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Abstract—We propose a novel distributed QR factorization
algorithm for orthogonalizing a set of vectors in a wireless
sensor network. The algorithm originates from the classical Gram-
Schmidt orthogonalization which we formulate in a distributed
way using the dynamic consensus algorithm. In contrast to existing
distributed QR factorization algorithms, all elements of matrices Q
and R are computed simultaneously and updated iteratively after
each transmission. Assuming synchronous message broadcasting
and communication only with neighboring nodes without any
central computing unit (fusion center), we prove convergence
of the algorithm. We investigate the algorithm in terms of
numerical accuracy and we discuss the influence of the initial
data distribution on the algorithm performance. Moreover, we
provide a comparison with existing distributed QR algorithms in
terms of communication cost and memory requirements, and we
illustrate the comparison by simulations.

Index Terms—distributed algorithms, Gram-Schmidt orthogo-
nalization, QR factorization, dynamic consensus algorithm, wire-
less sensor network.

I. INTRODUCTION

We consider the problem of orthogonalizing a set of vectors

which are distributed over a network. We focus on standard

algorithms for distributed QR factorization based on the Gram-

Schmidt orthogonalization [1], a method which besides com-

puting an orthonormal matrix obtains also an upper triangular

matrix containing the set of projection coefficients. In con-

trast to parallel QR factorization algorithms (e.g., [2], [3]),

distributed QR factorization algorithms designed for loosely

coupled distributed systems with independently operating nodes

and with possibly unreliable communication links have hardly

been investigated [4], [5]. In the signal processing area, QR

factorization is used widely in many applications, mostly in-

volving linear least squares (LS) problems [4], [6].

The standard (centralized) approach using a fusion center

has severe disadvantages in wireless sensor networks (WSN),

such as uneven energy consumption, single point of failure

and complex routing. Here, we develop a novel distributed

QR factorization based on the dynamic consensus algorithm,

which does not require any fusion center and assumes only

local communication between neighboring nodes without any

global knowledge of the topology.

A. Centralized Classical Gram-Schmidt Orthogonalization

Given a matrix A = (a1,a2, . . . ,am) ∈ R
n×m, n ≥ m,

Classical Gram-Schmidt orthogonalization (CGS) [1] computes
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the matrix Q ∈ R
n×m with orthonormal columns and the

upper-triangular matrix R ∈ R
m×m, such that A = QR.

Denoting

Q =
(

q1 q2 . . . qm

)

R =











〈q1,a1〉 〈q1,a2〉 . . . 〈q1,am〉
0 〈q2,a2〉 〈q2,a3〉 . . .
.
.
.

.

.

.
. . . . . .

0 . . . 0 〈qm,am〉











(1)

we have

qi =
ui

‖ui‖
, i = 1, 2, . . . ,m, (2)

and

ui = ai −
i−1
∑

j=1

〈qj ,ai〉
〈qj ,qj〉

qj , i = 1, 2, . . . ,m, (3)

where ‖u‖ =
√

∑n

j=1 u
2
j and 〈q,a〉 =

∑n

j=1 qjaj .

B. Existing distributed methods

A straightforward redefinition of the CGS suitable for WSN

results from performing the summation in the norms (cf. (2))

and the inner products (cf. (3)) in a distributed way using any

distributed data aggregation algorithm (e.g., average consen-

sus [7], gossiping algorithms [8], etc.).

Nevertheless, to our knowledge, all existing distributed al-

gorithms for orthogonalizing a set of vectors are based on

the gossip-based push-sum algorithm [8]. Specifically, in [4]

authors used distributed CGS based on gossiping for solving

a distributed LS problem and in [5] a gossip-based distributed

algorithm for modified Gram-Schmidt orthogonalization (MGS)

was designed and analyzed. A slight modification of the latter

algorithm was introduced in [9], which we use for comparison

in this paper. We denote the two gossip-based distributed Gram-

Schmidt orthogonalization algorithms as G–CGS [4] and G–

MGS [9], respectively. Both methods compute columns of the

matrix Q sequentially. In contrast, the distributed algorithm

introduced in this paper approximates all elements of the

orthonormal basis Q simultaneously and as the algorithm pro-

ceeds the values at all nodes are iteratively refined, eventually

converging to the desired Q and R matrices. Therefore, it

delivers estimates of Q and R at any intermediate stage.

In this paper, we first review the concept of static and

dynamic consensus in Sec. II where we also discuss the conver-

gence of dynamic consensus. In Sec. III we describe DC–CGS,



the new distributed QR factorization algorithm based on the

dynamic consensus and prove its convergence. We summarize

the analysis and compare it to other distributed approaches in

Sec. IV. Sec. V concludes the paper.

Notation and terminology. In what follows, N denotes the

(known) number of nodes in the network, dk the node degree

of node k, d̄ the average node degree of the network, and t
a discrete time (iteration) index; 1 represents the vector of all

ones; Xk represents the part of a matrix X stored at node k (it

may be a matrix or a vector). For the sake of clarity, we abuse

notation and denote element-wise division of two vectors as

z = x

y
≡ xi

yi
, ∀i, element-wise multiplication of two vectors as

z = x◦y ≡ xiyi, ∀i, and of two matrices as Z = X◦Y. The

operation X ⊛ Y ≡ x1:i◦yi+1 (∀i = 1, . . . ,m − 1)1, where

x1:i stands for a matrix of columns [x1,x2, . . . ,xi].

II. CONSENSUS ALGORITHMS

We model a WSN by synchronously working nodes which

broadcast their data into their neighborhood. The WSN is con-

sidered to be static, connected, and with error-free transmissions.

Although the practicality of synchronicity can be discussed[10],

we note that it is not an unrealizable assumption [11].

Two consensus algorithms for computing an average of

values distributed in a network are presented here. Note that

both algorithms can be easily adapted to computing a sum

in a distributed way, if the final average value is multiplied

by the total number of nodes N in the network.

A. Static average consensus algorithm

The “static” distributed average consensus algorithm in

a WSN computes at each node an estimate of the global mean

(average) of distributed initial data x(0). In every iteration t
each node updates its estimate using the weighted data received

from its neighbors. From the global (network) point of view,

x(t) = Wx(t− 1). (4)

The selection of weight matrix W, representing the connections

in the network, crucially influences the convergence of the

average consensus algorithm [7], [12]. The main condition for

the algorithm to converge is that the largest eigenvalue of W

is equal to 1, i.e., λmax = 1, with corresponding eigenvector

c1. According to the Perron-Frobenius theorem this condition

is satisfied for any connected network [13].

B. Dynamic average consensus algorithm

In contrast to the static average consensus algorithm, which

computes the mean of constant values, the dynamic consensus

algorithm is able to track the mean of a time-varying signal.

Similarly to [14], where a continuous version of the dynamic

average consensus has been defined, we define a discrete dy-

namic average consensus algorithm2 and prove its convergence.

1Operation X⊛Y represents the combinations of vectors, which represent
the stacked approximated inner products (off-diagonal inner products of the
matrix R (cf. (1))); e.g., X = (x1,x2,x3), Y = (y1,y2,y3) ⇒ X⊛Y =
(x1◦y2,x1◦y3,x2◦y3).

2Generalizations and different types of dynamic average consensus algo-
rithms can be found in [15]–[17].

Theorem 1. For a (strongly) connected network, assuming

a bounded input signal s(t) = (s1(t), . . . , sk(t), . . . , sN (t))
⊤

with decaying time differences △s(t) = s(t) − s(t − 1),
the internal state xk(t) at node k, following the update equation

x(t) = W [x(t− 1) +△s(t)] , (5)

with x(0) = s(0), converges to the instant average s(t) of the

input signal s(t), i.e.,

x(t) =
1

N
11⊤s(t) ≡ s(t), as t → ∞. (6)

Proof: Let us define the error function:

e(t) = x(t)− 1

N
11⊤s(t). (7)

Using Z-transform, we can rewrite (7) in the Z-domain as

E(z) = X(z)− 1/N11⊤S(z). Thus, transforming (5), we get

E(z)=W(z−1X(z)+x(0) + S(z)− z−1S(z)− s(0))− 1
N
11⊤S(z)=

=
(

I− z−1W
)−1

W
(

I− z−1I
)

S(z)− 1
N
11⊤S(z).

From the fact that the maximal eigenvalue of W, λmax = 1,

with eigenvector vmax = 1/
√
N1 [13], we can see that the

error transfer function is

Hes(z) = E(z)
S(z)

=
(
I− z−1W

)−1
W

(
I− z−1I

)
− 1

N
11⊤

= V







0 0 . . .

0 λ2(1−z−1)

1−λ2z
−1 . . .

. . .







V−1,

where V contains the eigenvectors of W. Since |λi| < 1 for

i = 2, . . . , N , all poles of the transfer function are inside

the unit circle, thus, the transfer function is stable. Using

the final value theorem3, for any bounded input signal s(t)
(with at most one pole at 1 in the Z-domain) we obtain

limz→1(1−z−1)E(z) = 0. Thus, the error e(t) → 0 as t → ∞.

III. DISTRIBUTED QR FACTORIZATION BASED ON THE

DYNAMIC CONSENSUS ALGORITHM – DC–CGS

As mentioned in Sec. I-B, the Gram-Schmidt orthogonaliza-

tion process can be computed in a distributed way by using any

distributed aggregation algorithm. We refer to a CGS based on

the static consensus as SC–CGS. SC–CGS as well as G–CGS

[4] and G–MGS [9] have an important drawback. In Gram-

Schmidt orthogonalization methods, the computation of the

norms ‖ui‖ and the inner products 〈qj ,ai〉, 〈qj ,qj〉 depends

on the norms and inner products computed from the previous

columns of the input matrix A. Therefore, each node k must

wait until the estimates of the previous norms ‖uj‖ (j < i)
have achieved an acceptable accuracy before processing the

next norm ‖ui‖.

We design a novel approach overcoming this drawback by

using the dynamic consensus algorithm which processes a time-

varying input values. If we rewrite equations (2) and (3)

3The final value theorem in the Z-domain: lim
t→∞

e(t) = lim
z→1

(1−z−1)E(z).



implicitly containing these dependencies, we obtain

q̂i(t) =
ûi(t)

√

N ũi(t− 1)
, i = 1, . . . ,m, (8)

ûi(t) = ai − pi(t), i = 1, . . . ,m, (9)

where ũi(t) is the approximation of ‖ui‖2 at time t and

pi(t) =
i−1
∑

j=1

p̃
(2)
j (t− 1)◦q̂j(t− 1)

q̃j(t− 1)
, (10)

with p̃
(2)
j (t) being the approximation of the off-diagonal

inner-products 〈qj ,ai〉 of the matrix R (cf. (1)) and q̃j(t)
the approximation of 〈qj ,qj〉 at time t. Similarly, we de-

fine p̃
(1)
i (t) to be the approximation of 〈qi,ai〉. Using

the dynamic average consensus algorithm from Sec. II-B,

we show that ũi(t), q̃i(t), p̃
(1)
i (t), and p̃

(2)
i (t) converge to

‖ui‖2 , 〈qj ,qj〉, 〈qi,ai〉, and 〈qj ,ai〉, respectively.

DISTRIBUTED QR FACTORIZATION BASED ON DYNAMIC AVERAGE

CONSENSUS ALGORITHM (DC–CGS)

• Input matrix A = (a1, a2, . . . ,am) ∈ R
n×m with n ≥ m is dis-

tributed row-wise across nodes. If n > N , some nodes store more
than one row. Each node computes the rows of Q corresponding
to the stored rows of A and an estimate of the whole matrix R.
(used indices i, l: i = 1, . . . ,m; l(i) = l(i− 1) + i, l(0) = 0.).

• Initialization:

Ũ(0) = A◦A, Û(0) = A,

Q̃(0) = A◦A, Q̂(0) = A,

P̃(1)(0) = A◦A, P̃(2)(0) = A⊛A

• Repeat for t = 1, . . .

1) Compute locally at each node (i = 1 . . .m)

pi(t) =
∑i−1

j=1

p̃
(2)
j

(t−1) ◦ q̂j(t−1)

q̃j(t−1)

ûi(t) = ai − pi(t)

q̂i(t) =
ûi(t)√

Nũi(t−1)

2) At each node k store (k = 1, . . . , N )

Qk(t) = (q̂k,1(t), q̂k,2(t), . . . , q̂k,m(t)), and

Rk(t) = N









p̃
(1)
k,1(t) p̃

(2)
k,1(t) . . . p̃

(2)

k,l(m)−m+1(t)

0 p̃
(1)
k,2(t) p̃

(2)
k,3(t) . . .

...
...

. . . . . .

0 . . . 0 p̃
(1)
k,m(t)









3) Aggregate data for the dynamic consensus (cf. (5))

Ψ(1) = Ũ(t− 1) + Û(t)◦Û(t)− Û(t− 1)◦Û(t− 1)

Ψ(2) = Q̃(t− 1) + Q̂(t)◦Q̂(t)− Q̂(t− 1)◦Q̂(t− 1)

Ψ(3) = P̃(1)(t− 1) + Q̂(t)◦A− Q̂(t− 1)◦A
Ψ(4)

︸︷︷︸
= P̃

(2)(t− 1)
︸ ︷︷ ︸

+ Q̂(t)⊛A− Q̂(t− 1)⊛A
︸ ︷︷ ︸

Ψ(t) = X(t− 1) + ∆S(t)

4) If n > N , sum Ψ(t) locally at the nodes and broadcast

Ψ(t) =
(

Ψ(1),Ψ(2),Ψ(3),Ψ(4)
)

to the neighbors, i.e.,

(

Ũ(t), Q̃(t), P̃(1)(t), P̃(2)(t)
)

= WΨ(t).

Proof of convergence: For i = 1, we obtain û1(t) = a1,

and thus, as t → ∞, ũ1(t) = 1/N‖a1‖2 and thus also,

q̂1(t) = a1

‖a1‖
, q̃1(t) = 1/N1, p̃

(1)
1 (t) = 1/N‖a1‖, and

p̃
(2)
1 (t) = 1/N〈a1,a2〉.
Furthermore, for all i > 1, we see that the elements

depend only on the first column (i = 1), e.g., Eq. (9),

û2(t) = a2 − p̃
(2)
1 (t−1) ◦ q̂1(t−1)

q̃1(t−1) . Thus, since the first el-

ements, s1(t) (see step 3 of the algorithm), are bounded

(constant), all subsequent elements si are bounded as well,

limt→∞ ∆S(t) → 0, and thus, the conditions of Theorem 1

are fulfilled. Therefore, as the elements ũi(t), q̃i(t), p̃
(1)
i (t),

p̃
(2)
i converge, the algorithm converges.

IV. SIMULATIONS

In the simulations we consider a connected WSN with

N = 30 nodes. We explore the behavior for various topologies:

fully connected (each node is connected to every other node),

regular (each node has the same degree d) and geometric

(each (randomly deployed) node is connected to all nodes

in some radius ρ (WSN model)). The random input matrix

A ∈ R
300×100 has uniformly distributed elements from the

interval [0, 1] and a low condition number κ(A) = 35.7.

A. Orthogonality and factorization error

As performance metrics we use the relative factorization

error, ‖A−QR‖/‖A‖, which measures the accuracy of the QR

decomposition, and the orthogonality error, ‖I−Q⊤Q‖, which

measures the orthogonality of the matrix Q. The simulation

results for a geometric topology with an average node degree

d̄ = 8.533 are depicted in Fig. 1. Since both errors behave

almost identically and since each node k can compute a local

factorization error ‖Ak − QkRk‖/‖Ak‖ from its local data,
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Fig. 1: Orthogonality and factorization error for each node k
for a geometric topology with d̄ = 8.533.



we conjecture that such local error evaluation might be used

also as a local convergence criterion in practice.

B. Initial data distribution

If n > N , some nodes store more than one row of A. Thus,

before doing distributed summation, every node has to locally

sum the values from its local rows.

Simulations show that the convergence behavior of DC–

CGS strongly depends on the distribution of the rows across

the network (see Fig. 2). We investigate the following cases:

(1) each node stores ten rows of A (“uniform”); (2) 271 rows

are stored in a node with the lowest degree, the other 29 rows in

the remaining 29 nodes; (3) 271 rows are stored in a node with

the highest degree, the rest in the remaining 29 nodes. Fig. 2

shows the relative factorization error averaged over all nodes.

We observe that not only the initial distribution of the data

influences the convergence behavior but also the topology of the

underlying network. In the case of a regular topology, Fig. 2(a),

the influence of the distribution is small and we can see that the

difference between the nodes comes only from the variance of

the values in the input matrix A. On the other hand, in case of

a highly irregular geometric topology, see Fig. 2(b), where the

node with most neighbors stores most of the data, the algorithm

converges much faster than in the case when the most of the

data are stored in a node with only few neighbors.
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(a) Regular topology (d̄ = 5).
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(b) Geometric topology (d̄ = 8.533).

Fig. 2: Convergence for networks with different topology and

initial data distribution: either all nodes store the same amount

of data (“uniform”) or most of the data is stored in one node.

C. Performance comparison with existing algorithms

We compare our new DC–CGS algorithm with SC–CGS,

G–CGS and G–MGS introduced in Sec. I-B. Although all

approaches have iterative aspects, the cost per iteration strongly

differs for each algorithm. Thus, instead of providing a compar-

ison in terms of number of iterations to converge, we compare

the communication cost needed for achieving a certain accuracy

of the result. We investigate the total number of messages sent

as well as the total amount of data (real numbers) exchanged.

Simulation results for various topologies are shown in Figs. 3

and 4. We can see that the gossip-based approaches exchange,

in general, less data (Fig. 4), but since their message size is

much smaller than in DC–CGS, the total number of messages

sent is higher (Fig. 3). Because the message size of SC–CGS is

even smaller than in the gossip-based approaches, it sends the

highest number of messages. Since the energy consumption in

a WSN is mostly influenced by the number of transmissions,

thus, it is better to transmit as few messages as possible (with

any payload size), therefore, DC–CGS is the most suitable

method for a WSN scenario. However, we notice that in many

cases DC–CGS does not achieve the same final accuracy of the

result as the other methods. Investigation and improvement of

this aspect is a work in progress. Note that in a fully connected

network SC–CGS delivers a highly accurate result from the

beginning, because within the first iterations all nodes exchange

the required information with all other nodes.

In Tab. I we summarize the communication cost and local

memory requirements of the algorithms. Due to considered

wireless setting, the communication cost represents the number

of messages (data) each node needs to transmit. However, due

to different parameters it is difficult to rank the approaches

in a general case. The requirements depend especially on the

topology of the underlying network, the number of iterations

I to converge in consensus-based algorithms, or the number of

rounds R needed for convergence of push-sum in the gossip-

based approaches. For example, in a fully connected network

R = O(logN) [8], I = 1. Thus, the SC–CGS requires

O(m2N) messages sent as well as data exchanged, whereas

gossip-based approaches need O(mN logN) messages and

O(m2N logN) data. Note that, G–CGS and G–MGS have

theoretically identical communication cost, however, G–MGS

is numerically more stable and achieves a higher accuracy

(see Figs. 3 and 4). In case of the DC–CGS and a fully

connected network, we can view the DC–CGS as to be m
consequent static consensus algorithms (one for each column),

thus, I = O(m), and the number of transmitted messages is

O(mN) and data O(m3N). Nevertheless, theoretical conver-

gence properties of the DC–CGS have to be investigated further.

Number of
messages

Amount of data
(real numbers)

Local memory
requirements

DC–CGS N · I N · I · m2+5m
2

O(mn/N +m2)

SC–CGS N · I ·
(m+1)m

2 N · I ·
(m+1)m

2 O(mn/N +m2)

G–CGS [4] N ·R·(2m−1) N ·R·m
2+5m−2

2
O(nm/N)

G–MGS [9] N ·R·(2m−1) N ·R·m
2+5m−2

2
O(nm/N)

TABLE I: Comparison of various distributed QR factorization

algorithms. I – number of iterations, R – number of rounds

per push-sum, N – number of nodes, m – number of columns

of the input matrix.
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(c) Geometric topology (d̄ = 24.46).
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Fig. 3: Number of transmitted messages vs. orthogonality error (both axes are in logarithmic scale log10).
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Fig. 4: Number of transmitted real numbers (data) vs. orthogonality error (both axes are in logarithmic scale log10).

V. CONCLUSION

We presented a novel distributed algorithm for QR decompo-

sition based on dynamic consensus and proved its convergence.

In contrast to existing methods, which compute the columns

of the resulting matrix Q consecutively, our method iteratively

refines all elements at once. Thus, in any moment the algorithm

can deliver an estimate of both matrices Q and R. Simulations

showed that by using this approach we were able to signifi-

cantly reduce the number of transmitted messages for achieving

a certain accuracy compared to state-of-the-art distributed QR

factorization algorithms, thus making it suitable for energy-

constrained WSNs. Based on empirical observation, we argue

that the evaluation of the local factorization error at each node

might lead to a stopping criterion for the algorithm. We also

observed that the numerical accuracy of the result is influenced

by several factors, such as topology of the network, selected

weights and the elements of the input matrix. Optimization

of these parameters, together with theoretical bounds on the

convergence rate, are topics of future work.
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