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Graphene: the new frontier of nanoelectronics

Graphene is a new semiconductor material created in the first decade of
this century by Geim and Novoselov. It has remarkable electronic
properties which make it a candidate for the construction of new
electronic devices with strongly increased performances with respect to
the usual silicon semiconductors.
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Graphene: the new frontier of nanoelectronics

Physically speaking, graphene is a single layer of carbon atoms disposed
as an honeycomb lattice, that is, a single sheet of graphite.




Graphene: the new frontier of nanoelectronics

Features of charge carriers in graphene:

@ Graphene is a zero-gap semiconductor, that is, the valence band of
the energy spectrum intersects the conduction band in some isolated
points, named Dirac points;

@ around such points the energy of electrons is approximately
proportional to the modulus of momentum: E = +vg|p|.

— Relativistic massless quasiparticles!

Ko (q) = Lur|g|
vp = 10%m/s

E (&V)

Approssimazione lineare
attorno al punto di Dirac
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Graphene: the new frontier of nanoelectronics

Graphene cristal lattice is split into two nonequivalent sublattices.
@ Charge carriers have a discrete degree of freedom, called pseudospin.
o Different from electron spin!
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Graphene: the new frontier of nanoelectronics

Hamiltonian (low-energy approximation, zero potential):

. 9 9
Ho = Opp[ve(pro1 + pao2)] = —ihve <018X1 + 028X2> ;

o vr ~ 10°m/s is the Fermi speed;
@ h denotes the reduced Planck constant;

@ 01, 09 are Pauli matrices:

(10 (01 (0 =i (1 0.
=10 1) 7 \1 0/ 27 i o) 27 \o -1/’

e Op;, is the Weyl quantization: given a symbol v = v(x, p),

X+ i(x—v).
7( y,p>¢(y)e’(x V)P dydp

(0pn(1)0)(x) = (21) 2 [ :

R2xR?

for all v € L2(R?,C).
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A kinetic model for graphene

Goal: Derive and study several fluid models for quantum transport of
electrons in graphene.

Fluid models derived from kinetic models = Wigner equations.

w = w(x, p, t) system Wigner function.

Spinorial system = w is not a scalar function!

w(x, p, t) is, for all (x, p,t), a complex hermitian 2 x 2 matrix.

Serious computational difficulties!

However, we can write it in the Pauli basis: w = Zi:o W05, With
ws(x, p, t) suitable real scalar functions.
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Collisionless Wigner equations for graphene

Wigner equations for quantum transport in graphene, derivated from the
Von Neumann equation with the one-particle Hamiltonian Ho + V:1

Oewg + VeV - W + On(V)wy =0,

WO
2vm,3] + On(V)W =0, (W)

0w + Ve [ﬁwo +

where w = (wy, wa, w3) and:

(@h( (x,

/ { (X + hf) — V(X - hg)] w(x, p')e P=PVededp’ .
- 2 2

1For the derivation of (WO0) see:
N. Zamponi and L. Barletti, Quantum electronic transport in graphene: A kinetic and

fluid-dynamic approach;
N. Zamponi, Some fluid-dynamic models for quantum electron transport in graphene

via entropy minimization.
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Non-statistical closure: the pure state case

A first fluid-dynamic model can be derived from the Wigner equations
under the hypothesis of pure state:

pii(x,y) = vi)Y;(y)  (i,J=1,2),

where p is the system density matrix, while 1 is the wavefunction.
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Non-statistical closure: the pure state case

Let us consider the following moments, for k =1,2, s =1,2,3:
ng = / wo dp charge density,
ns = / ws dp pseudospin density,
Ji = / pxwWo dp pseudomomentum current,
tok = / Prws dp pseudospin currents.

By taking moments of the Wigner equations it is easy to find the
following system of not-closed fluid equations:

8tno+vF6-nj =0,
2vE
O¢ns+VvEOsng + W 7Isutu 0 (s=1,2,3),

Ot Jk+VEOsts + ngOkV =0 (k =1, 2) .
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Non-statistical closure: the pure state case

From the pure state hypothesis it follows:

h
Notsx =nsJy — Ensagn(ﬁkn[g (k =1,2,5s=1,2, 3),

ng =|A| = \/n? + n3 + n3.

So we found the following pure-state fluid model (~ Madelung equations
for a quantum particle described by the Hamiltonian Hp):

atno-i-VFﬁ' Fi: O7
- 2vp AAJ - -
OpfitveVng + L 202 L (G i /. V)i =0,
h no no

Jon h (1 - -
© n) vF ( ns,-jn,-an> +nVV =

OeJ+vEV - ( — 220 (=
no 2 no

— The first equation in redundant!
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Beyond the pure state assumption

Goal: Derive several models not based on the pure state hypothesis.

Statistical closure: close the fluid equations by means of an equilibrium
distribution obtained as a minimizer of a suitable quantum entropy func-
tional.

Problem: Which statistics should we choose?

Since the energy spectrum of Hy is not bounded from below, Fermi-Dirac
statistics would be more adequate to describe quantum electron transport
in this material, rather than Maxwell-Boltzmann's one; neverthless, we
used in our work the Maxwell-Boltzmann statistics, for the sake of
simplicity and to obtain explicit models, at the price of a modification of
the hamiltonian operator Hp:

p|? 12

H = Opy, |ve(pro1 + P202)+ﬁ(70 = HO_”O%Av

with m > 0 parameter (with the dimensions of a mass).
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Collisional Wigner equations

Wigner equations for quantum transport in graphene, derivated from the

Von Neumann equation with the one-particle Hamiltonian H + V/, with a
collisional term of BGK type:

Orwo + {Z 6} wo 4+ veV - W+ On(V)wy =& _"

Tc

)

(W)

- - 2 g —w
atm{p .v} W+ vr [wwhmﬁ} +eﬁ(V)wng v,

Here:

@ g is the thermal equilibrium distribution;

@ 7. is the relaxation time.
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Different scalings of the Wigner equations

Isothermal system: thermal equilibrium with phonon bath at constant
temperature T.

Two different scalings of the collisional Wigner equations (W):
@ a diffusive scaling;

@ an hydrodynamic scaling.
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Diffusive scaling of the Wigner equations

Diffusive scaling:

X+ Xx, tett,
with %, 2, p, V satisfying:
Vo 2pvere h
==, = ~, Pp=+mkgT;
n %P h vt P B

we define the semiclassical parameter €, the diffusive parameter T and the
scaled Fermi speed c as:

h 2p ;
€E=—, T= pVFTC, c= va.
P h ke T

Finally let v = c/e.
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Different scalings of the Wigner equations

Collisional Wigner equations under diffusive scaling:

TO:Wo + 2 W0+%6 V_I}—‘y-@e[V]Wo:gO_WO,
e T (WD)
0w+ P Vw0 VW wap=8"",
2y 2 T

@ (VIwxp) =Lm) 2 [ 5V Ol p)e 0 el
€ R2 xR2

§V(x, )_V<x+ §§> - v(x gg) .
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Hydrodynamic scaling of the Wigner equations

Hydrodynamic scaling;:

X+ Xx, t—1tt, p— pp, Vn—>\7V,

with %, t, p, V satisfying:

we define the semiclassical parameter €, the hydrodynamic parameter T
and the scaled Fermi speed as:

I Te mv2
€= <, T ==, Cc =
Xp t ke T
Again let v = c/e.
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Hydrodynamic scaling of the Wigner equations

Collisional Wigner equations under hydrodynamic scaling:

8tW0—|— 2 W0+§§W/+@6[V]Wo :M,
s T (WH)
o+ 2 W+ SV +wAp+ O [V =2
2y 2 T

where (again):

@ (VIw)(x.p) =122 [ sT(x.wix. p)e ) ded

Y%
5\"/(x,g):v<x+§§> ( )

r\.)\m
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Different scalings of the Wigner equations

Two main assumptions:

1 The semiclassical hypothesis:
ek 1;
2 The Low Scaled Fermi Speed (LSFS):

C~E€.

As a consequence: v = c/e ~ 1.
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Equilibrium distribution through MEP

Minimum Entropy Principle (MEP):

Given a quantum system, we define the equilibrium distribution associated
to the system as the minimizer of a suitable quantum entropy functional
under the constraints of given fluid-dynamic moments.

Quantum Entropy Functional (actually the free energy):

A (S)=Tr[SlogS — S+ H/kg T],

defined for S € D(47) suitable subset of the set of the density operators
associated to the system.
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Equilibrium distribution through MEP

Let now:

° {uék)(p)}kzl_w : {Mgk)(p)}szlg,&k:lmN real functions of p € R?;

° {M(k)(x)}k:1.../v real functions of x € R?;

o 1 = p{(p)og + o, for k=1...N.

We define the equilibrium distribution at thermal equilibrium g
associated to the moments {M(k)}k:L. y as the Wigner transform
g = WG of the solution of the constrained minimization problem:

&/(G) =min {@/(5) : §=0p(w) € D(),

tr/u(k)(p)w(x,p)dp:/\/I(k)(x), k=1...N, X€R2}.
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Equilibrium distribution through MEP

This problem can be solved formally by means of Lagrange multipliers.

Solution as a density operator:

G = exp(—H + Op(u™(p)éM(x))).
Solution as a Wigner function:
g = Exp(—hlé]), hlé] =0ptH - P (p){M(x).
Here Exp is the so-called quantum exponential, defined by:

Exp(w) = Op~*(exp(Op(w))), Vw Wigner function.
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Semiclassical expansion of the quantum exponential

Goal: find an explicit approximation of the quantum exponential of an
arbitrary classical symbol with linear e-dependence:

g(B) = Exp(B(a+eb)),  PER,

with a = agog + 3- &, b = byog + b-& arbitrary classical symbols.

Moyal product between arbitrary classical symbols fi, f5:
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Semiclassical expansion of the quantum exponential

Semiclassical expansion of the Moyal product:
oo

#He= "#0,
n=0

A#Of = A,
a0 f = é(axsﬂapsfz — O A B) |

1
2) ¢ _ 2 2 2 2 2 2
fl#( )f2 T8 (8><jxsﬂapjpsf2 o 2anpsf18Pszf2 + 8Pszf]'anXsf2> ’
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Semiclassical expansion of the quantum exponential

Let us differentiate with respect to 8 the function g.(3):

058:(8) =3 (2 + cb)#hese() + 8(A)#hela+ b)),
gE(O) =ag .

Expansion in powers of e:

0:89(8) =5 (892 + 38 (5)).
g©(0) =0y,

038(5) =5 (8 (B)a + 38 (8)) + 56V ()b -+ bg*(3))

2 EOE#a + a#DgO(3)
gM(0) =0.

— Hierarchy of ODE: first solve eq. for g(®)(3), then eq. for g(1)().
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Semiclassical expansion of the quantum exponential

&7(9) = e cosh(Blal), E(5) = " sinh(3)

L

gM(B) = Bl (cosh(ﬁ3|)bo + sinh (5|s|)'b)

El
sinh(8|3]) — /]3] cosh(5]3])
4p|aP

+ Bef Njks1aj, ak }as ,

sinh(311) (o 22222 ) 1 o (ms)“] -

4|3)? E]
+ﬂeﬁ"’05inh(€|5|) 5/:b A éJr

plal El B
52, SINN(B]3]) a
2|3l 4

+ BeP Alal cosh(ﬁ2|z’||)5; sinh(3]3]) {a0,3} A a

gu(p) = pe’™

+ Be aj{ajﬁ} A

T
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Fluid models

Fluid models for quantum electron transport in graphene:

e two-band models:
o first order two-band hydrodynamic model;
o first order two-band diffusive model,
o second order two-band diffusive model;

@ spinorial models:
o first order spinorial hydrodynamic model;
o second order spinorial hydrodynamic model;

o first order spinorial diffusive model;
o first order spinorial diffusive model with pseudo-magnetic field.
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Two-band models

We will consider moments of this type:

—

me= [ (o) (wolrop) £ B rp) ) o k=1.m,

with {¢x : R?> -5 R | k =1...n} suitable functions of p, and n € N
given.

The functions:

wy (r, p) = wo(r,p) £

are the distribution functions of the two bands (w is related to the
conduction band, w_ is related to the valence band).
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Two-band hydrodynamic model

Now we present a hydrodynamic model for quantum transport of
electrons in graphene with two-band structure. This model will be
obtained by computing moments of the Wigner equations (WH) and
making a semiclassical expansion of the equilibrium distribution g
appearing in Egs. (WD).

Moments:

ni() = [wetxp)dp, S0 = [pusxp)dp (k=12).

@ The moments ny are the so-called band densities, and measure the
contribution of each band to the charge density ng = (ny + n_)/2.

@ The moments J}, J3 are the cartesian components of the band
currents. they measure the contribution of each band to the current
J=(L+ 2+ ).
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Two-band hydrodynamic model

The (scaled) equilibrium distribution has the following form:
g[n+7 n—, J+7 J- ] :gxp(_hf) ’

2
he _<|p2| + Ag + A1p1 + A2P2>Uo

+ (c|p| + Bo + Bip1 + Bsz)‘ |

where A; = Aj(x), B; = Bj(x) (j = 0,1,2) have to be determined in such
a way that:

[eslnein s L) p o =) xR,

/pkgi[n+,n_,J+,J_](x,p) dp =J5(x) xeR? k=1,2.
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Fully quantum two-band hydrodynamic model.

The following proposition holds:

Proposition

Let n7., J%. the moments of a solution w™ of Eqs. (WH), and let
g=gl[n,n”,JT,JT]. Ifn} — ny, JL — Jy as T — O for suitable
functions n, ji, then the limit moments ny, ji satisfy:

2

. 1 €
OrJ! +0k { /Pipkgi dp+ = /Pi (gk + pfgo) dp}
2y 2 1Pl

+n08;V:|:/'[)|i[_),p|k@6gkdp—O7 (i=1,2).

1
O+ 40k {Ji + E/gk + pfkgo dp} + / Pko, xdp =10,
2y |l 1Al
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Semiclassical expansion of the equilibrium

In order to obtain an explicit model, we make first-order approximation of
the previous fluid equations with respect to the semiclassical parameter .
So we perform a semiclassical expansion of the equilibrium distribution g
through this strategy:
1 we compute a first order expansion of the quantum exponential in
the spinorial case: g = g(© 4 eg(®;
2 we impose that the approximation we found satisfies the contraints:

/ (8 +egM) dp = ni+0(e), / pi(el +egl) dp = JL+O().
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Semiclassical expansion of the equilibrium

_ns _ k_uy9F ~lp-usl?/2 2
g =g 1 e (Flu) - o+ (04 - o) (us)] € +0(@),

d
F(u) E/lple"”—“'zﬂg VueR?,  uk=J/ne (k=1,2);

g =Z—|p| (g P)P=elB| *ANB+ O(),

L o2 2
- N 1 (|dy —u- uy +u_ -
A(x, p) == —exp [—2 ( % ‘p— - 5 ) V(x,p),

—

1 cosh®] = inh ® .
U(x, p) = [sinth + “’S] Vo + {s'"q) ~ cosh cb] A=
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First-order two-band hydrodynamic model

First-order two-band hydrodynamic model:

1 k € aF
atni+£akJi + 53;( (nim(ui)>

- A — N(x, — ]
ieVXV-/[ (x,p) = A(x, p)]Apdp:(L
2|pf®

. 1 i
atJ’i+276k{”i(1 + F (u2)) (G + uuf)

- . OF
+eny {(5;;( — k) F(ug) + u’ia—k(ui)
uy

0°F . OF
o) g )
€ 0’F « OF
iiak |:ni (au’aUk(Ui) —uy 8[_]’-(Ui)):|

K -
(X|’f|)3Apdp_o (i=1,2).
p
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Two-band diffusive models

Now we present two diffusive models for quantum transport of electrons
in graphene with two-band structure. These two models will be based on
a Chapman-Enskog expansion of the Wigner distribution w and a
semiclassical expansion of the equilibrium distribution g that appear in
Egs. (WD).

The moments we choose are the band densities:

ni:/W:tdp7 Wi:WOZE%-VT/.
p
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Two-band diffusive models

The (scaled) equilibrium distribution has the following form:

2 N
gl n ] = Exp.(—he), he = ("; + A)Uo +(elel +8)2 .

where A = A(x), B = B(x) have to be determined in such a way that:

/gi["%n—](xap) dp=ns(x), xR
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Two-band diffusive models

The following (formal) result holds:

Theorem

Let n7., n” the moments of a solution w = w™ of (WD), and let
g = g[n7,n"]. Let us suppose that: ny — ni as T — 0 for suitable
functions ny, n_; then the limit moments n,, n_ satisfy:

Oiny = /( TTg[ny,n_])+ dp,

where:

T()W—p2.ry Wo—‘rgﬁ VT/+@E[V]W0,
- PV eo L
TW:—7W+§VW0+@G[V]W+W/\p.
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First order semiclassical expansion of equilibrium

First order semiclassical expansion of the equilibrium distribution g:

o8P /2 T o2
glny,n_]= o {no+ev< 2—|p|) ng}+ (e7),

e—|Bl*/2 pn B . B
gy, n-] = o = =P Lo eFn Lot 4+ 0P
elnson 1= [ro 1 (5 -19) ] 5+ P 0

with:

1
o EE(nJr +n_) charge density,

1
Ne EE(nJr —n_) pseudo-spin polarization,
: 16 n, Vo + [ na —n2 — no} AV
=— nop — .
2 [log(no + i) — log(mo — no)] \/n§ — n
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First order two-band diffusive model

First order two-band diffusive model:

1 ey |m 1= - 5
Orng :4772A (”o + 2\/2%) + ZV- (nOVV> + O(€%),

FE/ e_”2/2plogpdp>0.
0

N. Zamponi Quantum Fluid Models for Electron Transport in Graphene



Second order two-band diffusive model: assumptions

We are going to derive another diffusive model for quantum transport in
graphene.

o Exploit the Wigner equations in diffusive scaling (WD).
@ Same fluid-dynamic moments ny of the Wigner distribution w.
@ Same equilibrium distribution.

» Stronger assumptions than (LSFS): consider also O(€?)—terms in
the fluid equations.
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Second order two-band diffusive model: assumptions

Assumptions:
@ semiclassical hypothesis ¢ < 1;
» Strongly Mixed State hypothesis (SMS):

c~e, B = 0O(e).
Remember that:

2
glny,n_] = Exp(—he), he= <p2| +A)UO+(c|p|+B)|p| a,

/ gilninl(x.p)dp = ni(x)  x€R2.

These further assumptions are necessary to overcome the computational
difficulties arising from the spinorial nature of the problem: without these
hypothesis, it would be hard to compute the second order expansion of
the equilibrium distribution.
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Second order two-band diffusive model: assumptions

@ Consequence on the choice of moments:

ny —n_
ny +n_

=122 = 0(e).

7,70

@ Decoupling of he in a scalar part of order 1 and a spinorial
perturbation of order ¢; this fact will be very useful in computations.
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Second order two-band diffusive model: semiclassical

expansion of equilibrium

Now let us define, for an arbitrary positive scalar function n(x):
M[n] = ——elPl/2 1+ S (( B ® BV | n) -
€ = 27‘(‘e 24 0o PP og '

then the equilibrium distribution has this semiclassical expansion:

2
_ _ o TN 2 2 Ny
gs[n+7n—] =M. |:n0 > ((2 2) €+ n2>:| 0o

0

o jpp/2 T ne| B
+ 2ﬂ_€ €Y 2 |p| + no |p| g

2
No —1pP?/2 m_ No 3
+a.e v/ —Ipl) + | 0F o(€’).

Exploiting this expansion and the fully quantum two-band diffusive
equations, we obtain:
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Second order two-band diffusive model

Second order two-band diffusive model:

A o o ey |7 v - 3

Oemo =4 [(1+e 1) me+ \/;n] 3 (¥ (v + Ve)) + O(e),

A ey |7 v ey | >

o =7 5 | A\ A o ~ o A A A %4
O¢n 472[2\/;n0+n}+2’y Kn +2\/;no>v ]
- = VV/|?
+ ﬁw(,-vvju' | vy /= (14 Nng +Tny b+ O(e?).
4y 2 2 2

where Vj is (up to a constant) the so-called Bohm potential:

1 &AM
B—= —57_ &

2v6 ng
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Spinorial models

Now we will derive two spinorial hydrodynamic models and two spinorial
diffusive models for quantum electron transport in graphene following a
strategy similar to that one employed in the derivation of the previous
diffusive models.

Spinorial models: the Pauli components of the Wigner matrix are
considered separately from each other, not through a linear combination.
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Spinorial hydrodynamic models

Moments:

ns=/W$dp (s=0,1,2,3), Jk:/pkwodp (k=1,2).

@ ng is the charge density;
o i = (ny, ny, n3) is the spin vector,
o J=(U,h,0) is the current vector.

Note that the current vector has only two components because
graphene’s cristal lattice is a two-dimensional object.
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Spinorial hydrodynamic models

The equilibrium distribution has the following form:

g[n07 Fia j] :5Xp(7hf)a

2
h§ _<|pz| + pk=k + 50) oo + (gs + Cps)as y

with &(x), (&5(x))s=1,2,3, (Zk(x))k=1,2 Lagrange multipliers to be
determined in such a way that:

-, -,

(golno, 71, ) (x) = no(x), (glno, i, J))(x) = ii(x), (Bgolno, i, J)(x) = J(x),

for x € R?.
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Spinorial hydrodynamic models, fully quantum system

The following theorem holds:

Let n§, ni7, J7 the moments of a solution w™ of Egs. (WH), and let
g=g[ng,n",J7]. If nf — ng, i” — i, J© — J as T — 0, then the limit
moments ng, i, J satisfy:

—

3tn0+z'j

€ >
-V.
2y 2

A . -
atn+—-/g@pdp+ano+/gApdp=0
2y 2
3J+v~<J®J+32’>
2’7 no

where &2 is the so-called quantum stress tensor:

l\)\m

7 - /ﬁ@g*dpmoﬁvzo

P = / (B— J/m0) ® (B — J/no)go dp
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First-order semiclassical expansion of the equilibrium

distribution

First-order semiclassical expansion of the equilibrium distribution:

golno, 7, J] = 22 e=IF=1F/2 | (2,

2
gl J) =32 P (125 0)) + 0(@),
m no

nin n;n; 1—w Nk ns L.
Z; = 2 0 — P iks 7= 0; | 7o ,J=1,2,3),
=i+ (0 )+ e () Gi=129)

|7l /o

|og n0+‘ﬁ‘

—|A]

w =

Exploiting this expansion and the fully quantum hydrodynamic spinorial
equations, we obtain:
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First-order spinorial hydrodynamic model

First-order spinorial hydrodynamic model:

3tno+7 . (.7+ ewﬁ) =0,

5 (A®d—eynZ +eyng )+ A NU
Y

+§n0(1 — W)V §-5§-V]§=0,

8J+Z ol +i@id)+ey(i@i—eynZ’)] + npVV =0,

where:

»y
1l
51| =
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Second order spinorial hydrodynamic model: assumption

We are going to derive another hydrodynamic model for quantum
transport in graphene.

e Exploit the Wigner equations in hydrodynamic scaling (WH).
@ Same fluid-dynamic moments ng, 7, J of the Wigner distribution w.
@ Same equilibrium distribution.

» Stronger assumptions than (LSFS): consider also O(€?)—terms in
the fluid equations.
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Second order spinorial hydrodynamic model: assumptions

Assumptions:
@ semiclassical hypothesis € < 1;
» Strongly Mixed State hypothesis (SMS):

3 1/2
c~e, lz (55)21 = 0(e).
s=1

Remember that:

2
g[n07ﬁaJ] :gXp(_hg)a hf = (|p| +Pk k+£0)0—0+(€s+cps)o—$7
/gs[nm J(x,p)dp=ns(x)  (s=0,1,2,3), x€eR?,

[ Pl T\ p) o = Jx) (k=1.2), xe B2,

These further assumptions are necessary to overcome the computational
difficulties arising from the spinorial nature of the problem: without these
hypothesis, it would be hard to compute the second order expansion of
the equilibrium distribution.
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Second order spinorial hydrodynamic model: assumptions

@ Consequence on the choice of moments:

@ Decoupling of he in a scalar part of order 1 and a spinorial
perturbation of order ¢; this fact will be very useful in computations.
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Second order spinorial hydrodynamic model: semiclassical

expansion of equilibrium

Let us define, for an arbitrary positive function A/(x) and an arbitrary

vector function 7 (x) = (J1(x), J2(x), 0):

N —|p-t2/2 ¢ VAP =
MJN, T = >-€ P= -2 2A log N + e - QNI I,

where:

QN J) =3(AA + pk AUy + dU; i) — 20U (pi — Us) (97 A + prdiUy)
— (OFA + pkO3Ui) (pi — U)(pj — Uy) + [V (A + pildi)|?,

yit
U=J/N, A-Iog(ﬁi)—bg.
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Second order spinorial hydrodynamic model: semiclassical

expansion of equilibrium

Second-order semiclassical expansion of the equilibrium distribution:

_»2 2
go[”o,ﬁ,J]:Me{no <|2|2+€7>,J+e’yﬁ(|2| +67)J]

N
2 ey (ﬁ—J> +0(%),
No No

T e—lp=J/mp2 [ 11 L J 3

glno, i, J] = 27r n—o—ev p—n—0 +0(e%).

Exploiting this expansion and the fully quantum hydrodynamic spinorial
equations, we obtain:

4 [0 —1p—T/nol?/2
47
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Second order spinorial hydrodynamic model

Second order spinorial hydrodynamic model:

=

AV .
Orng + — - (J + evn) :O(e3),

2y
V (Aed\ #rd
8tﬁ+-<n® >+n =0(¢%),
2y no no

LY (Jel+en) v .
atJ+V'< - +€W)>+v"°+nov(v+ Vg) =0(¢’),
2y no 2y

where Vg is again (up to a constant) the so-called Bohm potential:

_ 12a/m
P76 ymo

N. Zamponi Quantum Fluid Models for Electron Transport in Graphene



Spinorial diffusive models

Now we will present two spinorial drift-diffusion model for quantum
transport of electrons in graphene.

@ Both first-order model: second order too much computationally
demanding!

o Difference: a theoretical " Pseudo-Magnetic" external field which is
supposed to interact with the charge carriers pseudo-spin and which
will provide a strong coupling between the second model equations.
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Spinorial diffusive models

Moments:
no(x, t) :/ wo(x, p, t) dp charge density,
fi(x,t) :/ w(x,p,t)dp spin vector.

The (scaled) equilibrium distribution can be written as:

2
glno, ] = Exp(—h, 5) , hag = (|p2|+A) oo+ (cp+B)-7,

—

where A(x, t), B(x,t) = (Bi(x, t), B2(x, t), B3(x, t)) are Lagrange
multipliers to be determined in such a way that:

[ sl (s p.0) do = mo(x. 1), [ gl (. p. ) dp = i, ).
for (x,t) € R? x R.
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Spinorial diffusive models: assumptions

We assume that the semiclassical parameter € and the diffusive parameter
7 are of the same order and small, so we will perform a limit 7 — 0 in

the Wigner equations:
C~E~T.

Moreover we define:
~1.

>
Il

R Ks)

N. Zamponi Quantum Fluid Models for Electron Transport in Graphene



Spinorial diffusive models: semiclassical expansion of

equilibrium
First order semiclassical expansion of equilibrium distribution:

g[no, ] :g(o)[no, Al + eg(l)[no7 Al + 0(62) ,

~Ipl?/2 ~1pl?/2
& Ino, 7] == o0 gOn, 7 = = PraaLE
~1p?/2
B e .
g [no. ] = — P
\p\ /2 7
g( )[no n] e |:( n|(g|)2n+wl)[_5

[(B-Vx)A] A7
‘“‘”)mmz]

_ |7l no + |
w=—1«log
no no — |7

with:
-1

=1
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First order spinorial drift-diffusion model: derivation

e From eqgs. (WD) make a Chapman-Enskog expansion of the Wigner
function w.

e Take moments of egs. (WD).

@ Exploit the semiclassical expansion of the equilibrium.

We obtain:
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First order spinorial drift-diffusion model.

First order spinorial drift-diffusion model =
Quantum Spin Diffusion Equations 1 (QSDE1):

Orng = Ang + div(ngVV),
8tnj :asAj5+Fj, (J: 17273)

Ajs = (51/ + by |: :| 771/(/> Osny + nja 14

- 2771'5/"/ + bk |:nO:| (5jkns - 5jsnk) ’ (_/7 sS= 17 27 3)

Fj :njklnkal 2”} + b |: :| a nJ j |: :| 8 ns, (J - 17273)

where we defined, for all v € R3, 0 < |v| < 1:

<i

o 2/
b[V] = | 2 {1 |og(1+\7|)—|og(1—|‘7|)} '
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First order spinorial drift-diffusion model with

pseudo-magnetic field

In the model QSDEL the charge density ng evolves independently from
the spin vector 7i: we are going to modify the QSDE1 model in order to
obtain a fully coupled system by adding a " pseudo-magnetic” field able
to interact with the charge carriers pseudospin.

Negulescu and Possanner, in their article?, consider a semiconductor
subject to a magnetic field interacting with the electron spin, and derive
a purely semiclassical (without quantum corrections) diffusive model for
the charge density ny and the spin vector i throught a Chapman-Enskog
espansion of the Boltzmann distribution. We will follow a similar
procedure to obtain our new model.

2S. Possanner and C. Negulescu. Diffusion limit of a generalized matrix Boltzmann
equation for spin-polarized transport. Kinetic and Related Models(2011).
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First order spinorial drift-diffusion model with

pseudo-magnetic field: derivation

We define two quantities:

¢ =C(x, 1) pseudo-spin polarization of scattering rate;
& =d(x, t) direction of local pseudo-magnetization.
_ 14K 1)l

SEE T e ok
1—1¢(x, 1)
where s are the scattering rates of electrons in the upper band and in

the lower band; it is bounded between 0 and 1. The vector &, being a
direction, has modulus equal to 1.
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First order spinorial drift-diffusion model with

pseudo-magnetic field: derivation

New Wigner equations in diffusive scaling:

0wy + P2- VWO N gﬁ 0. [V]we _ Qo(w) ’
. ) LT (wD2)
00+ PN i w4 i At O]+ A w =)
2y 2 T

with the collision operator Q(w) defined by:
Q(w) =PY3(g —w)PY?,  P=0u+(3 -7

‘P is the so-called polarization matrix.
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First order spinorial drift-diffusion model with

pseudo-magnetic field: derivation

@ From eqgs. (WD2) make a Chapman-Enskog expansion of the
Wigner function w.

@ Take moments of egs. (WD2).
@ Exploit the semiclassical expansion of the equilibrium.

We obtain:

N. Zamponi Quantum Fluid Models for Electron Transport in Graphene



First order spinorial drift-diffusion model with

pseudo-magnetic field

First-order spinorial drift-diffusion model with pseudo-magnetic field =
Quantum Spin Diffusion Equation 2 (QSDE2):

3tno :(95 MOS s
0¢nj =0sMjs + njis(Mis + niws)

n
+ 05 {bk {no] (Mj1Osny + Sjns — 5jsf7k)}

+ b, [ }anj [ }8ns (j=1,2,3),
Mos =¢~*{(no + nods V') — Cwi(Dsn + nkdsV + musmi) }
Mjs =¢~2{—Cwj(no + nods V)

+ [wjwk + @(0jx — wjwi)(Fsnk + nkOsV + nsny) }

6=VT=C, A=A [1- ot

log(1 + [V]) — log(1 — [V])
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Analytical results

Now we present some analytical results concerning the model QSDEL.

e Existence and uniqueness of (weak) solutions satisfying suitable L>°
bounds.

@ Entropy inequality.

@ Long-time behaviour of the solutions.
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Analytical results

We considered model QSDEL for (x,t) € Q7 = Q x [0, T] with Q C R?
bounded domain:

Orng =div (Vg + ngVV) xeQ, te[0,T],
0efi =divJ + F xeQ, telo,T],
~AAAV =ny — C(x) x€e, te[o,T],
no(x, t) =nr(x, t) xe o, telo,T], (Pb)
fi(x, t) =0 xeo, tel0,T],
V(x, t) =U(x, t) x€eo, tel0,T],
no(x, 0) =ng;(x) x€Q,
ii(x,0) =n;(x) x €,

Fj :njkgnkag\/ — 2f7j + bk[ﬁ/l’lo]@knj — bj[ﬁ/no]ﬁ . ﬁ,
Jjs = (8¢ + bi[fi/ no]njxe) dsne + n;0sV
- 27ljszne + by [/ ng](djkns — djsni), (U,s=1,2,3),

1 — —1
B[7] = || [1_2 |{Iog(1+:;:>} ] 7eR3 0< |7 <1.
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Analytical results

We split problem (Pb) into the following two problems:

O¢no =div (Vg + noVV) xeQ, tel0,T],
—MAV =ny — C(x) x€Q, telo,T],
no(x, t) =nr(x, t) xe€ed, te0,T], (Pb-n0V)
V(x,t) =U(x,t) x€eon, tel0,T],
no(x, 0) =noy(x) x €9,

oi=divJ+F xeQ, telo,T],
fi(x, t) =0 x€d, tel0,T], (Pb-ns)
A(x,0) =n(x) x €Q,
Fi =njeendeV — 2n; + be[7/ noldn; — bi[ii/no]V - 7,
Jis =(8j0 + bi[A/ nolnjke) Osne + n;osV
— 2njseng + by [/ ng](djkns — djsni) (,s=1,2,3),

5= 12 Lo (LN ems o< i<
V| =A—%= — v v v .
V2 E\T |7 !
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Analytical results: existence and regularity for first problem

We studied first the existence and regularity of solutions (g, V) of pb.
(Pb-n0V).

Conditions on the data:

nr € HY(0, T; H*(Q)) N H?(0, T; L(R)) N L>=(0, T; L(Q)),
nos € HI(Q), igf nor >0, ngy =nr(0) on 02, BQan(E’T) nr >0,
Uec L0, T, W?P(Q)NH0, T; H{(Q)), CeL>(Q), C>0inQ,

for some p > 2.
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Analytical results: existence, uniqueness and regularity for

first problem

Let T > 0. Under the previous assumptions there exists a unique solution
(no, V) to pb. (Pb-n0V) satisfying:

ng € L=([0, T, H*(2)) N H([0, T]. H'(2)) N H*([0, T1, (H*(Q))"),
V e ([0, T], WH>*(Q)) n HY([0, T], H*(Q)),
O<me ™ ™<n<M inQ, t>0,

where 11 = \p® and

M = max sup nr, sup ngs, sup C »,
a9x(0,T) Q Q

m —min{ inf  nr, infn(),} > 0.
29%(0,T) Q
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Analytical results: existence and uniqueness for second

problem

Let (no, V') be the solution to pb. (Pb-n0V) according to the previous
theorem and i® € H3(Q) such that:

_,0
sup L ()] <1;
xEN nO/(X)

then pb. (Pb-ns) has a solution i such that:

i € L3([0, T], H3(Q)) n HX([0, T], H1(Q)), sup'nil <1;
Qr 0

furthermore, there exists at most one weak solution with the property
stated above and satisfying ii € L>°([0, T], Wh*(Q)).
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Entropicity of the system

Let (ng, A, V) be a solution to pb. (Pb) according to previously stated
existence theorems. We assume that the boundary data is in global
equilibrium, i.e.

nm=eY V=U [=0 ondQ,
where U = U(x) is time-independent. Then the macroscopic entropy:
1 - -
0 _/Q{Z(no—l- ) (log(no + [7) — 1)
1 - "
+ 5 (no = [7])(log(no — [7i]) — 1)

2
+ (no — C(x))V — >\2D|VV|2} dx

is nonincreasing in time.
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Entropicity of the system

The entropy dissipation dS/dt can be written as:

s 1 - ] 2
o __Z /(no + |7 [V (log(mo + |) + V)|
1

"2 / (no — |]) |V (log(no — i) + V) ?

()]

G = (Ow) +20- curl v+ 2[V> >0 Vv e HY(Q)®.
J.k

\m

| <o.

Sy

where & is defined by:
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Long-time decay of the solutions

Let (o, fi, V) be a solution to pb. (Pb) according to the existence
theorems. It is possible to prove that, under suitable assumptions on the
electric potential, the spin vector converges to zero as t — co.

To prove the stated result we exploited the following:

Lemma

Let & as in the previous proposition:

G = (Ow) +20- curl v+ 2[V]> Vv e HY(Q).
J,k

A constant Kq > 0 exists, depending only on 0, such that:

/%[ﬁ] z/cg/|ﬁ|2, Vi € HY(Q)3.
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Long-time decay of the solutions

Let Kq as in the previous Lemma, and let 2 < p < oo arbitrary.

1 A positive constant ¢ = c(p, Q) exists such that: if supg_ |V V| < c
then:
17llee (@) (t) < 1Tl ye™™  vE>0,

for a suitable number k = k(p,Q, supq. [V V]) > 0.
2 Ifsupg, AV < Kq then:

Illi2gy(t) < |1Fillze ™t Vt>o0,

with k' = 2Kq — supg, AV > 0.
3 If supg, AV < 0 then:

17l ) (£) < 17l ieye™t vVt >0,

with k" = —supg, AV > 0.
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Numerical simulations

We solved model (QSDE2) and, as a particular case, model (QSDEL1), in
one space dimension, by means of Crank-Nicholson finite difference
scheme. We simulated a ballistic diode to which a certain bias is applied:
we chose global equilibrium initial conditions and we observed the
evolution of the system towards a new equilibrium due to the applied
potential.
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Numerical simulations

Boundary conditions:

no=C, =0, V=U ondQ=1{0,1}, t>0,

where U(x) = Vax/L, V4 =1 v is the applied voltage, and L = 10~" m
is the device lenght.

Initial conditions:
no(x,0) = gexp(—Veq(x)), Fi(x,0) =0,
where g = 1.6 x 1072 C m~2, V. is the (scaled) equilibrium potential:
“A02 Vg = exp(—Vieq) — C/q in Q,  Veq(0) = Vio(1) =0,
and 23, = 10732

The pseudo-spin polarization and the direction of the local magnetization
are defined by:
¢=05, &@=(0,0,1).
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Numerical simulations

The doping profile corresponding to a ballistic diode:

C(x) (1.6x 102 Cm?)

o
b

0.2

1 1 1 1 1 1 1 |
0.3 04 0.5 0.6 .

x (107 m)

Figure: Doping profile corresponding to a ballistic diode.
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Numerical simulations

Particle density x107™* Spin vector, component 1
1 5
T o8 T
g —1t=0s £
i
& et t=35x10"7s | $ ° -
e N - - t=05x107"%s e R — Tl
x 0.4 X | / —1t=0s
@ N © 55 17
Al N - Vo t=35x10"""s
02 : - Vo  t=05x10""®
' =05x107"%s
0 -10—
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
x (107 m) x (107" m)
Spin vector, component 2 Spin vector, component 3
0 ; 0.3
S SR A Tt=0s
E -0.05 PR cmmmm e O t=35x107"7s
o \\ K MRV - -t=05x10"%s
S -0.1n / = ° N
X ! ,’ t_os _17 X 0 —= .
@ 015‘ / t=85x10""s <
Z -0.15f =
~ ; - -t=05x10""s - 01
i
-0.2— -0.2
0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
x (107 m) x (107" m)

Figure: Model QSDE2: Particle density and components of the spin vector
versus position at times t =0s, t = 3.5 X 1077 s, and t = 0.5 x 10713 s,
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Numerical simulations

Charge density for models QSDE1, QSDE2 at time t=0.05 versus position.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure: Charge density for models QSDE1 and QSDE2 versus position at time
t =25 x 107" s (maximized difference).
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Numerical simulations
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Figure: Model QSDE2: Ratio |f|/mo versus position at several times.



Numerical simulations

Particle density, deviation from equilibrium (logarithmic scale)

o-
—1P%
-2F
;‘“ -3 De-- TN
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= Tt
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(] 0.002  0.004 0006  0.008 0.01 0012 0014 0016 0018 0.02
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Figure: Relative difference |[no(t) — no(c0)||/||no(t)|| versus time
(semilogarithmic plot) for the models QSDEL1 (solid line) and QSDE2 (dashed
line).
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Numerical simulations

Steady state current density at outflow point
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Figure: Static current-voltage characteristics for the models QSDE1 and
QSDE2.
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Conclusions

The purpose of our work was the description of quantum transport of
electrons in graphene by means of fluid models:

we presented a kinetic model, that is, the Wigner equation, as the
starting point of the derivation of fluid models;

we defined the quantum equilibrium distribution by means of the
quantum minimum entropy principle, computing a semiclassical
expansion of the quantum exponential in the spinorial case;

we derived one hydrodynamic and two diffusive two-band models,
which means, models for conduction and valence band densities;

we derived two hydrodynamic and two diffusive spinorial models,
including all the components of the spin vector;

we performed an analysis of the first diffusive spinorial model,
proving existence of solutions, uniqueness of the solution under a
regularity condition on the moments, entropicity for the model and
long-time decay of the spin vector;

we obtained some numerical simulations for the spinorial diffusive
models, showing the temporal evolution of the moments.
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