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Abstract—We consider lossy compression of the output of a
Gaussian vector channel. This is relevant for quantizer design in
rate-limited feedback and in receiver front-ends. In particular,
we study the trade-off between compression rate and mutual
information between channel input and compressed channel
output. Using the Gaussian information bottleneck we provide
closed-form expressions for the information-rate function and the
rate-information function. We prove that optimal compression in
the rate distortion sense with squared-error distortion does not
achieve the optimal rate-information trade-off. The suboptimality
of the rate distortion approach is quantified and we give an
upper bound on the gap to the optimal rate-information trade-
off. Finally, our results are corroborated by numerical examples.

Index Terms—quantization, source coding, rate distortion the-
ory, information bottleneck, data compression

I. INTRODUCTION

We study the performance limits of Gaussian vector chan-
nels under channel output compression. This extends the scalar
case previously studied in [1]. Our work is motivated by
communications applications like quantizer design for receiver
front-ends and for rate-limited feedback. A rate distortion
(RD) approach is not suited for this kind of problems since
we are interested in maximizing the data rate rather than in
representing the received signal with small distortion.

In this paper, we study the information-rate function and the
rate-information function, i.e., the optimal trade-off between
compression rate on the one hand and mutual information of
channel input and compressed channel output on the other
hand. We show that for Gaussian vector channels the solution
to the Gaussian information bottleneck (GIB) [2] is rate-
information optimal and we provide a reverse waterfilling
interpretation for the rate allocation. Finally, we show that
RD theory with squared-error distortion [3] does not achieve
the optimal rate-information trade-off (even though all distri-
butions are Gaussian) and we analyze the corresponding gap.
Due to space constraints, we state all results without proof.

The remainder of this paper is organized as follows. Sec-
tion II provides the required background and definitions and
introduces the system model. In Section III, we review the
main results from [1]. The optimal rate-information trade-off
and its properties are presented in Section IV. In Section V,
we prove and quantify the suboptimality of squared-error
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distortion-optimal compression. Conclusions are provided in
Section VI.

Notation: We use boldface letters for column vectors and
upright sans-serif letters for random variables. The expectation
operator is denoted by E{·} and we follow the notation of [4]
for mutual information I(· ; ·). The identity matrix is denoted
by I andN (µ,C) denotes a multivariate Gaussian distribution
with mean vector µ and covariance matrix C. Furthermore,
[x]

+ , max{0, x} and log+x , [log x]
+. All logarithms are

to base 2.

II. BACKGROUND AND DEFINITIONS

A. Information Bottleneck Method

The information bottleneck method (IBM) [5] and its vari-
ants like the GIB have received limited attention outside of the
machine learning community. Therefore, we next give a brief
overview of the IBM and we discuss the GIB solution, which
is used to characterize rate-information optimal compression
in Section IV-B. We note that for discrete random variables,
[6] considers a problem that is closely related to the IBM but
formulated in terms of conditional entropy.

Let x− y− z be a Markov chain, where z is a compressed
representation of y and the joint distribution of x and y is
known. The IBM solves the variational problem

min
p(z|y)

I(y; z)− βI(x; z). (1)

In the context of the IBM, x is called the relevance variable
and the mutual information I(x; z) is called relevant infor-
mation. The trade-off between compression rate I(y; z) and
relevant information is determined by the positive parameter
β. For the case of discrete random variables, an iterative al-
gorithm that finds a locally optimal solution of the nonconvex
problem (1) is described in [5].

We next consider the case of jointly Gaussian zero-mean
random vectors x ∈ Rm, y ∈ Rn, which we assume to
have full rank covariance matrices. Here, the original IBM
algorithm cannot be used. However, it has been shown in [7]
that in this case the optimal z is jointly Gaussian with y and
can be written as

z = Ay + ξ, (2)
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Figure 1: Illustration of the information-rate function I(R).

where A is a matrix and ξ ∼ N (0,Cξ) is independent of y.
Using (2), the problem in (1) can be rewritten as

min
A,Cξ

I(y; z)− βI(x; z). (3)

Denote by vk and λk, k = 1, . . . , n, the left eigenvectors
and associated eigenvalues of Cy|xC

−1
y , where Cy = E{yyT}

and Cy|x = E{yyT|x} are, respectively, the unconditional and
the conditional covariance matrix of y. An optimal solution of
(3) is then given by [2, Theorem 3.1]

A = diag{αk}nk=1V
T and Cξ = I, (4)

where V = [v1 · · · vn] and

αk =

√
[β(1−λk)− 1]

+

λkvTkCyvk
, k = 1, . . . , n. (5)

Using (4) and (5), the rate-information trade-off reads

I(x; z) = I(y; z)− 1

2

n∑
k=1

log+β(1−λk). (6)

B. Information-Rate Function and Rate-Information Function

We next formalize the trade-off between compression rate
and relevant information.

Definition 1. Let x−y−z be a Markov chain. The information-
rate function I : R+ → [0, I(x; y)] is defined by

I(R) , max
p(z|y)

I(x; z) subject to I(y; z) ≤ R, (7)

and the rate-information function R : [0, I(x; y)] → R+ is
defined by

R(I) , min
p(z|y)

I(y; z) subject to I(x; z) ≥ I. (8)

I(R) allows us to quantify the maximum of the relevant
information that can be preserved when the compression rate is
at most R. Conversely, R(I) quantifies the minimum compres-
sion rate required when the retained relevant information must
be at least I . The definitions (7) and (8) are structurally similar
to the distortion-rate function and the rate-distortion function
[3], respectively, only that the minimization (lower bound) of
distortion is replaced with a maximization (upper bound) of
the relevant information. We emphasize that, contrary to RD
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Figure 2: Gaussian vector channel with output compression.

theory, the (average) “distance” between y and z is irrelevant
for I(R) and R(I).

By the data processing inequality, I(R) is bounded as

I(R) ≤ min{R, I(x; y)}. (9)

Fig. 1 illustrates the information-rate function I(R) (solid line)
and the upper bound (9) (dashed lines). The shaded region in
Fig. 1 corresponds to the achievable rate-information pairs (see
[8] for details).

C. System Model

In what follows, we consider Gaussian vector channels as
depicted in Fig. 2. We assume that the channel input x is zero-
mean Gaussian, x ∼ N (0,Cx). The channel output equals

y =Hx+w, (10)

where H ∈ Rn×m and the additive noise w ∼ N (0, σ2I) is
independent of x. Hence, x, y are jointly Gaussian and

Cy =HCxH
T + σ2I. (11)

Let z be a compressed representation of y. Since x− y− z
is a Markov chain we have

p(z|x) =
∫
Rn

p(z|y)p(y|x)dy, (12)

where p(y|x) is the transition pdf of the Gaussian vector
channel and p(z|y) describes the compression mapping Q.
Due to the GIB, the optimal z is jointly Gaussian with y
(cf. (2)). Hence, x, y, z are jointly Gaussian and p(z|x) in (12)
is also a Gaussian distribution. Throughout, we fix the input
distribution p(x) and optimize p(z|y). Jointly optimizing p(x)
and p(z|y) is a harder problem and yields non-Gaussian p(x).

III. THE SCALAR CASE

Before we consider the rate-information trade-off for the
vector case, we briefly summarize the main results for the
scalar case n = m = 1 from [1]. Let y = h x+w be a Gaussian
channel with signal-to-noise ratio (SNR) ρ = h2σ2

x/σ
2. Here,

the information-rate function equals [1, Theorem 2]

I(R) = R− 1

2
log

22R + ρ

1 + ρ
(13)

= C(ρ)− C(2−2Rρ), (14)

where
C(ρ) ,

1

2
log(1 + ρ) (15)

is the capacity of the uncompressed channel. Due to the data
processing inequality, I(R) ≤ min{R,C(ρ)}. For small R,



the second term in (13) is small and I(R) ≈ R. For large R,
the second term in (14) is small and I(R) ≈ C(ρ). Since the
overall channel p(z|x) is Gaussian, too, we can write I(R) =
C(ρ̂) where

ρ̂ = ρ
1− 2−2R

1 + 2−2Rρ
≤ ρ (16)

is the equivalent SNR of the channel p(z|x). For the rate-
information function we have [1, Theorem 5]

R(I) =
1

2
log

ρ

2−2I(1 + ρ)− 1
. (17)

Finally, we note that RD-optimal compression of y with
distortion (z − y)2 achieves the rate-information trade-off.

IV. THE VECTOR CASE

A. Preliminaries

Let UΓUT be the eigendecomposition of HCxH
T with

orthonormal eigenvectors uk and nonnegative eigenvalues γk,
i.e., U = [u1 · · · un] and Γ = diag{γk}nk=1. We thus have
Cy = U(Γ + σ2I)UT and we let

ỹ = UTy ∼ N (0,Γ + σ2I). (18)

Note that applying the orthogonal matrix UT to y changes
neither the mutual information nor the squared-error distortion.
Therefore, we work with ỹ instead of y in the following. Due
to (18), the channel p(ỹ|x) decomposes into n parallel scalar
channels (henceforth called modes) with SNRs

ρk ,
γk
σ2
. (19)

Without loss of generality we assume in what follows that
the eigenvalues and the SNRs are sorted in descending order,
ρ1 ≥ ρ2 ≥ . . . ≥ ρn.

B. Optimal Rate-Information Trade-off

In this subsection we use the GIB to find the optimal
rate-information trade-off. The following theorem states a
closed-form expression for the information-rate function and
discusses its properties.

Theorem 2. The information-rate function of a Gaussian
vector channel with sorted mode SNRs is given by

I(R) = R− 1

2

n∑
k=1

log
22Rk(R) + ρk

1 + ρk
(20)

=

n∑
k=1

(
C(ρk)− C(2−2Rk(R)ρk)

)
, (21)

where the rate allocated to the kth mode is

Rk(R) =

[
R

`(R)
+

1

2
log

ρk∏`(R)
i=1 ρ

1/`(R)
i

]+
(22)

and the number of active modes equals

`(R) = max

{
k :

1

2

k∑
i=1

log
ρi
ρk
≤ R

}
. (23)

I(R) has the following properties:
1) I(R) is strictly concave on R+.
2) I(R) is strictly increasing in R.
3) I(R) ≤ min {R,∑n

k=1 C(ρk)}.
4) I(0) = 0 and limR→∞ I(R) =

∑n
k=1 C(ρk).

5) d
dRI(R) =

1
`(R)

∑`(R)
k=1 (1 + 22Rk(R)ρ−1k )−1.

The information-rate function (20) can also be written as

I(R) =

n∑
k=1

[
Rk(R)−

1

2
log

22Rk(R) + ρk
1 + ρk

]
, (24)

which we identify as the sum of n information-rate functions
of scalar Gaussian channels with SNRs ρk (cf. (13)). The
following corollaries are consequences of Theorem 2.

Corollary 3. We can rewrite I(R) in (20) as

I(R) =

n∑
k=1

C(ρ̂k), (25)

where the SNR of the kth mode after compression equals

ρ̂k = ρk
1− 2−2Rk(R)

1 + 2−2Rk(R)ρk
≤ ρk. (26)

Corollary 4. Optimal channel output compression can equiv-
alently be modeled using an additive Gaussian noise term
n ∼ N (0,Cn) with

Cn = diag

{
σ2 1 + ρk

22Rk(R) − 1

}n
k=1

. (27)

We next consider the rate-information function.

Theorem 5. The rate-information function of a Gaussian
vector channel with sorted mode SNRs is given by

R(I) =

n∑
k=1

1

2
log

ρk
2−2Ik(I)(1 + ρk)− 1

, (28)

where the relevant information of the kth mode is

Ik(I) =

[
I

`(I)
+

1

2
log

1 + ρk∏`(I)
i=1 (1 + ρi)1/`(I)

]+
(29)

and the number of active modes equals

`(I) = max

{
k :

1

2

k∑
i=1

log
1 + ρi
1 + ρk

≤ I
}
. (30)

R(I) has the following properties:
1) R(I) is strictly convex on

[
0,
∑n
k=1 C(ρk)

]
.

2) R(I) is strictly increasing in I .
3) R(I) ≥ I .
4) R(0) = 0 and limI→

∑n
k=1 C(ρk)R(I) =∞.

5) d
dIR(I) =

1
`(I)

∑`(I)
k=1(1 + ρk)/(1 + ρk − 22Ik(I)).

The rate-information function (28) can be identified as
the sum of n rate-information functions of scalar Gaussian
channels with SNRs ρk (cf. (17)).



Corollary 6. The rate-information function (28) is the in-
verse of the information-rate function (20), i.e., for Ĩ ∈[
0,
∑n
k=1 C(ρk)

]
and R̃ ∈ R+ we have

I(R(Ĩ)) = Ĩ and R(I(R̃)) = R̃. (31)

Therefore the derivatives of I(R) and R(I) are related as

I ′(R̃) =
1

R′
(
I(R̃)

) and R′(Ĩ) =
1

I ′
(
R(Ĩ)

) . (32)

Corollary 7. Let ε > 0. The minimum rate Rε required to
achieve I(R) ≥ Iε with Iε = (1− ε)∑n

k=1 C(ρk) is given by

Rε =
1

2

`(Iε)∑
k=1

log
ρk

`(Iε)∏
k=1

(1 + ρk)
ε

`(Iε)

n∏
k=`(Iε)+1

(1 + ρk)
− 1−ε

`(Iε) − 1

.

(33)

C. Rate-Information Trade-off using RD-Optimal Compression
In this subsection we quantify the rate-information trade-

off IRD(R) of RD-optimal compression with squared-error
distortion ‖z − y‖2.

Theorem 8. For a Gaussian vector channel with sorted mode
SNRs ρk, the rate-information trade-off of RD-optimal channel
output compression with squared-error distortion is given by

IRD(R) =
1

2

n∑
k=1

log
1 + ρk

1 + 2−2R
RD
k (R)ρk

, (34)

where the rate allocated to the kth mode is

RRD
k (R) =

[
R

l(R)
+

1

2
log

1 + ρk∏l(R)
i=1 (1 + ρi)1/l(R)

]+
(35)

and the number of active modes equals

l(R) = max

{
k :

1

2

k∑
i=1

log
1 + ρi
1 + ρk

≤ R
}
. (36)

We note that (20) can be written in the same form as (34)
with the only difference being the rate allocation. Specifically,
we can show that the number of active modes in (23) is never
larger than (36).

Lemma 9. The number of active modes with RD-optimal
channel output compression satisfies l(R) ≥ `(R) for all
R ∈ R+.

D. Remarks
The results presented in this paper can be generalized to the

case of correlated noise, i.e., w ∼ N (0,Cw), by whitening
the noise in y. If we let UΓUT be the eigendecomposition
of C−1/2w HCxH

TC−1/2w , then we have

ỹ = UTC−1/2w y ∼ N (0,Γ + I) (37)

which corresponds to (18) with σ2 = 1. Applying UTC−1/2w

to y will leave the rate-information trade-off unchanged. How-
ever, performing RD-optimal compression of ỹ with squared-
error distortion yields a compression of y with respect to a
weighted squared-error distortion.

Furthermore, our results can be extended to the case of
jointly complex Gaussian random vectors x, y by writing
the respective covariances in real form. That is, a complete
statistical description of a complex Gaussian random vector
ζ = ζR +

√
−1ζI ∈ Cn is given by the mean vector and the

covariance matrix of ζ̃ =
[
ζTR ζ

T
I

]T ∈ R2n.

V. ANALYSIS OF I(R)− IRD(R)

A. I(R) ≥ IRD(R)

The only difference between (20) and (34) is the rate
allocation. Hence, to show I(R) ≥ IRD(R) it suffices to show
that the rate allocation in (22) is optimal.

Lemma 10. The rate allocation Rk, k = 1, . . . , n, maximizing

1

2

n∑
k=1

log
1 + ρk

1 + 2−2Rkρk
(38)

subject to
∑n
k=1Rk = R and Rk ≥ 0 is given by (22).

The proof of Lemma 10 reveals that the optimal rate allo-
cation is given by the following reverse waterfilling solution:

Rk(ν) =
1

2
log+

ρk
ν
, (39)

where the waterlevel ν is chosen such that
∑n
k=1Rk(ν) = R.

Theorem 11. RD-optimal compression with squared-error
distortion of the output of a Gaussian vector channel is
suboptimal in the sense that

IRD(R) ≤ I(R), (40)

with equality iff all mode SNRs ρk are identical.

Having identical mode SNRs entails γ1 = . . . = γn.
Therefore, we can expect that the difference I(R)− IRD(R)
increases with increasing eigenvalue spread of HCxH

T. The
examples in the following subsections confirm this intuition.

Corollary 12. The difference I(R)− IRD(R) is given by

δI(R) , I(R)− IRD(R) =
1

2

n∑
k=1

log
1 + 2−2R

RD
k ρk

1 + 2−2Rkρk
≥ 0.

(41)

We can upper bound δI(R) for all R ∈ R+ as follows:

δI(R) ≤ I(x; y)− IRD
(
RRD
c,2

)
(42)

=

n∑
k=1

C(ρk)−
1

2
log

(1 + ρ1)
2

1 + 2ρ1 + ρ1ρ2
, (43)

where RRD
c,2 = 1

2 log
1+ρ1
1+ρ2

is the first nonzero critical rate in
(36). The inequality in (42) holds because I(R) ≤ I(x; y)
and I(R), IRD(R) are strictly increasing in R. Note that for
R < RRD

c,2 we have l(R) = 1 and thus δI(R) = 0.

B. The SISO and MISO cases

In the SISO case (i.e, H = h ∈ R) and in the MISO case
(i.e., H = hT ∈ R1×m) we have only a single mode, since
HCxH

T is a scalar. We thus have δI(R) = 0.



 

 

upper bound
R = 6

R = 5

R = 4

R = 3

R = 2

R = 1

δI
(R

)/
I
(R

)

ρ1 [dB]
−10 0 10 20 30 40
0

0.2

0.4

0.6

0.8

1

(a) n× 1 SIMO case

 

 

upper bound
n = 64

n = 32

n = 16

n = 8

n = 4

n = 2

δI
(R

)/
I
(R

)

ρ1 [dB]
−10 0 10 20 30 40
0

0.2

0.4

0.6

0.8

1

(b) n× 1 SIMO case

 

 

ρ2 = −20 dB
ρ2 = −15 dB
ρ2 = −10 dB
ρ2 = −5 dB
ρ2 = 0 dB

δI
(R

)/
I
(R

)

R [bit]
1 2 3 4 5 6 7 8

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

(c) 2×m MIMO case

Figure 3: (a) δI(R)/I(R) vs. ρ1 for different R and n = 16. (b) δI(R)/I(R) vs. ρ1 for different n and R = 4. (c) δI(R)/I(R)
vs. R for different ρ2 ≤ ρ1 = 10 dB.

C. The SIMO case

In the SIMO case (i.e., H = h ∈ Rn×1), HCxH
T is a

rank-1 matrix and therefore has only one nonzero eigenvalue
(assuming h 6= 0). Therefore we have ρ1 > 0 and ρ2 = . . . =
ρn = 0, i.e., n − 1 modes contain noise only. However, for
R ≥ RRD

c,2 = C(ρ1), RD-optimal compression allocates rate
to all modes. We have

δI(R) =

{
0, R < RRD

c,2

1
2 log

1+2−2R/nρ1(1+ρ1)
1/n−1

1+2−2Rρ1
, R ≥ RRD

c,2

, (44)

and the upper bound (43) becomes

δI(R) ≤ C
(

ρ1
1 + ρ1

)
. (45)

Fig. 3a shows (44) and (45) normalized by I(R) versus ρ1
for different rates and n = 16. We observe that at low SNR
δI(R)/I(R) decreases with increasing R. Fig. 3b shows (44)
and (45) normalized by I(R) versus ρ1 for different n and
R = 4 bit. We can see that the upper bound (44) gets tighter
as n increases. Moreover, we have δI(R)/I(R) = 0 when ρ1
is such that RRD

c,2 > R.

D. The MIMO case

In the MIMO case (i.e., H ∈ Rn×m), we have n modes
with SNRs ρk, k = 1, . . . , n. Using (41) we can compute
δI(R). However, expressions for δI(R) involving only the
mode SNRs and R become unwieldy for increasing n due to
the large number of case distinctions. For n = 2 we have

δI(R) =


0, R < RRD

c,2
1
2 log

f(ρ1,ρ2,R)
(1+2−2Rρ1)(1+ρ2)

, RRD
c,2 ≤ R < Rc,2

1
2 log

f(ρ1,ρ2,R)
(1+2−R√ρ1ρ2)2 , R ≥ Rc,2

,

(46)
where RRD

c,2 = 1
2 log

1+ρ1
1+ρ2

, Rc,2 = 1
2 log

ρ1
ρ2

, and

f(ρ1, ρ2, R) , 1+2−R
(√

1+ρ2
1+ρ1

ρ1 +
√

1+ρ1
1+ρ2

ρ2

)
+2−2Rρ1ρ2.

(47)
We note that (46) simplifies to (44) (with n = 2) for ρ2 = 0.

Fig. 3c shows (46) normalized by I(R) versus R for differ-
ent ρ2 ≤ ρ1 = 10 dB. The eigenvalue spread is proportional to
ρ1−ρ2 and we observe that δI(R)/I(R) grows with increasing
ρ1 − ρ2.

VI. CONCLUSIONS

We have considered channel output compression for Gaus-
sian vector channels. We have provided closed-form expres-
sions for the optimal rate-information trade-off and it turned
out that the optimal rate allocation has a reverse waterfilling
interpretation. Contrary to the scalar case, RD-optimal com-
pression with squared-error distortion does not achieve the
optimal rate-information trade-off in Gaussian vector chan-
nels. The suboptimality of the RD approach was quantified
and essentially depends on the spread of the mode SNRs.
Recently, [9] has shown that suitable linear pre-processing
suffices to achieve the optimal rate-information trade-off using
RD-optimal compression. Finally, we note that our results
straightforwardly generalize to the complex-valued case with
correlated noise.
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