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ABSTRACT 
 The flow of granular material through an orifice has been a subject of numerous studies for 
decades due to its importance for proper industrial silo design. The most widely accepted law that 
predicts the flow rate of grains trough an orifice was proposed by Beverloo et al. (1961).  
 The velocity field within the silo during discharge cannot be reliably predicted yet, and the 
mechanisms controlling discharge from silos remain unclear. In this work an investigation into 
gravity discharge from silos in increased gravity conditions is presented. Increased gravity 
conditions were modelled in the geotechnical centrifuge, where the gravity was increased up to the 
factor of 15. Materials differing in particle sizes were tested using two different silo model 
geometries. The results were then compared to Beverloo equation for a slit orifice of a quasi-two-
dimensional silo, as well as with the equation presented by Rose and Tanaka (1956) regarding 
influence of hopper angle on the flow rate.  
  It was shown that the mass flow rate as well as the local velocity of discharging is proportional 
to the square root of gravity and that the time required for a silo model to discharge cohesionless 
material scales with gravity. Analysis of the time required to discharge a silo leads to the 
observation of a scaling law for silo centrifuge models. 
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1. INTRODUCTION 
Silos are thin-walled structures used for 
storing granular materials of various kinds, 
and are as such subject to many different 
and erratic loading conditions which can 
lead to damage or even failure of the 
entire structure. At the beginning of the 
19th century, the grains stored in wooden 
forerunners of silos were considered to 
behave like liquids, and the only 

information that was needed for describing 
their behaviour was the material’s specific 
weight. This incorrect assumption (as 
suggested in Figure 1) led to a great deal 
of silo malfunctions.   
 Granular materials consist of a large 
number of individual particles, whose 
mechanical properties can usually be fairly 
easily obtained, whilst the collective 
behaviour of the system remains highly 
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complex due to the interaction between 
the particles. No universally applicable 
theory that can precisely describe the 
movement of bulk solids and its interaction 
with the silo construction has yet been 
developed. A good definition of the flow 
pattern is crucial for a safe and economic 
silo design. 
 The empirical relationship describing 
the flow of granular solids through an 
orifice by Beverloo (1961) has been 
verified for different granular materials in 
the literature. However, most publications 
deal with flow under Earth's gravitation, 
i.e. in a 1g1 environment. 

 
Figure 1. Difference between: a) pressure on 

silo wall caused by liquid material, b) pressure 
caused by bulk solids (Janssen’s theory2)  

 In this work, the validity of Beverloo's 
relationship under elevating gravity in a 
geotechnical centrifuge is studied. The 
primary objectives of this work are as 
follows: 

• Observing the flow of fine and 
course sand in a flat-bottom and 
30° hopper silo model designed 
especially for this purpose. 

• Exporting data of the flow in term of 
load cell values for later 
comparison with other methods.  

• Comparing test results with the 
Beverloo equation.  

• Showing the discharge time 
dependence on gravity factor.  

                                            
1  Gravitational acceleration of 9.80665 m/s2 
2 Janssen’s theory (Janssen 1895) is widely 
accepted for pressures during filling state of silo, 
assuming static equilibrium, and stating that with 
granular materials the rate of increase of pressure 
decreases with depth.   

• Showing the discharge velocity 
dependence on gravity factor.  

• Showing the flow rate dependence 
on the hopper angle and material 
particle size.  

2. STATE OF THE ART 
2.1. Silo design 
There are three major aspects that need 
to be considered when designing silos for 
storage of bulk solids. These are the bulk 
material, geometric and structural 
considerations. Frictional and cohesive 
properties of bulk solids are different from 
one solid to another, which influences the 
bulk solid’s flow properties. Problems 
related to geometric design include 
ratholing through the material and arching 
across an outlet. The optimal geometric 
design would maximize the usable 
capacity and minimize costs and silo 
overall height. The distribution of 
pressures and stresses on silo wall and 
the changes that occur during static and 
dynamic state of the stored material 
represent the main problems of structural 
design. The objective of silo design is to 
predict a proper flow profile and determine 
optimum hopper angle and the minimum 
outlet dimension for trouble-free flow 
(Carson and Jenkyn, 1993). 
Main reasons from which most of the 
problems with silo behavior arise are: 

• The interaction of the silo wall and 
the material stored inside. 

• The complexity of bulk solid 
materials. 

• “Silo music” – noise pollution 
caused by the vibration during silo 
discharge that can cause structural 
failure. 

• Dust explosion - Movement of the 
bulk material (depending on the 
dust amount stored inside of a silo) 
leads to the formation of dust 
clouds that pose an explosion 
hazard when in presence of an 
ignition source.  
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2.2. Flow pattern 
The flow pattern may be defined as 
description of the zones of moving and of 
stationary solid when the silo is still 
effectively full, but the discharge process 
is well established (Zhong et al. 2001). 
The pattern of the granular material flow 
affects both functional and structural 
integrity of the silo, as well as the 
pressures exerted on the silo wall during 
discharge, and is, because of that, one of 
the most important predictions to be made 
during the silo design. Flow patterns 
during discharge of the material can be 
divided into two basic categories (acc. To 
EN 1991-4 (2006)): 

• Mass flow – whole silo content 
(every particle) moves during 
discharge. Flow is uniform and 
reliable, eliminating stagnant 
materials and the effects of 
segregation. 

• Funnel flow - only a portion of the 
bulk solid in the silo moves 
downwards through a flow channel 
during discharge while the rest of 
the bulk solid remains stationary 
thus forming stagnant zones. 
Funnel flow can be subdivided into 
pipe and mixed flow. 

2.3. Centrifuge testing 
Geotechnical centrifuge modeling is a 
technique used for testing geotechnical 
engineering models by rotating the 
observed model and thereby increasing 
the gravity so that the stresses in the 
model and in the prototype are 
approximately equal. Models are usually 
made for particular field of observation like 
slope stability, shallow tunneling and silo 
construction. This way the real in-situ 
behavior is simulated. 
2.4. Beverloo’s flow rate equation 
The most widely used method for 
predicting silo discharge rate was 
developed by Beverloo (1961): 

2
5

0b )kdD(gCW −⋅⋅ρ⋅=  

This equation is valid for the outpouring of 
grains due to gravity, where W is the mass 
flow rate, bρ  is the density of granular 
material, g is the acceleration due to 
gravity, D0 is the orifice diameter, d is the 
average grain diameter, and C and k are 
fitting parameters. This correlation 
includes (D0-kd) factor, consistent with the 
“empty annulus concept” by Brown and 
Richards (1970), where no particle center 
can approach the orifice edge within the 
distance of  d/2 and therefore all particles 
centers must pass through a circle of 
diameter (D0-kd). 
2.5. Particle image velocimetry 
Particle image velocimetry (PIV) is defined 
as a technique for velocity measurement 
that measures the motion of marked 
regions of fluids by observing the locations 
of the images of markers at different 
times. When measuring the velocity of the 
granular materials, the optical surface 
structure, which is gained by illumination 
of the surface of the granular flow, is 
sufficient to determine the movement of 
the particles. This method is referred to as 
“granular PIV”. 

3. EUROCODE 
With the development of silo design, a 
need for regulation became apparent. The 
first structural standards were not 
produced until the 20th century, and only 
in the second half the first silo design 
standards were introduced based on 
Janssen’s, Reimbert brothers’, Jenike’s 
and other models. Current standards used 
in silo design proposed by the European 
Union are:  

• EN 1991-4 (2006), Action on 
structure - Silos and tanks  

• EN 1993-4-1 (2007), Design of 
steel structures - Steel silos  

• EN 1998-4 (2006), Design of 
structures for earthquake 
resistance - Silos, tanks and 
pipelines 
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4. EXPERIMENTAL SETUP 
Experiments described in this work took 
place in the beam centrifuge at the IGT, 
University of Natural Recourses and 
Applied Sciences in Vienna, manufactured 
by Trio-tech, California in 1989. Table 1 
lists its specifications. For safety reasons, 
the centrifuge was placed below ground 
level and contained within a metal shell to 
add protection in case a component or 
test specimen becomes loose during flight. 
Experiments are conducted in order to 
investigate the influence of particle size 
and hopper angle on the flow rate. The 
silo model is equipped with a transparent 
front wall and a high-speed camera, which 
allow the usage of the PIV technique. 
Additionally, load cells are used for 
tracking the mass of material as it is 
discharges from the model. The 
investigation of flow rate dependence on 
the hopper angle is conducted using two 
different silo model geometries. The test 
results are obtained at high gravity levels 
of up to 15g simulated by the centrifuge. 
Table 1. Technical specification of IGT Beam 

Centrifuge 

  
4.1. Verification of centrifugal 
acceleration 
The Beverloo correlation predicts that if 
two otherwise identical silos are 
discharging freely under the action of 
gravity then the discharge time at 
increased gravities will be equal to the 
discharge time at 1g multiplied by the 
square root of the factor of gravity 
increase: 
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This scaling law was investigated by 
comparison with the model test results 
and shown to be true.  
4.2. Silo model design 
The silo centrifuge model is designed to 
behave as a quasi-two-dimensional silo 
with the following dimension - 15 cm 
width,10 cm depth and 29 cm height. 
Figure 3 shows a sketch of the model and 
its constitutive parts: 
(1) Silo model with the acrylic window 
(2) Side wall 
(3) Filling funnel 
(4) High-speed camera 
(5)(6) LED Illumination  
(7) Camera stand  
(8) Collection bucket 

In order to initiate the discharge, a 
servo motor is used by pulling a pin which 
releases a spring loaded sliding door and 
opens the silo outlet.  The location of the 
outlet was chosen as the lowest possible 
height where the silo could be expected to 
discharge completely and only under the 
influence of gravity for a range of granular 
materials tested. The model can 
accommodate a hopper of any angle, but 
only flat bottom and a 30° hopper were 
used for this research (Figure 2).  

 
Figure 2. Silo geometries used in the tests; 
silo with a 30° hopper (left), flat bottom silo 

(right) 
The rate of the material discharging from 
the silo model is measured using load 
cells located beneath the collection bucket 
and the high speed-camera records the 
moving of the particles behind the 
transparent front wall for a later PIV 
analysis.  
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Figure 3. The silo model sketch 

 
Figure 4. Fine sand "DIN EN 12904"  

(scale in mm) 

 
Figure 5. Grain size distribution of fine sand 

 

4.3. Granular materials  
In order to investigate the influence of the 
particle size on the flow rate two types of 
sand are used for the centrifugal 
experiments: poorly graded fine sand (DIN 
EN 12904) and a poorly graded course 
sand (DIN 1164/58). Practical usage of 
fine sand is water filtration, filling 
compound between the borehole wall and 
the construction pipe and for the support 
of bored holes for water extraction. Figure 
4 presents the grain size of the material; 
Table 2 describes its properties and 
Figure 5 the grain size distribution.  
 Second material is course grained silica 
sand “DIN EN 1164/58”, seen in Figure 6, 
with the specifications presented in Table 
3 and the grain size distribution in Figure 
7. Both materials are poured in through 
the funnel and are therefore in a loose 
condition, not compacted. 

 
Figure 6. Course sand "DIN EN 1164/58" 

(scale in mm) 

 
Figure 7. Grain size distribution of course 

sand 
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Table 2. Properties of fine sand 

 
4.4. Experimental procedure  

The silo model is filled with 
previously weighted material trough a 
funnel at 1g. Every experiment was 
labelled, and recorded with the high-speed 
camera. After filling the model, the 
centrifuge safety switch can be switched 
on, and the CATMAN software recording 
load cells data can be started. At this 
point, the centrifuge room needs to be 
vacated and all the proceedings have to 
be performed from the control room for 
safety reasons. After the centrifuge is 
accelerated to the desired angular 
velocity, the needle can be pulled out of 
the trap door, and the silo model can be 
emptied. After the discharge is completed, 
the centrifuge is stopped, and the 
procedure can be repeated. Tests at a 
specific acceleration are repeated until 3 
tests with less than 5% variation in 
discharge rate are obtained. The load 
cells, as well as the PIV values were 
calibrated prior to usage.  
4.5. Load cells 
Two C9B 1 kN miniature load cells from 
Hottinger Baldwin Messtechnik (HBM) are 

 

Table 3. Properties of course sand 

used for controlling the mass flow rate. 
The load cells are located beneath the 
collecting bin on each end measuring the 
mass of the bin and the sand discharging 
from the model. After discharge, the mass 
of the collecting bin with the sand must 
correspond to the value of mass recorded 
with the load cells. This way, the accuracy 
of the load cell results is verified. The load 
cells are stabilized in order to ensure the 
vertical loads to be transferred directly. 
Typical test data recorded by the load 
cells are shown in Figure 8. 
4.6. Results analysis using PIV 
PIV open-source software PIVlab 1.32 
running in MATLAB 2011 is used for 
results analysis. High speed camera fixed 
in front of transparent acrylic front wall 
allows the movement of the material inside 
of the silo to be recorded. This is a second 
method of calculating the discharge rate. 
Velocity vectors across the width of the 
silo are calculated using image processing 
algorithms. The processing time is 
additionally reduced by observing only the 
discharge interval sufficient for valid 
analysis due of the constant flow rate.  

Figure 8. Typical test data recorded by the load cells 
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5. CENTRIFUGE TEST RESULTS 
Two materials are each tested at 4 
gravities corresponding to 1g, 5g, 10g and 
15g. Experiments are conducted in a silo 
with a flat bottom and a silo with a hopper 
inclined 30 degrees to the vertical. Each 
test was repeated at least 3 times so that 
the repeatability of the test is assured and 
the results are than compared to the 
Beverloo correlation. 
5.1. PIV results 
By using the PIV software it is possible to 
extract the following data: 

• Velocity magnitude [m/s] 
• “u” component of material velocity 

[m/s] (vertical to the outlet) 
• “v” component of material velocity 

[m/s] (horizontal to the outlet)  
 For the mass flow rate of the material 
that is observed, the most important thing 
is the velocity of the material in the vertical 
direction. This gives a better insight of only 
the vertical motion of sand particles 
without the horizontal component that 
does not influence the mass flow. The flow 
profiles can be observed and compared at 
any desired height of the silo. 
 The increase in gravity between tests 
occurs due to different angular velocities 
and can be visually as well as analytically 
derived from the contour maps (Figure 9). 
The velocity of the material flowing from 
the top towards the outlet of the silo 
increases with the increase of gravity: 

AvW ⋅∝  

21 AA =  , gh2v =  

N
g
g

v
v

2

1

2
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5.2. Discharge flow rates 
As stated before, the flow rate during 
discharge is one of the most important 
aspects of the silo behavior, as it was an 
important subject of early research. The 
Beverloo equation, originally only valid for 

large circular orifices can be adjusted for a 
slot orifice of a quasi-two-dimensional silo: 

2
3

0b )kdD()kdb(gCW −⋅−⋅⋅ρ⋅=  

Where b is the thickness of the silo.  

 
Figure 9. Contour map of material velocity 

[m/s] 
 Discharge rates for each test are 
gained from load cell and PIV results, and 
compared with Beverloo´s correlation. The 
two empirical coefficients C and k are 
determined experimentally for every kind 
of grains and container properties. 
Discharge coefficient C depends on bulk 
density and is taken with a value of 1. The 
value of k has been found to be 
independent of the size of the particle but 
depends on particle shape and hopper 
properties. Parameter k is experimentally 
determined to have a value of 1.5 for 
spherical particles, but due to the “empty 
annulus concept” and in order to gain the 
effective diameter, a value of 1 was taken. 
This gives good concurrence of the results 
as can be observed in Figures 10-13.  
 Beverloo gives a maximum of 8% 
deviation from observed test results.  
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Figure 10. Discharge rates, 30° hopper, 

course sand 

 
Figure 11. Discharge rates, flat bottom, course 

sand 

 
Figure 12. Discharge rates, 30° hopper, fine 

sand 

 
Figure 13. Discharge rates, flat bottom, fine 

sand 

 Due to friction between the material and 
the front silo wall, it can be observed that 
the values gained from PIV are mostly 
lower than those from the load cells. 
5.3. Flow rate dependence on the 
particle size  
In order to compare the flow rate of two 
materials with two different particle sizes, 
Beverloo equation is used, which takes in 
consideration the density of the material 
and therefore also the material particle 
size. Results gained with Beverloo 
correlation are compared with experiments 
results. The observed difference between 
each material and its Beverloo equation 
has a maximum value of 6%, with an 
average difference of 2.7%, which shows 
a good prediction made by Beverloo as 
well as reliable test results (Figures 15 
and 16).   
 In general, higher results gained from 
Beverloo equation in comparison to test 
results can be attributed to several 
simplifications that are made by proposing 
that k has a value of 1: 

• The effective diameter is dD0 −  

• The center of mass of a particle is 

its geometric center 

• The particle is effectively spherical 

 The argument that no particle center 
can approach orifice edge within the 
distance of d/2, and because of that all 
particle centers must pass through a 
region of diameter ( ), is not valid 
because it presumes that the mass of the 
particle is concentrated at the center, and 
does not allow the value to be greater 
than 1.  
 Each of these simplifications creates an 
assumption that the material is uniform, 
isotropic, and most importantly, 
geometrically homogeneous which cannot 
be stated for any of the real materials that 
are usually stored inside a silo. 
 In order to get a better insight of the 
differences between Beverloo and the 
measured discharge rates, all of the 
results given above are plotted again. 
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Load cell and PIV results are presented as 
fractions of the value gained with 
Beverloo`s correlation (e.g. Figure 14).  

 
Figure 14. Discharge rates in respect to 

Beverloo (flat bottom, course sand) 

 Figure 15. Comparison of mass flow rates for 
30° hopper, fine and course sand 

 Figure 16. Comparison of mass flow rates for 
flat bottom silo, fine and course sand 

 

5.4. Flow rate dependence on the 
hopper angle  
Beverloo´s equation, however, does not 
consider the influence of the hopper angle 
on the flow rate. When replacing the 
stagnant zone of the material with wedges 
(Figure 17) that allow the material to slide 
in a more uniform way due to decrease in 
friction, the flow rate increases. 

 
Figure 17. Definition of symbols: 30° silo (left), 
flat bottom silo (right), α  is the half-angle of 
the hopper, D0 is the diameter of the orifice 

 Rose and Tanaka (1956) investigated 
the increase in discharge rate for silos with 
different hopper half angles. They 
presented an empirical correlation, stating 
that the mass flow rate is proportional to 

35,0
d )tan,(tan −ϕα , provided dº90 ϕ−<α : 

35,0
dd )tan,(tan),(F −ϕα=ϕα  

for dº90 ϕ−<α  

0,1F =  

for dº90 ϕ−≥α  

The correlation can be incorporated into 
the Beverloo correlation in following form: 

),(FWW dBeverloo ϕα⋅=  

 Where WBeverloo is the mass flow rate 
predicted by Beverloo correlation and dϕ  
is the angle between the stagnant zone 
boundary and the horizontal that cannot 
be predicted and should therefore be 
directly observed. 
 Taking the geometry of the silo used in 
test execution this equation would give a 
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21.2 % increase of the flow rate for the silo 
with a 30° hopper in comparison with the 
flat bottom silo. Experiment results 
comparing flat bottom and 30° hopper also 
show an increase of flow rate but with a 
smaller percentage of 11% for fine sand, 
and 5% for course sand. 

When observing PIV results 
regarding velocity magnitude of the 
material, it can be seen that the hopper 
angle increases the velocities of the 
discharging material at the sides of the silo 
but does not increase the peak velocity, 
which is governed by gravity. 

6. CONCLUSIONS 
Silo discharge rate is shown to be 
proportional to the square root of the 
gravity. Strong correlation with Beverloo 
equation can be seen in the test results 
regarding flow rate of different materials 
with variation in particle sizes through the 
orifice, even in higher gravity levels of up 
to 15g. The results are quantified using 
two independent instrumentation types 
and therefore confirm that the equation 
still gives good results when gravity is 
changed. Deviations between results are 
most likely present due to the 
simplifications made by Beverloo 
regarding particle shape and size, and the 
homogeneity of the material. 

Disagreements between the physical 
model results and results gained through 
Rose and Tanaka equation can be 
attributed to the fact that the value of  
must be predicted experimentally since 
there is no reliable method of its 
determination. This is certainly an issue 
that requires more work, and can be 
considered a challenge for further 
investigation and discussion. 
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	Due to friction between the material and the front silo wall, it can be observed that the values gained from PIV are mostly lower than those from the load cells.
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	In order to compare the flow rate of two materials with two different particle sizes, Beverloo equation is used, which takes in consideration the density of the material and therefore also the material particle size. Results gained with Beverloo corre...
	In general, higher results gained from Beverloo equation in comparison to test results can be attributed to several simplifications that are made by proposing that k has a value of 1:
	The argument that no particle center can approach orifice edge within the distance of d/2, and because of that all particle centers must pass through a region of diameter (), is not valid because it presumes that the mass of the particle is concentra...
	Each of these simplifications creates an assumption that the material is uniform, isotropic, and most importantly, geometrically homogeneous which cannot be stated for any of the real materials that are usually stored inside a silo.
	In order to get a better insight of the differences between Beverloo and the measured discharge rates, all of the results given above are plotted again. Load cell and PIV results are presented as fractions of the value gained with Beverloo`s correlat...
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	5.4. Flow rate dependence on the hopper angle

	Beverloo´s equation, however, does not consider the influence of the hopper angle on the flow rate. When replacing the stagnant zone of the material with wedges (Figure 17) that allow the material to slide in a more uniform way due to decrease in fric...
	Figure 17. Definition of symbols: 30  silo (left), flat bottom silo (right),  is the half-angle of the hopper, D0 is the diameter of the orifice
	Rose and Tanaka (1956) investigated the increase in discharge rate for silos with different hopper half angles. They presented an empirical correlation, stating that the mass flow rate is proportional to , provided :
	The correlation can be incorporated into the Beverloo correlation in following form:
	Where WBeverloo is the mass flow rate predicted by Beverloo correlation and  is the angle between the stagnant zone boundary and the horizontal that cannot be predicted and should therefore be directly observed.
	Taking the geometry of the silo used in test execution this equation would give a 21.2 % increase of the flow rate for the silo with a 30  hopper in comparison with the flat bottom silo. Experiment results comparing flat bottom and 30  hopper also sh...
	6. CONCLUSIONS
	Silo discharge rate is shown to be proportional to the square root of the gravity. Strong correlation with Beverloo equation can be seen in the test results regarding flow rate of different materials with variation in particle sizes through the orific...
	Disagreements between the physical model results and results gained through Rose and Tanaka equation can be attributed to the fact that the value of  must be predicted experimentally since there is no reliable method of its determination. This is cert...
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