and armature stator currents in conjunction with angu-
lar rotor position and also different saturation levels. In
particular, these detailed analyses are required for high
performance electrical drive systems which operate un-
der very fast changing load conditions and additionally
run in deep field weakening ranges.

Index Terms – Two-axes inductances, Frozen perme-
abilities, Reluctance machine, Permanent magnet ma-
chine, Synchronous machine, Finite element analysis

I. Introduction

THE electromagnetic torque of permanent magnet syn-
chronous machines arises from the interaction of the

linkage flux caused by the permanent magnets mounted
in the rotor and the magneto motive force of the arma-
ture currents in the stator. During the design process of
such machines, it is desirable to know the individual con-
tributions from permanent magnets and stator currents in
detail [1], [2]. This gains in significance when such ma-
chines are equipped with fractional slot stator windings
using tooth coil technology due to their increased torque
capability [3]–[5]. In these cases, the number of slots per
pole and phase is in the range of 1/4 ≤ q ≤ 1/2. Thus,
super- and sub-harmonics of the magneto motive force of
the armature currents influence the machine characteristics
more significantly. Due to the very low number of slots per
pole and phase, cross-coupling effects between the direct
and quadrature axes have to be considered, too.

The utilization of the frozen permeabilities method
within the finite element analyses allows for these detailed
investigations [6]–[9]. Moreover, this method provides a
straight-forward strategy for an evaluation of the apparent
inductances of such machines in dependence on the stator
currents and the rotor position.

By using the frozen permeabilities method, the paper dis-
cusses evaluation of the apparent two-axes inductances and
subsequently the comparison of the evolved electromagnetic

torque obtained from the inductances as well as directly
from the non-linear finite element analysis. Further, the
individual components of the electromagnetic torque pro-
duced from either the permanent magnets and the arma-
ture currents as well as the zero sequence currents in case
of the delta-connected stator winding are shown in detail.
In order to validate the results obtained from the numeri-
cal analyses, the electromagnetic torque is compared with
measurement results of a prototype machine.

II. Machine Design and Finite Element Model

Fig. 1 depicts the investigated permanent magnet syn-
chronous machine with an external rotor and a single-layer
fractional slot winding with tooth coils [10], [11].

As shown in Fig. 1, the smallest necessary section of the
entire machine for the finite element model consists of only
five poles representing a half of a base winding. To re-
flect the required periodicity of the magnetic field with the
unknown degrees of freedom of the magnetic vector poten-
tial, anti-periodic boundary conditions are utilized at the
boundaries being five pole pitches apart. For an application
of the sliding surface method, stator and rotor model parts
are meshed with an equidistant discretization in circum-
ferential direction along the sliding surface interface within
the air-gap [12]–[15].

Fig. 1: Cross section of the external rotor permanent magnet
synchronous machine with 30 poles and 36 slots
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For an utilization of the frozen permeabilities method,
the various analyses are carried out in two steps [6]–[9].
First, non-linear solutions with various excitations and an-
gular rotor positions are performed. With each of these
results, the permeabilities of the non-linear finite elements
are preserved for subsequent linear analyses which utilize
the various excitations independently of each other.

III. Space Vector Calculus

In the dq rotor fixed reference frame, the normalized sta-
tor current and stator flux space vectors are given by

iS,dq = iS ejβ = iSd + j iSq , (1)

ψ
S,dq

= ψS ejϑ = ψSd + j ψSq , (2)

where β,ϑ denote stator current angle and stator flux an-
gle, respectively. By using direct and quadrature axis in-
ductances ldd,lqq and cross-coupling inductances ldq = lqd
[16], the stator linkage flux can be written as

ψSd = ldd iSd + ldq iSq + ψMd , (3a)

ψSq = lqd iSd + lqq iSq + ψMq , (3b)

wherein ψMd,ψMq denote the linkage flux from the perma-
nent magnets. Due to the cross-coupling between the axes,
the permanent magnets solely arranged in direct axis gen-
erate a linkage flux in dependence on load and angular rotor
position in both directions.

Consequently, the electromagnetic torque follows from

ti = −3

2
Im
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i∗S,dq ψS,dq

)
=
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(
ψSd iSq − ψSq iSd

)
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3
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)
(4)

+
3

2
i2S

( ldd − lqq
2

sin 2β − ldq + lqd
2

cos 2β
)
.

In order to inject the stator currents in the αβ stator
fixed reference frame of the finite element model, the stator
current and stator flux space vectors are transformed as
given by

iS,αβ = iS,dq e
γ , (5)

ψ
S,αβ

= ψ
S,dq

eγ , (6)

where γ denotes the electric angular rotor position. In case
of a Y-connected stator winding, any zero sequence stator
currents i0 are impossible. Thus, the stator currents are
directly deduced as the projections onto the three stator
axes. On the other hand in case of a ∆-connected stator
winding, the zero sequence current i0 must be used addi-
tionally. It is determined iteratively for each angular rotor
position with all operating conditions according to the van-
ishing sum ψS1 +ψS2 +ψS3 = 0 of the linkage fluxes of the
three phases [10], [11].

IV. Analysis Results

A. Comparison with Measurements

Fig. 2 depicts the load torque in dependence on the
quadrature axis current. The numerical results are shown
for both Y- and ∆-connected stator windings while the
measurement results are obtained from the initial design
with a ∆-connected stator winding. There is a good agree-
ment with stator currents in the range up to rated current
loads but increasing deviations with higher current loads.
They arise from stray field portions in the axial direction
in particular with the permanent magnets of the rotor.
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Fig. 2: Load torque, Y-connected and ∆-connected stator
winding as well as measurement results [11]

B. Inductances

Fig. 3, Fig. 4, Fig. 5 and Fig. 6, Fig. 7, Fig. 8 depict the
apparent inductances in dependence on stator current mag-
nitude and angle obtained from the frozen permeabilities
method for the Y - and ∆-connected stator winding, respec-
tively. Obviously, both connections of the stator winding
result in an inverse-saliency behaviour with ldd < lqq for
most current excitations with an exception of those with
current angles nearby β = ±π/2. The most significant
difference between Y - and ∆-connection arises with the in-
ductance lqq with current angles nearby β = 0. With these
excitations, the saturation along the direct axis is strongly
enforced resulting in very high zero-sequence currents.

It has be mentioned, that in particular the apparent two-
axes inductances ldd,lqq are significantly different from the
differential two-axes inductances as published in [11] which
are in the range of 1.20 ≥ ldd ≥ 0.2 and 1.20 ≥ ldd ≥ 0.4.
Only the differential cross-coupling inductances are in the
same range as the apparent cross-coupling inductances.

C. Electromagnetic Torque

Fig. 9 and Fig. 10 show a comparison of the electromag-
netic torque obtained directly from the non-linear analy-
ses and those values evaluated using the two-axes induc-
tances without and with cross-coupling terms with rated
current and both winding connections. Obviously, an inclu-
sion of the cross-coupling inductances describes the inverse-
saliency behaviour of the machine much better. The torque
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Fig. 3: Inductance ldd versus current magnitude and angle,
Y-connected stator winding
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Fig. 4: Inductance lqq versus current magnitude and angle,
Y-connected stator winding
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Fig. 5: Inductance ldq = lqd versus current magnitude and
angle, Y-connected stator winding

values evaluated from the two-axes apparent inductances
represent the portion generated by the fundamental har-
monics and cover approximately 80% of the total torque.

Fig. 11 and Fig. 12 depict the total electromagnetic
torque obtained directly as well as the various components
obtained from the frozen permeabilities method with rated
quadrature axis current and both winding connections.

With the Y-connected stator winding, the Maxwell stress
tensor method yields four portions, the cogging torque of
the permanent magnets denoted as BrMBpM, the reluctance
torque of the stator currents denoted as BrIBpI and the
most significant two components arising from radial and
azimuthal flux density components of permanent magnets
and stator currents denoted as BrMBpI and BrIBpM. With
the ∆-connected stator winding, there are additionally the
portion of the zero sequence current denoted as Br0Bp0

and the respective four cross-coupling portions denoted as
BrMBp0, BrIBp0, Br0BpM and Br0BpI.

With both winding connections, the portion of the sta-
tor currents BrIBpI confirms a saliency ratio ldd/lqq slightly
different from one. On the other hand, the portion of the
permanent magnets BrMBpM always has the opposite sign
of the total torque.
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Fig. 6: Inductance ldd versus current magnitude and angle,
∆-connected stator winding
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Fig. 7: Inductance lqq versus current magnitude and angle,
∆-connected stator winding
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Fig. 8: Inductance ldq = lqd versus current magnitude and
angle, ∆-connected stator winding

V. Conclusion

The paper discusses the application of the frozen perme-
abilities method for an evaluation of the apparent induc-
tances and the subsequent analysis of the electromagnetic
torque of an external rotor permanent magnet synchronous
machine equipped with a fractional slot stator winding with
concentrated tooth coils. Throughout all these calcula-
tions, both Y- and ∆-connected stator windings are con-
cerned.

It is shown that apparent and differential inductances
cannot be compared and have to be treated separately.
While the latter ones are significant for in particular a sen-
sorless control of such machines, the first ones are more
interesting in design and optimization of the machine ge-
ometry. Further, a comparison of the torque obtained di-
rectly from the non-linear analyses is carried out with those
torque values arising from the apparent two-axes induc-
tances without and with cross-coupling inductances. On
the other hand, the frozen permeabilities method also al-
lows for a distinct treatment of the various portions within
the evolved torque caused by permanent magnets, arma-
ture currents as well as zero-sequence currents in case of
∆-connected stator windings. With such approaches, ef-
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Fig. 9: Total torque and torque components from two-axes
and without and with cross-coupling inductances with
rated current versus current angle, Y-connected stator
winding
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Fig. 10: Total torque and torque components from two-axes
and without and with cross-coupling inductances
with rated current versus current angle, ∆-connected
stator winding

fects of super- and sub-harmonics caused by the fractional
slot stator winding can be analyzed in an efficient way.
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