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ABSTRACT

In MIMO spatial multiplexing systems, maximum likelihood
detection achieves maximum receive diversity at the cost of
high computational complexity. In contrast, low cost receivers
like zero-forcing equalization result in minimum receive di-
versity. In this paper, we present a novel detection scheme
that allows for a continuous tradeoff between diversity and
complexity. The proposed receiver consists of a partial equal-
ization stage and of a mismatched ML detector (implemented
via a sphere decoder variant). Simulation results confirm that
our scheme allows to trade diversity for complexity.

1. INTRODUCTION

Two of the most important benefits of multiple-input multiple-
output (MIMO) wireless systems are boosted capacity (multi-
plexing gain) and improved reliability (diversity gain) [1]. In
this paper, we considerMR × MT spatial multiplexing sys-
tems that offer multiplexing gainMT and allow to achieve
receive diversity gainMR, provided that appropriate detec-
tion algorithms like maximum-likelihood (ML) detection are
used. Unfortunately, ML detection is computationally very
expensive, even when implemented using the sphere-decoding
algorithm [2, 3]. On the other extreme, suboptimum detec-
tion schemes like zero-forcing (ZF) and MMSE equalization,
nulling and canceling (NC), and decision-feedback techniques
[4, 5] are computationally much less expensive but achieve
only diversityMR − MT + 1.

In this paper, we propose a novel receiver that allows to
trade diversity and complexity in a continuous manner. Our
receiver consists of two stages. The first stage partially equal-
izes the channel to improve the condition number and the sec-
ond stage performs mismatched ML detection via a sphere
decoder variant suited for low signal to noise ratios (SNR).
Diversity and complexity essentially depend on the amount
of equalization. The resulting diversity-complexity tradeoff is
studied using analytical methods and numerical simulations.

System Model. For simplicity, we restrict to MIMO sys-
tems with equal number of transmit and receive antennas,
MR = MT = M . The transmit vectorx ∈ AM (with A
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denoting the symbol alphabet) is i.i.d. withE
{

xxH
}

= I.
Assuming a flat-fading channel1, the length-M receive vector
equals

r = Hx + n . (1)

Here,H is theM × M channel matrix andn ∼ CN (0, σ2
nI)

denotes spatially white complex Gaussian noise. The channel
H is assumed perfectly known at the receiver. For further
reference, we next briefly review ML and ZF detection.

ML Detection. ML detection [1, 2] is optimal in the sense
of minimizing error probability. It amounts to solving

x̂ML = arg min
x∈AM

‖r− Hx‖2.

The computational complexity of ML detection in general
grows exponentially withM , even if it is implemented using
the sphere-decoding algorithm [3].

Conditioned on the channelH, the pair-wise error proba-
bility (PEP) of ML detection equals [1]

PML (x1 → x2|H) = Q

(‖Hδ‖√
2σn

)

(2)

whereδ = x1 − x2 is the error vector and Q(·) denotes the
Q-function. For i.i.d. Rayleigh fading the mean PEP is upper
bounded as [1]

PML (x1 → x2) ≤ CML

(

4 +
‖δ‖2

σ2
n

)−M

, (3)

whereCML > 0 is a constant. Defining the diversity order as

d = lim
1/σ2

n
→∞

log P (x1 → x2)

log σ2
n

, (4)

it follows from (3) thatdML = M .

ZF Detection. ZF detection is based on quantizing the ZF
equalized receive vector, i.e.,

x̂ZF = QA{y} , y = H#r = x + H#n , (5)

1The assumption of flat fading is no serious restriction sincefrequency-
selective channels can be converted into parallel flat-fading channels using
OFDM.



whereQA{·} denotes component-wise quantization with re-
spect toA andH# = (HHH)−1HH denotes the pseudo-
inverse ofH.

For givenH, the PEP of the ZF detector is given by [6]

PZF(x1 → x2|H) = Q





1√
2σn

‖δ‖2

√

δH(HHH)−1δ



,

and for i.i.d. Rayleigh fading, the mean PEP is bounded as [7]

PZF(x1 → x2) ≤ CZF

(

1 +
‖δ‖2

4σ2
n

)−1

.

The ZF detector thus yields diversity gaindZF = 1.

2. PROPOSED RECEIVER

ML and ZF are opposite extremes in terms of diversity and
complexity. Our goal in this paper is to devise a scheme that
realizes a continuous trade-off between these extremes. To
this end, we first provide a unifying reformulation of ML and
ZF detection.

2.1. Unifying Framework for ML and ZF

In order to place ML and ZF detection on a common basis,
we start out with the ZF domain relationy = x + H#n (cf.
(5)). Note thaty is a sufficient statistic forx. The noise in the
ZF domain is distributed asH#n ∼ CN (0, σ2

nG−1), where
G = HHH denotes the Gram matrix ofH. Consequently,
the ZF domain receive vectory conditioned onx has distribu-
tion CN (x, σ2

nG−1). This allows to rewrite the ML detector
(2) as

x̂ML = argmin
x∈AM

(y − x)HG(y − x).

Similarly, the component-wise quantization (5) performedby
the ZF detector can be reformulated as

x̂ZF = arg min
x∈AM

(y − x)H(y − x).

Both ML and ZF detection can thus be written in terms of
a positive definite quadratic form in the ZF domain, the dif-
ference being that ML takes the full correlation matrix into
account by usingG = G1 in the quadratic form, whereas ZF
detection completely ignores the noise correlation by using a
quadratic form induced byI = G0.

2.2. Proposed Scheme

The observations in the previous subsection motivate us to
propose an intermediate receiver between the ML and ZF ex-
tremes by taking part of the noise correlation matrix into ac-
count, i.e.,

x̂ = arg min
x∈AM

(y − x)HG1−α(y − x), (6)

where0 ≤ α ≤ 1. Choosingα = 0 or α = 1 yields the
ML and ZF detector, respectively. For0 < α < 1, we expect
that (6) leads to some tradeoff between ML and ZF. In par-
ticular, using the eigenvalue decomposition [8]G = VΛVH

it can easily be shown thatG1−α = VΛ1−αVH has condi-
tion numberκ(G1−α) = κ1−α(G) that decays exponentially
with α. Small condition numbers are desirable since detection
complexity increases with growing condition number [9]. On
the other hand, the partGα of the noise correlation is ignored
in (6), which is expected to have a negative impact on the
detection performance.

2.3. Practical Implementation

Rather than solving (6) directly, we next derive a formulation
that is more convenient for implementation and interpretation.
To this end, we take the square-root ofG1−α, and rewrite the
quadratic form in (6) as

(y−x)HG
1−α

2 G
1−α

2 (y−x) =
∥

∥G
1−α

2 y − G
1−α

2 x
∥

∥

2
. (7)

Using the singular value decomposition [8]H = UDVH of
the channel matrix, the first term on the right-hand side in (7)
can be developed as

r̃ = G
1−α

2 y = G
1−α

2 H#r = VΛ
1−α

2 VH VD−1UHr

= VD−αUHr = W−1
α r . (8)

Here, we used the unitarity ofV and the fact thatΛ = D2.
The expressionG

1−α

2 y is thus equivalent to applying apar-
tial equalizer W−1

α = VD−αUH to the receive vectorr (in-
deed,W−1

1 = H#). To further understand the effect of this
partial equalizer, we insert (1) into (8), which yields

r̃ = W−1
α (Hx + n) = Cαx + ñ . (9)

Here,ñ = W−1
α n ∼ CN (0, σ2

nG−α) denotes spatially cor-
related noise andCα = W−1

α H is what remains of the chan-
nel after applying the partial equalizer. It turns out that

Cα = VD−αUH UDVH x = VD1−αVH = G
1−α

2 .

Hence, (6) can finally be written as

x̂ = arg min
x∈AM

∥

∥r̃ − Cαx
∥

∥

2
. (10)

This looks like the ML detector for the linear model (9) apart
of the fact that the correlationσ2

nG−α of the noisẽn is being
ignored. Hence, we refer to (10) asmismatched ML detection.

To summarize, we have shown that our proposed scheme
(6) can be implemented in terms of two stages, illustrated in
Fig. 1: the first stage (see (8)) partially equalizes the channel
and the second stages performs mismatched ML detection us-
ing the equalizer output according to (10), ignoring noise cor-
relations. For smallα (close to 0), there is little equalization



W−1
α

r r̃ = Cαx + ñ arg min
x∈AM

‖r̃− Cαx‖2 x̂

partial equalizer mismatched ML detector

Fig. 1. Proposed receiver consisting of a partial equalizer
and mismatched ML detection.

and correspondingly low noise correlation being ignored. For
largeα (close to 1), the mismatched ML detector performs
poorly since it ignores strong noise correlations; however, in
this case the channel is almost fully equalized (i.e.,Cα almost
equals the identity matrix), which results in strongly reduced
complexity. In the next section, we analyze this tradeoff in
more detail.

3. DIVERSITY-COMPLEXITY TRADEOFF

In this section, we show that by varyingα the proposed detec-
tor realizes a continuos tradeoff between diversity and com-
plexity.

3.1. Diversity

We have performed extensive simulations (see Section 4) to
assess the performance of our proposed scheme. In all our
results we observed that the parameterα has an impact on the
receive diversity. More specifically, diversity measurements
with different number of antennas, different symbol constel-
lations, and varyingα suggest the following conjecture.

Diversity Conjecture. For i.i.d. Rayleigh fading channels
with MR = MT = M , the receive diversity achieved by the
proposed receiver equals d = α + (1 − α)M .

This conjecture says that the diversity of our scheme is an
α-dependent convex combination of the minimum diversity
dZF = 1 and the maximum diversitydML = M . While all
our numerical simulations were in perfect agreement with this
conjecture, up to now we were not able to find a general proof.
While the conditional PEP of our proposed receiver can be
obtained via standard techniques,

P (x1 → x2|H) = Q

(

1√
2σn

‖D1−αVHδ‖2

‖D1−2αVHδ‖

)

, (11)

averaging with respect to the channel for arbitraryM andα
is difficult. Below, we sketch a proof for the caseα = 1/2.

Special Case α = 1/2. Forα = 1/2, (11) simplifies to

P (x1 → x2|H) = Q

(

1√
2σn

δHSδ

‖δ‖

)

,

whereS = G1/2 = VDVH denotes the positive definite
square root of the Gram matrixG. SinceH ∼ CN (0, I), both
G andS are isotropically distributed (in fact,G has Wishart
distribution). This means thatS andTSTH have the same

distribution if T is a fixed unitary matrix. ChoosingT as
a Householder reflection [10] such thatTδ = ‖δ‖e1 with
e1 = [1, 0, . . . , 0]T , it follows that2

δHSδ = δHTHTSTHTδ = ‖δ‖2eH
1 TSTHe1

= ‖δ‖2[TSTH ]11 ∼ ‖δ‖2s11 ,

wheres11 = [S]11 is the element ofS in the first row and
first column. Hence, the quadratic formδHSδ has the same
distribution as (a scaled version of)s11. It follows that

P (x1 → x2) = E
{

Q

(

δHSδ√
2σn‖δ‖

)}

= E
{

Q

(‖δ‖s11√
2σn

)}

≤ E
{

exp

(

−‖δ‖2s2
11

4σ2
n

)}

. (12)

To evaluate (12), we need the distribution ofs11 and hence
also ofS. We start out from the Wishart distribution of the
Gram matrix [11],fG(G) = C exp

(

− tr{G}
)

for G > 0,
whereC is a normalization constant. The distribution ofS is
then obtained via the random matrix transformation [12]

fS(S) =

{

|detJ| fG(S2) , S > 0,

0 , else,
(13)

whereJ = ∂S
2

∂S
. According to [13],|detJ| =

∏

k≤l(dk +dl),
wheredk denotes the singular values of the channel matrixH.
Unfortunately, there seems to be no general formula express-
ing this Jacobian in terms of the elements ofS for any M ,
i.e., |detJ| must be calculated for anyM of interest sepa-
rately. Once this has been done, the expectation in (12) can
be calculated to obtain the average PEP.

We illustrate the procedure forM = 2. Here, the matrixS
has four degrees of freedem, i.e.,

S =

(

s11 |s12|ejφ12

|s12|e−jφ12 s22

)

.

The partial derivative∂S reduces to the derivatives with re-
spect tos11, |s12|, φ12, ands22. Straightforward calculation
yields the Jacobian|detJ| = 8(s11 + s22)

2
(

|s12|2 − s11s22

)

.
The pdf ofs11 is obtained by calculating the marginal of (13)
with respect tos11. The side-constraintS > 0 is taken into
account by integrating within the ranges22 > 0, |s12| ≤√

s11s22, and−π < φ12 ≤ π. This yields

f(s11) =
1

4
exp
(

−s2
11

)(

2s11 + 4s3
11 +

√
π(2s2

11 − 1)
)

+

√
π

2
Q
(√

2s11

)

.

2The relationx ∼ y means thatx andy have the same distribution.



Plugging this expression into (12) yields

P (x1 → x2) ≤
∫ ∞

−∞

exp

(−s2
11‖δ‖2

4σ2
n

)

f(s11) ds11

≤ 1

4

[

32

(4 + γ)2
+

4π

(4 + γ)
3

2

+
4

4 + γ

− π√
4 + γ

+
1√
γ

(

π + jB

(

− 4

γ
,
1

2
, 0

))]

,

where B(z, a, b) =
∫ z

0
ua−1(1 − u)b−1 du is the incomplete

Beta function andγ = ‖δ‖2/σ2
n. Computing the limit in (4)

finally yields a diversity ofd = 3
2

which is exactly halfway
between the full diversity of2 and the minimum diversity of
1, in accordance with our conjecture.

3.2. Complexity

We next investigate the impact ofα on the complexity of the
mismatched ML detector when the latter is implemented via
the sphere decoding (SD) algorithm [2] (the complexity of the
partial equalizer can be neglected). We expect that complexity
decreases withα since the partial equalization stage improves
the channel condition number, i.e.,κ(Cα) = κ1−α(H), and
small channel condition numbers were previously observed
to result in smaller SD complexity [9]. However, using the
standard version of the SD it turned out that this is true only
for smallα. For largerα, the partial equalizer causes strong
noise enhancement. In this case, the SD typically descends
directly to the optimal solution but continues traversing the
tree back and forth in the search for an even better solution.

To exploit the improved condition number for largeα, in
spite of the strong noise enhancement, we propose to use the
SD variant that has been proposed in [14] and is suited even
for low-SNR situations. We next review the main idea of this
SD variant using a slightly simpler derivation.

With SD, the QR decompositionCα = QR of the equiva-
lent channelCα is used to rewrite the metric in (10) as

∥

∥r̃ − Cαx
∥

∥

2
=
∥

∥q− Rx
∥

∥

2
(14)

whereq = QH r̃. The upper triangular matrixR corresponds
to a tree that is traversed to find the ML solution. In the tree
traversal, only nodes corresponding to solutions that lie within
a sphere of radiusR about the receive vector are visited. To
further reduce the number of nodes visited, [14] proposed a
tree pruning as follows. First split (14) into two terms includ-
ing, respectively, the firstk−1 and the lastM −k +1 layers,

∥

∥q − Rx
∥

∥

2
=
∥

∥qk −[R1
k R2

k]xk

∥

∥

2
+
∥

∥qk−Rkxk
∥

∥

2

where qk = [q1, · · · , qk−1], qk = [qk, · · · , qM ], xk =
[x1, · · · , xk−1], xk = [xk, · · · , xM ], andR1

k = [R]ij for
i, j ∈ {1, . . . , k − 1}, R2

k = [R]ij for i ∈ {1, . . . , k − 1}
andj ∈ {k, . . . , M}, Rk = [R]ij for i, j ∈ {k, . . . , M}, de-
note the north-west, north-east, and south-east corners ofR,

respectively. At thekth layer, the sphere bound
∥

∥q−Rx
∥

∥

2 ≤
R2 now amounts to
∥

∥qk−Rkxk
∥

∥

2 ≤ R2 −
∥

∥qk−[R1
k R2

k]xk

∥

∥

2 ≤ R2 − ρ2
k.
(15)

The lower boundρ2
k for

∥

∥qk − [R1
k R2

k]xk

∥

∥

2
is obtained via

the Rayleigh-Ritz theorem [8] as

ρ2
k = σ2

min(R1
k) ‖QA{bk} − bk‖2,

with bk = (R1
k)−1(qk − R2

kx
k) andσmin(R1

k) denoting the
minimum singular value ofR1

k. According to (15), at each
layer a reduced sphere radius is used that allows for a signifi-
cant tree pruning and hence smaller number of visited nodes.

We analyze the behavior of this modified SD forα = 1
(ZF detection), where the complexity (in terms of nodes vis-
ited) of the standard SD is very high due to strong noise en-
hancement. In contrast, with the tree-pruning variant onlythe
nodes associated to the ZF solution are visited. Forα = 1,
Cα =Q=R=I, bk = qk, and thus (15) simplifies to

‖qk − xk‖2 ≤ R2 − ‖QA{qk} − qk‖2, (16)

where the lower bound isρ2
k = ‖QA{qk} − qk‖2. When

the initial sphere radiusR is found via the ZF solution, i.e.
R = ‖QA{q} − q‖, the upper bound in (16) reduces to
‖QA

{

qk
}

− qk‖2 which equals the (partial) distance of the
ZF solution from the observation. Since forα = 1 the ZF so-
lution is optimal, there is no other solution within the sphere
and hence no other nodes than those associated to the ZF so-
lution are visited.

We assessed the complexity of our proposed receiver via
extensive numerical simulations (see Section 4 for examples).
To this end, we computed empirical distributions of the num-
ber of nodes visited by the SD from a huge number of realiza-
tions of an i.i.d. channel. We denote byn either an arbitrary
percentile of this distribution or its mean. All our resultssug-
gested that the relation between the numbern of visited nodes
and the parameterα can be reasonably approximated as

n ≈ α nZF + (1−α)nML . (17)

Hence, the number of nodes visited for a certainα is essen-
tially a convex combination of the number of nodesnML vis-
ited in the case of ML detection and the number of nodesnZF

visited with ZF detection, respectively. Defining the complex-
ity savings over ML detection as∆n = nML − n, we obtain
∆n ≈ α(nML − nZF), i.e., the savings increase roughly lin-
early withα.

4. SIMULATION RESULTS

In this section, we provide exemplary simulation results illus-
trating the performance and complexity of the proposed re-
ceiver. We considered uncoded4×4 and6×6 MIMO spatial
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Fig. 2. Performance and complexity of proposed receiver: (a) SER versus SNR for various α for M =6, (b) required SNR versus
α for various target SERs (M =4), (c) number of visited nodes (10%, 50%, and 90% percentile and mean) versus α for M =6.

multiplexing system with 16-QAM symbol alphabet. All re-
sults were obtained using between 500 and5 ·106 realizations
of an i.i.d. Rayleigh fading channel.

Fig. 2(a) shows symbol error rate (SER) versus signal-to-
noise ratio SNR= M

σ2
n

for α ∈ {0, 1
4
, 1

2
, 3

4
, 1} andM = 4.

Close inspection reveals that the diversity achieved with dif-
ferentα is in agreement with our conjecture in Section 3.

In Fig. 2(b), the SNR required for a SER of10−3 and10−2

is depicted versusα (again,M = 4). It is seen that partic-
ularly for smallα (up to α = 0.25) the SNR penalty with
respect to ML detection is rather small (i.e., only1 dB for
α = 0.25). Simulations with more antennas showed that this
effect is even more pronounced for larger MIMO systems.

Finally, Fig. 2(c) shows the number of visited nodes (mean
as well as10%, 50%, and 90% percentile) versusα for
M = 6. The number of visited nodes decreases essentially
linearly with increasingα in all cases. All curves are in good
agreement with our rule of thumb (17).

5. CONCLUSION

Motivated by a unifying formulation of ML and ZF detection,
we proposed a novel receiver that consists of a partial equal-
izer that improves the channel condition number, followed by
a mismatched ML detector that ignores the noise correlation
resulting from the first stage. The actual implementation uses
a sphere decoder variant specifically suited for low SNR situ-
ations. This is necessary since the partial equalizer can cause
severe noise enhancement. Theoretical investigations andnu-
merical simulations showed that our receiver allows a contin-
uous tradeoff between diversity and complexity, and can thus
be adjusted to any desired level of performance or complexity.
For fixed target symbol error rate, we observed that significant
complexity savings can be achieved at the cost of a very small
SNR penalty.
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