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ABSTRACT. We extend a finite group solvability criterion of J.G. Thompson,
based on his classification of finite minimal simple groups, to a prosolvability
criterion. Moreover, we generalize to the profinite setting subsequent devel-
opments of Thompson’s criterion by G. Kaplan and the second author, which
recast it in terms of properties of sequences of Sylow subgroups and their prod-
ucts. This generalization also encompasses a possible characterization of the
prosolvable radical whose scope of validity is still open even for finite groups.
We prove that if this characterization is valid for finite groups, then it carries
through to profinite groups.

1. INTRODUCTION

The most prominent class of Mel’nikov formations (or NE-formations, see [12]),
that is, formations also closed under taking normal subgroups and extensions (see
[3, ch.17]), is the class of all prosolvable groups. Recall that a profinite group G is
prosolvable if it is the inverse limit of an inverse system of finite solvable groups, or,
equivalently, if G/N is solvable for any N <o G (N is an open normal subgroup of
G). In this paper we present new prosolvability criteria which are based upon and
generalize a solvability criterion for finite groups, conjectured already by G. Miller
([11]) and P. Hall ([4]), and first proved by J.G. Thompson ([14, Corollary 3]) as a
corollary to his classification of the minimal simple finite groups.

We now state our main results. In order to keep the introduction at a manage-
able size, some details are postponed to the relevant sections. We begin with the
generalization of [14, Corollary 3] to profinite groups.

Definition 1.1. Let G be a profinite group. A triple (a,b,c) € G3 will be called a
Thompson triple (in short a T-triple) of G, if (a,b,¢) # (1,1,1), a,b, ¢ are coprime
in pairs, and abc = 1. An element g € G will be called a Thompson factor if g
appears in some T-triple of G.

Definition 1.2. Let G be a profinite group, and let N <@ G be closed. A triple
t € G3 will be called a T-triple modulo N of G if tN® is a T-triple of G/N.

Prosolvability is characterized by the non-existence of T-triples.

Theorem 1.3. Let G be a profinite group, and let M <o G be such that G/M is
non-solvable. Then G has a T-triple which is also a T-triple modulo M. It follows
that G is prosolvable if and only if G has no T-triples.

More can be said about the connection between Thompson factors and prosolv-
ability. For this we need the following known result which can be derived from [12,
Prop. 2.2.1].
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Proposition 1.4. Let G be a profinite group, and let {N;|i € I} be any family of
closed normal subgroups of G such that G/N; is prosolvable for any i € I. Then
G/ (NierN;) is prosolvable. It follows that if {N;|i € Imax} is the family of all
closed normal subgroups of G such that G/N; is prosolvable for any i € Inax, then
S(G) := Nier,,.. Ni satisfies that G/S (G) is prosolvable and for any N < G such
that G/N s prosolvable, we have S (G) < N.

For any profinite group G, the subgroup S (G) defined in Proposition 1.4 will
be called the prosolvable residual of G. It is a closed normal subgroup of G. For a
finite G the prosolvable residual of G coincides with the solvable residual of G.

Theorem 1.5. Let G be a profinite group. Then S (G) is equal to the subgroup
generated by all Thompson factors of G.

The finite group precursor of Theorem 1.5 is [8, Theorem 9]. Because of differ-
ences in formulation, and since the finite group case is needed for proving Theorem
1.3, we state and prove it separately, as Lemma 3.4.

Another solvability criterion for finite groups whose proof employs Thompson’s
T-triple solvability criterion makes use of the concept of a complete Sylow sequence.
Let G # 1 be a finite group and let 7 (G) be the set of prime divisors of |G|. A
complete Sylow sequence P of G is a sequence of |7 (G)| Sylow subgroups of G, each
of which is associated with a different prime. The product IT (P) of P is the setwise
product of the subgroups in P as ordered in P. Section 4 presents generalizations of
these concepts for profinite groups and proves the following prosolvability criteria,
relying on and generalizing [5, Theorem A] (see also [1]).

Theorem 1.6. Let G be a profinite group. Then the following are equivalent:

(1) G is prosolvable.

(2) For every permutation T of the set of all primes and for every complete Sylow
sequence P of type T it holds that G = II(P).

(8) Fix an arbitrary permutation T of the set of all primes. Then for every
complete Sylow sequence P of type T it holds that G =TI (P).

Let G be a finite group, P = (P, ..., Py,) any complete Sylow sequence of G,
where P; is a Sylow p;-subgroup of G (p; € n(G) for all 1 < i < m), and g €
G. Then the multiplicity of g in P, denoted mp (g), is the number of possible
factorizations of g in P, namely:

mp (9) = {(g1, - 9m) lg: € Pi,V1 < i <mand g1 gm = g}|.
Since |G| = |P1| - - |Pn|, an elementary counting argument shows that G = II (P)
if and only if mp (g) = 1 for all g € G. Hence, the non-negative integers myp (g) tell
if the group is solvable or not. In Section 5 we show that upon a suitable choice of
a definition of mp (g) for profinite groups, we have:

Proposition 1.7. Let G be a profinite group, and let P = (GT(P))pePr be a complete
Sylow sequence of type 7. Then G =11 (P) if and only if mp (g) =1 for all g € G.

Corollary 1.8. Combining Theorem 1.6 and Proposition 1.7, G is prosolvable if
and only if there exists an ordering T of the primes such that mp (g) = 1 for every
complete Sylow sequence of G and every g € G.

Our final topic concerns the prosolvable radical of a profinite group. In or-
der to introduce it we begin with a finite group G. If N;, No < G are solvable,



then N3Ny < G is solvable and consequently, the product of all normal solvable
subgroups of G is the unique largest (with respect to inclusion) normal solvable sub-
group of G. This subgroup is called the solvable radical of G and will be denoted
R (G). The following proposition generalizes this to profinite groups.

Proposition 1.9. Let G be a profinite group. Then G has a unique normal prosolv-
able subgroup which contains any normal prosolvable subgroup of G. Furthermore,
this subgroup is closed and characteristic.

For any profinite group G, the subgroup whose existence is proved in Proposition
1.9, will be called the prosolvable radical of G and will be denoted R (G). Note that
R (G) is the solvable radical of G if G is finite.

In [5] it was observed that the intersection of all complete sylow products of a
finite group G, denoted H (G), is a characteristic subgroup of G which contains
the solvable radical of G and has a number of properties in common with it ([5,
Theorem BJ). In fact, it is an open question, whether or not H (G) = R (G) for
every finite group G. As far as we know, there is no published counterexample.
Further evidence in favour of H (G) = R (G) can be found in [5],[6],[7],[9].

In section 6 we define an appropriate generalization of H (G) to the profinite case.
This involves the introduction of an opposite Sylow sequence, denoted PP, for every
complete Sylow sequence P. We show that the generalization of H (G) satisfies the
same basic properties as in the finite case (compare the following theorem with [5,
Theorem B)).

Theorem 1.10. Let G be a profinite group, and let T be any permutation of N.
Then:

(a) H;(G) and therefore H (G), is a closed characteristic subgroup of G.

(b) Let P be a complete Sylow sequence of G of type 7. Then each of IL(P) and
II(P°P) is a union of cosets of H, (G).

(¢) R(G) = R(H (Q)), and in particular, R (G) is a characteristic subgroup of
H(G).

(d) H: (G/H; (G)) =1. In particular, R(G/H, (G)) = 1.

(e) H(G/H (G)) =1. In particular, R(G/H (G)) = 1.

It would be extremely interesting if one can utilize some profinite technique in

order to shed new light on the H (G) = R (G) question. Here we observe that a
positive answer for finite groups implies a positive answer for profinite groups.

Proposition 1.11. Let G be a profinite group. If H (G/N) = R(G/N) for every
open normal subgroup N, then H (G) = R (G).

2. BASIC NOTIONS AND NOTATIONS

Let G be a profinite group. For any subset S of G we denote by ¢l (S) the usual
set topological closure of S' (the union of S with the set of all its limit points). The
following fact is well-known.

Claim 2.1. Let G be a profinite group. Let H be a subgroup of G. Then cl (H) is
also a subgroup of G.

If H is a subgroup of G’ we’ll denote H = cl (H). Tt follows from the claim above
that H is the smallest (with respect to inclusion) closed subgroup of G, containing



H. For any subset S of G, the abstract group generated by S is denoted (S}, and
we shall say that S topologically generates @

Unless otherwise stated, an automorphism « of a profinite group will be assumed
to be both an abstract group automorphism and a continuous map. As is well-
known, this implies that a is a homeomorphism. Moreover, if H is a closed subgroup
of G then so is a (H), and if N <o G then o (N) <o G. Hence indices and orders
are invariant under automorphisms. It follows that if P is a p-Sylow subgroup of
G, then « (P) is also a p-Sylow subgroup of G ([15, Definition 2.2.1]). A subgroup
H < G will be called characteristic if it is invariant under any automorphism of G.

A filter base in G is any collection N of normal subgroups of G such that for any
N1, Ny € N there exists N3 € N with N3 < Ny N N,. Suppose that N is a filter
base in G, H is a closed subgroup of G, and K is a closed normal subgroup of G.
Then:

(1). Ng :={H N N|N € N} is afilter base in H. If all members of N are closed,

then so are all members of Ny, andif (| N =1then (| N=1
NeN NeNH
(2). If all members of N are closed then Ny := {KN|N € N} is a filter base in

G of closed normal subgroups containing K. If [} N =1then () N = K (see
NeN NeNk
proof of [15, Theorem 1.2.5]). Furthermore N x := {KN/K|N € N} is a filter

base in G/K of closed normal subgroups, and (| N =1impliess [ N=1.
NeN NeNg,k

(3). Let NV be the set of all normal open subgroups of G. Then N is a filter base

of G. By [15, Theorem 1.2.3], we get (| N = 1. Henceforth we denote this filter
NeN

base of G by N'(&). Furthermore, let M be any normal open subgroup of G. Then,

by (1) above, (M) s a filter base in M which satisfies | N=1. But
NE(N(G))I\/I

(V@) Ay 18 precisely the set of all normal open subgroups of G which are contained

in M, and hence it is also a filter base in G.

Lemma 2.2. Let G be a profinite group. Let A,B C G. If AN/N = BN/N for
every N € N then cl (A) = cl (B). Thus if A and B are closed then A = B.

Proof. From the assumption of the lemma it follows that AN = BN for every
N € N(&). Now, by [15, Proposition 0.3.3.(c)], we get:
cd(A)= (| AN= () BN=cd(B).
NeN () NeN(&)

We denote Pr := (p;),cy the set of all primes with the natural ordering, where
N is the set of all natural numbers, so p; = 2, po» = 3 etc. For a profinite group
G we let 7(G) denote the set of primes such that G possesses a nontrivial Sylow

p-subgroup. Two elements x,y € G are coprime if 7({x)) N7((y)) = 0. The proof
of the next result is straightforward.

Lemma 2.3. Let G be a profinite group and let x € G. Let N be a filter base of
open normal subgroups of G.

(i) Two elements z,y € G have coprime orders if and only if for every N € N,
the elements N and yN of G/N have coprime orders.

(i) If x,y € G have coprime orders and K is a closed normal subgroup of G,
then K and yK (as elements of G/K ) have coprime orders.



We end up this section with proofs of Proposition 1.4 (existence of the prosolvable
residual) and of Proposition 1.9 (existence of the prosolvable radical).

Proof of Proposition 1.4. Since prosolvability is inherited by Cartesian products,
C := Cr(G/N;|i € I) is prosolvable. Define ¢ : G — C by ¢ (g), = gN;, for every
g € G and every ¢ € I. Now ¢ is a group homomorphism and ¢ is continuous
since its composition with each projection map C — G/N; is continuous. Since
G is compact and ¢ continuous, ¢ (G) is compact, and hence (C is Hausdorff)
closed. Therefore ¢ (G) is prosolvable. On the other hand, ¢ (G) = G/ker (¢).
Since ker (¢) = N;er N;, we get that G/ (N;erN;) is prosolvable. I

Proof of Proposition 1.9. Let G be a profinite group. For any N € N(©) let Ry
be the inverse image of R(G/N) in G, with respect to the natural map G — G/N.
Set R := mNeN(G) Ry. Since R < Ry for all N € N(G), we have that RN/N <
R(G/N) is solvable. Hence R is prosolvable. Now let K be any normal prosolvable
subgroup of G. Then, for all N € N(@) KN/N < R(G/N) whence KN < Ry.
Therefore K = (\ycp KN <\yeao By = R. Thus R contains every normal
prosolvable subgroup of G.

Let N € N, Since the natural map G — G/N is continuous, and every
subgroup of the finite group G/N is closed, Ry is closed and hence R is closed.
Finally, if « is an automorphism of G, and K is a normal prosolvable subgroup of
G then « (K) is also normal and prosolvable. Therefore R is characteristic. I

3. EXISTENCE OF T-TRIPLES IN NON-PROSOLVABLE GROUPS

In this section we prove Theorem 1.3 which characterizes prosolvable groups in
terms of T-triples (Definition 1.1).

Observe that if (a,b,¢) € G® is a T-triple then, in fact, (a,b,c) € (G — {1})*.
Moreover, since G3 can be viewed as the direct product of three copies of G, and
hence is itself a profinite group, for any ¢ = (a,b,c) € G*> and M C G, we shall use
the notation tM?3 := (aM,bM,cM). Also note that (a,b,c) € G3 is a T-triple if
and only if (c,a,b) and (¢7!,b7!,a™") are T-triples.

The difficult part of [14, Corollary 3] is to show that a finite non-solvable group
must possess a T-triple. We begin by generalizing the easy part.

Lemma 3.1. Let G be a prosolvable group. Then G has no T-triple.

Proof. Let t = (a,b,c) € G3, be such that a, b, c are coprime in pairs and abc = 1.
Let N € N(©) be arbitrary. Then, since G is prosolvable, G /N is a finite solvable
group, and hence has no T-triple. Now aN,bN, cN are pairwise coprime by Lemma
2.3 (ii), and (aN) (bN) (cN) = (abc) N = 1g/n. Hence, the fact that G/N has
no T-triple implies (aN,bN,c¢N) = (N, N, N), from which it follows that if x €
{a,b,c} then & € N. Since N is arbitrary, we get that € {a,b,c} implies = €
(N N=1,s0t=(1,1,1) proving that G has no T-triple. I
NeN(&)

For the first claim of Theorem 1.3 we need a few lemmas.

Lemma 3.2. Let G be a profinite group, and let t = (a,b,c) € G* be a T-triple in
G. Let M <1 G be closed. Then either t € M3 ort € (G — M)>. Moreover, t is a
T-triple modulo M of G if and only if t € (G — M)®.



Proof. Suppose that t = (a,b,c) ¢ M?, and assume by contradiction that one of
a,b,cisin M. If ¢ € M, then abc = 1 implies ab € M whence a ' M = bM. But
then, a=*M and bM (viewed as elements of G/M) are coprime, by Lemma 2.3 (ii)
and the fact that a=! and b are coprime. This implies a='M = bM = M, whence
a,b € M, contradicting t ¢ M3. A similar argument applies if we assume b € M or
a€M. Thus t € (G — M)>.

If t € M? then tM?3 := (aM,bM,cM) = (M, M, M) is not a T-triple in G/M.
Ift e (G- M)3 then tM? is a T-triple in G/M, since aM,bM,cM are pairwise
coprime and (aM) (bM) (¢M) = M (see proof of Lemma 3.1). I

Lemma 3.3. Let G be a profinite group, N, K <1 G closed and N < K. Suppose
that t = (a,b,c) is T-triple modulo N of G such that t € (G — K)*. Then t is also
a T-triple modulo K of G.

Proof. Since G/K = (G/N) / (K/N), the fact that aN, bN and ¢N are coprime in
pairs implies (Lemma 2.3 (ii)) that also aK, bK and cK are coprime in pairs. More-
over (aN) (bN) (¢cN) = N gives abc € N < K so (aK) (bK) (cK) = K. Finally,
t € (G — K)® implies that aK, bK and ¢K are non-trivial.

The last ingredient needed for the proof of Theorem 1.3 is the finite group case
of Theorem 1.5 (see Section 1). For this and for the general case of Theorem 1.5,
it is convenient to denote by T (G) the subgroup which is topologically generated
by the set of all Thompson factors in the profinite group G. Note that T'(G) is a
closed characteristic subgroup of G.

Lemma 3.4. Let G be a finite group. ThenT (G) = S (G). Furthermore, if M < G
and G /M s not solvable then there exists a T-triple t of G such thatt € (G — M)3,
and so, by Lemma 3.2, t is a T-triple modulo M of G .

Proof. First we show T (G) < S(G). Suppose by contradiction that ¢ = (a,b,¢)
is a T-triple in G such that {a,b,c} € S(G). Then, by Lemma 3.2, tS (@) is a
T-triple in G/S (G) - a contradiction since G/S (G) is a finite solvable group.

In order to prove S (G) < T (G), it is sufficient to prove that G/T (G) is solvable.
Let M be a minimal supplement to T'(G) in G, Then G =T (G) M, and T (G)N M
is nilpotent (see [13, Exercise 618, p.271]). We get G/T (G) =2 M/T (G) N M, and
therefore G/T (G) is solvable if and only if M is solvable. Assuming that M is not
solvable there exists a T-triple ¢ of M. But clearly ¢ is also a T-triple of T'(G) so t
is a T-triple of T'(G) N M which is solvable - a contradiction.

Finally, if M < G and G/M is not solvable, we get T (G) = S (G) £ M. Hence

there exists a T-triple ¢ of G such that t ¢ M3. By Lemma 3.2, t € (G — M)>. 1

Proof of Theorem 1.3. Let N be the set of all normal open subgroups of G which
are contained in M. Then (see Section 2, (3) where this set is denoted (N(G))M)

N is a filter base in G satisfying (| N =1. Let N € A. Then G/N is a finite
NeN
group, and since N < M we get that M/N is a normal subgroup of G/N, and,

by an isomorphism theorem, (G/N)/(M/N) = G/M. Since G/M is non-solvable
then so is G/N. By Lemma 3.4, G/N has a T-triple which is also a T-triple modulo
M/N. Let ty = (an,bn,cn) € G2 be such that txy N3 is a T-triple of G/N which
is also a T-triple modulo M/N (no claim is made that ¢y is a T-triple of G). Tt
follows that ¢y is a T-triple modulo N of G, and ty € (G — M)>.



Observe that the assignment N — ¢y defines a function N — (G — M)® which
is a topological net since N is a filter base. Moreover, because M is open in G, the
subset (G — M)? is closed in G3 and since G? is compact so is (G — M)®. Therefore
the net defined by N —— ty has at least one cluster point. Choose t = (a,b, ¢)
to be such a cluster point. Now let K € N be arbitrary. Then tK? is an open
neighborhood of ¢ in G, and hence tK? N (G — M)3 is an open neighborhood of ¢
in(G-M )3. Therefore, by definition of a cluster point, there exists N € N, such
that N < K and ty € tK3N (G — M)®. From ty € tK3 we get

(3.1) tn K3 =tK3.

Furthermore, N < K, the fact that ¢ty is a T-triple modulo N of G, and ty €
(G — M) C (G- K)? (since K < M), imply, by Lemma 3.3, that ¢y is a T-triple
modulo K of G. Hence, by Equation 3.1, ¢ is a T-triple modulo K of G. Thus we
have proved that t is a T-triple modulo K of G for all K € A/. This implies that
aK,bK,cK are coprime in pairs for all K € A/, and hence, by Lemma 2.3 (i), a,b, ¢

are coprime in pairs. We also get that abc € K for all K € N. Since [ K =1,
KeN

this implies abc = 1. Finally, t = (a,b,¢) € (G — M)?’. Hence t is a T-triple of
G which is also a T-triple modulo M of G. Combining what we proved here with
Lemma 3.1 shows that G is prosolvable if and only if G has no T-triples.

Proof of Theorem 1.5. First we show T (G) < S(G). Suppose by contradiction
that ¢t = (a,b,¢) is a T-triple of G such that {a,b,c} ¢ S(G). Then, by Lemma
3.2, tS (G)* is a T-triple of G/S (G). But, by definition, G/S (G) is prosolvable, so
we get a contradiction with Lemma 3.1.

To prove S(G) < T (G), we show that G/T (G) is prosolvable. Suppose by
contradiction that G/T (G) is not prosolvable. Then there exists N <o (G/T (GQ))
such that (G/T (G)) /N is non-solvable. Thus M := T (G) N is an open normal
subgroup of G and G/M is non-solvable. By Theorem 1.3, G has a T-triple ¢ which
is also a T-triple modulo M. Hence tM?3 is a T-triple of G/M - a contradiction. |

4. COMPLETE SYLOW SEQUENCES

Here we define complete Sylow sequences and products and prove Theorem 1.6.

Definition 4.1. Let G be a profinite group. Fix a permutation 7 of N. A complete
Sylow sequence of G of type T is a sequence P = ((G,,T(l), s pr<i)))ieN’ where for
each p € Pr, G, is a p-Sylow subgroup of G (if p ¢ 7 (G) then G, = {1}). The
product of the sequence P is defined by

IL(P):=d <L__Jl Gp., ) "'Gpm-)) ,

where the product Pr,,) - -+ Pr(,,) is the setwise product. If P = ((pr(l), e Gi”*(i)))ieN’
is a given complete Sylow sequence of G of type T then the opposite sequence to P,
denoted P°P, is defined by PP = ((Gpm.),... G ))ieN’ and its product is

» ' Pr(1)

I(P) =l (L_Jl Gp. i "'Gpr(n) ‘



Remark 4.2. a. We will allow ourselves to regard T also as a permutation of Pr,
via T (p) = pr@) for p € Pr, where i is uniquely determined by p = p;, and write,
when convenient, P = (GT(P))pePr for P = ((GpT<1)’"'7pr('i)))ieN'

b. The choice of working simultaneously with all primes is out of notational
convenience. We could have limited the definition to primes in 7w (G), since primes
outside 7 (G) do not really matter. For this reason, if w (G) is finite, modulo the
harmless addition of trivial Sylows, Definition 4.1 agrees with the finite group defi-
nition given in Section 1 and we will freely use the latter in this case. Furthermore,
note that if ™ (G) is finite, an opposite Sylow sequence is essentially just a Sylow
sequence while if w (G) is infinite it has to be introduced as an independent object.

For any non-empty subset S of a group G denote S~ := {s_1|s € S}.

Lemma 4.3. Let G be a profinite group. Let P = ((Gme,...,GpT(i)))ieN be a
complete Sylow sequence of G of type T. Then:

(a) Let N be a closed normal subgroup of G. Then Pgn = ( Gp.,,N/N )pepr
is a complete Sylow sequence of G of type 7, and I1 (P) N/N =11 (Pg/N).

(b) IL(P) = G if and only if 11 (Pg/n) = G/N for every N € N (9.

(¢) TL(P) ™" =TI (PP).
Proof. (a) Let ¢y : G — G/N be the natural projection. For any p € Pr we have
that ¢ (Gp) = G,N/N is a Sylow p-subgroup of G/N ([15, Proposition 2.2.3(b)]).
Hence ¢p maps P to Pg/n. Moreover, since ppy is a group homomorphism,
on (Gpooy - Gpy) = (G/N),. o - (G/N),, - By continuity of ¢, we have

oy (c(S)) Cel(py (9)) for any S C G. Applying this for S = U Gp,y Gy

i=1
we get ¢y (IL(P)) C I (Pg/n). Now, by [15, Lemma 0.1.2(a)-(c)], ¢y (IL(P)) is
closed and hence we obtain ¢ (II(P)) =II (Pg/n)-

(b) If II(P) = G then, by (a), II(P) N/N =11 (Pg/y) = G/N for every N €
N In the other direction suppose that II (Pg/N) = G/N for every N € N(©&),
Then, by (a), I1(P) N/N = G/N for every N € N, Using Lemma 2.2 with
A=TI(P) and B = G (both are closed) gives II (P) = G.

(c) Set S := '61 Gp,y G

Gp, .y Gp,,- Hence, by definition, cl (S71) = I (P°P). On the other hand,
S C I (P), so we have S~' C (IL(P)) " R and since the map G — G defined by
g — ¢! is a homeomorphism, (cl (S))™' = ¢l (S71). Therefore

(I (P) " = (c(S)) " =cl(S7Y) =T (P).

. -1
pry- For any ¢ € N we have (Gpm) "'Gpm)) =

Proof of Theorem 1.6. (1)-(3) are equivalent for any finite group G (for a finite
group prosolvability is the same as solvability) by [5, Theorem A]. Now the claim
follows from Lemma 4.3 (b). I

5. SYLOW FACTORIZATIONS IN A PROFINITE GROUP

In this section we define the Sylow multiplicity of a given element in a given
Sylow sequence and prove Proposition 1.7.



Definition 5.1. Let G be a profinite group, let g € G and let P = (GT(P))pePr
be a complete Sylow sequence of type T. An element sequence in P is a sequence
(gT(p))pEPr where for each p € Pr, gr) € Grp). A factorization of g in P is

an element sequence (gT(p)) in P such that g = limg_,o (gT(pl) .- 'gT(pk)). We

pEPT
denote by Mp (g) the set of all factorizations of g in P, and by mp (g) the cardinality

of Mp (9).
Remark 5.2. In the notations of Definition 5.1, let (gT(P))pePr

sequence in P. Then, since G is Hausdorff, (gf(p))pepr has at most one limit,

and if the limit exists, it belongs to IL (P), since I (P) is closed. It follows that if
mp (g) =1 for every g € G then G =11 (P).

be any element

Lemma 5.3. Let G be a profinite group, and let P = (GT(p)) be a complete

pEPr
Sylow sequence of type 7. Let g € II(P). Then g has a factorization in P.

Proof. Let Cr (GT(p)) be the Cartesian product of all of the Sylow subgroups of G
which appear in the complete Sylow sequence P. We view Cr (GT(p)) as a topo-
logical space with the product topology (each Sylow subgroup is a closed subgroup
of G). We define a net in Cr (GT(p)) which is based on N in the following
way. First note that since N(%) is a filter base it is a directed system with re-
spect to the partial order relation defined by: Ny <p Ny if and only if Ny < N;
(for every N1, Ny € N we have Ny NNy € N(@ and N; <p N; N N, and
Ny <p N1 N Nz). By Lemma 4.3 (a), Pg/n = (GT(P)N/N)pePr is a complete Sy-
low sequence of type 7 of the finite group G/N, and I (P) N/N = II (Pg/n ), for any
N € NG, Thus, there exists some positive integer ky (which depends on N) such
that IT (P) N/N = (G, )N/N) - - (GT(pkN)N/N) and hence there exist elements
9i,N € Gr(p,), 1 i < ky, such that gN = g1 n -+ gry,nN. We define our net by
associating to N € N the element (g1.N5---,9kn.N,1,1,...) €Cr (GT(p)). Since
each Sylow subgroup is closed and hence compact, Cr (GT(p)) is compact, and there-
fore the net we have just defined has at least one cluster point. Let (g;),.y be such
a cluster point, where g; € G.(p,) for all i. We claim that g = limy ;o (g1 g&)-
In order to prove this, let U be an open neighborhood of g. We have to show
that there is some positive integer kg such that for all k¥ > kg it holds that
Gr(p) """ 9r(py) € U. By [15, Proposition 0.3.3(a)], U is a union of cosets of open
normal subgroups of G. Hence there exists N € N(%) such that g belongs to a
coset of N. This coset is clearly equal to gN. Since (g;);cy is a cluster point for
the net we have defined, there exists N; € N N <p N; (which is equivalent to
N; < N) such that g;N1 = g; v, N1 for each i. Since gN1 = ¢1,n, “ Gk, N N1,
we get gN; = 91 Gk, Ni. Moreover, for all £ > ky, we have g N1 = N, so
gN1 = g1---gp N1, for all k > ky,, or equivalently, g1 ---gr € gN1 € gN C U for
all k> kn,. 11

Proof of Proposition 1.7. If mp (g) = 1 for all g € G then G = II(P) by Remark
5.2. To prove the other direction suppose that G = II(P). Then, by Lemma
5.3, mp(g) > 1 for all ¢ € G. It remains to show that if limg_oo (g1 gr) =
limg o0 (97 - -~ 9), Where g;,9; € Gr(p,y for all i > 1 then g; = g; for all i >
1. By definition of a limit the equality of the two limits implies that for each
N € NG there exists some positive integer kg such that for all & > ky we have
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(1N)---(9eN) = (¢'N)---(g;,N). The factorizations on both sides of the last
equality are Sylow factorizations in the Sylow sequence Pg,n of the finite group
G/N which satisfies G/N = II (Pg,n). The last equality implies mpg,y () =1
for all x € G/N, and therefore g;N = g|N for all i > 1. Equivalently, g; 'g/ € N
for all ¢ > 1. Thus, for all 4 > 1,

9;'gie N N=1,
NeN(G)

and therefore g; = ¢} for all i > 1. I

6. THE PROSOLVABLE RADICAL

Here we consider the relationship between the prosolvable radical of G and the
intersection of all complete Sylow products of a profinite group G and their op-
posites, proving Theorem 1.10 and Proposition 1.11. We begin with some basic
properties of the prosolvable radical.

The next Lemma is a consequence of prosolvable groups forming a Mel’'nikov
formation and its proof follows from [12, Prop. 2.2.1].

Lemma 6.1. Let G be a profinite group, and let K be a closed normal subgroup of
G such that both K and G/K are prosolvable. Then G is prosolvable.

Corollary 6.2. Let G be a profinite group. Then R(G/R(G)) = 1.

Proof. Suppose by contradiction that R (G/R (G)) > 1. Let K be the inverse image
of R(G/N) in G with respect to the natural map G — G/N. Then R (G) < K < G,
and since both K/R (G) and R (G) are prosolvable, K is prosolvable by Lemma 6.1,
contradicting K > R (G). 1

Lemma 6.3. Let G be a profinite group, and let N be a closed normal subgroup of
G. Then:

(a) R(N)=R(G)NN.

(b) R(G)N/N < R(G/N).

Proof. (a) Using the properties of R (G) we get that R (G)NN is a closed prosolvable
normal subgroup of N. Therefore R(G) NN < R(N). Suppose, by contradiction,
that R(G)NN < R(N). Then R (N)/N N R(G) is a non-trivial, closed, normal,
prosolvable group of N/N N R(G). But N/N N R(G) and R(G)N/R(G) are
isomorphic as profinite groups, therefore, R (R (G) N/R(G)) is non-trivial. Since
R(R(G) N/R(Q@)) is characteristic, it is normal in G/R (G) and hence R (G/R (G))
is non-trivial, in contradiction to Corollary 6.2.

(b) R(G)N/N < G/N,and R(G) N/N = R(G) /NNR (G) which is prosolvable.
Hence R(G)N/N < R(G/N). 1

Note that in Lemma 6.3(b) we can have R(G) N/N < R(G/N), eg.,, G =
Sym (5), N = Alt (5).

The following notion was introduced in [2], and the discussion which ensues is
based on its application to Sylow sequences of finite groups in [5].

Definition 6.4. Let S be a non-empty subset of a group G. The (left) kernel of S,
denoted by K, (S), is defined by:

K (S):={g€G| gS=5}.
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It is easy to check that K7, (S) is a subgroup of G, and that S is a union of right
cosets of K, (S). Furthermore, if 1 € S then K, (S) C S. Also, for any g € G we
have K, (S9) = (K1, (S))?. For the discussion of left kernels of Sylow products the
following characterization of kernels is useful.

Lemma 6.5. Let S be a non-empty subset of a group G. Then
(6.1) K (9)= (ﬂ Sa_1> N < N aS_l) .
a€S acs

It follows that if G is a topological group and S is closed then Ky, (S) is closed.

Proof. Let a € S. Then g € Sa~! if and only if there exists s € S such that
g = sa~! which is equivalent to ga = s € S. Hence g € () Sa~! if and only if

a€sS
ga € S for every a € S which is equivalent to gS C S. Similarly, g € () aS™1,
acs
if and only if S C ¢S. Therefore, g € <ﬂ Sal) N (ﬂ aSl> if and only if
a€sS aes

S C ¢S C S which is equivalent to g5 = S. This proves Equation 6.1.

If G is is a topological group and S is closed, then by continuity of the group
operations, Sa~! and aS™! are closed for any a € G, and hence K, (S) is closed,
being the intersection of closed subsets. 1

Remark 6.6. If G is finite we have K1, (S) = () Sa=' = (] aS™.

acsS a€cs
Definition 6.7. Let G be a profinite group, and let P = ((P1,..., P;));cyn be a
complete Sylow sequence of G of type T (so P; is a p,(;)-Sylow subgroup of G for
all i € N). Let (a;),cy be an element sequence in P such that lim; . a1az---a;
exists. Then P (a;l)ieN = ((R1, ..., Ri));cy is the complete Sylow sequence of G of
type T which is defined by:

a ! art
Ry = Py, RiZ:Pi171 ! Vi > 2.

We denote the set of all Sylow sequences of G of the form P (a;l)ieN where
lim; o a1az - - - a; exists, by R(P), and R(P)”? :={Q°?|Q € R(P)}.

Lemma 6.8. Let G be a profinite group, and let P = (Py, ..., P;),cy be a complete
Sylow sequence of G of type 7. Let (a;);cy be an element sequence in P such that the
limit a = lim;_, o, a1as - - - a; exists. Set Q =P (ai_l) Then TI(Q) =1 (P)a™ 1,
and 11(Q°P) = all (P) .

Proof. Both I1(Q), and II (P)a~! are closed, hence it suffices, by Lemma 2.2, to
prove that TI(Q)N/N =TI (P)a~'N/N for every N € N(@). Let N € N be ar-
bitrary. Let ¢ : G — G/N be the natural projection. By Lemma 4.3(a), o5 (Q) =
Qa/n and ¢y (P) = Pg/n are complete Sylow sequences of the finite group G/N,
and II(Q)N/N =11(Qg/n), I (P) N/N =11 (Pg,n). Therefore, Il (P)a"'*N/N =
II (Pg/N) (a*IN). Moreover, by finiteness of G/N, there exist distinct positive
integers i1, ..., im such that © (G/N) = {ps,,...,pi,, }- Hence, ¢x (a;) = 1 for all
i with pi ¢ 7 (G/N) and wy (a) = oy (a5,) - o (a0,) = (@5, N) -+ (a;,, N) is a
Sylow factorization of ¢ (a) in oy (P). We get II(Qq/n) =11 (Pg/N) (a‘lN) by
[5, Lemma 8].

€N’
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For I1(Q°P) = all (P) ™", we use Lemma 4.3 (c), and the first part of the proof:

(Q”) = (H (P (a;l)ieN>>_1 = MP)a ) =all(P)!,
1

Proposition 6.9. Let G be a profinite group, and let P be a complete Sylow se-
quence of G. Then
Ky (IL(P)) = N I1(Q).
QEeR(P)UR(P)°P

Proof. By Lemma 6.5 it would suffice to prove that

() ( N H(P)a_1>ﬁ< N aH(P)1>= N 1(Q).

a€II(P) a€TI(P) QER(P)UR(P)°?

By Lemma 6.8, for any Q € R (P)UR (P)?”, there exists a € II (P) (see Remark 5.2)
such that either II(Q) = I1(P)a~! or II(Q) = aIl (P)". Conversely, if a € II (P),
then by Lemma 5.3, a has a factorization (a;),cy in P = ((P1, ..., Pi));cn, such that
a = lim;_,oo a1a2 - - - a; and hence Q =P (a;l)ieN € R(P), and Q°? € R(P)*. By
Lemma 6.8, I1(Q) = I1(P) ™, and I1(Q°) = aIl (P)~'. This proves (*). I

Now we can define the main object of interest in this section.
Definition 6.10. Let G be a profinite group, and let T be any permutation of N.

Denote by CSS (G) (CSS; (G)) the set of all complete Sylow sequences of G (of
type 7). Then

H.(G) : = (1  (IP)NI(P?))
PECSS,(G)

H(G) : = 1 (I(P)NI(P?)).
PECSS(G)

Note that H (G) = N, H, (G).
Proof of Theorem 1.10. (a) By definition of H, (G) and Proposition 6.9 we get:

H. (G)= (1 (I(P)NILP*)= () N I(Q) =
PECSS.(G) PECSS,(G) QER(P)UR(P)°P
= [ KL (II(P)).
PeCSS.(G)

Thus H, (G) is a closed subgroup of G. Let « be a continuous automorphism
of G. Using the fact that the image of a p-Sylow subgroup under « is also a p-
Sylow subgroup, it follows that II(P)* = II(P) where, if P = ((Py1,..., P;));en
then P* := ((P{*,..., P{"));ey- Similarly, II(P°P)* = II((P°?)*). Moreover, if P
is of type 7 then so is P%, and (P°?)" = (P*)”’. Hence « induces a bijection
CSS; (G) — CSS; (G). Tt follows that H, (G) is characteristic.

(b) II(P) is a union of right cosets of K, (II(P)) (see the remarks following Defi-
nition 6.4). Consequently, II(P°?) = TI(P) ™" is a union of left cosets of K, (IT(P)).
Since by definition H, (G) C K (II(P)), and by (a) H, (G) < G, we get that
Ky, (IT(P)) is a union of cosets of H, (G), and the claim follows.

(c) Let P be a p-Sylow subgroup of G. By [15, Proposition 2.2.3(a)], R(G) NP
is a p-Sylow subgroup of R(G). It follows that if P = ((Py,..., P;)),cy is any
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complete Sylow sequence of G, then Q = ((Q1, ..., Qi)),cy, Where Q; = R (G) N P,
is a complete Sylow sequence of R (G). Now, since R (G) is prosolvable, we get
by Theorem 1.6 that R (G) = II(Q) = I1(Q)~! = II(Q°). Clearly, II(Q) C II(P),
and II(Q°P) C II(P°P), so R(G) C II(P)NIL(P°P) for every P € C'SS(G). This
implies R (G) < H (G). Hence R (G) < R(H (G)). But R (H (G)) is characteristic
in H (G), hence R(H (G)) < R(G), and equality follows.

(d) For all K < @, set K := KH, (G) /H, (G). Note that G is profinite since
H, (@) is a normal closed subgroup of G. Under the natural mapping G — CAJ, each
Sylow sequence P is mapped to a unique Sylow sequence of (Al, of the same type,

which we denote P, and IT (P) is mapped onto I (ﬁ) (Lemma 4.3(a)). Hence:

m(G)= N @@nner)=_n (n@)nn@Ee).
Qecss-(G) PeCSS-(G)
Let P = (GT(p))pEPr € CSS; (G). Using:
pr(1) @pT(i) = (GI?T(UH (G)) /H ( ) (GPT( )H ( )) /HT (G) =
= (GPT(l) GPT(L)H ( )) /HT ( ) )

G

we get:

() = (U G ...GM) —d ([’j Gy -Gy Ho (G)) /H, (G)) _

= (cl (g G, .~.Gp7<i)>) H, (C;)_/lHT (@) =11(P) H- (G) /H- (G),

where we have also used the fact that images of closed sets under G — G are
closed, that H, (G) is closed and Lemma 2.2. Part (b) and H, (G) < G give:

II(P) H- (G) = H, (G)H(P) =1II(P).
Hence 11 (’ﬁ) =1II(P)/H; (G), and also II ) I1(P°P) /H, (G). We get:

e (é) PECSS (@)

(H P)NII( P"p)
= N (IP)/H-(G))nIL(P?)/H-(G)))
PeCSS, (G)

= N (I(P)NI(P?))/H-(G) = H- (G) /H- (G) = 1.
PeCSS,(G)
Finally, R (G/H, (G)) = 1 follows immediately from R (G/H, (G)) < H(G/H, (G)).
(e) Essentially the same proof as (d). I

Lemma 6.11. Let G be a profinite group, K a closed normal subgroup of a group
G, and let T a permutation of N. Then H, (G) K/K < H, (G/K), and consequently
H(G)K/K < H (G/K).

Proof. Let Q € CSS; (G/K), and let P € CSS; (G) be such that P is mapped
to Q under the natural map G — G/K (see proof of Theorem 1.10(d)). As is
shown in the proof of Theorem 1.10(d), H, (G) C II(P) and H, (G) C II(P°P).
Therefore H, (G) K C (II(P) NII(P°P)). Using the same reasoning as in the proof
of Theorem 1.10(d), this implies H, (G) K/K C (II(Q)NII(Q°)). Since Q is
arbitrary, it follows that H, (G) K/K < H. (G/K).
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From the last claim we get H (G) K/K < H,(G/K) for any permutation 7
of N, since H (G) < H,(G). Taking the intersection over all possible 7, yields
H(G)K/K < H(G/K). 1

Proof of Proposition 1.11. Set Ny (c) = {N NH(G)IN e J\/(G)}. To prove our
claim it will suffice to prove that H (G) is prosolvable, and for this it is sufficient to
prove that H (G) /N is solvable for any N € Ny (). Let N € Ny () be arbitrary.
Let N7 € N be such that N = Ny N H (G). Then, by Lemma 6.11, we have:

H(G)/N = H (G)N1/Ni < H(G/N1) = R(G/N1),
proving that H (G) /N is solvable. I
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