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The responses of several anti-alias and all-pass filters are displayed jointly in time
and frequency using the Wigner distribution. Characteristic features of the Wigner
distribution associated with perceived phase distortion are identified.

0 INTRODUCTION

The Wigner distribution [1] is a function of time ¢
and frequency fthat can be computed from the impulse
response A(t) or the frequency response /{( f) of a linear
time-invariant system. It is a joint-domain or time-
frequency representation of h(z) or H( f) and, as such,
provides different insights about the system response.
The commonly used engineering measures of signal
and system properties, such as, for example, group
delay, instantaneous frequency and power, and spectral
energy density, as well as the other bilinear time-
frequency representations themselves, can be derived
from the Wigner distribution by appropriate averaging
intime or frequency or by introducing suitable weighting
functions [1].

While the Wigner distribution is a powerful tool in
signal analysis that shows how the signal is distributed
or spread in both time and frequency, its relevance to
the human perception of sound has not yet been estab-
lished. Sound perception does include some form of
time-frequency analysis, however [2], [3]. In this
connection it is worthwhile to examine the Wigner dis-
tributions of a variety of different signals that have
been perceived as sounding identical as well as those
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sounding different. Of particular interest here are spe-
cific features of the Wigner distribution present when
a difference is heard and this difference is due to the
presence of phase distortion.

Two recent papers [4], [5] on the perception of phase
distortion in anti-alias and all-pass filters provide in-
formation about the threshold of detection of group-
delay distortion in frequency ranges around 2, 4, and
15 kHz. Group-delay distortion occurs when the phase
shift of the filter does not decrease linearly with in-
creasing frequency. In frequency ranges where the phase
is not a linear function of frequency its (negative) de-
rivative with respect to frequency, the group delay,
deviates from a constant value. This deviation is called
group-delay distortion. The impulse responses of filters
with group-delay distortion were compared by auditors
to those of filters with identical frequency response
(magnitude) but without group-delay distortion (linear-
phase filters). Results, for diotic presentation (same
signal both ears) using earphones, for two-alternative
forced-choice A—~B experiments, indicated that a sta-
tistically significant perceptual threshold was reached
when the peak value of group-delay distortion was ap-
proximately 1.5-2.0 ms in the midfrequency (2-kHz
to 4-kHz) range, depending also on the bandwidth of
delay distortion, and about 4.5 ms at high frequencies
(15 kHz). In terms of the impulse-response duration
of signals with identical spectral magnitude, a difference
was usually perceived when one impulse response in
the test pair lasted nearly 2 ms longer than the other,
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but when the durations were similar, an audible dif-
ference also could be perceived if the envelopes of the
impulse responses differed significantly.

Wigner distributions related to linear transmission
properties of loudspeaker systems are available in [6]
and [7], and these two references include more math-
ematical details than the elementary introduction to the
Wigner distribution included in [1] where reference to
the important earlier publications can be found.

1 WIGNER DISTRIBUTIONS

Impulse responses of a variety of low-pass, anti-
alias, and all-pass filters were selected from the per-
ceptual experiments reported in [4] and [5], where more
quantitative information about these filters is available.
Wigner distributions can be computed directly from
the impulse responses or from the so-called analytic
signal associated with the impulse response (formed
by mathematically subtracting the negative frequencies
from the Fourier transform of the impulse response).
Both forms of the Wigner distribution are shown for
the 4-kHz low-pass and the 15-kHz anti-alias filters in
Figs. 1-6. The minimum-phase versions (with phase
distortion) appear on the left side and their linear-phase
counterparts are on the right side in each of these figures.
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WIGNER DISTRIBUTION ANALYSIS

In the captions it is noted whether an audible difference
existed between the original impulse responses whose
Wigner distributions are on the left and right sides of
each figure. Figs. 7 and 8 show Wigner distributions
derived from the analytic signals of five all-pass filters.
The impulse responses of these all-pass filters were
compared by auditors to a pure impulse whose Wigner
distribution (not shown) would be simply a vertical
line at 7 = 0 along the frequency axis. Again, perceptual
results are noted in the figure captions.

The Wigner distributions shown in the figures were
computed and are displayed in the following manner.
The pseudo-Wigner distribution was evaluated nu-
merically from the impulse response using a 3-ms
Hamming window. The nonnegative values were nor-
malized to the range from zero to one, then these data
points were compressed by a square-root mapping of
the range onto itself. Ten elevation contour lines (iso
lines) in the compressed range from 0.05 to 0.9 were
computed and plotted in the time—frequency plane.
Negative values of the Wigner distribution are not shown
but do exist in between the sets of positive contour
lines, however.

For the low-pass and anti-alias filters in Figs. 1-6
each individual Wigner distribution consists of a region
of large signal concentration, C-shaped for minimum-
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Fig. 1. Wigner distributions of one pair of 4-kHz eighth-order Butterworth low-pass filters, that is, two cascaded filters. (a)
Minimum-phase version from impulse response (above) and from analytic signal (below). (b) Linear-phase version from
impulse response (above) and from analytic signal (below). No Audible difference.
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phase filters and I-shaped for linear-phase filters. The
smaller cusplike, either )-shaped or (-shaped, regions
are called interference terms. They are both positive
and negative (only positive shown), and arise from the
“*quadratic” interaction of the main C- or I-shaped signal
concentration.

The effect of band-limiting on the signals’ spread in
time and frequency is quite different for minimum-
phase and linear-phase filters, even though the frequency
response (magnitude) for any given pair of filters is
identical. It is remarkable that the group-delay curve
shape, for the minimum-phase filters, closely resembles
the main C-shaped signal concentration. For the linear-
phase filters the group delay is just a vertical line that
bisects the distribution. The instantaneous power (ener-
gy—time) of the envelope of the analytic signal at time
t1 numerically equals the integral with respect to fre-
quency f of the Wigner distribution along the vertical
line t = ¢;. Group delay at frequency f; is the “center
of gravity” (normalized first moment) with respect to
time 7 of the Wigner distribution along the horizontal
line f = fi. The spectral energy density at frequency
f1 is evaluated by integrating the Wigner distribution
with respect to time along the line f = f;.

The interpretation of Wigner distributions for the

6.2588 = 1
B2 |
4.4642 o
2.6785

8.08920 -

~8.8920 4

FREQUENCY (kHzZ)

-2.6785 4

~U. YBU2

-6.2588 T T T T T T T
e.eu¢ .53 1.832 1,528 2.824 2.528 3.816 3,512
TINE tms)

(a)

T ¥
4.988 4,504 S.e88

12.5080

18.7142

8.878%

7.1428 4

FREQUENCY {kHz)

35714 4
i

4 0 & < [
17857 4 @ S |
W &
. T~ i
E=—e - : —
B.eue W52 . .5 2.528 3.8:6 .52 4.000 4,504 S.208
TIME (ms)

(a)

COMMUNICATIONS

all-pass filters shown in Figs. 7 and 8 is more difficult
but quite interesting. The center frequency where the
group delay is maximum is 2 kHz. The peak group
delay for Fig. 7 is 2 ms and that for Fig. 8 is 4 ms. If
the oscillating interference terms above and below the
horizontal central main lobe are neglected and, further,
the much stronger interference terms (alternating white
and black regions) to the left and behind the main lobe,
it is seen that the remaining large positive values of
the Wigner distribution closely trace a curve that is
very much like the group delay. This is especially clear
for filters 2A in Fig. 7 and 4A in Fig. 8. The strong
interference terms (positive and negative) behind the
main lobe will significantly influence the shape of the
envelope of the analytic signal, however.

2 CONCLUSIONS

The Wigner distribution is potentially significant in
audio engineering because it is the basis for time-—
frequency analysis. Commonly used frequency-domain
and time-domain measures of performance are easily
derived from the Wigner distribution. Therefore their
value is now further enhanced because they are all
interrelated in a new and interesting way. Clearly, the
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Fig. 2. Wigner distributions of two pairs of 4-kHz Butterworth low-pass filters (arranged as in Fig. 1). Slight audible

difference.
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Fig. 3. Wigner distributions of four pairs of 4-kHz Butterworth low-pass filters (arranged as in Fig. 1). Moderare audible
difference.
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Fig. 4. Wigner distributions of one pair of 4-kHz seventh-order elliptic low-pass filters (arranged as in Fig. 1). Strong audible
difference.

J. Audio Eng. Soc., Vol. 35, No. 12, 1987 December 1007



PREIS ET AL.

28, 8080

14,2857

85718

2.8571 4

-2.857 A

FREQUENCY (kHz!

-8.5714

~14. 2857 4

L4

-28. 0008
LR

.7 1.8 1.73 ) i
TIHE 188)

(a)

2.2 2.8 2.8

4. a8

N, 2057

28.571% A

22,8571 1

17,1428 4

FREQUENCY (kHzZ)

11,4285

7
5.7142

e

o

[ e 1.3 i 1.9
TINE 198)

(a)

2.2 2.8 2.8

FREQUENCY 1kHZ)

FREQUENCY (kHz)

~1%, 2857

COMMUNICATIONS

N

1. 2857 4

8,578 A

2,857 1

-2.857 4

-8.571% A

E4

8.5 ﬁ"! i A ll:l "'-7 1.8
TIME 188)

(b)

In. 2057 A

28,5714 4

22.857 4

17,1828 4

11,4288

5.7142 4

as [X] .2 9.5 LA e
TINE 188!

(b)

Fig. 5. Wigner distributions of four pairs of 15-kHz seventh-order elliptic anti-alias filters (arranged as in Fig. 1). No audible

difference.
20,9080
14,2857
0578
=
£
< 2.85Mm
s
2
I+
@ .85 7
2
&
[
2.5 4
10,2887 1
8. 0008 v + v v - v r T T
®F 10 Ly L1 2% a3 28 28 A2 LS 3
TINE 188)
(a)
o
v 2857
2.5718
w
g
X 2.5 4
=3
H
b
2 1.z
2
H
£ - = !
1.4288 /;/ = :
) = OGS S LR R ,
S.7142 @& 1
e == S— . . i |
[X N LT 2% 23 28 2% 12 345 3
TIHE 188)

(a)

FREQUENCY (kHZ)

-4, 2857

-28. 0000

FREQUENCY (khz)

14,2857

8,578

2.857 4

-2.857 A

-8.571% o

E8

17.8

1.7

u N - T u T
18,1 18.% 1.8 s 182 19,8 [EE I N ®.8
TINE 198)

(b)

N, 2857

28.5718 A

22,8571 1

17,1828

11,9285

5.7182 4

8.8888
17.8

17,7

. 8.8 18.6 10’.9
TINE 198)

(b)

Fig. 6. Wigner distributions of eight pairs of 15-kHz anti-alias filters (arranged as in Fig. 1). Moderate audible difference.
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Wigner distribution provides considerable new insight
into and understanding of the mechanisms of linear
distortions. The issue presently at hand is to assess its
perceptual relevance. The 29 Wigner distributions in-
cluded in this communication show, by comparison,
its perceptual relevance in connection with the form
of phase distortion called group-delay distortion.
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APPENDIX
INTERPRETING AND UNDERSTANDING
THE WIGNER DISTRIBUTION

The Wigner distribution of a signal contains, in a
simple way, the following four properties useful to
audio engineers:

1) Frequency response

2) Group delay

3) Instantaneous power

4) Instantaneous frequency.

Each of these properties can be estimated visually
by taking a “slice” of the elevation contours of the
Wigner distribution parallel to the horizontal time axis
or parallel to the vertical frequency axis in the time—
frequency plane. The area under a horizontal slice at
frequency f; gives the numerical value of the frequency
response (magnitude squared) at that frequency, whereas
the center of gravity of that slice (the point at which
all the area could be concentrated to produce the same
moment about the vertical axis) gives the group-delay
time at that frequency. Similarly, the area under a ver-
tical slice at time 1, gives the instantaneous power of
the signal’s envelope, whereas the center of gravity of
that slice equals the instantaneous frequency.

As an aid for interpreting the eight figures included
in this communication, Wigner distributions corre-
sponding to a 4-kHz low-pass filter (see Fig. 3) and a
2-kHz all-pass filter are discussed here in more detail.
Figs. 9 and 10 show the interplay between the Wigner
distribution and impuise response, frequency response,
envelope power or energy—time curve, group delay,
and instantaneous frequency.

In Fig. 9 to the left is the frequency response and
below is the impulse response of a 4-kHz low-pass
filter. Above is the instantaneous power of the envelope
of the impulse response. Because power equals energy
per unit time, this curve is commonly referred to by
audio engineers as the ETC or energy~—time curve versus
time.

To the right are curves of group-delay time versus
frequency and instantaneous frequency versus time.
These two quantities are, mathematically, dual variables
of one another and numerically equal the center of
gravity of the Wigner distribution about the frequency
axis and time axis, respectively. In the center of Fig.
9 is the Wigner distribution itself as derived from the
analytic signal associated with the impulse response.
The analytic signal has no Fourier spectrum for negative
frequencies and is used as a mathematical means to
define and extract the envelope of the impulse response.
A minor, but observable, artifact of the analytic signal
is that its Wigner distribution as well as the energy—
time curve are not causal, that is, they exist before the
impulse response starts. The small, alternately positive
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and negative C-shaped interference terms in the right
of the Wigner distribution produce the peaks and valleys
in the energy—~time curve but tend to cancel in the
horizontal direction to yield a flat frequency response.
The “ringing” in this filter’s impulse response near and
at 4 kHz is predicted in the upper part of the Wigner
distribution by the large, horizontal positive energy
concentration which indicates damped, nearly sinusoidal
oscillation. The rising group-delay curve follows the
significant values of the Wigner distribution (the out-
ermost contour line is 52 dB below the highest). The
instantaneous frequency rises quickly from zero, then
oscillates in the region of the cutoff frequency of 4
kHz.

In qualitative terms, large concentrations in the
Wigner distribution parallel to the frequency axis imply
that the signal is “impulsivelike,” whereas concentra-
tions parallel to the time axis imply that the signal is
“sinusoidallike” or oscillatory in time (see Fig. 9).
From the standpoint of modulation theory, a horizontal
Wigner distribution indicates amplitude modulation
(AM) because at every instant in time there is only one
frequency present (just the carrier wave). On the other
hand, a vertical orientation of the Wigner distribution
indicates frequency modulation (FM) because every
frequency is present at one instant in time. A change
in the orientation of the Wigner distribution as time
progresses can be interpreted as a conversion between
FM and AM, for example, as Fig. 9 shows. In summary, .
the Wigner distribution in Fig. 9 is a graphic repre-
sentation of the statement that the impulse response of
a filter is, in general, an amplitude-modulated and fre-
quency-modulated signal. While these effects are always
evident in the impulse response itself, they are dra-
matically illustrated by the orientation of the Wigner
distribution.

It is important to remark that, although instantaneous
frequency indicates an FM effect, instantaneous fre-
quency is not the same as Fourier analysis frequency.
Similarly, its dual variable group-delay time is not the
same as Fourier analysis time. In this context, the Wig-
ner distribution is an important link between these two
frequencies and times.

Fig. 9 (lower part) shows the impulse response of
an all-pass filter (energy/frequency = constant) whose
peak group delay equals 8 ms at 2 kHz. Examination
of the impulse response waveform reveals both AM
and FM effects. The energy—time curve (envelope
power in decibels) shows the former while the absolute
value of the instantaneous frequency indicates the latter.
The envelope collapses several times, and each time
this occurs, the absolute value of the instantaneous
frequency simultaneously swings between 2 kHz and
0 kHz. The main, positive portion of the Wigner dis-
tribution has a shape similar to the group-delay curve.
Between 0.1 and 2.0 ms alternating positive and neg-
ative (black and white) impulsive contributions between
1.4 and 2.9 kHz in the Wigner distribution strongly
modify the energy—~time curve (envelope) while, at
later times, the three negative regions (nearly round

J. Audio Eng. Soc., Vol. 35, No. 12, 1987 December



WIGNER DISTRIBUTION ANALYSIS

COMMUNICATIONS
;3
9.9
Energy/time
w 8.8
I s
4.0 ¢
\
2.0
§ 101428 4
Energy/freq. é 53571 4 Wigner distribution Group delay
P 257004 Inst. Freq.
1.7057 @&QQ QA ™
e e g e e 0. g0 4 = v v - T + v T ¢ T v v -
- - - ® a 2 e 0520 1,632 1.528 2,020 2,528 M.418  3.S512 .08 NS 5. 00 053 1.832 1.528  2.en 2.5 ENCIL S LSI2 wE wSR SR
' ‘ ‘ TINE e} TINE leel
18P) SNINOOW
2.7
Impulse response
[N |
o [N
z
5 [ PRI /\ [\
V[\
Ik
.34
Fig. 9. 4-kHz anti-alias filter.
!
21,208 { \ i
iR
12,8571 ~J‘!J’l :
oA
a ] 'Il\
E 42057 4 .,’\ }\ Energy/time
S b IR i
o 42087 ‘,| { i
z i1 :
-
128571 4 ;, !
Ny
-21.4288 4 ' L[
Energy/freq. Group delay
£
z
g b \‘{,’\ Inst. Freqd
H S
'
i
il
i
|
!V
TR S g — ¥ S ,
5 ¥ 2 = b~ wie 1.29 2.40 3.67 4.88 6.5 7.% 0.12 9.62 10,080 11.9% 1.28 AL 388 s 8. 7.2% 0.42 9.01 10,88 11.9%
4 = s k4 < TIME 1m0} TIHE 1ee1
T ! |
2,31 ‘
i I |
=y !
(AR Y ;
‘!, H Impulse response ’f
2 I.z-’ii;!’l! !
s iih'y’{ bk i
SR AT \ My by
NN P S BAv. A A RARARANAE :
T T i
aady L IR
SRR
; 1 a ;
PR i
o f
}
Fig. 10. All-pass filter, 2-kHz center frequency.
12, 1987 December 1011

J. Audio Eng. Soc., Vol. 35, No.



PREIS ET AL.

white regions) correspond to the last three collapses
of the envelope. The rightmost central portion of the
Wigner distribution corresponds to the arrival of the
“packet” of signal energy near the 8-ms group-delay
time which, from the impulse response or instantaneous
frequency, is an oscillation at approximately 2 kHz.
The Wigner distribution contains rather small (52 dB
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below maximum value) contributions that oscillate in
time near the frequencies of 3.5 kHz and 0.71 kHz,
which determine the “fine structure” of the envelope
and instantaneous frequency.

The eight major figures contained in this commu-
nication can be interpreted and understood in a like
manner.
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