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Abstract— In this paper, new space-time coding schemes
for multiple transmit and receive antenna systems (MIMO)
are proposed. By applying a specific block coding scheme
for transmission, the MIMO channel is structured in an
advantageous manner. Diversity can be gained simultane-
ously with savings in receiver complexity. In a second step,
such structured schemes and BLAST schemes are combined,
offering a continuous trade-off between Quality of Service
(QoS) and choice of data rate. Due to the simplicity of the
coding schemes, only very moderate modifications in the
existing UMTS standard are required in order to support
them. If the transmitter knows the numbers of antenna el-
ements at both sides of the radio link then this is sufficient
for selecting the most appropriate scheme.

I. Introduction

In the following, the well known scheme of Alamouti[1],
[2] for two transmit antennas is revisited. An extension to
a four transmit antenna scheme (and in general M = 2m

transmit antennas) is presented in Section II. A detailed
description can be found in [3]. Section III further ex-
tensions are proposed allowing 1) arbitrary numbers of re-
ceive antennas and 2) a generalization, called Alamoutiza-
tion is shown for multiple transmit and receive antennas
not being of order 2m but of arbitrary even number. Such
procedures allow structuring of an otherwise unstructured
wireless channel and thus reduction in complexity at the
receiver end as well as preserving diversity gain for trans-
mission. In Section IV it will be demonstrated that such
flexible structuring can lead to optimal usage of resources,
namely the wireless channel. By reducing the block code
length less diversity is achieved, while the complexity suf-
fers only moderately. This allows transmitting data at a
higher rate when sufficient channel quality (in terms of di-
versity) is available and reducing the rate otherwise in order
to achieve higher diversity gain.

II. Alamouti Scheme

A very simple but effective scheme for two antennas
achieving a diversity gain of two was proposed by Alamouti
[1], [2]. It works by sending the sequence {s1, s

∗
2} on the

first antenna and {s2,−s∗
1} on the other. Assuming a flat-

fading channel and denoting the two channel coefficients
h1 and h2, the received vector r is formed by stacking two
consecutive data samples [r1, r2]T in time

r = Sh+ v̄ . (1)
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Here, the symbol block S and the channel vector h are
introduced,

S =
[

s1 s2
s∗
2 −s∗

1

]
, h =

[
h1
h2

]

This can be reformulated as
[

r1
r∗
2

]
=

[
h1 h2

−h∗
2 h∗

1

] [
s1
s2

]
+

[
v1
v∗
2

]
(2)

or in short notation

y = Hs+ v, (3)

where y = [r1, r
∗
2 ]

T . The resulting channel matrix H is
orthogonal, i.e.

HHH = HHH = h2I2 ,

where the 2 × 2 identity matrix I2 as well as the gain of
the channel h2 = |h1|2 + |h2|2 was introduced, indicating a
two times diversity for the reception of both symbols. Note
that each matrix element hi is assumed to be a complex
gaussian random variable with unit variance. The pdf of
h2 is a χ2 density function with N degrees of diversity
(2N degrees of freedom). In this case two matrix elements
were combined, thus the diversity order equals N = 2. The
transmitted symbols can be computed by the ZF approach,

ŝ = [HHH]−1HHy =
1
h2 HHy, (4)

which gives equivalent results to the ML solution due to the
diagonal structure of the HHH , however, with less receiver
complexity. This can be further elaborated on:

ŝ = s+ [HHH]−1HHv (5)

revealing the noise filtering. The noise variance for the
two symbols is given by σ2

vtrace([H
HH]−1) = 2σ2

v/h2. Us-
ing complex-valued modulation, only for the two antenna
scheme such an improvement is possible. Only in the case
of binary transmission, higher schemes with 4, and 8 an-
tennas exist [5]. In UMTS, QPSK is utilized on CDMA
preventing perfectly orthogonal schemes with an improve-
ment larger than a diversity of two.
In the following, a four times diversity scheme for UMTS

is proposed. The scheme was already proposed in [6], but
its full potential not recognized. It comes with a small
caveat though which will be explained in the following.
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Proposition 2.1 Starting with the 2×2-Alamouti scheme
the following recursive construction rule (similar to the con-
struction of a Walsh-Hadamard code) is applied

[
h1 h2

−h∗
2 h∗

1

]
→





h1 h2 h3 h4
−h∗

2 h∗
1 −h∗

4 h∗
3

−h∗
3 −h∗

4 h∗
1 h∗

2
h4 −h3 −h2 h1



 . (6)

i.e. the complex scalars h1 and h2 appearing to the left of
the arrow “→” are replaced by the 2× 2 matrices

H1 =
[

h1 h2
−h∗

2 h∗
1

]
and H2 =

[
h3 h4

−h∗
4 h∗

3

]

and then re-inserted into the Alamouti Space-Time channel
matrix [

H1 H2
−H∗

2 H∗
1

]

where ∗ denotes complex conjugation without transposi-
tion.
This results in the following symbol block S for trans-

mitting the four symbols s = [s1, . . . , s4]T :

S =





s1 s2 s3 s4
s∗
2 −s∗

1 s∗
4 −s∗

3
s∗
3 s∗

4 −s∗
1 −s∗

2
s4 −s3 −s2 s1



 . (7)

The received vector r can be expressed in the same form as
(1). Converting the received vector by complex conjugation

y1 = r1, v1 = v̄1,
y2 = r∗

2 , v2 = v̄∗
2 ,

y3 = r∗
3 , v3 = v̄∗

3 ,
y4 = r4, v4 = v̄4.

(8)

results in the following equivalent transmission scheme

y = Hs+ v , (9)

in which H appears again as MIMO channel transmission
matrix. If v̄ is a complex Gaussian vector with i.i.d. ele-
ments then so is v. The resulting matrix H is not unitary
anymore, instead

HHH = HHH = h2
[

I2 XJ2
−XJ2 I2

]
(10)

where the 2 × 2 matrix

J2 =
[

0 1
−1 0

]

has been introduced. The gain of the channel is

h2 = |h1|2 + |h2|2 + |h3|2 + |h4|2 ,

and the channel dependent real-valued random variable X
is defined by

X = 2[Real(h1h
∗
4 − h2h

∗
3)]/h2 . (11)

By applying the matched filter HH , this results in the re-
ception of the following vector:

z = HHy = HHHs+HHv (12)

= h2





s1 + Xs4
s2 − Xs3
s3 − Xs2
s4 + Xs1



+HHv

in which the pair {s1, s4} is decoupled from {s2, s3} allow-
ing for a low complexity solution based on the newly formed
receiver vector z. Numerical results for the Bit Error Rate
(BER) for variants of QPSK alphabets are presented and
discussed in [3].
Although [7] shows that for general complex-valued ran-

dom matrices H, the diversity gain applying simple ZF
schemes is only M − N + 1, for such structured matrices
it is different. The following solutions for ML and ZF are
obtained:

BERML,Al =
1
2
Eh2

[
erfc

(√
h2

σ2
v

)]
(13)

BERZF,Al =
1
2
Eh2,X2

[
erfc

(√
(1 − X2)h2

σ2
v

)]
.(14)

Remark on ZF: The term (1−X2)h2

σ2
v

showing in the ZF so-
lution can be interpreted as a smaller diversity. E[X2]=0.2
and thus the diversity can be expected to be lowered from
four to 3.2.
Note that the ZF for such matrix H is substantially

different than the general case. Thus, the conclusion
from[7] that = h2(1 − X2) is χ2 distributed with one
(=4-4+1) degree of freedom is not correct. Figure1
displays a histogram of α from 3000 runs. Closest fit
is the squared Nakagami-m distribution with m=3.2, or
equivalent χ2 with 6.4 degrees of freedom.
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Fig. 1. PDF and histogram of h2(1−X2) for 4x1 extended Alamouti
scheme

Remark on ML: The maximum-likelihood receiver selects
the s which minimizes

Λ1(s) = ‖y − Hs‖2 = sHGs − 2Re(yHHs) + ‖y‖2 (15)
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for all permissible symbol vectors s from the transmitter
alphabet, introducing the Grammian

G = HHH. (16)

The remainder of this section is specialized to QPSK which
is relevant for UMTS. The transmitter alphabet of the four
antenna scheme using QPSK consists of 44 = 256 symbol
vectors s.
Alternatively, a matched filter can be applied to y and

the maximum-likelihood estimator can be implemented on
its output z = HHy instead. However, it needs to be taken
into account that the noise plus interference is spatially
correlated after filtering: Assuming v to be zero-mean and
covariance matrix σ2

vI4 gives a w = HHv with conditional
covariance matrix σ2

vG given the realization of H.
The advantage of this approach is that this partly de-

couples the symbols. The pair {s1, s4} is decoupled from
{s2, s3} allowing for a maximum-likelihood receiver which
needs to search over 16 vector symbols only twice,

Λ2(s) = (z − Gs)HG−1(z − Gs)
= Λ2a(s1, s4) + Λ2b(s2, s3) . (17)

Maximization of Λ2(s) is achieved by individually maxi-
mizing Λ2a(s1, s4) and Λ2b(s2, s3) and we stress that max-
imizing Λ2(s) is strictly equivalent to maximizing Λ1(s).

III. Alamoutisation

So far only M × 1 antenna schemes were considered.
However, in near future more than one antenna will occur
at the receivers as well. A cellular phone can carry two and
a laptop even four antennas [8]. The proposed schemes
could also applied, however, it remains unclear how to
combine the received signals now in an optimal fashion.

A simple extension to the already proposed extended
Alamouti scheme is the following. Assume N antenna el-
ements are available rather than one and that the spacing
of the elements is sufficiently large so that the correspond-
ing channel values hnm are all mutually uncorrelated. The
received block vectors y1,y2, ...,yN can be combined by

z̃ =
N∑

n=1

HH
n yn. (18)

The so obtained new vector is also given by

z̃ =
N∑

n=1

HH
n Hns+

N∑

n=1

HH
n vn. (19)

The new matrix G̃ =
∑N

n=1 HH
n Hn maintains its structure,

thus can still be inverted by a simple 2×2 matrix inversion,
preserving the structure of (10). Alternatively, the low
complexity ML receiver can be used, since the two pairs
{s1, s4} and {s2, s3} are still separable. The new value h2

is given by

h2 =
M∑

m=1

N∑

n=1

|hnm|2 (20)

indicating now the NM times diversity.

While such scheme still requires the transmit antennas
to be of order 2m, an interesting other approach is pre-
sented in the following allowing to increase the diversity
when the number of receiver antennas is more than one but
typically less than the number of transmit antennas. The
proposed STC-schemes preserve as much orthogonality
so that the receivers are of low complexity, while a high
diversity is exploited.

Proposition 3.1 Assume that a block matrix form of the
channel matrix H is given by

H = [H1H2], (21)

where the matrices {H1,H2} are not necessarily quadratic.
Then, the scheme can be Alamouted by performing the fol-
lowing operation:

G =





H1 H2
−H∗

2 H∗
1

H∗
2 H∗

1
H1 −H2



 (22)

At the receiver a ZF operation is performed, obtaining
the corresponding term GHG with the property

GHG = 2
[

HH
1 H1 +HH

2 H2 0
0 HH

1 H1 +HH
2 H2

]
. (23)

Thus, a perfect orthogonality on the non-diagonal block
entries is achieved indicating low complexity at the receiver
while the diagonal block terms indicate high diversity
values. In a simpler form this was also proposed in [9].

Example 3.1: a two transmit-two receive antenna system
is considered.

H1 =
[

h1
h2

]
, H2 =

[
h3
h4

]

The matrix GHG becomes

GHG = 2(|h1|2 + |h2|2 + |h3|2 + |h4|2)
[
1 0
0 1

]

Thus, the full four times diversity can be explored, without
a matrix inverse computation. Note that in this case, the
sequence to transmit at the two antennas reads

{
s1 s2 −s∗

3 −s∗
4 s∗

3 s∗
4 s1 s2

s3 s4 s∗
1 s∗

2 s∗
1 s∗

2 −s3 −s4

}

Note also that during eight time periods only four symbols
are transmitted, i.e., this particular scheme has the
drawback of offering only half the symbol rate!

Example 3.2 Consider a 4 by 2 transmission scheme. The
matrices are identified to

H1 =
[

h11 h12
h21 h22

]
, H2 =

[
h13 h14
h23 h24

]
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The matrix GHG consists of two block matrices of size
2 × 2 on the diagonal. Thus, the scheme is still rather
simple, since only a 2 × 2–matrix has to be inverted
although a four–path diversity is achieved. A comparison
of the noise enhancement shows that for this 4×2 antenna
system 3dB is gained compared to the 4 × 1 antenna
system. Note that now the data rate is at full speed!

Example 3.3 The previously discussed 4× 1 antenna sys-
tem can be obtained when setting

H1 =
[

h1 h2
]
, H2 =

[
h3 h4

]

The reader may also try schemes in which the number of
receive antennas is not given by N = 2n. As long as N is
even, the scheme can be separated in two matrices H1 and
H2 of same size allowing the Alamoutization rule 3.1.

IV. Combining BLAST and Alamouti Schemes

Although the proposed extended Alamouti schemes
allow for utilizing the channel diversity without sacrificing
the receiver complexity, nothing has been said on data
rates yet. In the case of M × 1 antenna schemes, the M
symbols were repeated M times in a different and specific
order guaranteeing a data rate of one. Thus, the data
rates in the proposed schemes typically remain constant
(equal to one) when the schemes are quadratic and can
be lower when the receive antenna number is smaller
than the transmit antenna as pointed out in the previous
section. In BLAST transmission this is different. In its
simplest form, the V-BLAST coding [10], M new symbols
are offered to the M transmit antennas at every symbol
time instant thus achieving data rates M times higher
than in the Alamouti schemes. A combination of schemes
can be achieved by simply transmitting more or less of
the different repetitive transmissions. By utilizing the
so obtained transmission matrix structures the diversity
inherent in the transmission scheme can be exploited
differently offering a trade-off between data-rate and
diversity order. In order to clarify this statement, two
example are presented.

Example 4.1 A 4 × 2 antenna scheme is considered for
transmission. In a flat channel system, eight Rayleigh coef-
ficients are available describing the transmissions from the
four transmit to the two receive antennas, the transmission
matrix being

H =
[

h11 h12 h13 h14
h21 h22 h23 h24

]
. (24)

It should thus be possible to transmit either four times the
symbol data rate with diversity gain two, or two times the
data rate with diversity four or only at symbol data rate
but with diversity gain eight. In the first case the 4 × 4
scheme as proposed in Section II will be used, repeating
the four symbols four times, resulting in the reception of
eight symbols. When assigning two paths each to one 2×2

matrix Hi, i = 1..4, the following transmission matrix is
obtained

H =





H1 H2
−H∗

2 H∗
1

H3 H4
−H∗

4 H∗
3



 . (25)

Computing HHH, a 4× 4 matrix is obtained similar as in
the 4 × 1 antenna case, however with twice the diversity.
Thus in this case a diversity of eight is achieved with a
data rate of one.

On the other hand, by transmitting the sequences only
twice, i.e. by truncating the Four Antenna Scheme in (7),

Struncated =
[

s1 s2 s3 s4
s∗
2 −s∗

1 s∗
4 −s∗

3

]
, (26)

the received signals at the two antennas can be formed to




y11
y12
y21
y22



 =





h11 h12 h13 h14
−h∗

12 h∗
11 −h∗

14 h∗
13

h21 h22 h23 h24
−h∗

22 h∗
21 −h∗

24 h∗
23









s1
s2
s3
s4





= Hs. (27)

Thus, computing HHH results simply in the following
block matrix

HHH =
[

γ1I B
BH γ2I

]
(28)

with γ1 = |h11|2 + |h12|2 + |h13|2 + |h14|2 and γ2 = |h21|2 +
|h22|2+ |h23|2+ |h24|2. Due to the condition BHB = BBH

such matrix can be inverted with a 2 × 2 matrix inversion
rather than a 4× 4.

[HHH]−1 =
[

γ2I −B
−BH γ1I

] [
C Ø
Ø C

]
(29)

with C = [γ1γ2I − BBH ]−1. Thus, the underlying Alam-
outi scheme gives us the advantage of lower complexity
while the BLAST scheme offers higher data rate. This
mode was also proposed in [4] under the name Double
Space-Time Transmit Diversity (D-STTD).

Simulation results for D-STTD in independent Rayleigh
fading are shown in Fig.2. If compared to the low-rate
scheme (7) (see also Figure 3 in [3]) it is observed that the
ML receiver performs about 1dB better at a BER of 10−3

while the ZF receiver performs worse by 4dB when com-
paring to [3]. The difference between ML and ZF receiver
performance is now much more pronounced.
Finally the third transmission mode would send only

one set of four symbols to the four transmit antennas.
The corresponding matrix HHH is not of full rank and
therefore, cannot be inverted. The entries on its diagonal
consist of two times diversity terms like |h11|2+ |h12|2. The
decoding can only be performed with an ML decoder[11] al-
lowing only for diversity of two but with a data rate of four.
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Example 4.2 Same is true for an eight by two scheme
using the four antenna extended Alamouti scheme with a
BLAST transmission achieving a transmission rate of two.
Two sets of four symbols each are used to build the 4 ×
4 matrices H11,H12,H21,H22 for the four corresponding
block transmissions. The transmission matrix H now reads

[
H11 H12
H21 H22

]
(30)

and the term HHH is of the form

HHH =
[

α1I4 + β1J4 B
BH γ2α2I4 + β2J4

]
, (31)

with

J4 =
[

Ø J2
−J2 Ø

]
. (32)

Thus, only a 4 × 4 matrix inverse is required. The
remaining parts can be computed with the low complexity
techniques as described before. Gaining such insight the
following statement can be made.

Proposal 4.1 Given a transmission scheme with M = 2m

transmit and N = 2n receive antennas, all possible
diversity numbers (in multiples of 2k) ranging from one to
L = MN and data rates from one to L can be achieved,
as long the product of data rate and diversity number
remains L.

On non-flat fading channels the UMTS transmission al-
lows to increase the diversity by assigning a number of
fingers to each major energy contribution. In this case,
all finger values are combined in a correspondingly larger
matrix H. Assume that K reflections at K different delay
times τk exist:

H̃ =
K∑

k=1

Hkδ(t − τk) (33)

When ordering the so received values block by block after
another in one new matrix H, the following is obtained

H = [H1,H2, ...,HK ]. (34)

However, HHH remains of the same size as before. The
various fingers only contribute to (up to K times) higher
diversity gain allowing to utilize BLAST schemes in which
HHH would not be of full rank in a flat Rayleigh scenario.

V. Concluding Remarks

A very flexible and at the same time simple block cod-
ing scheme based on extended Alamouti schemes was pre-
sented. It was shown by many examples that such block
coding schemes offer much flexibility at transmitter and
receiver. Knowing the number of receiver antennas at the
transmitter suffices for selecting the most suitable scheme
out of a wide range of possible STC schemes allowing high
flexibility in selecting data rate and diversity gain. This
allows the service provider to select the optimal transmis-
sion scheme, for example in UMTS, individually selected
for each supported mobile.
Furthermore, such extended Alamouti schemes can be

described by very few values (in the simple case of a 4× 1
scheme by only two real values {X,h2}). Although random
matrices, the transmission matrix H is now so well struc-
tured, that the eigenvectors are all known at the transmit-
ter. Thus, simple feedback information of a few charac-
teristic values from the receiver allows to support optimal
transmission on eigenmodes[12].
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