Workshop on boundary elements and adaptivity
14.03.2016

Optimal convergence rates

for goal-oriented adaptivity

Alexander Haberl

joint work with

M. Feischl, T. Fiihrer, G. Gantner, D. Praetorius

Technische Universitat Wien
Institut fiir Analysis und Scientific Computing

LWwiF

Der Wissenschaftsfonds.

Optimal convergence rates for goal-oriented adaptivity

QOutline

@ Motivation

© Model problem
© Adaptive strategy
O Main result

© Numerical examples

© Summary

Feischl, Fiihrer, Gantner, Haberl, Praetorius

Optimal convergence rates for goal-oriented adaptivity

© Motivation

Feischl, Fiihrer, Gantner, Haberl, Praetorius

Optimal convergence rates for goal-oriented adaptivity

What is all about?

GOAL: For z € Q, compute u(z), where —Au =0, ulr =g¢

pointwise error

-© - uniform x
- % - adaptive ‘%
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Model problem
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© Model problem

Model problem

o Q C R? bounded Lipschitz domain, d = 2,3
o I': =00

Laplace-Dirichlet problem
—Au=0 in Q
u=g on T

@ simple-layer operator

V(@) = /F G(F.y)d () dy

@ double-layer operator
Ko@) = | 00 Gl 09wy

Representation formula

u(x) =Vou(x) — Kg(z) forall 7€
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Galerkin BEM

@ normal derivative ¢ = 9,,u obtained by
Vo=(K+1/2)g=:f onT
@ mesh 7, of T'

@ PP(T,) space of piecewise polynomials of degree < p

Galerkin approximation of V¢ = f
For given f € HY2(I), find ®, € PP(T;) s.t.

<Vq)*, X*>L2(F) = <f, X*>L2(1") for all X* S ,Pp(ﬁ)

Model problem

@ Lax-Milgram = exists unique solution ®,
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© Adaptive strategy
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Main idea 1/3
@ approximate solution u = V¢ — Kg by
uu =V, —Kg in Q
o for fixed z €
w(@) — ue(r) = V(¢ — @0)(7) = (G(Z,-), ¢ — Py)
@ Galerkin orthogonality
(VWy, ¢ —Dy) =0 forall U, € PP(Ty)
— obtain

u(Z) —u(z) = (G(,-) = V¥, ¢ — Py)
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Main idea 2/3

o for fixed ¥ € Q and all ¥, € PP(T,)

u(@) —ug(T) = (G(T,-) = V¥, g — Dp)

Dual problem

9 consider auxiliary problem
V() = G, )

o find Galerkin approximation ¥, € PP(T;) s.t.

Ve, Xe)r2ry = (G(,-), Xe)r2ry for all X, € PP(T5)

Feischl, Fiihrer, Gantner, Haberl, Praetorius —5—

Optimal convergence rates for goal-oriented adaptivity Adaptive strategy

Main idea 3/3

o for fixed Z € Q and ¥y ~ ¢ = V- IG(T,-)

W) —w(Z) = (G(Z,") =V, ¢ —Pp) = (V( = Vy), ¢ — Dy)

@ with energy norm ||z ||> = (Vz, 2) ~ Hszq_l/Q(F)

u(T) —ue(@)| < | = Ve[l ¢ — Pl

@ with appropriate error estimators

u(Z) —we(Z)| < | = Ve[l — Pell S nyeno.e
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Weighted-residual error estimator
o z € {¢, ¢} with Galerkin approximation Z, € PP(7T5)

0 1. u(T)? = [T V|V (f =V Z)|72 () for T € Ts

o define 1, , := ( Z 77Z7*(T)2)1/2

TeTx

@ 7)., isreliableie., || 2 — Z, || < Crel 12

D Carstensen, Stephan: Math. Comp. 64 (1995)
@ Carstensen: Math. Comp. 65 (1996)

@ Carstensen, Maischak, Stephan: Numer. Math. 90 (2001)
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Solve - Estimate - Mark - Refine
@ Input: initial mesh 7y and adaptivity parameter 0 < 6 <1

Forall ¢ =0,1,2,3,... iterate (Becker et al. '11)
© compute approximations ®, and ¥,

@ compute indicators 74 ¢(T") and 0y, ¢(T') for all T € Ty

Q assemble py(T)? := ng.o(T)*n3, ; + 13 4100,0(T)?
o

find (minimal) set M, C T s.t.

0p7 < > pelT)?
TeM,

O refine (at least) marked elements T' € M, to obtain Ty,

@ Output: approximations ®,, Wy and 14 ¢, 7y ¢ for all £ € N

Ij Becker, Estecahandy, Trujillo: SINUM 49 (2011)
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Separate marking
@ Input: initial mesh 7y and adaptivity parameter 0 < 6 <1

Forall £=0,1,2,3,... iterate (Mommer, Stevenson '09)
© compute approximation ®, and ¥,
@ compute indicators 74 ¢(T") and 0y, ((T') for all T € Ty

Q find (minimal) sets Mgy ¢, My ¢ € Ty s.t.

and On7, < Y ny(T)?
TeMy,

Ze< Y npu(T)?
TEqu,g

@ choose M, € {M¢7€7M¢7€} s. t. #My = min {#M@g, #qu,g}
O refine (at least) marked elements T' € M, to obtain 7y

@ Output: approximations ®;, Wy and 74 ¢, 7y ¢ for all £ € N

B Mommer, Stevenson: SINUM 47 (2009)
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O Main result
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Approximation class

@ for s > 0, define z € Ag by

Iz]|la, :== sup ((N+ 1)°

min 7]z,*> < 00
NeNy

#T—#To<N
0 2€A;, = .= O((#T* - #76)*8) for optimal meshes
@ main result: ABEM meshes guarantee

Vs,t >0 [¢> €chsveh = ngumye= 0((#72 - #To)*(s“))]

@ consequence:
@ no gain to use other mesh for dual problem

@ no gain to use higher-order polynomials for dual problem
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- ° H
Optlmal convergence proof follows ideas of Mommer & Stevenson
Theorem (Feischl, Fuhrer, Gantner, H., Praetorius 16) o but avoids FEM, efficiency, bisec5-refinement
oV0<6<1l F30<gin<l Cpi >0 V&n=>0 e .
- Qin lin = o and gives first rigorous proof for the BET algorithm
N t+n M t4n < Clin Qiin M,e7p,¢ , ,
) ) - in e,L0Y, o also generalizes FEM works beyond Poisson model problem
0 V0 <0< 1 Vs,t>0with (¢,9) € Ay x Ay FCopy V£ >0
@ analysis only based on properties of estimator
—(s+t
6,100, < Copt, [[Blla[I¥lla, (FTe — #To) =+ e
@ analysis fits into axiomatic framework
*] algorithm rea“zes a” pOSSib|e algebraic rateS S +t @ same axioms as for standard adapt|v|ty
@ reliability guarantees
~ ~ — t
‘U,(I‘) — u€($)| ,S N eThp 0 5 (#72 - #76) (s+1) Ij Mommer, Stevenson: SINUM 47 (2009)
Ij Carstensen, Feischl, Page, Praetorius: Comp. Math. Appl. 67 (2014)
Ij Feischl, Fiihrer, Gantner, H., Praetorius: Numer. Math., 132 (2016) @ Becker, Estecahandy, Trujillo: SINUM 49 (2011)
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Axioms
@ z € {¢, ¢} with Galerkin approximation Z € {®, ¥}

@ for all T, 7T, with 7T, is refinement of 7,
(A1) stability on non-refined elements
025 (Te N T2) = 12,0 (Te N To)| < Cstll Zo — Zi ||
(A2) reduction on refined elements
Do (T \ 70)” < red Nz,o(Te \ T2)* + Crea || Zo — Z, |I?
(A3) discrete reliability
I Zo = Z || < Crat m20(R:(Te, T2))
with 7o\ T € R:(Te, T) and #R.(Te, Ti) < Cret #(Ta \ T)
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Linear convergence

@ z € {¢p,v} and ¢ € N with mesh T,

@ suppose £ < j; < -+- < Jk < £+ n with

02, <2 (Tim \ Tjmya) forall m=1,...

= there exist Ceony > 0 and 0 < geony < 1 such that

2 k 2
Nz t4n < ClinGeony Nz

Feischl, Fiihrer, Gantner, Haberl, Praetorius
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Linear convergence Control of #M, 1/3
o for all £ € N, algorithm guarantees e
0 1 t ith A A, 3
‘977;713 < Z 77¢7Z(T)2 or 07712%@ < Z W,E(T)z VO< 0 <1 Vs, t>0with (¢,¢) € Ay x Ay 3C5,C3 >0
TeM, TeM, 1/(s+t .
# My < Co(Call$lla, 19l1an) 0 (gm0
= for n steps:
o k-times Dorfler Marking for 14 ¢ R
o (n— k)-times Dérfler marking for 7. @ for each k > 0, there exists C; > 0 and a refinement 7, of 7y s.t.
—k To— #T < 2(Ci17/2 Y(s+) —1/(s+%)
— 77(%7“” < C'lianonvng,’z and ?7,21,,”” < C]inqggnv)ni,é # EAQ %2 £= ( 21 ) ”quASM)”At) (o.1.0)
N oMo = K M 070
= for qiin = qgﬁv, obtain linear convergence
~2 1/2,2 ~9 1/2,.2
N t4np 4n < ClinQiinMes 0N ¢ = Mg SE Mg 08 Ty SRV
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Control of #M, 2/3 Control of #M, 3/3
e e @ minimality of M, implies
° Moy SKMG, or W< RV, e
#FMy = min{# Mg o, # My ¢}
@ optimality of Dorfler marking for z € {4, ¢} < Cloark max{#R¢(72,7A}), #Rw(ﬁﬁ)}
o<kl = 02, <n.y (R:(Te. 7)) < CmanCra#f (Te \ 7o)
~ _ 1/(s+t
R o recall: #7; — #T; < 2(C1 V2| @]la, [lla,) "+
® R.(Te,Ty) is the set of refined elements from (A3)
o define Cy = 2C a1k Chrel and Cs = Cyr~ /2
— Dorfler marking for
° ¢ with set Ry (7e, Te) or o use #(T; \ Ty) < #7; — #T; to obtain
o ¢ with set Ry (72, 7¢)
1/(s+t _
# M < Co(CallBllal1ellan) " (g ey o) 71
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Proof of main theorem
@ linear convergence
N t4nT t+n < ClinQiine, 07,0
@ control of #M,
1/(s+t _
# My < Ca(Cllolla, 0 1a,) Y+ (15, 01,0) /60
@ mesh-closure estimate
/-1
#72 - #76 < Cmesh Z #M]
=0
= 116,010 < Copt, [191la, [¥lla, (FTe — #To) ¢+ J
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© Numerical examples
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Z-shaped domain in 2D

@ evaluation point = (0.1,0)
@ exact PDE solution u(z,y) - x

7_(_ -0.05

u(z,y) = 7™/ cos <—g0>

(8] -0.15

025 -02 -015 -0.1 -005 ©0 005 01 015 02 025
x

o GOAL:
o ||p— @yl /e S WPTVHY2 & N=(0H+3/2) for &, € PP(T)

@ aim for |u(T) — ue(Z)| < N~ (2p+3)
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108l =© = error uniform
- % = error adaptive ”SS‘ ’SS‘

= © - estimator uniform x, %
- ® = estimator adaptive *’S(
10" 10° 10° 10"

number of elements
o [u(Z) — up(Z)| and g gny ¢ realize optimal rate O(N~3)
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() — ue(2)] for p=1

= © = error uniform
- % = error adaptive x

107*°L = © - estimator uniform ’s&;& |

= % - estimator adaptive

%
1 2 3 4

10 10 10 10
number of elements

o |u(Z) — ug(T)| and 1y eny ¢ realize optimal rate O(N~°)
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Marking strategies

107 G
107 g
%‘m O(N~3) .

o | —©-error
107 -e-errorx
- -estimator
- % -estimatorx

-e-error
-©e-errorx

10| - w -estimator
10 !
-« -estimatorx

10" 10° 10° 10" 10°
number of elements number of elements

o x...... separate marking (Mommer & Stevenson)

@ both marking strategies realize optimal convergence rate

Feischl, Fiihrer, Gantner, Haberl, Praetorius -23 -
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Adaptivity parameter 0 < 0 <1

10 10 10°
number of elements number of elements

@ rate is stable in 8, while 0 < 8 < 1 in the analysis
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Almost-slit domain in 2D

@ evaluation point o
7 = (—0.24,0.24) R
@ exact PDE solution u(z,y) S¥ i E—
ok | L2 T
u(z,y) = ™ cos (z(p>
!

@ add. points 1 = (—0.01,—0.01) and z2 = (—0.24,—0.01)
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() — u(2)] for p=0

- @ -error
- # —estimator *

100 = ® = error
- » = estimator
10t 102 10°
number of elements
@ k...... separate marking (Mommer & Stevenson)

@ both marking strategies realize optimal convergence

Feischl, Fiihrer, Gantner, Haberl, Praetorius

rate O(N73)

Numerical examples
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Numerical examples

Additional evalutation points for p=0

<N
10 (i b‘*‘

o REEY
oR

Bppy
' % D> DD O(fo&)
10 ' g ]
. xx Do
! DD
)
10° } & \69\ Mxﬁ 1
woooq B Tpeen
000 R

10°} 69009 2
SLCTETS) LRy
By

10 L -©-error(T)
- % -error(z
-p-error(xza

10" 1

02

number of elements

@ optimal rate O(N~3) for points errors at x; and
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|u(x) — up(T)| for p=1

1

190 | = @ =error x 6| |

- » - estimator * » I,:

- ® —-error 3
10" - @ - estimator N

- 4
10t 102
number of elements
@ k...... separate marking (Mommer & Stevenson)

@ both marking strategies realize optimal convergence rate O(N )

Feischl, Fiihrer, Gantner, Haberl, Praetorius
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Numerical examples

Adaptivity parameter 0 < 0 < 1 for p =0

combined marking

10

10° 10
number of elements

separate marking

10°
number of elements

@ rate of separate marking (MS) is stable in ¢

@ rate of combined marking (BET) degenerates for § > 0.7

Feischl, Fiihrer, Gantner, Haberl, Praetorius
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Numerical examples

Adaptivity parameter 0 < 0 <1 forp=1

combined marking

separate marking

—0.1 —0.1
AN 831 o 5
- A o —8.2 _ 73»2
10 N ow ) — 061 10° & —06
Sso Tteell —07 < —07
S. Tl —o08 N —o038
10° \\ \‘“-_._0'9’ 100 —09
B BT i N = D RSN T
10 o<N*5)“\;L , 1 o O(N~5) V
102 [ \\\\ W o 1072} A WV . \
0 S 20l Ss
10" 10° 10" 10°
number of elements number of elements
@ rate of separate marking (MS) is stable in 6
@ rate of combined marking (BET) degenerates for § > 0.7
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What is the best 6 ?

10°

op=0

@ error <107

S104f
310

J4
® Neym = 230#7; \/\
j=

— separate marking
combined marking

103 L
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

0
@ combined marking is slightly better for 8 < 0.7

@ algorithm works best for 0.5 < 6 < 0.7
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What is the best 6 ?

Numerical examples

104

g 3\/\_\’\—/\\__‘_,\,\‘
10
= v

— separate marking
combined marking
102 5 5 - ; -

oep=1

@ error < 107?

4
® Neym 1= Z #7;
7=0

0.1 0.2 03 0.4 05 0.6 0.7

0
@ combined marking is slightly better for 6 < 0.7

@ algorithm works best for 0.5 < 0 < 0.7
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U-shape domain in 3D

@ evaluation point z = (—0.05,0,0.9)

@ exact PDE solution u(z,y, z) in polar coordinates

u(z,y,z) = zrf/g’ cos(2¢1/3) + 7“3/3 cos(2p2/3)
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U-shape domain in 3D

uniform refinement

adaptive refinement

Numerical examples

O(N—2/3) I NG
- p-F \
. ' )

. 101;-__9,4?‘ 'l‘) N
. Y S

10

S O(N) Y s SR

. _o. 10°

¢ 1 ~. -x-error at x1
-x-estimator uniform ~. -p-error at x2

10°

B -
3| \‘ o\ > \;-%(Q(N 4/3)7

NN
.- . 107k o, Lo %
o .

. NPT - S F-e-error at T ©-o,
-e-error uniform e -- ~

2 3

10° 10* 10 10 10
number of elements number of elements

@ algorithm leads to optimal convergence for point-error at =

@ also optimal convergence for point-errors at x1, x2
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© Summary
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Summary
@ GOAL: For = € Q, compute u(z), where —Au =0, ulr =g
@ in each adaptive step: Solve

Primal problem Dual problem

Vo= (K +1/2)g Vi =G(z,-)

Summary

@ error bounded by estimator product

[u(@) — w(@) <P — Tl ¢ — Pell < 1y emo,e
@ get optimal rate for the estimator product
(@) — we@)| S mpempe S (H#To — #To)"

@ concept also applies to goal-orientated AFEM
@ extends work of Mommer & Stevenson!
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Thanks for listening

Alexander Haberl

Vienna University of Technology
Institute for Analysis
and Scientific Computing

http://www.asc.tuwien.ac.at/~ahaberl
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