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Abstract—We consider estimation of a sparse parameter vector
from measurements corrupted by white Gaussian noise. Using the
framework of reproducing kernel Hilbert spaces, we derive closed-
form expressions of the Barankin bound, i.e., of the minimum
locally achievable variance of any estimator with a prescribed bias
function, including the unbiased case. We also derive the locally
minimum variance (LMYV) estimator that achieves the minimum
variance, and a necessary and sufficient condition on the pre-
scribed bias function for the existence of finite-variance estimators
and, simultaneously, of the LMV estimator. Finally, we present a
numerical comparison of the variance of the hard-thresholding
estimator with the corresponding minimum achievable variance.

Index Terms—Sparsity, denoising, reproducing kernel Hilbert
space, RKHS, Barankin bound, minimum variance estimation,
unbiased estimation.

I. INTRODUCTION

We consider the problem of estimating an unknown but
deterministic signal or parameter vector x € R" based on a
noisy observation y €RY, i.e.,

y=Xx+n, ey

where n ~ AN(0,0%I) is white Gaussian noise with known
variance o2 >0. The signal vector x is assumed S-sparse, i.e.,

x € Xg & {xX'eRY||X||, < S}, )

where ||x||, denotes the number of nonzero entries of x.
Whereas the sparsity degree S is assumed known, the set of
positions of the nonzero entries of x (denoted by S(x); note that
|S(x)|=]x]|, < S) is unknown. We call the model defined by
(1) and (2) the sparse signal in noise model (SSNM). Applica-
tions of the SSNM include channel estimation when the channel
consists of only few significant taps and an orthogonal training
signal is used, and image denoising using an orthonormal
wavelet basis (see references in [1]).

For the SSNM, lower and upper bounds on the minimum
achievable variance of unbiased estimators were derived in
[1]. In [2,3], a Cramér—Rao bound (CRB) was derived for
a generalization of the SSNM called the sparse linear model

This work was supported by the FWF under Grants S10602 (Signal and
Information Representation) and S10603 (Statistical Inference) within the
National Research Network SISE, and by the WWTF under Grant MA 07-
004 (SPORTS).

(SLM). However, the CRB is discontinuous when passing from
the case ||x||, < .S to the case ||x||,=S. One can conclude from
this discontinuity that the CRB cannot be tight for all x, i.e.,
there is a gap between the CRB and the minimum achievable
variance (also known as the Barankin bound [4,5]). Improved
variance bounds for the SLM were derived in [6].

In this paper, we present a closed-form expression of the
minimum variance at a given signal vector xg € X’s that can be
achieved within the SSNM by any estimator X(-) that has a
prescribed bias c(x) for all x € Xs. We also derive a closed-
form expression of the locally minimum variance (LMV)
estimator, i.e., the estimator achieving this minimum variance
at xo while satisfying the bias constraint. Finally, we present
a necessary and sufficient condition on the bias function c(-)
for the existence of estimators with finite variance at xy and,
simultaneously, for the existence of the LMV estimator at xg.

Our main mathematical tool will be the theory of reproducing
kernel Hilbert spaces (RKHS) [7]. The use of RKHS theory
for minimum variance estimation has a long history [8,9]. In
[6], we applied RKHS theory to minimum variance estimation
within the SLM and derived a lower variance bound that is
tighter than the CRB in [2, 3]. In the present paper, we consider
exclusively the SSNM, which is a special case of the SLM with
a simpler structure. Our results will be stronger than those of
[6] specialized to the SSNM.

This paper is organized as follows. In Section II, we review
some elements of minimum variance estimation [4, 10]. Section
Il summarizes the RKHS approach to minimum variance
estimation [8,9]. In Section IV, we use RKHS theory to derive
closed-form expressions of the minimum achievable variance
and of the LMV estimator for the SSNM. The special case
of bias functions with a particular “diagonal” structure is
considered in Section V. In Section VI, we present numerical
results that compare the minimum variance with the variance
of the hard-thresholding estimator.

II. REVIEW OF MINIMUM VARIANCE ESTIMATION

A popular criterion for judging the performance of an esti-
mator X(-) is the mean squared error (MSE)

e(x(-);%) £ Ex{Ix(y) — x5},



where the notation E,{-} indicates that the expectation is taken
with respect to the probability density function (pdf) f(y;x)
parametrized by x. For the SSNM,

||y—x||§)_ )

1
105:%) = g oo (-5

The MSE can be written as the sum of two nonnegative terms:
A~ ~ 2 ~
e(x(-);x) = [[bx();x)[z + v(x(-); %),

with the estimator bias b(A(-);x) = Ex{x( )} — x and the
estimator variance v(%(-);x) — Ex{x(y }H b
The MSE, bias, and variance depend on the underlying true
signal vector x.

A. Minimum Variance Estimation of x

Requiring the estimator X(-) to minimize the MSE simulta-
neously for all x is not meaningful because such an estimator
generally does not exist [10]. Therefore, a common approach
is to fix the bias b(x(-);x) for all x € Xg and look for the
estimator(s) achieving minimum variance at a specific nominal
signal vector xg € X's under this bias constraint. Thus, hereafter
we only consider estimators satisfying

b(x(-);x) = c(x), VxeXs, 4)

for a prescribed bias function c(-): Xs — R, This is equivalent
to the following constraint on the mean of the estimator:
with y(x) £

Ex{x(y)} = ~v(x), Vx€Xs, c(x)+x. (5

The LMYV estimator at Xq, denoted %(x0) (+), is then defined as
the solution to the following optimization problem:

£®0)(.) = argmin v(%(-);xo), (6)
R()EBy().xg
where the constraint set B (.)x, consists of all estimators
whose bias is equal to c(x) for all x € Xg and whose variance
at xq is finite:

£ {x(): RN RN|EX{)?:(y)} =v(x) Vx € Xg,

By ()xo (

v(x(-);x0) < oo}.
Note that the estimators X(-) we consider are not constrained to
be S-sparse. The prior information of S-sparsity enters merely
by the fact that the bias constraint (4), (5) is formulated only
for x € Xg.

If an LMYV estimator &(XO)(-) exists, we call its variance,

min  v(x(:);Xq),
ol v()x0)

A
L'Y(');Xo =

the minimum achievable variance at xg for the prescribed bias
function c(+). Furthermore, we call c(-) a valid bias function
at Xg if By(.) x, is nonempty, i.e., if there exists at least one
estimator w1th bias c(x) for all x € X's and with finite variance
at xg.

B. Minimum Variance Estimation of xj,

The variance can be decomposed as

&) = 3 w(@n():ix).,

kE[N]
where [N] £ {1,...,N} and v(2x(-);x) £ Ex{[2(y) —
x{xk y)}] } is the variance of the component estimator
(x(- )) Furthermore, the estimator x(-) has mean

( ) c(x) + x if and only if the mean of each component
2k () equals v, (x) = cp(x) + x, Where v (x), ckx(x), and zj
denote the kth components of v(x), c(x), and x, respectively. It
is then easily verified that solving the problem (6) is equivalent
to separately solving for each k € [N] the scalar problem
:13,(:(0)(-) = argmin  v(Zx(-);%0), @)
Er()E€By, ()%
with the constraint set

): RN R|Ex {2k (y)} = (x) Vx € Xs,

v(&5(-);%0) <00}

B’Yk('),xo = {‘%k(

Therefore, hereafter we will consider the scalar problem (7).
We will call & A(xo () (f it exists) the LMV estimator of xj at
X0, and its Varlance, Lo ()30 = ming, (. )EB, () x v(2r(+);X0),
the minimum achievable variance at xq for the prescribed bias
function ¢ (-). Furthermore, we will call ¢x(-) : Xs — R a
valid bias function at xq if B, (.) x, is nonempty. If all ¢ (-),
k € [N] are valid bias functions at xg, then so is c(-), and we
have L.y( = Zke[N] L'Yk( )Xo+

Using the RKHS framework of [8], it can be shown that if
ck(-) is a valid bias function at x, then there exists a unique
LMYV estimator :c(x")( -). Thus, a necessary and sufficient con-
dition for the existence of a unique LMV estimator is that there
is at least one estimator & (-) with finite variance at x, whose
mean Ex{Zx(y)} is equal to 4 (x) = c(x)+xy, for all x € Xg.
It can also be shown that if an LMV estimator exists, it is unique
[4].

If there exists a single estimator &y (-) which is the LMV
estimator for all xg, i.e., which solves (7) for all xy simul-
taneously, then that estimator is called a uniformly minimum
variance (UMV) estimator. For the special case of unbiased
estimation, i.e., ¢x(x) =0 or equivalently v (x) =, the LMV
and UMV estimators are termed locally minimum variance
unbiased (LMVU) and uniformly minimum variance unbiased
(UMVU) estimators, respectively. However, for the SSNM with
sparsity S'< N, it was shown in [11] that, under mild technical
conditions, there does not exist a UMVU estimator. For the
nonsparse case, i.e., S=IN, a UMVU estimator is given by the
trivial estimator Z(y) = yk-

III. THE RKHS FRAMEWORK

The RKHS framework of classical estimation was introduced
in [8], further developed in [9], and specialized to the SLM
and SSNM in [6, 12]. This framework is based on two Hilbert
spaces. The first, denoted L, consists of functions a(-): RN
R. For the SSNM, it is defined as the closed linear span of the



set {px(*)}yexy> Where

s fyi%)

)= Fyime) P
(cf. (3)), with a fixed x¢ € Xg, is the likelihood ratio for the pa-
rameter vector x. The inner product in £ (which is also required
mathematically for the closure operation defining £) is given
by {(a, b> rv = Ex,{a(y)b(y)}, with induced norm |ja||gy =
V/{a, a)gy = \/Ex,{a?(y)}. Note that these quantities explic-
itly depend on xg.

The second Hilbert space, denoted H(R), is an RKHS [7]
consisting of functions f(-): Xs — R. It is defined via the
kernel function R(-,-): Xg x Xs — R given by

(x1 —XO)T(Xz—XO))

2 2
2y" (x—x0) — [Ixll3 + [I%0ll3
202

R(Xl,Xg) é <px17px2>RV = eXp( 0_2

More precisely, H(R) is defined as the closure of the linear
span of the set of functions {fx/(x) = R(x,x)}, ey, (e,
these functions are obtained from R(x,x’) by fixing x’ and
using x as the function argument). This closure is taken with
respect to the topology that is given by the inner product
(-, ->H(R) defined via the reproducing property [7]

<f()7 R('7XI)>'H(R) = f(xl)'
The above relation holds for all f(-) € H(R ) and x’' € Xs.
=/ P

[8], H(R) is isometric to L; there exists a congruence1 JI]:
H(R) — L, which is completely specified by the relation

J[R(-,X)] = px(') :

The following facts, proven in [8] in the general context
of minimum variance estimation, are the basis for our results.
As before, we consider the SSNM together with a prescribed
bias function ¢ (-)—equivalently, a prescribed mean function
Yk (x) = cx(x) + xr—and a fixed parameter vector xg € Xs.

1.) There exists a finite minimum in (7), i.e., cx(-) is valid
at xo, if and only if 74 (-) € H(R).

2) If v,(-) € H(R), then the minimum variance at xg
achievable by an estimator Z(-) with prescribed bias function
ck(+) is given by

L

The induced norm is || f{l; (g . As shown in

Ye(xo) - (8)

()

o = Iell3gr) —

3.) The unique LMV estimator & that achieves this

minimum variance is given by
200 = I )

IV. MINIMUM VARIANCE ESTIMATION FOR THE SSNM

According to (8) and (9), finding the minimum achievable
variance and the LMV estimator amounts to evaluating the

A linear mapping J[[] : H1 — Ha2 between two Hilbert spaces H1i, Ho
is said to be a congruence if it is bijective and preserves inner products, i.e.,
(f> )3, = (IS, Ig])y, for all f(), g(-) € Hi. Two Hilbert spaces are said
to be isometric if there exists at least one congruence between them.

squared RKHS norm ||'yk|\i g and the image J[yx(-)] of the
prescribed mean function Ex% = cp(x) + .

A. An Isometric RKHS

To perform these tasks, it will be convenient to work not
directly in the RKHS H(R) but in another RKHS H(R') of
functions f(-): Xs — R. This RKHS is defined by the kernel
R'(-,-): Xs x Xs — R given by

R'(x1,%2) £ exp (XITXQ) )

The two RKHSs H(R) and H(R’) are isometric; a congruence
K[-]: H(R)—H(R') is provided by

K] = flox)vg, (x), x€Xs, f() eH(R), (10)
with the weight function vy, (-): Xs —R defined as
s _Ixolly | xgx
Uxo (X) = exp( 552 + ) (11)

Due to (10), R'(x1,%2) = R(0X1, 0X2) Vx, (X1)Vx, (X2)-

We now present a characterization of the RKHS H(R’) in
the sense of [9], i.e., we will specify an orthonormal basis for
H(R') together with a condition that allows one to judge if a
given function f(-): Xs — R belongs to H(R'). It is one of the
appealing properties of 7 (R') that an orthonormal basis can be
readily constructed. In what follows, let Ng = Zf N Xg (with
Z, 2 {0,1,...} the set of nonnegative integers) be the set of
all S-sparse N-dimensional multi-indices p = (p1,...,pN).
Furthermore, let p! £ [T,y pe!s X2 2 ey 24", and

ix) & (er o ) f(x). The following results are pre-

OxP
sented without proof ﬁecause of space restrictions; a detailed
proof is provided in [12].

Theorem 1: 1.) For any p € Ng, the function
1 OPR/(x,x')
Vvpl  OxP

is an element of H(R').
2.) The functions {g(p)(-)}peNs are orthonormal, i.e.,

/ 1,
(0P, 6P ) ) = {o
3.) The inner product of any f(-) € H(R') with g(p)(.) is

given by
1 Pf(x)
Vp! OxP

4.) The set {g(p)(-)}peNs forms an orthonormal basis for
H(R'), i.e., any f(-) € H(R') can be expanded as

P >H(R,) g(p)(.) 7
pPENs

L
-

g (x) £ xP

x'=0

p=p
p#p.

(f, g(p)>H(R,) =

x=0

where the sum converges in the RKHS norm || - ||, and also
pointwise.



5.) A function f(-): Xs —R is an element of H(R') if and
only if it can be written pointwise as a series

760 = 3 alplg® ().

PENg

with a coefficient sequence a[p] € ¢?(Ng), where ¢?(Ng) de-
notes the set of all square summable sequences a[-]: Ng— R.

Based on Theorem 1, we will next characterize for the
SSNM the set of valid bias functions, the minimum achievable
variance, and the LMV estimator.

B. Valid Bias Functions

Consider a bias function cj(-) and the associated mean
function 5 (x) = ci(x) + x. According to Section III, ¢ ()
is valid at x¢ if and only if v4(-) € H(R). It is then further
shown in [12] that ¢ (+) is valid at x¢ if and only if there exists
a coefficient sequence a[p] € £?(Ng) such that

VxeXs, (12)

ZG[P]ﬁ,

PENgs

T (0%) Vo (X) =

with vy, (x) defined in (11). In the unbiased case ¢ (-)=0, we
have i (0x) =0oxy; it can here be verified easily that condition
(12) is satisfied, and hence ¢ (-) =0 is a valid bias function.
Based on condition (12), it can be shown that for specific
choices of o, S, and N, there are bias functions c(-) that are
valid at some xg but not at all xg € Xs [12]. We note that if
ck(+) is the actual bias function of an existing estimator with
finite variance at all xg € Xs (e.g., the hard-thresholding
estimator, cf. Section VI), then it trivially follows by the very
definition of a valid bias function in Section II-B that cj(-) is
valid at all xo € Xs. In particular, the validity of c¢;(-) =0
also follows trivially from the fact that the specific estimator
Zr(y) = yk is unbiased and has a finite variance at all xg.

C. Minimum Achievable Variance and LMV Estimator

The following further results are shown in [12]. If the pre-
scribed bias ¢ (-) is valid at xg, then it follows from (8), with
(12), that the minimum achievable variance at x( is given by

OP vk (0x) vy, (x
Lim = 1( [k (0%) vy (X)]

xwf—ﬁ@w

o=l p! OxP
=Y a?lp] — 12 (x0)- (13)
pENs

Furthermore, the LMV estimator at xo—i.e., the estimator
whose variance at xo equals L., (. x, in (13)—is given by

(x0) /oy 1 [OP[vk(ox) vk, (%)] 0P, (X3y)
z,, (y) = pgsﬁ[ - OxP OxP L{_O

= 3 alpl| TV

with

T T 2
oX—X Xn X X
¢xo(x;y)ﬁexp<y( i 0 , Xox _ |l |I2>.
g o 2

The expression (13) nicely demonstrates the reduction of the
minimum achievable variance due to the sparsity constraint (2).
For simplicity, we consider the unbiased case, i.e., cx(-) =0 or
Yk (x) = k. It can here be shown that the difference between
the minimum achievable variance without a sparsity constraint
(this would be obtained for S = V) and the minimum achievable
variance for the actual sparsity S is given by

ALy, = Y d’[p].

pGZf\NS

For decreasing S, ALy, increases because the set Zf \Ng
becomes larger. Thus, when x, becomes more sparse, the
minimum achievable variance decreases.

V. DIAGONAL BIAS FUNCTION

We now consider the SSNM for the special case of a bias
function ¢y (x) that is “diagonal” in the sense that it depends
only on the entry xg, i.e., cx(x) = é(xg) with some function
ék(+) : R — R. We make the weak assumption that ¢ (-) can
be represented by a power series centered at gy = (%X0) -
Equivalently, the mean function v (x) = é(xk) + x can be
represented by a power series centered at z j, i.€.,

oo

V(%) =
=0

L2z —xon)!, (14)

VY,
{!

with suitable coefficients «y; ;. Examples where the diagonal
power series representation (14) applies include unbiased es-
timation and the mean functions of the hard- and soft-thresh-
olding estimators (cf. Section VI).

The following results can now be shown [12]. A diagonal
bias function is valid if and only if the coefficients 73 ; satisfy
Py, < oo, with P, £ 3772, 7211021/ {!. Furthermore, if the bias
function is valid, the minimum achievable variance at xq is
obtained as

LWkCLXO:: g(XO)}% _'Vi(XO)v
where
2

15)
A UC% i Lo,i,
g(xg) = Z exp <— U72J > H [l—exp <— 021

)} (16)
JE[S] J'elj—1]

if |S(x0) U {k}| =95 +1 and g(x0) = 1 otherwise. As to the
indices ¢; in (16), we note that the case |S(xo) U {k}|=S5+1
implies that x( has exactly .S nonzero entries; the corresponding
positions are denoted by S(x¢) = {i1,...,is}. Finally, the
LMYV estimator at x( is given by

A (X s Ul
() = hiy.xo) Y BT (2), an
=0 ’
where
2
x5, + 2Yi;%0,4;
hly.xo) £ 3 exp (-t )
JE[S] 2 Ly
xo,ij/ yiv‘ro,iv
X H [l—exp<— 202] 4 >}

]

J'eli-1

if [S(xo) U {k}| =S +1 and h(y,xo) £ 1 otherwise. Here,



H;(-): R— R is the Ilth-order (probabilists’) Hermite polyno-
mial, ie., Hy(z) £ (~1)le””/2L =*/2 [13],

Some comments can now be made. 1.) The LMVU estimator
at xg is given by (17) with y40=2x0k, k1 =1, and ;=0
for [ >2. One can show that its bias and variance remain finite
at X # Xo; this is also true if x ¢ Xg, i.e., if x violates the
sparsity constraint (2).

2) If Py =32 ~;,02/1! appearing in the expression (15)
of L., (), is replaced by a partial sum Y, _~2 02/l!, with
arbitrary 7 C Z, then the resulting expression provides a lower
bound on L., () «, (and, in turn, on the variance at xo of any
estimator with mean equal to x(+)).

3.) Finally, consider a valid bias function c(-) such that every
component () of v(x) = c(x) + x is of the diagonal form
(14). It can then be shown [12] that the minimum achievable
overall variance at Xo, L (.),xo = 2 _re(n] Lk (),x0» 1S given by

Lyyxe = D, Pot D g(x0)Pe — |v(x0)l5, (18)
keS(xo) k€S (x0)

where S(x0) = [N]\S(xo).

VI. NUMERICAL RESULTS

We study the minimum achievable variance L., for
prescribed mean functions (-) that are the actual mean func-
tions of given estimators. We consider the family of hard-
thresholding (HT) estimators Zur x(-) given by &urx(y) = Yk
when |yi| > T and Zurx(y) = 0 otherwise, where T is a
parameter. In the limiting case T'=0, the HT estimator equals
the least squares (LS) estimator given by Z1s x(y)=yx, which
is unbiased. The mean function of Zyr x(y) can be shown to
be of the form (14). For T'=0 (LS estimator), (14) simplifies
because .0 = To, k. Vk,1 = 1, and y;; =0 for [ > 2. It can
also be shown that, for any T, Ex,{Zurx(y)} = ko and
v(@ur ()i X0) = 202 Ve 021 = P =7 o

In what follows, we choose N =5 and ||x¢l|, =S = 1.
In Fig. 1, we show the variance v(Xur(-);Xo) (obtained by
numerical integration) versus the “signal-to-noise ratio” (SNR)
&3 /0%, where & denotes the single nonzero entry of xo and
o2 =1, for different choices of T'. For comparison, along with
each variance curve, we also show the corresponding mini-
mum achievable variance (Barankin bound) L (.) x, calculated
according to (18). Here, “corresponding” means that ~(-) is
chosen equal to the mean of the respective estimator, which
was calculated by numerical integration. It is seen that for small
T (in particular, for T'=0 where the HT estimator reduces to
the LS estimator), the Barankin bound is significantly below
the corresponding variance curve. However, as 7' increases, the
gap between variance and Barankin bound becomes smaller;
in particular, the two curves are already indistinguishable for
T = 4. For high SNR, the Barankin bound converges to So? =1
for any value of T'; this equals the variance of an oracle
estimator that knows the support of xg.

VII. CONCLUSION

We applied the mathematical framework of reproducing
kernel Hilbert spaces to minimum variance estimation within

6 T=0(S)

variance/minimum variance

SNR [dB]

Fig. 1. Variance of the HT estimator, v(Xur(-); Xo), for different 7" (solid lines)
and corresponding minimum achievable variance (Barankin bound) L. (.) x,
(dashed lines) versus the SNR 58/02, for N=5, S=1, and 62 =1.

the sparse signal in noise model. This provided a necessary
and sufficient condition on the prescribed bias function for
the existence of estimators with finite variance and, simulta-
neously, for the existence of the locally minimum variance
(LMV) estimator. We also derived closed-form expressions
of the minimum locally achievable variance of any estimator
with a prescribed bias function (Barankin bound), and of the
LMV estimator that achieves the minimum variance. Finally,
using numerical simulation, we analyzed how far the variance
of the hard-thresholding estimator exceeds the corresponding
minimum achievable variance (Barankin bound).
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