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Abstract

This thesis deals with multiuser multicarrier communications over unknown time and fre-
quency selective fading channels. Since there is a growing demand for capacity, especially in
mobile communications, wireless multiuser communications experiences increasing interest in
recent year. The wireless channel in general is a time and frequency selective fading channel.
In that case, orthogonal frequency division multiplexing (OFDM) promises robust high-rate
transmissions. In general, no channel state information (CSI) is available at transmitter and
receiver. This corresponds to noncoherent transmissions.

This thesis investigates noncoherent OFDM based multiuser systems, such as Multi-Carrier-
CDMA (MC-CDMA) and orthogonal frequency division multiple access (OFDMA), transmit-
ting over a time and frequency selective fading channel. The focus is on the uplink case where
multiple users transmit to one receiver. An information theoretic analysis is performed with
emphasis on sum system capacity and sum information rate calculation. Since in most cases
no exact analytic results can be obtained, bounding techniques are applied.

First OFDM, OFDMA, and MC-CDMA are described. Then the wireless channel is discussed
in terms of descriptions, statistics, and parameters, and an appropriate input-output rela-
tion will be introduced. Furthermore, an overview of known results is given. Then, upper
and lower bounds on sum system capacity for MC-CDMA and OFDMA are derived. These
theoretical results are supported by numerical evaluations and extensive simulation results

involving different propagation scenarios.



Zusammenfassung

Diese Diplomarbeit befasst sich mit Mehrbenutzer-Mehrtriiger-Ubertragung iiber unbekannte
zeit- und frequenzselektive Schwundkanéle. In den letzten Jahren stieg die Nachfrage nach
hoherer Kanalkapazitéit. Speziell in der Mobilkommunikation erfihrt drahtlose Mehrbenutzer-
Ubertragung ein steigendes Interesse. Die Freiraumiibertragung erfolgt im Allgemeinen iiber
einen zeit- und frequenzselektiven Kanal. In diesem Fall verspricht Orthogonal Frequency Di-
vision Multiplexing (OFDM) eine zuverlissige Ubertragung mit hoher Datenrate. Im Allge-
meinen ist Kanalinformation (Channel State Information, CSI) weder am Sender noch am
Empfinger verfiighar. Man bezeichnet das als nicht-kohirente Ubertragung.

Diese Arbeit untersucht nicht-kohdrente OFDM-basierte Mehrbenutzersysteme wie Multi-
Carrier-CDMA (MC-CDMA) und Orthogonal Frequency Division Multiple Access (OFDMA)
bei Ubertragung iiber zeit- und frequenzselektive Schwundkanéle. Der Fokus liegt auf dem
Uplink-Fall, wo mehrere Benutzer zu einem Empfianger senden. Eine informationstheoreti-
sche Analyse mit Augenmerk auf Summensystemkapazitéit und Summeninformationsrate wird
durchgefiihrt. Da in den meisten Féllen keine exakten analytischen Ergebnisse erreichbar sind,
werden obere und untere Schranken berechnet.

Zuerst werden die Ubertragungsverfahren OFDM, OFDMA und MC-CDMA beschrieben.
Es folgt eine Erklirung des Mobilfunkkanals in Form von Beschreibungen, statistischen Zu-
sammenhingen und Parametern. Dann wird eine geeignete Eingangs-Ausgangsbeziehung ein-
gefiihrt. Weiters wird eine Ubersicht iiber bekannte Ergebnisse gegeben. Danach werden obere
und untere Schranken fiir die Summenkapazitit von MC-CDMA und OFDMA abgeleitet. Die-
se theoretischen Ergebnisse werden erldutert durch numerische Auswertungen und ausfiihrliche

Simulationen fiir verschiedene Ausbreitungsszenarien.
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Chapter 1

Introduction

This thesis will treat orthogonal frequency division multiplexing (OFDM) systems in the mul-
tiuser case. OFDM is known since the late ’60s, but wasn‘t applied in the first years. That
changed in the early "90s and OFDM became interesting for several communication standards.
For multiuser systems Multi-Carrier-CDMA (MC-CDMA) and orthogonal frequency division
multiple access (OFDMA) amongst others were found. Wireless communication is one of the
fields OFDM is desired to. Therefore MC-CDMA and OFDMA will be used for transmission
over time and frequency selective fading channels. No channel state information (CSI) will
be available either to the reicever nor to the transmitter. In order to characterize the whole
system an information-theoretic analysis (including system capacity and information rate) will
be performed. The main focus will be on the calculation of sum system capacity over all users
which will allow a detailed research on the entire system capability. Since analytic calculation
doesn‘t lead to results in some cases bounding techniques will be applied. First an approxi-
mation for a multiuser MC-CDMA system based on a single user MC-CDMA system will be
presented. For this system model bounding techniques on mutual information will be applied.
A second way to design a multiuser system is to introduce a fully multiuser system model.
This means each user is assigned a specific input (e.g. codebook) and different a channel.

In this chapter the basic concepts of OFDM, OFDMA, and MC-CDMA will be described.
Further the channel will be explained in a continuous and a discrete time point of view and a
simplified input-output relation will be presented. Finally a short introduction in information

theory will be given.

1.1 OFDM

OFDM first was introduced in 1966 by Chang [1]. Initially there was nearly no practical use
for OFDM (for reasons of complexity) and hence only little research was done. OFDM was
applied only in military communications. DFT was recognized as useful for modulation and
demodulation [2]. Further the application of OFDM is proposed in [3,4]. In the early ‘90s

the interest increased. This went hand in hand with the increased capabilities of digital signal
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processing. Today OFDM is contained in several communication standards, such as wireless
local area networks (WLAN), like 802.11 [5] and HIPERLAN/2 [6], terrestrial digital video
broadcasting (DVB-T) [7], terrestrial digital audio broadcasting (DAB-T) [8], and asymmetric
digital subscriber lines (ADSL). Other names of OFDM are multicarrier modulation and dis-
crete multitone (DMT). OFDM also is a candidate for the fourth generation of cellular mobile
radio systems. Furthermore there is interest in the research of the combination of OFDM and
multiple-input multiple-output (MIMO) systems [9] (termed MIMO-OFDM [10]) and use in
ultra-wideband (UWB) systems [11].

The main principle of OFDM is to split the entire transmit band into smaller narrowband
sub-channels in order to obtain frequency-flat channels. OFDM may be defined as frequency
division multiplexing. By use of transmit/receive filters with overlap in time and frequency
also an interpretation as code division multiplexing is possible. Since there are frequency-
flat channels no channel equalization is necessary, which means less computational complexity
and an easy implementation. Further OFDM is resistant to narrowband interferers and time
dispersive channels. A disadvantageous aspect of OFDM is an extensive synchronization in
time and frequency. Further a high peak-to-average power ratio makes high demands on the

transmitter.

1.1.1 OFDM Modulator

The modulator for a pulse-shaping OFDM system [1, 2] is shown in Figure 1.1. It includes
K subcarriers. The data symbols which may belong to a single high data-rate source or to
multiple sources/users are denoted by X, ;. The subscript n denotes the OFDM symbol time
and k is the OFDM subcarrier index. The OFDM symbol duration is N signal samples. After
upsampling by the factor of N, the transmit data is passed through the transmit filter using
the transmit pulse g[m] and then is modulated with the respective subcarrier center frequency.
The modulated discrete-time baseband transmit signal is

oo K-1

elml = D D Xk gnlml, (1.1)

n=—00 k=0
where g, i[m] are the time-frequency shifted transmit pulses g[m/:

Gn.k[m] 2 glm —nN] 2 g (m=nN)

According to (1.1), the datastream is split into K substreams, each of which is assigned to
a different frequency. Assuming N OFDM symbols to be transmitted, a rectangular time-
frequency lattice could be used for interpretation. This is shown in Figure 1.2. Here the data
symbols are transmitted via the time-frequency-shifted pulses g, x[m]. In Figure 1.2 only one
pulse is depicted. Note that in general there is one pulse (with particular shape) at each
time-frequency lattice point and there is an overlap between neighboring pulses.

The efficient implementation of an OFDM modulator is done by a length K inverse discrete

Fourier transformation (IDFT). In practical systems the DFT is implemented by a FFT.
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Figure 1.1: Modulator of an OFDM system with K subcarriers, OFDM symbol duration N,
and transmit-filter glm)|.

frequency A
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Figure 1.2: Interpretation of OFDM modulator in terms of a time-frequency lattice. Note
that in general there is one time-frequency shifted pulse at every lattice point and

overlap of consecutive pulses is possible.
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Figure 1.3: Demodulator of an OFDM system with f*[m] denoting the receive filter.

1.1.2 OFDM Demodulator

Equivalent to the modulator an efficient OFDM demodulator uses a DFT. Figure 1.3 shows
the demodulator of a pulse-shaping OFDM system. At each OFDM symbol interval n, the

demodulator derives the K sequences Y, 5, k = 0,..., K — 1. This is done by calculation of
the inner products
o0
Yn,k = <ya fn,k> = Z y[m]f;,k[m]v
m=—o00

where y[m| and f[m] denote the received signal and the receive pulse, respectively. The time-

frequency shifted receive pulses are
Fuxlm] £ flm —nN] 270,

Note that in the absence of noise and distortions, perfect demodulation (i.e., Y, = X, ) is
obtained if and only if the transmit pulse g[m] and the receive pulse f[m] satisfy the biorthog-
onality condition [12]

(gns ket fo k) = Ol —n'] 6k — K], (1.2)
For identical transmit and receive pulses (i.e., g[m| = f[m]), (1.2) becomes an orthogonality
condition. Note that condition (1.2) can only be fullfilled in the case N/K > 1. Typically
N/K is assumed between 1.03 and 1.25.

1.1.3 Cyclic-Prefix

A cyclic-prefix OFDM (CP-OFDM) system is the most commonly applied variant of OFDM

[13]. The CP can be seen as a guard interval avoiding intersymbol interference (ISI). More
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Figure 1.4: Input-output relation for one OFDM symbol of a CP-OFDM system. The channel

1s time-tnvariant and noiseless.

precisely, the OFDM symbol is enlarged by repeating a part of the symbol, the so called cyclic
prefix. It protects consecutive OFDM symbols from ISI in the case of transmission over a
multipath channel.

For time-invariant channels with an impulse response shorter than the CP, the channel input-
output relation (after discarding CP) turns from linear convolution to a cyclic convolution.

The output then can be expressed by a scalar multiplication,
Yo r = Xy Hy,

where n and k indicate the position in the time-frequency lattice, Y,, ;. is the output, X, ;
is the input, and Hj, the channel coefficient of the time-invariant channel (hence there is no
dependence on n). This input-output relation for one OFDM symbol and a time-invariant
channel is shown in Figure 1.4.

The CP also prevents intercarrier interference (ICI). Further the signal structure imposed by

CP-OFDM can be exploited for time synchronization.

1.1.4 OFDMA

Orthogonal frequency division multiple access (OFDMA) [14] is a combination of OFDM and
multiple access schemes as frequency division multiple access (FDMA) and time division mul-
tiple access (TDMA). In difference to OFDM where only one user can use the entire time-
frequency lattice, OFDMA supports a multiuser communication. Therefore OFDMA assigns

the K subcarriers to at most K single users, i.e.,
X" =Xop  forkeKy, andX\) =0, fork¢ Ky,

with user index u and Ky denoting the subset of subcarriers allocated to user u. Each user has
its own distinct subcarriers. In other words there is no collision in frequency. Figure 1.5(a)
shows this. By assigning the orthogonal frequency bands to the different users, multiuser
interference should be avoided. For OFDMA the same drawbacks as for OFDM can be found,

which includes the high peak-to-average power ratio. A multiple access interference (MATI)



1.2. Multi-Carrier CDMA 6
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0 0

0 1 2 time 0 1 2 time

(a) (b)
Figure 1.5: Representation of (a) OFDMA and (b) FH-OFDMA in the time-frequency

area. Note that different users are marked by different colors. The subcarri-
ers 0,1,..., K —1 and the OFDM symbols 0,1,..., M — 1 are shown.

caused by symbol timing misalignments is disadvantageous since it destroys the orthogonal
structure between the users. The performance of OFDMA gets poor if a single channel is
adepted by deep fades.

If the assigned subcarriers are changed for every OFDM symbol, this procedure is called
frequency hopping, i.e., one gets a frequency-hopped (FH)-OFDMA system. This is shown in
Figure 1.5(b). By frequency hopping a frequency diversity is obtained.

1.2 Multi-Carrier CDMA

By combining direct sequence CDMA (DS-CDMA) and OFDM, a Multi- Carrier-CDMA (MC-
CDMA) system is obtained. These technique has been proposed by [15-19]. Other techniques
that combine DS-CDMA and OFDM are MC-DS-CDMA [18] and Multi-Tone CDMA (MT-
CDMA) [19]. This overview is mainly based on [20].

In MC-CDMA, spreading sequences are used to map the datastream to the OFDM subcarriers.
Simply said by MC-CDMA a serial datastream is split onto different subcarriers, each with
lower data rate. By matching different spreading sequences to different users a multiuser
system is implemented. Then, an overlap in frequency is realized. Hence, with MC-CDMA
full collision in frequency can be obtained. The spread subcarrier sequence for a multiuser

system can be written as (cf. Figure 1.6)
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Figure 1.6: (a) The principle of MC-CDMA modulation by concatenation of DS-CDMA
(Xflulz = Xr(Lu)c,(ﬁu)) and OFDM for a single user (U = 1); (b) The user‘s sig-

nal is spread over the entire time-frequency area.

where U denotes the number of users, XT(L") the input data stream of user u, and c,(g") the
spreading sequence of user u.

Figure 1.6 also shows the concatenation of spreader and OFDM-Modulator or DS-CDMA and
OFDM, respectively. The OFDM modulation is equivalent to that in Section 1.1.1. Further

Figure 1.6 shows the spread signal in the time-frequency area.

1.3 Wireless Fading Channels

In this section the main topic is the mathematical characterization of the wireless fading
channel. No physical details but rather a statistical representation is used. Some of the
keywords concerning wave propagation in wireless communications are free-space propagation,
scattering, reflection, and diffraction. A survey of these effects is given in [21-23]. The
attention will be restricted to small-scale fading effects. Large-scale fading like time variation

of path loss and other statistical channel characteristics will be neglected.

1.3.1 Continuous-Time Channel Model
Channel Input-Output Relation

The continuous-time time-varying wireless channel is denoted by H,.. The input-output relation

then is !

y() = (Hea)(t) + u(t) = / h(t, T)a(t — 7)dr + u(t), (1.3)

T

ntegrals are from —oo to oo unless specified otherwise.
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with x(¢) the input, y(t) the output and h(¢,7) the time-varying impulse response of the
channel. Furthermore u(t) denotes the additive zero-mean white Gaussian noise with power
spectral density Ny. The impulse response h(t,7) is defined in the interval [0, Tyax] since He
is causal with maximum delay 7yax (due to physical reasons). The variation of h(¢,7) in time

is limited by the maximum Doppler frequency vy ax.

System Descriptions

By applying Fourier transformation to the impulse response h(t, 7), the time-dependent transfer

function
Ha (1, f) 2 / h(t,7)e 9207 dr. (1.4)

and the spreading function
Sw, (1,v) = /h(t,T)e_ﬂmtdt, (1.5)
t

are obtained. The time-dependent transfer function Hp_ (¢, f) describes the variation of the
channel‘s transfer function in time, the spreading function Sy, (7, v) describes the allocation in
terms of 7 and v. A support region for Sy, (7, v) is given through the limitations on h(t, 7) and is
given by (7,v) € [0, Tmax| X [~Vmax/2, Vmax/2]. The time-dependent transfer function Hy, (¢, f)
then is a lowpass function. The channel spread TmaxVmax can be used to classify channels as
underspread and overspread. An underspread channel is defined by TnaxVmax < 1 and an

overspread channel by TyaxVmax > 1 [24]. Practical mobile radio channels are underspread.

Channel Statistics

The channel is assumed as wide-sense stationary with uncorrelated scatterers (WSSUS) and
Rayleigh fading [21-23]. There is no dependence of the channel statistics on time even though
the channel realizations are time-varying. Then, the correlation function of the impulse re-
sponse is

E{h(t,7)h*(t',7")} = Dy (t — ', 7)5(7 — '),

with the time-delay correlation function Dy, (At, 7). The spreading function is white which
gives
E{Su, (7,v)Sf_ (7', V")} = Cu. (1, v)d(T — 7')6(v — V/'). (1.6)

Here, Cp, (7,v) > 0 is the real-valued and non-negative scattering function [25]. The support
region is the same as for Sy (7,v), (7,v) € [0, Tmax] X [~Vmax/2, Vmax/2]. The scattering

function describes the channels statistic distribution over 7 and v. By
E{Hu,(t, f)Hy, (t + At, f + Af)} = Ru (At,Af)

the time-frequency correlation function Ry, (At, Af) is defined. It describes the correlation

of channel in terms of time- and frequency-shifts. There are relations between Cy, (7,v),
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Dy (At, ) and Ry (At, Af) through Fourier transformation:
Ry (At,Af) = /DHC(At,T)e_ﬂ”AdeT = //C’HC (1,v)e P2 WAETAD drdy,
Cy,(m,v) = /DHC(At, T)e IEVAL AL,

For the effective support region of the time-frequency correlation function Ry, (At, Af) then
(At,Af) € [=1/vmax; 1/Vmax] X [—1/Tmax, 1/Tmax| is obtained.

Channel Parameters

The path loss of a WSSUS channel is given by [25]

o = Ru,(0,0) é//C'HC(T, v)drduy. (1.7)

It describes the mean attenuation of the channel. The delay spread ag, and the Doppler

spread Op. are normalized second moments of the scattering function. i.e.,

1 2

oy, = o7 /T/V(T —10)°Ch, (7, v)d7dy,
1 2

B, = o7 /T/V(y —19)“Cp. (1, v)drdv.

There, (70, v9) defines the center of gravity of Cy, (7, 7). apm, and Sy, can be approximated by
Tmax and Vmax as they are in the same range. The delay spread describes the range of delays
through multipath propagation, the Doppler spread the range of frequency-shift caused by the
time-variant channel. The reciprocals of ap, and [y, are known as coherence time Ty, and

coherence bandwidth By, respectively.

1 1
and By, =

A
Ty, = —
B, O,

Accordingly Ty, and By, have the same range as 1/vmax and 1/Tmax, respectively. The co-
herence time Ty, is a measure of the time-variance of the channel. A small Ty, characterizes
a fast fading channel and a large Ty, a slowly fading channel. The coherence bandwidth is a

measure of the bandwidth (or frequencies) which are affected by the channel response.

1.3.2 Discrete-Time Channel Model

Based on the continuous-time channel model the transition to the discrete-time channel model
is done by discretization. The discrete-time channel will be denoted by Hy. Figure 1.7 shows
a discretized continuous-time channel.

By use of a digital-to-analog (D/A) conversion, the discrete-time input signal z[m] is converted

to a continuous-time signal z(¢). To that end, a transmit filter «(¢) is applied, i.e.,
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a[m] () x(t) H, y(t) V() . ylm]
mT!

Figure 1.7: Discretization of H.. Therefore the D/A conversion at the transmitter and the

A/D conversion at the receiver are assumed ideal.

[e.9]

x(t) = Z xz[m]y(t — mTs).

m=—o0
Here Ts; = 1/B is the sample duration with B the transmission bandwidth . For v(¢) an ideal
filter is assumed (i.e., v(t) = v/Bsinc(rBt) with sinc(z) £ 22 sin(z) AP = [ v@)Pdt = 1).
The time-varying channel is represented by H. and there is addltlve noise u(t). The received
continuous-time signal y(t) is passed to a receive filter 7/(¢) in order to apply noise suppression
and anti-aliasing (7, = 1/B’ with the receive bandwidth B’ = B + vyax). Like the transmit

filter it is assumed as ideal. Then

ylm) = [[yleyy (¢~ mT)ae (1.8)

t

is the discretized output signal.

Channel Input-Output Relation

By applying the continuous-time output signal (1.3) to (1.8) y[m] is obtained as

ylm] = / h(mT., 7)x(mT. — 7)dT + u[m), (1.9)

iz
with

[m] = VB’ /t w(t)sine(wB'(t — mT"))dt

the the zero-mean white Gaussian discrete-time noise with variance 02 = E{|u[m]|?} = Np.
Substitution of x(¢) in (1.9) gives

\/; Z — /T h(mT., 7)sinc(n BT — m(T. — Ts) — ITs])dT + u[m].

For relative high bandwidths B’ (as in wideband communication systems) an assumption on
bandwidth and sampling duration, respectively can be done since the Doppler frequency vmax
is small compared to B. Then, B’ = B and T, = T, and the input-output relation simplifies

to

y[m] = (Hqzx)[m] + u[m] = Z h[m, l|x[m — 1] + u[m], (1.10)
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with
1
h[m,l] = /h(st, 7)sinc (7 B(1 — IT5)) dT =~ Eh(st, ITy) (1.11)

the time-varying discrete-time impulse response (approximation for large bandwidths). In gen-
eral, h[m, (] is nonzero for [ € Z. Again for large bandwidths and analogous to the continuous-
time channel (h(t,7) = 0 for 7 > Tmax) We obtain for the impulse response of discrete-time
channel Hy

hlm,l] ~ 0 for 1 ¢1[0,L],

where

T

Then, L + 1 channel delay taps are resolved and the input-output relation in (1.10) becomes

L= [@W (1.12)

L
> hlm, Na[m — 1] + u[m]. (1.13)
=0

ylm] = (Haz)[m] + u[m]

System Description

Analogous to the continuous-time channel the spreading function can be calculated from the

channel impulse response by
s .
Sua(1,€) & Y h[m,le 727, (1.14)
m=—oo

This has been described in [21,26]. Insertion of (1.11) in (1.14) and using (1.5) and Poisson’s

sum formula gives

SHdUaf)://SHC(T,I/)Sinc(ﬂB(T—lTs)) Z efﬂﬂTS(V*T%)dedu

m=—0oQ

=B Z /TSHC (1, (& +m)B)sinc (nB(1 — IT5)) dr.

m=—00

Now again some simplification can be done by taking into account the support of Sy (7, v).
Since the Doppler frequencies are limited to |v| < Vmax/2 and vmax < B/2 there is no aliasing
for Sw, (I, &) which gives

Su,(1,E) = B / Su(r, EB)sine (rB(r —IT,))dr, €€ [=1/2,1/2).  (1.15)

A further approximation can be done since the bandwidth is large. Then, (1.15) becomes

SHd(lag) = SHC(lTsaé.B)y (lag) € [07 L] X [_gmax/Qagmax/ma

where L is given by (1.12) and the maximum normalized Doppler frequency is

Vmax

5

Emax = TsVmax =
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If the continuous-time channel H, is underspread, it follows that

1% T
fmaxL = % {%W A VmaxTmax < 1,
s

i.e., the support of Sy, (I, §) is less than one.

Channel Statistics
The correlation function of hm, ] is
E{h[m, 1], h*[m’, ']} = /DHC ((m —m/)Ty,7) sinc (wB(r — ITy)) sinc (rB(r — 'Ty)) dr.
’ (1.16)
In general different taps are correlated. But for large bandwidths this effect is negligible and

the discrete WSSUS (DWSSUS) assumption can be applied. Uncorrelated taps in (1.16) are
equivalent to E{h[m, ], h*[m/,1']} = 0 for [ # I’. This gives for the correlation function

E{hlm, 1], h*[m/,]} = Dy [m —m’, 15[l - V.

Then,
Dy, [m, 1] = / Dy, (mTs, ) sinc® (rB(t — ITy)) dr (1.17)

is the time-delay correlation function of Hy for [ = I'. The statistics of the spreading function

are given by

E{SHd (la g)a SHd (l/) gl)} = CHd (lv 5)5“ - ll]é[g - 5/]) ga gl € [_1/27 1/2)
Hence the scattering function of Hy is calculated from Dy, [m, (] by Fourier transformation:
Cuy(1,€) = Y Duylm, e 7>, (1.18)

The relation to the continuous-time case is obtained by combining (1.18) and (1.17) and can

be written as

Cu,(1,¢) = B? / Cu, (7, EB) sinc? (1 B(1 — ITy)) dr. (1.19)
For large bandwidths (1.17) and (1.19) can be approximated by
1
DHd [m, l] ~ ﬁDHC(mTS7lTS)7 (1.20)
Cuy(1,€) ~ Cru,. (1T, £B), §€[-1/2,1/2), (1.21)

which corresponds to a sampling of Dy (At, 7) and Cy_ (7, v), respectively. The support region
of O, (1,€) is (1,€) € [0, L] X [~&max, Emax]-
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Channel Statistics
For the path loss of Hy we get
L .12

N
7o 52

_1/

Ciy (1, €)dg ~ Z/

1/2

CHC lTsaé-B) 5 =

B/2
// Cu, (1,vB)drdy = oy,

B/2

1
T

/

1/2

—-1/2

Cu, (1,&B)drd¢

where the approximation for large bandwidth (includes small T)in (1.21) in order to get

integration instead of summation are used. Then, the path loss o, is equal to the continuous-

time channel path loss og_ in (1.7).

The delay spread a]%ld is defined by

_i/

=0

2 A
aHd—

and approximately equal to

L
1 gmax
o~ / (I = 10)*Cus, (1T, £B)dE ~
He j—

O'

i.e.,

Similarly, the Doppler spread ﬁl%ﬂd is defined by

2
Ba, =

and approximately equal to

Ty, 2 ——

with the relations

&-max

_gmax

(1 —10)*Cu, (1, €)d¢,

gmdx
/ (€ — €0)2Cr, (1,€)de

/ng ~ S/QHC

and

and

BH.

5
Hence definition and approximation of coherence time and coherence bandwidth are

By

By

d

a 1

)
aHd

q ~ TsBHC =

By,
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Figure 1.8: Multiplicative input-output relation.

1.3.3 Input-Output Relation

In this section we describe an approximate input-output relation for a single user OFDM
system. This concludes OFDM modulation (1.1.1), a time-varying channel given by (1.13),
and OFDM demodulation (1.1.2). Referring to [27] the system input-output relation is given

by
0 K-1

Yok = D > (Hagw s, fk) Xnikt + Znk (1.22)
n

'=—o00 k'=0
with
Zn,k S <'LL, fn,k>7

where Hy denotes the discrete-time channel and u is zero-mean white Gaussian discrete-time
noise.
In (1.22) every X, for (n, k') € Z x [0, K — 1] contributes to each Y}, ;. Splitting (1.22) into

a desired and an interference term gives

<Hdgn,k7 fn,k>Xn,k (123)

for the desired term and

o o)
Z Z <Hdgn/,k/a fn,k>Xn’,k’ (124)
n'=—o0 k’'=0
Win Kk

for the interference term. This is shown in Figure 1.8.
The interference term (1.24) can be decomposed into intersymbol interference (ISI) and inter-

carrier interference (ICI), depending on whether n A’ or k k', respectively.
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ICI is the interference from different subcarriers within one OFDM symbol. In most cases
other than neighboring subcarriers can be neglected, e.g., by choosing appropriate transmit
and receive pulses. But there is no possibility to complete avoid ICI.

Neighboring symbols much more likely contribute to ISI. Typically ISI is avoided by using a

CP or a guard interval.

Approximation

By neglecting the interference terms, only the desired term in (1.23) remains (cf. [12]). Errors
caused by this approximation have been investigated in [12]. For underspread channels and
properly chosen pulses g[m] and f[m] the interference term (1.24) is approximately zero which

means
(Ha gn' g7y fug) =0 for (0 k) # (n, k).

Then, (1.22) simplifies to
Yn,k = Hn,an,k; + Zn,ka (125)

with channel coefficients
Hn,k £ <Hd In.k> fn,k>

This representation indeed allows to characterize a practical wireless channel using OFDM

because in practice wireless channels are underspread.

1.4 Entropy, Mutual Information, and System Capacity

This short overview of basic information theoretic concepts is based on [28]. Most elemen-
tary notions and properties in information theory will be shown. The most basic concept
is the calculation of the differential entropy of a (continuous) random variable trough its
probability density function (pdf). The next step is to define mutual information using en-
tropies and some of its properties. To conclude the overview, the terms of information rate

and system capacity are introduced.

1.4.1 Entropy

Entropy marks the most elementary part in information theory. It’s a quantity that indicates
the uncertainty of a random variable. First a differentiation between discrete and random
values has to be done. While the discrete random variable is described through a probability
mass function (pmf) the continuous random variable is characterized by its pdf. Since this
work is based on continuous random vectors we will use the differential entropy. For a given
continuous random vector X with pdf px(x) the support region S is the set of outcomes x

for which px(x) is nonzero, i.e., px(x) > 0 for x € S and px(x) = 0 for x ¢ S. Then, the
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differential entropy of X is calculated as

h(X) = h(px) = E {log]%(x)} = /pr(x)loglﬁ(x)dx (1.26)
=- /S px(x)log (px (x)) dx. (1.27)

Throughout the thesis the natural logarithm will be used. Furthermore there are the joint
entropy px v (x,y) and conditional entropy px |y (x|y). The joint differential entropy for the
vectors X and Y with pdfs px(x) and py(y), respectively is given by

MX,Y) =h(px,y) =E {log )} = —/ /pX,Y(X7Y)10g (px,v(x,y)) dxdy,
s

pX,Y (X7 Yy

z,Y
with S, the support region of px y(x,y). Conditional differential entropy for X given Y can
be calculated as

h(X]Y) = h(pX|Y) =E {logm

)} B _/ /pXX(X’Y)IOg (px)v (xly)) dx dy
S

z,Y

=/ py(Y)R(X[Y =) dy,

Sy

with

XY =y) :/S pxpy (x[y)log (px|v (x]y)) dx,

x

and S; and S, the support regions of X and Y, respectively. The effect of conditioning is
a decreasing entropy since there remains less uncertainty. In system capacity calculations

conditioning on e.g. input symbols or channel coefficients are common.

Gaussian random vector

One of the most common variable is the Gaussian random vector. For fixed variance, the
Gaussian distribution is the one that maximizes entropy. So it always is an upper bound on
the entropy of any random variable.

The differential entropy for a M x 1 real-valued Gaussian random vector X ~ N (ux, Cx)
with mean px and covariance matrix Cx = E {(X — pux)(X — ,uX)H} is

1
h(X) = §log ((ﬂ'e)MdetCX) . (1.28)
For the scalar case X ~ N (ux,ox) this gives
1
hMX) = Elog (7T602 ).

For circularly complex Gaussian random vectors the entropy can be calculated by applying
(1.28) to the real and imaginary part and summation of these results. For a M x 1 complex-

valued Gaussian random vector X ~ CN (ux, Cx) this gives

h(X) = log ((me)™detCx) . (1.29)
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equivalent channel

Figure 1.9: Fquivalent channel representation for system capacity calculation.

1.4.2 Mutual Information

Mutual information is a measure of the difference of the joint distribution px y(x,y) and the

product distribution px (x)py (y), i.e.,

A o X,y (X <.yl PxY(X,y)
I(Y,X)—E{l gpx( } //pxy ylg SYE—— )d xdy. (1.30)

In other words mutual information is the amount of information that Y carries about X
and conversely. Combining mutual information (1.30) and entropy (1.26) gives some further
interesting properties and chain rules of mutual information. First the mutual information
is lower bounded by zero, i.e., I(Y;X) > 0, which is intuitive since Y could not bear less
information on X than no information. Further it is possible to describe mutual information
in terms of differential entropy in several ways. This is done by expressing (1.30) in terms of

entropies and gives

I(Y;X) = I(X;Y) = h(Y) — h(Y|X) = h(X) — h(X]Y), (1.31)
1(Y;X) = h(X) + h(Y) — h(X,Y). (1.32)

The term in (1.32) includes an upper limit on mutual information (i.e., I(Y; X) < A(X)+h(Y)

which is obtained for statistically independent random variables.

1.4.3 System Capacity

System capacity denotes the capacity of a given system from input to output. Figure 1.9 shows
the equivalent channel which will be used for system capacity calculation. The system input
is X, the system output Y, and the additive noise is denoted by Z. The continuous-time
channel H isn‘t known whether to the receiver nor to the transmitter. It follows, that the
equivalent channel can be represented by the conditional entropy py|x (y|x). That is the pdf

of the system output with given (known) system input. Then, the system capacity is defined
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as

Csys = max I(Y;X) = max //pxy X,y log Pxy (%) dxdy

Px (x) x (X)py (¥)
Sx.,y
= max //p (y|x)px (x)log Pyix(y[x) dxdy
= Y|X
px (%) | fs Py |x’ (y[x)px (x')dx’

which is the maximum of I('Y; X) over all possible input pdf’s px (x). An operational definition
of system capacity is the highest rate at which information can be transmitted reliable within
this system. For this the notion of ergodic information rate will be used. For a relative
long transmission time the calculated mutual information will be achieved. This can be done
through a sufficiently long code (compared to the fading speed of the channel [29]). Then

R 2 lim %I(Y X), (1.33)

T—o00

with total transmission time 7. Hence in our case the system capacity will be the maximum of
ergodic information rate over all possible inputs (all possible codebooks of X) which is denoted
by

S £ max R.
In contrast to the operational channel capacity we will focus on the ’information’ channel

capacity. Hence, other information theoretic quantities like error probability and outage are

not treated.



Chapter 2

Overview of Known Results

In this chapter we want to give an overview of previous results. The main topics will be
multiuser OFDM systems, noncoherent channels (channels, where no channel state information
(CSI) is available), and time and frequency selective fading channels. First an overview of
needed properties should be pointed out. We want to deal with information theoretic quantities
(such as multiuser sum system capacity) of a multiuser multicarrier system (i.e. OFDM).
Although this sum system capacity isn‘t the only information quantity, we will focus our

attention on it.

e Channel/Signal Models. In order to describe the multicarrier system, an appropriate

channel and signal model has to be found. Several aspects have to be treated:

— Single user signal model /multiuser signal model: The question of how many users

there are and their mutual interference has to be declared.

— Frequency selectivity: In general a channel is assumed frequency selective, which
means different attenuation for different frequencies. Under certain circumstances
a frequency-nonselective channel will be used. Frequency-nonselective channels are

also known as flat fading channels.

— Time selectivity: The channel changes in time which can be expressed by the co-
herence time. Depending on the duration of the transmitted symbols the channel
is named a slowly fading or rapidly fading channel. Also the term block-fading is

used for slowly fading channels or equivalent large coherence times.

— Number of antennas: The more antennas there are, the more performance is within
reach. In this connection multiple-input multiple-output (MIMO) [9,30,31] systems

are of interest.

— Signaling constraints: In addition to statistics of the input signal some constraints,
such as average power constraint, peak-power constraint, bandwidth constraint or

delay constraints should be taken into account (e.g. [32]).

19
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e Channel State Information (CSI). Here a differentiation can be done as follows:

— CSI/no CSI: If CSI is available, no further channel statistics have to be obtained
for calculating the channel output. However in many cases there is no CSI available
and in this context the term noncoherent channel is known. In that case procedures
such as channel estimation can be implemented. The goal is to achieve the most

accurate CSI, which will result in a performance gain.

— CSI at transmitter and /or receiver: For the acquisition of CSI at the receiver various
approaches are possible. An overview of them is given in [12]. Making CSI available

to the transmitter allows the use of adapted modulation.

Further topics to be discussed are channel estimation, synchronization or the amount of colli-
sion in frequency. Channel estimation is used to obtain CSI and thereby it allows the use of ad-
vanced signal detection techniques. So it increases performance (e.g. for MIMO systems [33]).
Classical OFDM systems require perfect synchronization. CP-OFDM systems provide better
synchronization but also require additional system capacity. Although neglected in many sys-
tem capacity calculations it has to be mentioned. Finally different time-frequency signaling
schemes (such as frequency shift keying(FSK) or CDMA) have to be distincted.

2.1 Single User Results

First an overview of results for single user systems will be given. An extensive survey of fading
channels and their information theoretic and communication aspects is given in [32]. For the
single user case, flat fading and no CSI are assumed. With CSI unavailable to transmitter
and receiver it was shown that the capacity-achieving distribution of the i.i.d. input vector
X is given by X = pu®. Here p is a nonnegative scalar random variable with variance equal

to the average power and @ is an isotropically distributed unit vector. This is the result of [34].

Schafthuber in his PhD Thesis [12] has studied the information rate and system capacity of
OFDM. An information-theoretic analysis with the aim of calculating the system capacity
of OFDM transmission over a time and frequency selective Rayleigh fading channel is given.
All these considerations are done for the wideband regime. The input is drawn from specific
codebooks, such as an orthogonal codebook (i.e. concentration of transmit energy in time and
in frequency; maximum peak-to-average power rate) and a constant modulus symbol alphabet

(e.g. BPSK). For an orthogonal codebook the information rate is upper bounded by

with P the transmit power, 0']12_]1 R U%IC the path loss, and Ny the power spectral density of the

noise. The infinite-bandwidth system capacity was calculated as

_ Poh (2.1)
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This result shows the achievability of capacity for a peaky codebook in the infinite bandwidth
case and arbitrarily low error probability. Note that there is no CSI available at the receiver.
The system capacity in (2.1) (with equality) is equal to the channel capacity of the time and
frequency selective WSSUS channel at infinite bandwidth [24, 35, 36].

For the calculation of the information rate for constant modulus signaling the system model
Y = diag{H}X + Z

was used. This is related to (1.25) (ie. Y, = HpiXnk + Zn g, with time index n =
0,...,M —1, and subcarrier index k = 0,..., K — 1) and will be explained in detail in Section
3.1. The diag{-} operator positions the elements of H on the diagonal of a matrix. The channel
is assumed as underspread. Since practical wireless channels are underspread, the channel can
be described by a multiplicative model.

For BPSK the entropy h(Y) was found by calculation of the distribution of Y first and then
calculating the entropy. A constant-modulus alphabet with | X,, x| = ag(, a complex Gaussian
channel H ~ CN (0, 041), and complex Gaussian noise Z ~ CA(0, NoI) were used to find the
distribution of output Y ~ CN(0, (0% 0% + No) I) which maximizes the entropy h(Y). Then,
the differential entropy is

2 2
h(Y) < MKlog (1 n %) + MKlog(reN).
0

Note that equality is obtained if and only if there are totally uncorrelated output symbols.
The mutual information of Y and H, given X is

MK-1 0_2
I(Y;H|X) = 1 1+ -XN{R
(Vi) = 3 tog (14 TEARa)).
with Rg a MK x MK Toeplitz correlation matrix. The first row of Ry is denoted by
[Ru[0] Ry[l] ... Rg[M —1]], with K x K correlation matrix Ry[m]. The calculation of

upper bound on information rate results in

R K ( "H"X> ! EL 1/21 K"gfc (1,€) ) d¢
< —log |1+ - = / 0 (1+ -~ ,) )
CM = 7708 No T4 1 & Ny ™® ¢

where Rcn stands for the constant-modulus ergodic information rate. This result does not
contain any CSI but the statistics of the channel. The first term in it denotes the result for
the additive white Gaussian noise (AWGN) channel. The second term is a penalty term and
in [12] it was shown to be a measure for the channel prediction error. For large bandwidths

an approximation can be given by

B TF Po}

Here the first term is the rate for the additive white Gaussian noise (AWGN) case. The second

term is a penalty due to noncoherence, which results from the need of channel estimation. The
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asymptotic limit for infinite bandwidth results in Rops — 0. Further upper and lower bounds
on system capacity for an OFDM system are calculated. Then, the upper bound on Csyg is

given through the AWGN channel capacity:

B TF Po?
Cuys < —log [ 1+ ——H
y _TFOg< B No)

and in the limit of infinite bandwidth

( TF P0H> B PO’I%I

+—=—H N

lim -1
1m ——=10
B & B N,

oo TF

A reference to capacity bounding in [37] is given. Bounds on information rate for Gaussian

signaling are stated but no closed-form expression.

Boleskei and Shamai in [38] apply mutual information bounding techniques such as in [32]
on different time-frequency signaling schemes such as FSK, OFDM and CDMA. The channel
is a time-frequency selective fading channel. They investigate the mutual information in the
wideband limit in the absence of CSI for a signal model Y = HX+Z (equivalent to that above)
with Y the output vector, H the unknown channel diagonal matrix, X the input vector, and

Z the circularly symmetric additive white Gaussian noise. With !

1
I(Y;X,H) < log det <I+ FRH @CX> ,
0

1
I(Y;H|X) =Ex {log det <I + FXRHXH) } ,
0

with Ry and Cx the correlations matrices of H and X, respectively, the following bounds on

mutual information are obtained:

1 1
I(Y;X) > Eg {log det (I + FHCXHH> } —Ex {log det (I - FXRHXH> } :
0 0

1 1
1(Y;X) < log det (I + FRH ® CX> —Ex {log det (I + VXRHXH> } . (2.3)
0 0

Investigations on conditions for peakiness in order to achieve the perfect CSI capacity in the

wideband regime for 2-PSK system lead to

hm I(Y;HX) = //log ( +—CHC(T 1/)) drdv,

which is similar to the penalty term in Rcy in [12]. Hence for non-peaky time-frequency
signaling schemes the system capacity will tend to zero. Further a fourthegy upper bound?of

(2.3) for transmission over an underspread fading channel is presented as

1 MK-—1
I(Y:X)< —E M(XRyX") L

Results with fourthegy upper bound were also presented in [39,40].

'® denotes the Hadamard (pointwise) product.
2Fourthegy bounding uses the approximations log(1 + z) < z and log(1 + z) > x — 2%/2.



2.2.  Multiuser Results 23

2.2 Multiuser Results

In this section an overview of results for multiuser communication will be given. In the single
user case the user has access to the entire time-frequency area. Multiuser communication has
to define this allocation of time slots and subcarriers with respect to the demands of the system
(e.g. high sum information rate, high amount of users). Investigations on different signaling

schemes and channel statistics have to be performed.

Thomas and Cover in [28] give bounds on the capacity for the individual users. They present
some results for the capacity region of Gaussian multiple user channels and the multiple access

channel. The most trivial result for two users can be pointed out as

R1 < I(Xl;Y|X2),
R2 < I(Xg;Y‘Xl),
Ri+ Ry < I(X2,X1;Y),

with R1, Rs the rates of the two users, X1, Xo their inputs and Y the output of the system.
The model is shown in Figure 2.1(a), where the system is described by a conditional entropy
PY|X,,Xo (¥]X1,%2). For the two user case and given input distribution this gives a region of
achievable rate pairs depicted in Figure 2.1(b). The sum rate in Figure 2.1(b) defines the bevel,
avoiding both users to transmit with highest rate. For a Gaussian multiple access system the

sum of all users’ information rate can be bounded as

U=1 p(u)

U—-1
1 P
(u) « = £ei=0 =
;R _2log <1+ Ny ),

with U the number of users, R the information rate of user u, P(*) the power of user u, and

Ny the power spectral density of the noise.

Gallager in [41] analyzes a system with multiple users transmitting to a single receiver. A
time varying multipath channel is assumed. The problem of multiuser detection is outlined,
e.g. stripping. A differentiation between narrow band and wideband is done in the sense of
exclusive and shared use of bandwidth by the user, respectively. There is CSI available, which

is obtained by a so called coherent rake receiver (equalization at the receiver). The coherent

Py |H® (0, 1)

result is

RNB(U) <E {KFIH

where Ryp(U) is the information rate for the narrowband case and Ry p (i) that in the wide-
band regime (equivalent to CDMA). Note that U denotes the subset of active users, K the
number of subcarriers, F' the bandwidth of one subcarrier, B the total bandwidth, P/W the

power spectral density with P}, the power of source k, H*)(0,t) the Fourier-transformation of
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Ro A
I(X27Y|X1) |
X, l
Y :
X, PY|X. X, (Y]X1,%X2) —> I(Xo;Y)p=m=m7+ oo

Ry

»

0 I(X1;Y) ](Xl;Y|i2)
(a) (b)

Figure 2.1: (a) System model for two users (multiple access channel). (b) Capacity region

for a multiple user system.

the k-th user‘s channel impulse response at time ¢(it‘s assumed as ergodic and constant within
F) and Ny/2 the white Gaussian noise spectral density. The narrowband case is similar to
OFDMA and in other words there is no collision in frequency. The wideband case is the MC-
CDMA case and there is full collision in frequency. For better comprehension the Figures 1.5
and 1.6(b) for the narrowband case and the wideband case, respectively may be useful. This
result points out, that a CDMA accessing scheme is an outer bound to any other concerning
the allocation of bandwidth to users. Explicit this was shown for CDMA, which is capable of
higher rates than systems with slow frequency hopping. This is, because frequency hopping
doesn‘t enhance the average mutual information. A further conclusion is, that K users (one per

subcarrier), distributed in space, can obtain a higher rate than one user with equal sum power.

Multiuser aspects have also been considered in [42]. Shamai and Marzetta there used a model
with U independent users transmitting over a Rayleigh block-fading channel with a coherence
interval of T¢., symbols. There is no CSI neither at the transmitter nor at the receiver. The
receiver is equipped with N receive antennas. First an upper bound for coherence interval
Teon = 1 is presented. Then, the capacity for U > T,y is equal to the capacity for U = Teopn
and the mutual information is maximized by choosing the input X = ®V which is the result
in [32] presented above. Asymptotic results for a large number of users and a long coherence
interval give a bound on mutual information. The used signal model is Y = \/I/_U XH + Z.
Note that Y is the output, X the input, X the input with Gaussian signaling, and H is the
channel. Then

2
0% vrH _UN
E {log det <I + _UNOH H) } T

2 2

UNo Teon 0

is the result for the bounding of information rate. This bounding was done by use of the

chain rules of mutual information, Jensen’s inequality and the upper bound through Gaussian

2 2 .
log (1 + JXUHTCOh) < I(Y; Xe) < UNlog (1 + —G)](\TJH

)
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assumption. With both Tcoh and U getting big with constant ratio § = Teon /U this gives the

asymptotic result

0% 0% N 0% 0% 1(Y;Xe) 0% 0%
Nlog [ 1+ =X H)——lo (1+ X_H )g ’ < UNlo (1+ X H)
g( No ﬂ & No 5 Tcoh & Ny

2 2
Analysis for large SNR J)j\;;H which is appropriate for multiple users operating in an extremely

high data regime leads to

Io(X;S N
lim G(—“) > Toon N (1 — > .
SNR 00 %o Teon
log No )

Results for MIMO-systems were presented in [43,44]. In [43] a MIMO multiple access scheme
is presented, which allows to vary the amount of user collision in frequency. The channel is
modeled as a frequency-selective multiple access fading channel. Perfect channel knowledge
is available to the receiver but not to the transmitter. They provided results for the ergodic
capacity region for joint and single user decoding. It is shown that the ergodic capacity
region of a fully collision-based scheme (such as CDMA) is an outer bound on that of any
other multiple access strategy. Hence for spatially well separated users, CDMA is suggested.
Otherwise minimizing the amount of collision reduces the receiver complexity. For poor spatial
separation orthogonal accessing schemes are beneficial as sum capacity is concerned.

In [44] also each user employs OFDM and the multiple antenna receiver has CSI of all channels.
The channel is again a frequency-selective multiple access fading channel. The main target
of this article is the investigation of the impact of collision in frequency on the sum capacity.
The analysis is done in terms of multi-user multiplexing gain for CDMA and general tone
assignments. In order to reach a high multi-user multiplexing gain, assuming good spatial
separation and a large number of receive antennas, collision in frequency is stated decisive.
For poor spatial separation or a small number of receive antennas no collision is needed to
obtain the multiplexing gain of CMDA. An increasing number of receive antennas will require

collision to maximize the multi-user multiplexing gain.



Chapter 3

System Capacity of MC-CDMA

Several works calculating the information rate and system capacity of OFDM systems were
presented in Chapter 2. In this chapter, an extension of these results for MC-CDMA will
be presented. Hence we will have to calculate the information rate and system capacity of
a combination of DS-CDMA and OFDM (cf. Section 1.2). This will be done by using a
MC-CDMA approach for multiple users. For transmission we assume a time and frequency
selective Rayleigh fading channel as introduced in Section 1.3. An analysis for the wideband
regime will be given.

The outline of this chapter is as follows. First a single user OFDM model equivalent to that
in [12] will be introduced. Next, the MC-CDMA approach is described and applied to the
single user OFDM model. The goal is to obtain the mutual information of input and output
and the system capacity of MC-CDMA. Since this will be seen to be too difficult, bounds for
these quantities will be derived. At last, numerical calculations and simulations are presented
to interpret and confirm the theoretical results. The procedure as a whole is similar to that
in [12].

3.1 Definitions and Notation

In this section we will introduce a single user OFDM model based on the approximations in
Section 1.3.3. Further information theoretic notions for this case will be introduced. It will
be important to separate random sequences/vectors and their realizations. Random variables
will be denoted by capital letters and their realizations by lower-case letters. As vectors are
denoted by boldface letters a random vector will be denoted by a boldface capital letter and
its realization by a boldface lower-case letter.

We now introduce the single user OFDM model for M OFDM symbols and K subcarriers.
The total transmission time then is MT (with symbol duration 7) and the total bandwidth
is KF (with frequency separation F'). Hence we get a M K x 1 channel input vector X and a

26



3.2. MC-CDMA System Capacity for Infinite Bandwidth 27

MK x 1 channel output vector Y defined by

T .

X2 xEXT . oxXt 7, with X, 2 [Xno Xna - Xoxo1]',
T .

Y2 Yyt o vl ), with Y, 2 [YaoYar - Yar 1)

Here X, ; and Y, are the channel input and output, respectively for the n-th symbol and
k-th subcarrier. Neglecting intersymbol and intercarrier interference the input-output relation

is given by the approximation in (1.25). With the M K x 1 channel vector
H2wH B’ . B )" with H, 2 [Huo Hat ... Hox',
the input-output relation for the total OFDM system can be expressed by
Y = diag{H}X + Z = diag{X}H + Z. (3.1)

By the diag{-} operation a diagonal matrix with the elements of the argument is built. Z is
assumed as circularly symmetric complex Gaussian noise with covariance matrix Rz = NoI,
i.e., Z ~ CN(0, NoI). So the variance of noise 0% will be denoted by Ny all through the thesis.

For convenience, we use the shortened notation

S = diag{H}X = diag{X}H. (3.2)

3.2 MC-CDMA System Capacity for Infinite Bandwidth

Using the OFDM input-output relation in (3.1) we now derive the system capacity (see Section
1.4.3) for a MC-CDMA system. The channel is a time and frequency selective WSSUS Rayleigh

fading channel and neither transmitter nor receiver have CSI.

3.2.1 MC-CDMA Approximation

In order to get a multiuser system the so far described system model has to be enlarged by the
MC-CDMA assumption. While in [12] the input symbols where assumed as constant-modulus
we now need to adapt this to the multiuser case. The imitation of a multiuser system by a
single user system is shown in Figures 3.1(a) and 3.1(b) (see also Figure 1.9 for equivalent
channel). The users signals are spread over the entire bandwidth. Then, for multiple users a

summation over users at the transmitter in the sense of superposition is necessary, i.e.,

U-1
Xn,k; = Z quU)C](gu)a
u=0

with X, . the superpositioned OFDM input symbol, Xy(l“) the input data of user u, and c,(gu) the
spreading sequence of user u. This superposition of all spreaded input symbols in frequency

leads to a distribution of the overall input symbols X,, . By use of the central limit theorem
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Figure 3.1: (a) Multiuser system model with U single users applying varying codebooks trans-
mitting over the equivalent channel. (b) Multiuser system with MC-CDMA ap-
proximation where a single user applies a circularly symmetric complex Gaussian
codebook. (c) Spreading of input symbols over frequency and superposition of U

users gives elements of X.

[45,46] this superposition of single users applying any codebook can be described through
circularly symmetric complex Gaussian input symbols X, ;. Figure 3.1 (c) shows this. This
approximation requires uncorrelated users since the individual random variables in the central
limit theorem have to be independent. Further, the central limit theorem assumes a relatively

large number of random variables or in our case users, respectively.

3.2.2 Information Rate Calculation for Gaussian Signaling

As pointed out in Subsection 3.2.1 the interference free OFDM system used by [12] can be
used with Gaussian input symbols X, ; instead of a BPSK codebook. For the derivation of

the mutual information
I(Y;X)=I1(Y; X,H) — I(Y; HX) (3.3)
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is used. With I(Y;X,H) = h(Y) — h(Y|X,H) and I(Y;X[H) = h(Y|X) — h(Y|X,H) the

mutual information in terms of entropy is

1(Y;X) = h(Y) — h(Y|X). (3.4)
Hence the task is to find closed form expressions of h(Y) and h(Y|X). This split of mutual
information is already known from [12].
Calculation of h(Y|X,H)

Although not needed explicitly for the calculation of I(Y;X) a result for A(Y|X,H) is pre-
sented now. It will be used later for mutual information bounding. This calculation is equiv-
alent to that in [12],

WYX, H) = Ex{Eg{h(Y|x,h)}} = Ex{Ep{h(diag{h}x + Z|x, h)}}
= Ex{En{h(Z|,x,h)}} = Ex{Epx{h(Z)}} = MK log(meNo). (3.5)

An interpretation therefore can be given as follows. The pdf of Y conditioned on X and H

will only leave the uncertainty of noise, which easily can be calculated.

Calculation of h(Y|X)

Again we fellow the development in [12]. Then, h(Y|X) can be developed as

MY |X) = Ex{Eg{h(Y|x)}} = Ex {log ((me)" " det [diag{x} Ry diag{x*} + NoI])} (3.6)

=Ex {log <(7reN0)MK det [I + Niodiag{x} Ru diag{x*}D } (3.7)
— MK log(reNo) + Ex {log (det [I + Niodiag{x} R diag{x*}} ) } (3.8)

with the MK x MK block-Toeplitz correlation matrix Ry = E {HH? }.
Then, with the results in (3.5) and (3.6) The mutual information /(Y; H|X) can be composed

. 10100 = B o (ot [+ - o Reametx)]) ). ao

It remains to calculate the expectation with respect to the vector x. In this context a bound
will be presented in Subsection 3.2.3 since an equality can only be obtained for a constant-
modulus codebook.

Calculation of A(Y)

The first term in (3.4) is the entropy of the output vector Y. The input-output relation in

(3.1) can be written as

Y=S+7Z  with S=diag{H}X and Z~ CN(0,NoI). (3.10)
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For the calculation of an entropy, the distribution of Y has to be calculated first. Since a
calculation based on the vector-product seems too complicated, we bound the entropy of the

whole vector. In particular, we use the upper bound for the entropy of Y,
h(Y) < MKQ(Y, k). (3.11)

This bound corresponds to independent Y, , i.e., the Y, ; are identically independent dis-
tributed (i.i.d). It remains to compute h(Y; ;). We start by calculating the distribution of
Y, k. So the first part of the basic input-output relation is

Spk = Hyp Xp g = | Hp || X | et Hn i} rareiXnsh),

|H,, 1| is Rayleigh-distributed and arg(|H,, x|) is uniformly distributed. The same way |X,, x|
and arg(|X,, x|) are Rayleigh-distributed and uniformly distributed, respectively. The variances
are O‘I%H for the channel and 03( for the input symbols.

The pdf of the phase of S, i, arg{S, r} = arg{H, 1} + arg{X,, 1}, results from a convolution
of the pdf of arg(H,, ;) and arg(X,, ;) and is again uniform.

For the calculation of pdf of |5, ;| a more specialized method is needed since the product of
two Rayleigh-distributed pdf’s has to be obtained. By using the results in [47] the distribution
P15, | (Is]) of [Sy k| is obtained as

ps,ailsh = 3oy Ko (L) (312)

XO'H OXOH

Here Theorem 4 on page 48 in [47] was used for two real random Gaussian vectors X, and
Y,, with mean vectors A,, and B,, and correlation coefficients g and vy, respectively. The

probability density function of the product of r = | X,,| and s = |Y},|, 2 = rs is given by

4 52 %(n—&—m) 1( ) oo oo 1
p(z):Z(wO%) ;kar (An+ k)T (Sm+5)

(GG )" s ()

where a = |A,| and b = |B,,|, K the Bessel function of the second kind and order zero.

For the overall pdf of Sy, . this gives

PS,.(8) = 22 5 Ko <ﬂ> (3.13)

TOX 07 OXOH

where the combination of the pdfs of the magnitude and the phase of S, j, is done by (see [46])

1
PS,.(5) = 77 PIs, w1 ([8]) Parggs, 3 (arg{s}).
]
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Figure 3.2: (a) The pdf of |Sn x| for 0% =1 and o = 1. (b) The pdf of |Z,, x| is depicted
for No = 1W/Hz.

According to (3.10) at next the noise has to be added which means a convolution of pdfs (in

a complex manner), e.g.

Y, (YR, Y1) = (Ps,, 1. * P2,..) (YR, Y1)

o0 o0
_ / / P8, W) D2, (UR — Vv — o)) dyedy),  (3.14)
— 00 — 00

with pz, , the distribution of the circularly symmetric Gaussian noise Z, k., given through

1kt
Pz i (25 21) R e 2No | (3.15)
or equivalently
T
= 2N 3.16
pZn,k( ) 27{'N0 € 0 ( )

These pdfs for the magnitude of Sy, . and Z,, . are shown in Figure 3.2. In (3.14) also ps,, , (s)

is used as
/2 2
9 2 sk + ST
PS, k(SR S1) = —5—5 Ko | —— | . (3.17)
TO%Of OXOH

Here the mathematical complexity gets too high to reach a nice (considerable) result. Therefore
a numerical calculation and a simulation will be presented in Section 3.3. On a theoretical

level, bounding techniques will be applied in Subsection 3.2.3.
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3.2.3 Bounds on Mutual Information for Gaussian Signaling

As pointed out above for a more complex codebook the effort in calculating mutual information
and information rate accurately increases. In this section bounding techniques will be applied.

For the sake of clarity the equations used are shown first,

1(Y;X) = I(Y; X, H) — I(Y; H|X), (3.18)
I(Y; X, H) = h(Y) — h(Y|X, H). (3.19)

Next, the goals of bounding will be described. For the upper bound on mutual information the
more detailed split will be used. Then, an upper bound on the entropy of the output symbols
h(Y) and lower bounds on A(Y|X,H) and I(Y;H|X) are required. On the other side for
the lower bound on mutual information an upper bound on /(Y;H|X) and a lower bound on
I(Y;H, X) are necessary since the split in (3.18) will be used.

Upper Bound

For the upper bound on I(Y; X) we use the more detailed term I(Y;X) = h(Y)—h(Y|X,H)—
I(Y;H|X). We first note that A(Y|X, H) is given by (3.5). For the upper bound on the entropy
of the output vector Y we refer to the calculation in Section 3.2.2 where the entropy is upper
bounded by (3.11). With the general fact, that Gaussian random variables maximize entropy

we derive an upper bound with a Gaussian distributed YT:’ - This is
hYyy) < WY, ,), with i~ CN(0,0%1), (3.20)

and hence for Y;, ; i.i.d. this can be widened to Y and A(Y). Note that Gaussian output
symbols Y, ;. are the result of a BPSK symbol alphabet on X, ;, and not of a Gaussian codebook
we supposed. Hence the result for h(Y) is the upper bound [12]

2 2

h(Y) < MK log <1 + (’f\[ﬂ) + MK log(meN). (3.21)
0

The remaining term is a lower bound on I(Y; H|X). We apply log (1+z) > z — % to (3.9).
This concept of fourthegy bounding was used amongst others by [39]. First a modification on
(3.9) gives

HOYSHIX) = Exe {log (det [ T4+ - diag{) Res cios(x] )|
MK-1
=Ey { Z; log <1 + Nio A {diag{x} Ry diag{X*}}) } ;

where the eigenvalues are denoted by A\;{-}. We introduce the abbreviation Ry = diag{x} Ry diag{x*}
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and apply log (1+ z) > x — Z-, which gives
ME-1
I(Y;H|X) > Ex { ZZ& ( Ni{Ry} — Nz )‘2{RH}>}

MK-1 MK-1
{ > A{RH}} X{ 3 A?{Rﬁﬂ}} 5.22)
1=0

Noting that Y, \i{ R} equals the trace Tr(R}y) and >, A?{R};} the Frobenius norm (Schur-
norm) ||Rl||% = Tr(RERE) we can write

1

HOYHIX) > T (Bx (R} — 7 (Bx {RERE}).

Resubstitution of Ry gives
1
I(Y:HIX) > - T (B {ding{x'} ding(x}} Rir)
0

~ 52 Tr {Ex {diag{x"} diag{x} Ru Rfi diag{x*} diag{x}}}
0

2
ox 3<7X

== Tr{Ryg!} — Tr{Ryg R
Ny r{Ra} N() { H H}}

where we used the shift-property of Tr(-)! and

Ex {diag{x"} diag{x}} = 0% L,
Ex{diag{x*} diag{x} diag{x*} diag{x}} = Ex{|z[*} I =6 o} 1,
where we assumed an i.i.d. codebook. Finally, Tr(Ry) equals the path loss O'HQ_H and hence the

lower bound on I(Y;H|X) can be written as

o2 304
I(Y;HIX) = - o — 7 IRl (3.23)
0

Lower Bound

Using the first term in (3.18) we first search for a lower bound on I(Y; X, H). In order to get
a tighter bound a result of [38] is used,

I(Y;X,H) = Ey {log det [I+ HCxH"]}. (3.24)

The second term for the lower bound is the upper bound on I(Y;H|X). This derivation is
based on that in [12].

'Tr(ABC) =Tr(CAB) =Tr(BCA)
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Starting with the equation in (3.9) by applying Jensen‘s inequality?, gives
1
I(Y;H|X) =Ex {10g <det [I + A diag{x"} diag{x} RH} > }
0
1
< log (det [I + A Ex {diag{x"} diag{x}} RH})
0

0.2
= log <det [I + F)é RHD ,

where we used Ex {diag{x*} diag{x}} = 0% I. With A\(Rp) the eigenvalues of Ry we get

MK-1 0_2
I(Y;HX) < Y log 1+ EA{Ru} ). (3.25)
i=0 No

Combination of Bounds

With the composition in (3.19) and the corresponding results (3.21), (3.5) and (3.23) the upper

bound is

o2 o2 o2 304
I(Y:X)<MKlog 1+ 2XH)_ X524 X 2. 2
(¥:X) < MK log (1+ T2 ) = T o+ T Rl (3.26)

The the upper bound on information rate can be calculated. This calculation follows (1.33)

with total transmission time MT and gives

1 B TF Po2 Po2  3pP2
= lim — I(V:X)< —1log 14+ ——H)_—_H 2 drdv.
b= lm a7 I X) s 75 °g< "B N0> No +BN§/T/,,CH(T’V) T
(3.27)

By Combination of the Results in (3.24) and (3.25) and with (3.18) the lower bound on mutual

information is obtained as

MK—1 9
I(Y;X) > Eg{log det(I+HC,HY)} — ) log <1 + C]’V—X /\i{RH}> .
; 0
=0
Here the first term is equivalent to the additive white Gaussian noise case and the second term
can be regarded as a noncoherence penalty term. This penalty is caused by the necessity of

estimating the channel.

3.3 Simulation Results and Numerical Evaluation

In order to assess the difference of our results to previous ones and to obtain further insights
regarding the distributions, entropy and others, simulations and numerical evaluations were

done.

?Jensen’s inequality says, that f (37, Xizi) > Y7, Axf(wk) for a concave function f and f (327, Aizi) <

>or Akf(xk) for a convex function. For probability calculations the summation may be exchanged by the
expectation operator E(+), then f(EX) < Ef(X) for a concave function [28].
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Figure 3.3: Histograms of |Y, 1| for (a) BPSK input (b) Gaussian input; histograms of
arg(Yn k) for (¢c) BPSK input and (d) Gaussian input. Parameters used were
0% =1, 0% =1 and No = 1W/Hz. The number of realizations was 2048000.

3.3.1 Monte Carlo Simulation Results

The simulations were done for a constant-modulus input X and a Gaussian distributed input
X. The channel coefficients H,, j are assumed i.i.d. complex Gaussian with path loss a[%l. This
assumption is because the correlations are not relevant for the bound on h(Y, .

Figure 3.3 shows the simulation of the pdf of the receive symbol Y, , of an OFDM system.
The simulation is based on the input-output relation in (3.1) with BPSK and Gaussian input
symbols with agg = 1. The path loss is UI%H = 1, and the power spectral density of noise-
vector Z is Ny = 1W/Hz. This unrealistic assumptions (extremely low SNR) were made
to emphasize the differences of the various input symbol constellations. With independent
symbols and channel coefficients the simulation simply can be done using (1.25). For Gaussian
input (Figure 3.3(b)) the distribution of Y}, ; gets narrower than that for BPSK input. For
comparison the distribution of the magnitude of Y;, ;. for BPSK input constellation which is
Rayleigh-distributed with variance oy = 2 is shown in Figure 3.3(b). This can also (and
better) be seen in Figure 3.4 for a different noise variance. Even though the distribution of
the output for Gaussian input symbols seems to be Rayleigh it isn’t (cf. (3.12)), but it is for
BPSK. More precisely, BPSK input causes complex Gaussian distributed output Y, ;,, which
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Figure 3.4: Histograms of |Y, x| for BPSK and |Y,, x| Gaussian input symbols with c% =1,
0% =1 and Ny = 1073 W/Hz. The number of realizations was 2048000.

means maximization of entropy. The distribution of the phases for Gaussian and BPSK input
can be regarded as identically distributed. From this diagrams, the fact that Y;,  has lower
entropy for a Gaussian codebook than for a constant-modulus codebook can be confirmed.
Then, the entropy h(Y;, ;) for BPSK input denotes an upper bound on the entropy h(Y; )
for Gaussian input. In another argumentation the entropy of a less widespread pdf (Gaussian

input) will be lower since there is less uncertainty contained.

3.3.2 Numerical Evaluation

For numerical evaluation a convolution of the pdf in (3.12) divided by |s| (because of pdf-

transformation) and the absolute-part-pdf of (3.16),

2

Ep

P (1) = g € 7.

divided by |z|, has to be done by using (3.14). This convolution was done numerically. Figure
3.5 shows the distributions of S, j, and Z,, j, in the complex plane. The distribution of S, j, (cf.
(3.13)) contains the Bessel function of second kind and order 0 which describes the maximum
point at the origin tending to infinity. Hence these numerical calculations will suffer certain
inaccuracy. The distribution of Z,, j is circular complex Gaussian. Then, the distribution of

output symbols is obtained by convolution py, , (yr,yr) = (ps,, * Pz, ,)(Yr,y1) (cf. (3.14) ).
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Figure 3.5: Numerically evaluated pdfs of (a) Snx and (b) Zny for 0% = 0% =1 and Ny =
1W/Hz.
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Figure 3.6: Numerically evaluated pdf of the output Y,y for 0% = o =1 and No = 1 W/Hz.
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Figure 3.7: Differential entropy of output Y, for BPSK input (left) and Gaussian input
(right) obtained with Monte Carlo simulation, numerical evaluation and exact

expression. All results are (as above) for 0% = 0% =1 and No = 1 W/Hz.

This is shown in (Figure 3.6). It can be seen, that the pdf is similar to a complex Gaussian

pdf, however it is slightly more concentrated at the origin.

3.3.3 Comparison of Simulation and Numerical Evaluation

In this Subsection the Monte Carlo simulated and numerically calculated pdfs of the output
vector Y are used for analysing its statistical properties. The most important value here is
be the entropy of the output. In Figure 3.7 the entropy of Y, i obtained with different input
symbols and Monte Carlo simulation and numerical evaluation is presented. Here, the above
mentioned fact that the entropy for BPSK input is higher than that for a Gaussian input is
confirmed. There are also negligible differences (caused by too small resolution at the sampling
of the pdfs) between Monte Carlo simulation, numerical calculation and accurate calculation
according to (1.29). In Figure 3.8 similar results are shown for Ny = 1073W /Hz. Here also
the difference between Monte Carlo simulation and numerical calculation for Gaussian input
constellation can be seen. In Figure 3.8 also an entropy for a numerical result with a resolution
(sampling of pdf) of 401 x 401 bins is shown. Since the pdf of S, , gets infinite at the origin, the

quantization underlying the empirical histogram causes an error. Therefore a more accurate
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Figure 3.8: Differential entropy of output Y, for BPSK input (left) and Gaussian in-
put (right) obtained with Monte Carlo simulation, numerical evaluation (vary-

ing resolution) and exact expression. All results are for Jg( = 0]%{ =1 and
No = 1073 W/Hz.

result can be obtained for a higher resolution of 801 x 801bins which is also shown in 3.8. For

increasing resolution the result obtained with Monte Carlo simulation should be reached.

3.3.4 Simulation of Upper Bound on Information Rate

The simulation of the upper bound on information rate is done according to (3.27). Figure 3.9
shows the result for this fourthegy upper bound for two different channels with flat scattering
functions and channel spreads TmaxVmax = 1072 and TaxVmax = 1072, The simulation setup
was taken from [12], where an IEEE 802.11a related system was simulated. The subcarrier
spacing was F' = 312.5kHz and TF = N/K = 1.25. The transmit power was P = 1mW,
the path loss for both channels o = 90dB and Ny = kg - 400K = 4.1421 - 10~ 2'W with
the Boltzmann constant kg = 1.3807 - 10"2*Ws/Hz. For comparison the result of [12] in
(2.2) and the additive white Gaussian noise (AWGN) information rate are depicted as dashed
curves. The dark solid curves depicts the fourthegy upper bound for TaxVmax = 1073 the
bright solid curve the fourthegy upper bound for TmaxVmax = 1072. It can be seen that the

fourthegy upper bound isn‘t very tight for low to medium frequencies. This can be described
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Figure 3.9: Fourthegy upper bound on information rate for channel spreads TmaxVmax = 1073

(dark solid curve) and TmaxVmax = 1072 (bright solid curve).

through the tightness of fourthegy bounding (log (1+z) > = — %) that is only given for small

arguments and hence SNR. However, it correctly predicts that in the infinite bandwidth case

the information rate will tend to zero. This effect can be explained with an increasing effort in

channel estimation (since the accuracy of estimation is inverse proportional to bandwidth B).

The second (intuitive) conclusion is that a low channel spread is desirable in order to enable

higher rates.



Chapter 4

System Capacity for a Multiuser
OFDM System

In Chapter 3 we investigated the system capacity of MC-CDMA, where we used a single user
OFDM model combined with CDMA. Results for sum system capacity were presented for a
high number of users. In this chapter we will use a multiuser OFDM model. Hence each user
can be distinguished through its own codebook (i.e., MC-CDMA or OFDMA) and channel.
Further the number of users doesn’t underlie any constraint. This multiuser system will be
subjected to mutual information bounding techniques used in [38,42]. We will apply these
bounding techniques on mutual information and information rate, respectively. All through
the derivations the focus will be on the sum information rate. This is done according to a total
power constraint over all users. Then, mainly numerical evaluations for the upper bound on
information rate will be presented. Using these results the impact of number of users, input
codebook, channel statistics, and power allocation will be shown. First, lower an introduction
to the multiuser OFDM model will be given.

4.1 Definitions and Notation

The definitions of one users vectors and matrices are similar to those in Section 3.1. Under the
assumption of independent users we now extend the model to a multiuser OFDM model. There,
U users transmit to a single receiver (uplink case). All users apply an OFDM modulator and
the receiver employs an OFDM demodulator. Each user is transmitting over its independent
channel Hy;. At the receiver there is a superposition of all users output vectors and circularly
symmetric complex Gaussian noise is added. This multiuser OFDM model for an uplink
scenario is shown in Figure 4.1. The received signal will be given by the M K x 1 vector Y

as before but the user specific transmit signal and channel will get a user index u. First a

41
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(0)
Xk OFDM
> I
User 0 modulator
(1) Z
Xk OFDM
— IH,
User 1 modulator OFDM Yok
demodulator
(U-1)
Xk OFDM

Hy—4

User U — 1 modulator

Figure 4.1: Multiuser OFDM model for an uplink scenario.

summation over all user signals at the receiver gives
U—1 U—1
Y= diag {H(“)} X +Z=Y" diag {X(“)} H® + Z, (4.1)
u=0 u=0

with U the number of users transmitting to the receiver. In matrix-vector notation this is
Y = HyXy + Z, (4.2)
with the M KU x 1 input vector
Xy = [X“’)TXU)T... X<U‘1>T}T,
and the overall channel matrix of size MK x M KU

Hy = [diag {H(°>} diag {H<1>} ... diag {H<U—1> H .

The MK x 1 matrix Z is circularly symmetric complex Gaussian noise (Z € N(0, NoI)).
Different from the input vector in Chapter 3 the input vector X;; now combines all user in-
put vectors. A total power constraint on the input symbols, i.e., E{XgXU} = MKUO‘_%{ is
assumed. Note that the diagonal form of the channel matrix for user w results from the mul-
tiplicative model in (1.25). To take into account correlations on one users channel (different
users will be assumed as independent) Hy gets a matrix with entries that are not only posi-
tioned in a diagonal way like above, but on every element of Hy. Equivalently the multiuser

input-output relation can be written as

Y = AXyHy + Z, (4.3)
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U-1
i 0
R U1
0 ... HY e, X0 "
e I

M—1,K—1

Figure 4.2: Interpretation of the multiple user OFDM model in (4.2) through Sy (4.5).

with the channel vector of size M KU x 1
H, = [HO RO 5O (4.4)
and the MK x M KU input matrix

Xy = [diag {X<O>} diag {X<1>} ... diag {X(U_l)}] .

For convenience, we use the shortened notation
Sy = HyXy = AyHy. (4.5)

To ease the understanding Sy = Hy Xy is depicted in Figure 4.2.

4.2 System Capacity Bounding I

In this section the bounding techniques of Boleskei and Shamai in [38] will be applied to the
multiuser model introduced above. We assume no channel knowledge neither at transmitter
nor at receiver. The channel itself is assumed to be a time and frequency selective Rayleigh
fading underspread WSSUS channel. In order to preserve generality, the derivations are done
for a general codebook of X(*) as far as possible. An exception will be made for bounding
purposes.

First the signal model is adapted to the multiuser case. We are using the input-output relation

in (4.2) or equivalently (4.3). We start splitting the sum mutual information! I(Y;X) into
1(Y:X) = I(Y; X, H) — I(Y; H|X). (4.6)

Note that all considerations are for the sum rate of all users. Using (4.6) we calculate upper
and lower bounds for I(Y; X).

!For convenience, we omit the subscript U and write e.g., X = Xy.
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4.2.1 Upper Bound on Mutual Information

In order to obtain an upper bound the terms in (4.6) now will be bounded. First the mutual
information 7(Y; X, H) is upper bounded by that of an additive Gaussian noise channel where
the transmitter has total control of the input, in that case S = HX. If S is made circularly

symmetric jointly complex Gaussian with correlation equal to that of HX, one obtains
1
I(Y;X,H) < log det <I + FRH ©) CX) , (4.7)
0

with the covariance matrices Cx of the transmit signal and Ry of the channel. The M KU x

M KU matrices Cx and Ry are given by

c? o ... o
o c ... o

Cx=E{xx"}=| = X~ ] (4.8)
0 0 (o

with users input covariance matrices Cg?) =E {X(“)X(“)H} and

RY 0 0
o RY ... o
Ry—E{HH"}=| = 7~ B
0 0 RV

with users channel covariance matrices Rg) = E{H(“)H(“)H}. Note that 0 denotes the
MK x MK all-zero matrix. Noting this, (4.7) gets
et W) ~ L~
u u
I(Y; X, H) < log uﬂodet <I+N R} © CY > Zlog det <I+FOCS > (4.9)
In (4.9), Rg) ® C()?) corresponds to the covariance matrix of S™, i.e., C(Su) = R(If;) © Cg?).
The goal for the second part of the upper bound is a lower bound or an exact expression for
I(Y;H|X). The input output relation in (4.3) is used. For I(Y;H|X) the channel H acts as

transmit signal and the 'channel’ X’ is known. In [38] an equality is given, which here reads
1
I(Y;H|X) =Ex {log det (I—l—ﬁ XRHXH>}. (4.10)
0

Defining A = NLO X Ry X and using the eigenvalue decomposition of A leads to

r(A) r(A)

I(Y;H[X) =Ex qlog [T (1+X(A) p =D Ex{log (1+X(A))},
=1 i=1
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with 7(A) and A;(A) denoting the rank and i-th eigenvalue of matrix A, respectively. To
obtain an upper bound on I(Y;H|X), a fourthegy lower bound (like in (3.22)) is used. Then

B r(A) LA
I(Y;HIX) > ZEX{ ML > Ex N(A) - 3 DB (M
=1
r(A) 1 1
= Eyx Z)\ - 5Ex ZA?(A) = Eyx {Tr(A)}—iTr(AAH),

with Tr(A) = Z:Sf) Ai(A) and Tr(AAT) = Z:Sf) A?(A). Resubstitution of A gives

1
I(Y;HIX) > g Bx {Tr (¥ RyXM)} — —— Ex {Tr (Y RyX” * RY X)), (4.11)

2N;

with
Ex {Tr (X RyX")} = Tr (Ex {¥"X}Ry) = Tr (Cx ©Rpy) = MKUo%of,  (4.12)
which holds for any input codebook (i.e., MC-CDMA and OFDMA), and

Ex {Tr (¥ RgX" x Ryx™)}
MK-1 MKU-1
= Z Z (X)il,ig (RX)iQ,iQ, (XH)ig,i4 (X)i4,i5 (R)I?)’Lb,iﬁ (XH)iﬁyil
11,14=0 12,13,15,16=0
U-1U-1MK-1MK-1

u=0 u/=0 =0 ;=0

MK—-1MK-1U-1 U- /
- Z Z ZE {Tklxk xz Z(T“ (u))}- (4.13)

(u )

Here r; / denotes the correlation of the M K channel coefficients of user u, which is equal

to the channels correlation matrix entry (Rg()> The input symbols a:( W are taken as the
7‘7

i-th element of users input matrix X, For input correlations of the same user (u = u') and
* *

with Ex {x,(cu)xl( w) x,(c ¥ (“)} Ex {]m]i“)|2 |ml(u)|2} we introduce one users M K x M K fourth

moment matrix

Ex {J=fol*} {r Sore é‘ffP} oo B {Iaf0 Plaliy )
o _ Ex{rxé?fﬁxéi‘& ) { '} ‘ |
{’xM 11'( 1‘ ‘m(()u(%P} EX{’xg\T/L[).—l,K—l 4}
(4.14)

where the input symbols are :Uéug,x(oul), N SU%Z) K
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Then, with the result in (4.13) and the fourth moment matrix Kg?) the remaining expectation

term in (4.11) can be written as

U-1

B {T0 (¥ Ry X REAT)} = ve” {Z R oRY o [KY - cf o o] } '
u=0
1

U-1U-
—i—vec{ Z YorM ocle C(“)}l, (4.15)

where vec”{-}1 (with 1 denoting the size (M K)? x 1 all ones vector) was used to add up

all matrix entries. Here the hermitian conjugation of R%) and Cg?) were suppressed due to
H H

hermitian nature of correlation matrices R%) = R%) and Cg?) = Cg?), respectively. Fur-

ther the expectation terms in (4.13) which contain more than one users correlation coefficients

Ex {x,g )a:l(“) () ml(ul)} =Ex {x,i“)xgu)*} Ex {x,i“/)*xgu/)} ,

due to the assumption of independent users. Then, these terms can be expressed through the

().

users correlation matrices C ¥

simplify to

An interpretation of the first term in (4.15) leads to the impact of peakiness. By the subtraction

Kg?) — Cg?) ©) Cg?) there only remain terms Ex {]x(u)\ |z (u)\ } {xéu):cl(u)} (where again
mgu) denotes the i-th element of users input matrix X)) describing statistical relations of

different symbols, i.e., for PSK input symbols this gives

0 031( 031(

U U u 0 ’ 1
K_(X) _ C_(X) ® C_(X) — Ox . . 0x
031( 031( 0

For Gaussian distributed input symbols one would obtain Kg?) — Cg?) © Cg?) = 0%117. More

general, this can be explained using input symbols

A, with probability p,
Xn,k =
0, with probability 1 —p

where p denotes the probability of X, ;. to have magnitude A. Therefore p also is a measure

of peakiness, e.g. p ~ 0 characterises a peaky codebook. Then, we obtain

I 1 . 1
p
1

K¢ -cocy=ct| =7
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Hence for a peaky codebook (e.g.,(1 —p)/p > 0) , as it is supposed to achieve system capacity
in [12] low correlation will be obtained and the first term in (4.15) is getting large.
Another interpretation follows the following conversion, i.e.,

U-1MK-1MK-1

U-1
T{ZRE&”@R?@KE@}l:Z > Y (R ory okY)
u=0

u=0 i=0 j=0 b

U-1MK-1MK-1

XXX (m), (<), (R)

)

Qﬁ
»—tO

- T (RSZI‘)@K@) RE,E;)H}

T
—_ O

H
- <R§f;) oKWY RY > .
0

u
Here by use of the inner product, the impact of input symbols (expressed through the fourth
moment) on the channel is investigated. With the correlation matrix of S, i.e., Cgu) = Rg) ®

Cg?) the second part of the first term in (4.15) can be calculated as follows:

U—-1 U-1

r {Z RYWoRMWocloe cg;o} 1 = vec” {Z cl @Cg”} 1
u=0

1MK-1MK-1

SHMDCHNCDN
i=0 =0 ’

T (¢’ o )

Il I
Q ﬁ < ﬁMQ
»—A [en] - O

<C(S“), C(“)> (4.16)

N
Il
o

It is a sum over the fourth moments of all users at the receiver.
So far only the effects of single users input and channel coefficients were treated, but no
interactions between users. This can be described through the second term in (4.15). By use

of a similar formulation as in (4.16) it can be rewritten as

U-1U-1 , , U-1U-1
T{ZZR%‘)@RSL}"@CE?)@C%)}1:vecT{ZZC(“)@C( >}

u=0 u/=0 u=0 u'=0
1MK-1MK-1

(C(Su)) ij (ng))ji

u=0 u/=0 i=0  j=0 ’ k
1U-1

U—1U- /
- u=0 u'=0 o (C'(SU) © Cgu ))

U-1U-1
= (c§,cg). (4.17)
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Here the inner product gives information on the similarity of two different users correlation
at the receiver. Hence a maximization of (4.17) is achieved through equivalent input-channel

combinations of all users. Then, the lower bound on I(Y;H|X) can be combined to

U-1 U-1
. MKU , , 1 (u) (w) () 1 (1) ~(w)
I(YaH|X)ZTOUXUH_m?;)<RH O KX, Ry +2—J\75§]<C5 ,Cyg >
U-1U-1

2N2 3 Z < > (4.18)

u=0 u'=0
By combination of (4.9), (4.12), the first term in (4.15) and (4.17) the total upper bound on
mutual information is obtained as

U-1

u u MKU
I(Y;X) < Zlog det <I+ Ny RET{) © Cg()> TN, o%oh
u=0
= U-1U-1
D <R( Ky R > Z > (ci.cy”). (4.19)
0 u=0 u=0 u/'=0
uFu’

The first term in (4.19) (which is similar to a parallel AWGN channel) can further be bounded
by
S L R o o yar(nIeed) L R o o
glog det <I+ ~o R ©Cx ) = 2 ; log (1 + N (FORH ® CY¥ ))
(R oc)

= L o) (u)
gz A )\i(ﬁoRH @CX)
=0 1=0
—1

where the bound will be tight for low SNR. Then, the sum mutual information for low SNR

is obtained as

U-1U-1
I(Y X S 2 Z< u) @K(u ,R(u) > 2N2Z Z <Cfgu)7c(u’)>
u=0 u/=0
uFu’

In order to maximize the upper bound two different aspects correlated to the two terms in
(4.20) can be discussed. First the impact of the channel input (in terms of fourth moment)
on the channels correlation structure should be small. Hence an appropriate selection of code-
book contributes to the maximization of sum mutual information. It was shown, that a peaky
codebook will maximize this term.

The second term seems to be much more important because there are more terms to summa-

rize and more interesting it allows insights on the effects of a multiuser system, since the inner
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product expresses similarity of the user’s input-channel combinations. Then, for maximiza-
tion of (4.20) equivalent input-channel combinations are beneficial (i.e.,Cg") R cC(S" )). This
includes the fact, that different channel statistics may be balanced by different codebooks.

4.2.2 Lower Bound on Mutual Information

For the derivation of the lower bound on the system capacity again (4.6) is used. A further

splitting and bounding of mutual information I(Y;X) gives
I(Y;X) = I(Y; X[H) + I(Y; H) - I(Y; H|X) > I(Y; X[H) — I(Y; H|X), (4.20)

where the trivial upper bound I(Y;H) > 0 was used. By assuming circularly symmetric

jointly complex Gaussian transmit signals the first term is lower bounded by
1
I(Y;X|H) > Ey {log det (I ++ HCXHH) } . (4.21)
0

The term in (4.21) now is equivalent to (4.10) with exchange of X by ‘H and Ry by Cx.
Applying the fourthegy bounding technique we obtain a result dual to (4.18):

MKU 4 , (w) (u)
; >
I(Y: X[H) > =5=o%of - 2Ng UZO <C oKy, cW” 2Ng ;< c§)
1 U-1U-1 () ()
() a
u=0 u/=0
with the fourth moment matrix of the channel H®),
B {In§o1"} B { RGPS o B LSRG )
Ko _ | P {IR§2PIRE0 1%} En {In§11*} '
{105 kIR . o B {1t
(4.23)

Next, simplifications for the complex Gaussian channel coefficients can be applied. For the

fourth moment of channel symbols Ep {|h,(€ul)|4} (same user, same symbol) in (4.23) we get

En {\hgfz)ﬁ} =2 oy,
and for the same user and different symbols (k,1) # (k',1')

B {10 IR 2} =B a0} B {0 n "+ B {ntdn," b e {0 R
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by use of Isserlis‘ theorem?. The matrix Kg) in (4.23) then can be expressed by the path loss

0']12_]1 and the elements of the channel’s covariance matrix Ry:
K(;) =of [I+117] + VGCT{RELT;)}VGC{RSZ;)}.

Note that this bounding on the first term started with a Gaussian assumption on the input

symbols. The second term in (4.20) is upper bounded by applying Jensen‘s inequality as

U—-1
I(Y;H|X) < log det <I + NLEX {Z diag{X )} " diag{X}R{ })
0
u=0

U—-1
1 H
= 4+ — E ' (W g5 (u) (u)
log det <I ) 2 Ex {dlag{X 1 diag{X }} R, )

9 U-1
_ 9x (u)p (W)
= log det <I+ oA uZ:OP Ry, ) : (4.24)
with MK x MK matrix
pdy 0 0
()
pw_ | O Poi 0 7
: .
0 0 .. Pk

describing the power allocation of one user to different subcarriers. Hence it is used to define
the input codebook, e.g., for OFDMA the coefficients of P are
1, ke Ky,

P =
0, k¢Ku,

with [y denoting the subset of subcarriers allocated to user u. In contrast, pﬁ“,)c =1 for all
n, k with MC-CDMA. The total lower bound then is combined to

U—-1

MKU 1 W) pe(w) ()

1(Y;X) > 0% 0% 5> <C§()®K§q>,c§(> >
0 w=0

No H™ 9N
| Uziu-t ) g2 U=l
—sal > (c§,c?) ~log det (I DY P<u>R§Z,‘)> . (4.25)
0 u=0 uw'=0 u=0
uFu’

4.2.3 System Capacity Bounding

The bounds for system capacity are obtained by combining the formulas for system capacity

and ergodic information rate in Section 1.4.3, i.e.,

1
£ lim — I(Y: X 4.2

M—o0

2The fourth moment of circular complex Gaussian random variables is given through E{xiz5x32)} =
E{z125} E{xsxi} + E{x121} E{x5z3} [48,49].
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with the results in (4.16) and (4.25). Since a closed form expression for general assumptions
on the channel’s statistics can not be found here only the result for an uncorrelated channel
(i.e. R%) = oZ]I), uncorrelated input symbols (i.e. Cg?) = 051 and Kg?) = o [I+2117))

for every user is derived as

TF Pa%l) Po} TF3 P}, TFUU-1)P%y} (4.27)

B
R<Rup=U—=log (1+— o O
= B TFOg<+BUNO No T B20°NZ T B 20°N?

where 03 = PT/K and K = B/F with P the constant transmit power (constant in the sum

over all users) and B the entire bandwidth.

4.3 System Capacity Bounding 11

As above, a system capacity bounding will be applied to the multiuser OFDM model defined
in Section 4.1. Further an extension to statistical characterizations like the scattering function
will be done. This derivation is related to system capacity bounding of Shamai and Marzetta
in [42]. We start with a reformulation of the signal model. The time-dependent transfer
function of the channel is defined in (1.4). From the spreading function the time-dependent
transfer function can be calculated by combination of (1.4) and (1.5). The channel coefficients

in the multicarrier system then are

L, Lu/2
Hr(buk) = Z Z Su (T, y)e_ﬂ“(%k—%)dmlu.
T=0p=—L,/2

Note that a single user channel is treated first, with the extension to the multiuser case following
afterwards. The non-zero support region of the discretized spreading function Sy (kL. /K,nL, /M)
is defined in [0, L] x [-L,/2, L, /2] and L;L, < MK with the maximum multipath delay L,
and the maximum Doppler frequency L,. Therefore, the nonzero elements of the spreading

function are arranged into a length L. L, vector as follows:
S, (0,0)

hgﬂu) _ S, (0,1)

SIHIC (LTa LI/)
Then, the MK x 1 stacked channel vector for user u is defined as3

HY = (Fgyr, @ Farxr,)h, ™,

with F the DFT matrix of size K x L, and M x L,, respectively. As we will apply the signal

3Here ® denotes the Kronecker product [50].



4.8. System Capacity Bounding II 52

model in (4.3) with the M KU x 1 channel vector in (4.4) we get

(Fixr, ®Farxr,)h,©

(Fxxr, @ Farxr,)hV
H= . :I®(FK><LT®FM><L,,)hr7

(Frxr, ®FM><LV)hr(U71)

: R RONOD w-nT ’ . .
with h, = |h;y’ hy’ ... h, ,. Next, we write F instead of I ® (Frxr, ® Farxr,).

The signal model in (4.3) then gets
S — [diag {X<0>} diag {X(U} ... diag {X<U—1>H H
- [diag {X<°>} diag {X<1>} ... diag {XW—UH Fh, = Ay h,,
with
Xy = [diag {X<0>} diag {X<1>} ... diag {X(U_l)}] F.

For one users input signal this is equal to
Xl(Ju) = diag {X(u)} (Frxr, ®Farxr,) -
Note that this signal model assumes independent users. The whole signal model then equals
Y = &y h, + Z,

where Z is circularly symmetric complex Gaussian noise (Z € N(0, NoI)). In this chapter the
shorter notation S will be used for S = Ay h,.. Throughout the whole derivation of upper and

lower bound the input power constraint is

Tr (Ex {AXv &y }) = MKUo%.

4.3.1 Upper Bound on Mutual Information

First an upper bound on mutual information will be derived. We are using again the chain

rule of mutual information in (4.6),
10Y; X) = I(Y; Xy, H) — I(Y; H|Ap). (4.28)

Note that the shift through Fourier transformation resulting in Ay changes mutual information
since there is loss or gain of information through an non-invertible DFT. This DFT is non-
invertible because the transformation matrix F isn‘t unitary. Out of the chain rule in (4.28)
a simple upper bound on mutual information can be found by dropping the second term
I(Y;H|Xy) > 0 which gives

I(Y;Xy) <I(Y; Xy, H). (4.29)
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Then, a maximization of I(Y; Xy, H) has to be found. The term is maximized by making

S = Xy h, zero-mean complex Gaussian with covariance Cg = Ex{Xy Ry, Xy™Y. This gives

I(Y; Xy, H) < log det (I + Nio Ex {Xy Ry, XUH}> , (4.30)
with
R ... 0
Ry, =Ep{h, b} =| + - : : (4.31)
0 ... RUVY
the covariance matrix of the channel. Referring to (1.6) for one user u this can be denoted by
cy(0,0) ... 0
RELHT) = diag {CHSIZ)(T, 1/)} = : : . (4.32)
0 o CYNL. L)

Then, the correlation term in (4.30) can be rewritten to
Ex {Xy Ry, X"}
00 [+O17 | v1)p® [0 U-1)q(U-1) [ 0-1)]7
—Ex ¢ AR (X0 + R (0] ORI [
« LR @] 7| W@ [p@] 7] _ =
:EX{ZXU R(" (x| }:ZEX{XU R{" x| }:ZCS .
u=0 u=0 u=0

With this result the upper bound can be written as

U-1
1 (“)
. < _ . .
I(Y; Xy) <log det <I+ N EO Cg ) (4.33)

Then, it easily can be shown that the additive white Gaussian case marks an upper bound on
mutual information by assuming C(Su) ~ CN (0, aﬁag(l). The trivial Gaussian upper bound
then is
olo3
I(Y; Xy) < UMK log <1 + %) . (4.34)
0

4.3.2 Lower Bound on Mutual Information

The lower bound is found through the splitting of mutual information in (4.28) and the bound-
ing

I(Y; Xy, H) > I[(Y; Ay [H).

Then, two terms have to be considered for the lower bound, e.g.

I(Y; X) > I(Y; Xy [H) — I(Y; H|y). (4.35)
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For the first term in (4.35) we start with
2
I(Y; Xy|H) > MK Ey {log det (1 + (]’V—X hrh{{> } ,
0

where we assumed Gaussian distributed and white input A7 in order to maximize 1(Y; Xy |H).
We will use this assumption for the derivation of the entire lower bound. By applying a

z2

fourthegy lower bound (log(1 + z) > = — %) we obtain

2 4
I(Y; Xy[H) > MK % Tr {Ey {b, bf'}} — MK 2% Tr {By {hh, hi'h,}}
0

2 4
B ox Ox 2 2
= MK 3 Tr{Ry, ) - MK g (Tr* {Ry,} + Tr {RE }), (4.36)

were we used

Tr {Ey {hfh, hf'h,}} = ¥ {R},, } + Tr (R} ) .
Note, that Ay already was assumed to be Gaussian for the derivation of the first term in
(4.35). The maximization of the second term in (4.35), I(Y; H|Xy) is again done by making
H zero-mean complex Gaussian. This constellation is equal to the (however virtual) case of

the user sending H over a channel Xy;. With S = Ay h,. this gives

1
I(Y;H|Xy) <Ex {log det (I + SSH>}
0

1
= EX {log det <I + — XU RhTXUH>}
No

N,

where we used Jensen’s inequality for the second inequation. Then, the result is

1
<log det <I + N Ex {Xy thXUH}> )

1
I(Y;H|Xy) < log det <I + 5 Bx {4 RhTXUH}> 7 (4.37)
0

which is equivalent to the result in (4.24).
The entire lower bound is given through the combination of (4.37) and (4.36) as
I(Y;Xy) > MK OXTE g T [of + Tr {R7. }]

' o Ny Ng = ir

1
—log det (I4+ — Ex {Xy Ry, Xy} ).
og de <+N0 x {Av hrU}>
Finally the result is

0'2 O'2 0'4
I(Y;Xy) = MK XTOH - MK N—?é [ofy + Tr {R7, }]

1
— 10g det (I -+ F EX {XU thXUH}> ,
0

where Ex {XU thXUH} also may be written as Ex {XU RHXUH}. The dependence of the
lower bound on sum information rate on the scattering function is given through the relations
in (4.31) (4.32). Note, that Gaussian distributed and white input Ay was assumed for the

derivation of the lower bound.
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F 312.5 kHz
TF 1.25

P 1 mW
0% 90 dB
Ny | 4.1421 10721 W

Table 4.1: Simulation parameters for an IEEE 802.11a related system.

4.4 Simulation Results

In order to get an evaluation of the bounds derived above, some simulations are presented
next. First results for exact expressions will be presented. Afterwards numerical evaluation

results are depicted.

4.4.1 Upper bound on sum information rate for uncorrelated channel

The simulations are based on the upper bound on information rate derived in (4.27) (using
bounding techniques presented in [38]) and will be done for an IEEE 802.11a related system
as in Chapter 3. Table 4.1 subsumes these values that are applied for the simulations unless

specified otherwise.

Upper bound on sum information rate for different number of users

Figure 4.3 shows the sum information rate over bandwidth. This numerical evaluation is
based on the upper bound derived in (4.27). The AWGN case which characterises an upper
bound on information rate is depicted as a dashed line. Then, the two-user case and a result
for U = 1000 are depicted through a dark solid line and a bright solid line, respectively.
The achievable capacity region (or equivalently the achievable rates) can be found below the
bounded area. For low bandwidths the AWGN is more tight and hence will be the limit. At
higher bandwidths (beginning at intersection of AWGN rate and Ryp) the fourthegy upper
bound is more tight and indicates the upper bound. For an increasing number of users the
fourthegy upper bound on sum information rate decreases. So for uncorrelated channels an
increasing number of users is disadvantageous in terms of sum information rate. Further the

upper bound on sum information rate in the infinite bandwidth case tends to zero.

Upper bound on sum information rate for user-specific path losses

In order to describe the influence of the path losses on the sum information rate first an exact
expression has to be found. The path losses of different users are denoted by 0']12_HU. In the

two-user case this gives an upper bound on sum information rate (derived from (4.27)) which
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This is shown in Figure 4.4 for a bandwidth of B = 500MHz. Here the upper bound on
information rate is shown in dependence of the users path losses which are depicted normalized
to 0% (defined in Table 4.1). For increasing path losses, e.g. U]%I(u) Jod is getting small, the
sum information rate is decreasing. Hence, it‘s intuitive to desire low path losses in order to
enable higher sum rates. No trade-offs between the different user’s path losses can be noticed
and therefore a low path loss is preferable for all users. Note that the maximum rate (i.e.

2 _ 2 _ 2 T
o, = O, = 0f) can be found in Figure 4.3.

Upper bound on sum information rate for different user power allocation

Here an overall power constraint 25;01 P = UP is applied, with P defined in Table 4.1.

Then, the upper bound on sum information rate in the two-user case is derived as

B TF P©)g2 TF PWg2 Po?
= 2 og (140 TH ) 4o (142 0| _ 2%
Rup = 75 |1o8 ( T N, )T UM B T No
2 2
rr3 (PO + PO ok pp popogt
B s N2 B 4N

where P(®) denotes the power allocated to user 0. Figure 4.5 shows this for a bandwidth
B = 500MHz (cf. Figure 4.3 and Figure 4.4). For uniformly distributed power, i.e. P(0) = P(1)
the upper bound on sum information rate is minimized. A maximum of Ryp is obtained
by allocation of the total power to one user (single user case). Hence in the case of an
uncorrelated channel the single user case is desirable in order to achieve higher data rates.
Again a disadvantageous effect of increasing number of users for transmission over uncorrelated

channels can be approved.

Investigations on the tightness of fourthegy lower bound on I(Y;H|X)

Since the fourthegy bounding technique can be quite loose under certain conditions, an in-
vestigation on this is presented here. To do this a Monte Carlo simulation of (4.10) and a
numerical evaluation for (4.18) at B = 10GHz were done and compared. The Monte Carlo
simulation was done for Gaussian distributed input symbols. The numerical evaluation then
(w) |4
has to use Ex 1 |z, /|
First the influence of the number of users U on I(Y;H|X) was investigated for M = 5 and

K = 12. In Figure 4.6(a) the dark solid curve shows the numerically evaluated fourthegy

}:2031(.
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Figure 4.5: Fourthegy upper bound on sum information rate for varying user power allocation
for U =2 with P©) + P1) = 2P for B = 500MHz.

lower bound and the bright solid curve with markers depicts the Monte Carlo simulation re-
sult. There is nearly no gap between the two curves. So the effect of the amount of users on
the tightness can be neglected.

In Figure 4.6(b) the effect of increasing frame length on I(Y; H|X) is depicted for K = 12.
Again the dark solid curve shows the numerically evaluated fourthegy lower bound and the
bright solid curve with markers is the Monte Carlo simulation result. As there is no dependence
of thigthness on U there is even no dependence on M .

Finally the effect of varying path loss on the tightness of the fourthegy lower bound is shown in
4.7. The curves are depicted in the same way as above for M = 5 and K = 12. The difference
between the curves increases with increasing path loss (i.e., the SNR is getting better). Figure
4.7 shows that for a large SNR the fourthegy lower bound is less tight.

The investigation on the tightness of fourthegy lower bound on I(Y; X|H) will be equivalent.
It is needed to develop the lower bound on sum mutual information I(Y;X) and it has to
be shown the same as before with change of X and H. Then, the results are similar to that

above.
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Figure 4.6: Comparison of simulated I(Y;H|X) in (4.10) and fourthegy lower bound in
(4.18) for different (a) amount of users U and (b) frame length M.
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Figure 4.7: Comparison of simulation for I(Y; H|X) in (4.10) and fourthegy lower bound in
(4.18) for varying path losses (equivalently, SNR).
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Figure 4.8: Sum information rate for (a) MC-CDMA and (b) OFDMA over bandwidth for

different amount of users (U ).

4.4.2 Upper bound on sum information rate for general assumptions on the
codebook and the channel

In this subsection simulations for different channel statistics, i.e. scattering functions, channel
spreads and different codebooks, i.e. MC-CDMA and OFDMA as well as spreading of symbols
are presented. All simulations are based on the fourthegy upper bound on sum information
rate in (4.16) (bounding technique of Bolcskei/Shamai). While in the case of uncorrelated
channel coefficients the results for MC-CDMA and OFDMA are equal, for more specific channel
statistics there are slight differences. For simulations again the parameters in Table 4.1 will be
used. Exceptions will be made for the subcarrier spacing F' because of complexity reduction
reasons. The simulation of OFDMA requires much more effort than that of MC-CDMA. Hence
some simulations will only be done for MC-CDMA and a reference to OFDMA will be given.

MC-CDMA and OFDMA for varying amount of users in the case of uncorrelated

channel

Although more general channel statistics could be applied to (4.16) this simulation was done
for an uncorrelated channel, i.e. Rg) = O’H2_HI in order to extract the effect of MC-CDMA

and OFMDA. Further a comparison with the result shown in Figure 4.3 can be done. The
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Figure 4.9: Calculation of Rg) from Cgf) (t,v).

parameters in Table 4.1 are used and the number of users is varying U = 1,2,25. Figure
4.8 shows the upper bound on sum information rate Ryp over bandwidth B for MC-CDMA
and OFDMA, respectively. The dashed curve is assigned to the AWGN case, the darkest
solid curve denotes the single user case, and the brightest shows the result for U = 25. The
achievable rate region then can be found below the AWGN curve and the fourthegy upper
bound Ryp for low bandwidths and high bandwidths, respectively. In the single user case
(U = 1) the fourthegy upper bound will be equal for both, MC-CDMA and OFDMA. With
increasing number of users the OFDMA case is beneficial since no loss of rate occurs. This is
due to the separation of subchannels. For MC-CDMA an increasing number of users is equal
to an increasing uncertainty on channel statistics at the receiver. In general, the upper bound

in the infinite bandwidth limit tends to zero.

Investigations on a varying channel spread 7,axVmax

First a short overview of the calculation of Rg) from scattering function is depicted in Figure
4.9 (a). It shows the scattering function in the upper left-hand corner and the channel cor-
relation coefficients out of a two-dimensional Fourier transformation in the upper right-hand
corner. Then, the quj) matrix is composed out of this correlation coefficients (cf. 4.9 lower
right-hand corner).

Now some investigations on the effect of different channel spreads on sum information rate will

be performed. The channel spread TaxVmax Will be defined as the non-zero support region
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Figure 4.10: 2-dimensional map of the users scattering functions with varying channel

spreads.

of the scattering function Cy(7,v). Within this support region the scattering function is
assumed flat (cf. 4.9). In Figure 4.10 different scattering functions in terms of channel spread
are depicted. For these scattering functions Figure 4.11 shows the dependence of a MC-CDMA
system on channel spread. The channel spread was assumed equal for all users channel (i.e.,
rﬁgxuﬁ?gx = Tﬁgxuﬁgx, where TI%)XUQQX is the channel spread of user u). In Figure 4.11 the
AWGN case is depicted by the dashed line, the smallest channel spread by the darkest solid
line, and the biggest channel spread by the brightest solid line. Hence it can be seen, that an
increasing channel spread implies lower rates. The limiting case is given by the uncorrelated
channel considered previously. On the other hand a scattering function equal to a Dirac
impulse at the origin will lead to an upper bound that in the ergodic limit drifts to infinity.
This could be explained as a trend to the AWGN case for infinite bandwidth. Therefore
for quite low channel spreads (highly correlated channels) it‘s hard to find a representative
convergent result. Because of this, meaningful OFDMA results (which are situated above
the MC-CDMA results) are more difficult to obtain. In Figure 4.11 the OFDMA result (not
shown) would lie slightly above that of MC-CDMA.

In Figure 4.12 the upper bound on sum information rate in the two user case is depicted
over different channel spreads (but equal for all users: Tlgxyé?gx = Trﬁxuﬁgx). The numerical
evaluation was done for bandwidth B = 1GHz, M = 100, and K = 8. The bright line with
the markers denotes the OFDMA result which lies above the MC-CDMA result. As above a

small channel spread is necessary to enable higher rates. For low channel spreads there is an
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Figure 4.11: Impact of varying channel spreads (TIQQXVIS?QX = ngxyggx) on the upper bound

on sum information rate for a MC-CDMA system with M = 60 and K = 16.

exponential rising of rate which could be described through the beneficial effects in channel
state estimation. As low channel spreads imply high correlation at the channel less channel
coefficients have to be estimated. This often used equivalence to channel estimation may be
useful in order to understand noncoherent channels.

Figure 4.13 again shows the upper bound on information rate for bandwidth B = 10GHz,
M = 80 and K = 4. Here, the two users are adepted by different channel spreads but the
sum will remain constant, e.g. Tr(gxugx + ngxyggx = 0.1. Again the bright line with the
markers denotes the OFDMA result which lies above the MC-CDMA result (dark line). In
the case of equal channel spread for both users (i.e., Té?gxl/r(gx = ngxl/r(&gx = 0.05) the upper
bound has its minimum. In the case where one user uses a channel with large channel spread
while the second transmits over a channel with small channel spread there is a considerable
increase of rate. Hence at least one channel with a small channel spread can lead to a higher
sum information rate than two with the same sum of channel spreads. An explanation of
this effect can again be obtained in terms of channel estimation. For channel estimation one
highly correlated channel has more impact than even more spread channels. The comparison
of MC-CDMA and OFDMA shows an advantage of OFDMA.
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RUB [Bites/Hz]
x 10

3
q

25

15

—— MC-CDMA
05 i i i i i i —e; OFDMA 1@ O
0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 009 Max max

‘ I I I I I I I | T
0.09 0.08 0.07 0.06 0.05 0.04 0.03 0.02 0.01

® O
max max
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Figure 4.14: Sum information rate for MC-CDMA and OFDMA for a varying power alloca-
tion, using PO+ P() = 2P with P = 1mW, M = 120, K = 4 and a bandwidth
of B=10GHz.

Investigations on a different power allocation in the two-user case

For the two-user case Figure 4.14 shows the impact of varying power allocation on sum in-
formation rate. This result is similar to that shown in Figure 4.5 with additional dependence
on channel spread and codebook. The results are for bandwidth B = 10GHz, K = 4, and
M = 120 (for convergence reasons). The sum of the two users powers remains constant, i.e.
PO 4+ p() = 2P and the channel for both is assumed equal with the same channel spread
TmaxVmax- 1n Figure 4.14 the bright curves show the result for OFDMA and the dark curves
are the results for MC-CDMA. The different channel spreads are marked through dashed
(TmaxVmax = 0.0267) and solid (TimaxVmax = 0.24) curves. The transmit powers are normalized
to the transmit power P defined in Table 4.1. Then, the sum information rate maximizing
case is given for a low channel spread and the single user case. It’s beneficial in comparison to
uniformly distributed transmit power. This again can be explained with improved conditions
for channel estimation since it’s easier to estimate the channel for a higher SNR. In compari-
son of codebooks again an advantage of OFDMA over MC-MCDMA can be recognized. In an
estimation point of view the reason for this is the better time-frequency allocation at OFDM,

in other words an improved peakiness.
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Figure 4.15: Scenarios with different scattering functions for U = 2. Left: disjoint regions;
center: overlapping regions; right: a more general case with disjoint regions.

The channel spread is fized at a value of ré?gxyé?gx = ngxvggx =0.21333.

Simulations for different channels

So far we treated simulations on different channel spreads or number of users. Now more
general setups will be used to search for the impact of different scattering functions on the
upper bound on sum information rate. These investigations will be done for the two-user case.
The first three scenarios are shown in Figure 4.15. Here the support regions of the scattering
functions C]gf ) (1,v) for user 0 and user 1 are shown above and below, respectively. The first
scenario on the left hand side shows disjoint support regions for the two users. The second
scenario depicts equal support regions and the third scenario on the right hand side a more
general case of non-overlapping scattering functions with more multipath delay for user 0. Note
that the channel spread remains constant for every user, i.e. Té?gxyr(gx = ngxvﬁgx =0.21333.
Then, the upper bound on information rate over bandwidth is shown in Figure 4.16. The
dashed line shows the AWGN upper bound which will be tight for small bandwidths. The
dark line shows the result for scenario two where full overlapping was assumed. The brighter
line shows the result for the disjoint support regions of scenario one and the brightest line
depicts the more general disjoint case of scenario three. All solid curves are for MC-CDMA.
Equivalently, the OFDMA results are shown through markers of the same color. Then, it can
be seen that identical scattering regions are beneficial in a maximization of sum information
rate sense. The more separation between the scattering regions of two user, the smaller the

upper bound and hence the sum rate will be. An explanation can be given through the entire
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Figure 4.16: Sum information rates for MC-CDMA and OFDMA for the simulation scenar-

10s shown in Figure 4.15.

time-delay region used by the users. With increasing joint support regions the upper bound on
information rate decreases. In Figure 4.16 also the advantageous effect of an OFDMA system
on the upper bound is shown. For a higher upper bound the difference between the MC-
CDMA and the OFDMA result increases. Another information gained from this simulation
concerns the location of scattering function. Hence a scattering function positioned near the
origin (TmaxVmax = 0) should result in a higher rate.

A second variation now is presented through the scenarios shown in Figure 4.17. Here in the
two-user case the scattering function of user 1 remains constant while that of user 0 varies.
Both are centered at the origin and therefore overlapped. The dark line characterises scenario
one with different small channel spreads, the brighter line scenario two with equal channel
spreads, and the brightest line characterises different large channel spreads. The MC-CDMA
result for Ryp over bandwidth is shown in Figure 4.18. Here again the dashed curve depicts
the upper bound through AWGN. It can be seen that smaller channel spreads for user 0 (since
the channel spread of user 1 remains constant) enable higher rates. As above, one channel

with low channel spread is desirable in order to achieve higher sum rate.
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Figure 4.18: Sum information rate for MC-CDMA for
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Chapter 5

Conclusions

In this chapter a summary of the results presented above and an outlook to further topics
will be given. OFDM based multiuser systems, such as Multi-Carrier-CDMA (MC-CDMA)
and orthogonal frequency division multiple access (OFDMA) transmitting over a time and
frequency selective fading channel were investigated. The channel was assumed as noncoherent
(no CSI available). The focus was on the uplink case where multiple users transmit to one
receiver. An analysis was performed in an information theoretic context with emphasis on

sum system capacity and sum information rate calculation.

e In Chapter 1 an introduction to OFDM systems was given. For a pulse-shaping OFDM
system a modulator and demodulator were shown. The OFDM based multiuser com-
munication systems MC-CDMA and OFDMA were explained. Wireless fading channels
were presented in terms of input-output relation, channel statistics, and channel pa-
rameters for the continuous-time and discrete-time case. An approximate multiplicative
input-output relation for small delays and Doppler spreads was shown. Further an in-
troduction to information theoretic parameters like entropy, mutual information, and

system capacity was given.

e Since the search for previous results was a main topic of this diploma thesis, an overview
of known results was presented in Chapter 2. First an overview of relevant channel
and signal properties was given. Next, single user results for time-frequency selective
noncoherent channels were presented. Further multiuser results (including achievable

rate regions) were presented.

e In Chapter 3 a multiuser system was viewed as a single user system with modified input
statistics. First a known single user model was presented. Then an approximation
for MC-CDMA was introduced and partial results for the calculation of sum system
capacity were found. Since a closed form expression for sum system capacity couldn’t
be found, upper and lower bounds on sum system capacity were derived. Simulation

results and numerical evaluations were presented. The simulation of the upper bound on
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information rate shows that the information rate tends to zero in the infinite bandwidth

limit. Further, a low channel spread is desirable in order to enable higher rates.

e In Chapter 4, bounds on sum information rate for MC-CDMA and OFDMA were pre-
sented. A multiuser model was introduced and applied to known bounding techniques
combined with a fourthegy bounding technique. For the noncoherent case, closed form
expressions for upper and lower bounds on sum information rate were found. Then,
numerical evaluations for this fourthegy upper bound were done. The tightness of the
upper bound was confirmed for low SNR. For OFDMA it was shown that for uncorrelated
channels there is no dependence on the amount of users while for MC-CDMA an increas-
ing number of users is disadvantageous. Simulations for different user power allocations
show that the single user case is maximizing the sum information rate. Investigations for
general channel statistics show that a low channel spread is preferable. Further, more
overlapping scattering functions for different users are preferable over disjoint support
regions. All results show the advantage of OFDMA over MC-CDMA in terms of the

upper bound on sum rate.

Finally an outlook to further research on this topic will be given.

e This thesis was focused on sum information rate. Further investigations should address
the achievable rate region in order to show trade-offs between the users (the sum infor-

mation rate only characterises one boundery point of this achievable rate region).

e All models in this work are based on the uplink scenario. This results may be used
to investigate the downlink scenario, e.g. one basestation is transmitting to multiple

receivers (users). Downlink specific scenarios for wireless channels may be included.

e Regarding the recent interest in multiple antenna systems an extension of the results to
the MIMO case could be performed.

e For the bounds presented in Chapter 4, further numerical evaluations in order to investi-
gate the influence of peakiness could be done. The same could be done for the similarity
of users input and channel statistics. Further the influence of different terms in the

bounds could be extracted for various propagation scenarios.
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