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High Diversity with Simple Space Time
Block-Codes and Linear Receivers

Markus Rupp, Christoph Mecklenbräuker, Gerhard Gritsch

Abstract— Multiple-Input-Multiple-Output (MIMO) sys-
tems are under intense investigation for wireless transmis-
sion systems. Space-Time Coding is an efficient approach
to exploit the huge diversity offered by the MIMO chan-
nel. One of the main problems of Space-Time Block Coding
(STBC) is that the offered diversity can only be exploited
by the optimal ML receiver which has exponential complex-
ity. In contrast, linear receivers like the ZF-receiver are less
complex, but achieve in general only a fraction of the offered
diversity. In this paper, we show that it is also possible to
achieve high diversity with linear receivers utilizing STBCs
with a specific structure. We investigate the diversity prop-
erties of cyclic codes and extended Alamouti codes. It is
shown, that the diversity order D increases asymptotically
linear with the number of receive antennas (nR) and that
the extended Alamouti code achieves already almost full di-
versity utilizing linear receivers and only small nR.

I. Introduction

Utilizing multiple antennas at transmitter and receiver
offers a strong potential for more spectral efficiency in wire-
less systems. However, how such advantage can be used
with low complexity at the receiver is currently a quite
open question for research activities. Low complexity re-
ceivers like Zero Forcing (ZF) or Minimum Mean Square
Error (MMSE) typically suffer from a loss in diversity [1]
and thus in transmission quality while Maximum Likeli-
hood (ML) receivers preserve the diversity at the expense
of high complexity.

Quite recently so-called extended Alamouti Codes were
proposed [2], [3], [4] extending the initial work of Alamouti
[5] and allowing high diversity transmission techniques by
utilizing low complexity receivers. This paper will give an
deeper insight in the properties of such codes for four trans-
mit antenna (nT = 4) systems and arbitrary number (nR)
of receiver antennas. Also cyclic codes will be investigated
allowing similar performance with low complexity due to
their FFT properties.

Diversity is classically seen as the transmission of an in-
formation stream over several, say D, independent paths.
At the receiver such paths can be combined so that the
quality of the received information is higher than on a single
path. If each path of the diversity transmission is described
by a complex variable hn, assuming unit variance E|hn|2,
the density of the linear combination of x =

∑
n |hn|2 is
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given by the χ2 density

p(x) =
xN−1e−x

Γ(N)
,

with 2N degrees of freedom. Given such a density it is
relatively simple to conclude the diversity order D = N . In
some measurements, however, an integer number N is not
showing. In this case a so-called Nakagami-m distribution
is preferred allowing fractionally diversity numbers m.

In the following Sect. II some known results for ML, ZF
and MMSE receivers are presented, reformulated so that
the techniques can be applied in later sections. Sect. III
investigates cyclic codes. Finally Sect. IV presents the ex-
tended Alamouti Scheme.

II. Some Known Results on Diversity

A. ML Receiver

Assume the following transmission matrix in an nR×nT

MIMO transmission system:

r = Hs + v,

i.e., nT transmit and nR receive antennas with

H =




h11 h12 ... h1nT

h21 h22 ... h2nT

...
...

hnR1 hnR2 ... hnRnT


 .

For ML detection, consider the transmission of the vector
s = [s1, s2, ..., snT

]T . Only the first element may be er-
roneous and thus at the receiver nR multiple instances of
such error occur

e = h1[s1 − ŝ1] + v,

where h1 denotes the first column in H. The noise vec-
tor v = [v1, v2, .., vnR

]T is assumed to be a complex val-
ued Gaussian noise of unit variance, i.e., E[|vk|2] = 1; k =
1..nR. The optimal ML receiver will minimize the error en-
ergy, i.e., ‖e‖2. For QPSK transmission, an error occurs if
such term is smaller than

∑ |vk|2 = ‖v‖2. The most likely
error is a one bit error, i.e., ε = s1− ŝ1 = {±2,±2j}/√2. It
is assumed here that the symbols are transmitted with unit
energy. Based on this Pairwise-Error-Probability (PEP), a
one bit error thus occurs when

∑
|hk1ε + vk|2 <

∑
|vk|2.
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With the definition of the instantaneous SNR

SNRML =
∑ |hk1|2

σ2
v

= αML SNR

the following expression is obtained:

BERML =
1
2
EH

[
erfc

(√∑ |hk1|2
σ2

v

)]

=
1
2
Eα

[
erfc

(√
αML SNR

)]
,

with αML being the fading factor and SNR = nT /σ2
v is

the mean SNR. It is important to realize that αML =
1/nT

∑nR

k=1 |hk1|2 now is in the numerator and thus de-
fines the diversity of the transmission. In the case where all
elements hki are independent and identically distributed,
αML is χ2-distributed with 2nR degrees of freedom and the
diversity is nR, thus linear in the number of receive anten-
nas. A closed form of the expression is for example given in
[6]. Note that in the case of an uncoded MIMO system the
data rate grows linearly with nT while the diversity order
increases linearly with nR.

B. ZF Receiver

For the ZF receiver the approach is as follows. First, the
received vector is multiplied by HH , obtaining

r̃ = HHHs + HHv. (1)

The so obtained filtered received vector is filtered further
by [HHH]−1. It is worth exploring a few features of such
matrix first. The nR × nT matrix H can be composed of a
vector h and a smaller matrix H̃ of dimension nR× [nT −1]
H = [h, H̃]. The determinant of HHH is thus given by

det
(

hHh hHH̃
H̃Hh H̃HH̃

)
= det(H̃HH̃)

det(hHh− hHP̃h)

where P̃ = H̃[H̃HH̃]−1H̃H is a projection matrix. Note
that

hHh− hHP̃h = hH [I− P̃]h,

the inner part being a projection matrix of dimension nR×
nR with rank nR − (nT − 1). Due to the normalization its
eigenvalues are one or zero, i.e., nR − nT + 1 eigenvalues
are one, and nT − 1 are zero. This can be shown readily.
Assume an eigenvector constructed as a linear combination
of vectors in H̃, i.e., H̃a. Every such vector will end up
zero at the outcome of the projection matrix. Since H̃ is of
dimension nR× [nT −1], nT −1 possible linear independent
vectors exist corresponding to zero eigenvalues. On the
other hand nR − nT + 1 linear independent eigenvectors b
remain that are orthogonal to HH , i.e., HHb = 0. For
these vectors, the corresponding eigenvalues are one.

Now consider the detection problem. Multiplying (1) by
the matrix inverse [HHH]−1

ŝ = s + [HHH]−1HHv = s + ṽ

is obtained. Due to symmetry and the fact that every
element of H is i.i.d., every symbol is distorted equivalently.
It is thus sufficient to look at the first symbol to determine
a one symbol error (one bit error). In this case |s−ŝ| = √

2.
Thus, the probability of a one bit error is given by

P (ṽ >
√

2) =
1
2
erfc

(√
1
σ2

ṽ

)
.

The noise variance can be computed by the inverse of
[HHH]. It is sufficient to look at the first diagonal ele-
ment given by

σ2
ṽ = σ2

v

det(H̃HH̃)
det(HHH)

.

According to the discussion above this is equivalent to

σ2
ṽ =

σ2
v

hH [I− P̃]h
.

Now lets investigate the distribution of hH [I− P̃]h. Since
I − P̃ is a projection matrix, it can be diagonalized via a
unitary transformation: QH [I − P̃]Q = Λ. Since h is a
vector with i.i.d. complex-valued Gaussian variables, its
distribution is invariant under a unitary transformation:
QHh and h have the same distribution. Exactly nR−nT +1
diagonal elements of Λ are equal to one and the others
vanish. It is concluded that

αZF ≡ 1
nT

hHQΛQHh

is χ2 distributed with 2(nR − nT + 1) degrees of freedom
rather than 2nR. The BER is thus given by

BERZF =
1
2
Eα

[
erfc

(√
αZF SNR

)]
.

Note that this result can also be found in [1], however not
so easy to follow.

C. MMSE Receiver

The solution for MMSE detectors is much more difficult
to obtain. Consider (1) again. The so obtained filtered re-
ceived vector is filtered further by a matrix [HHH + νI]−1

where ν = 0 for ZF and ν = σ2
v for MMSE. Other values for

ν can be inserted for describing MMSE receiver behaviour
with mismatch of the assumed noise variance when the re-
ceiver needs to estimate it. Note that for an nR×nT matrix
H the new matrix HHH is of size nT ×nT , thus the inverse
of HHH can only exist if nR ≥ nT , i.e., the number of re-
ceive antennas must at least equal the number of transmit
antennas. The estimated symbol is given by

ŝ = [HHH + νI]−1HHHs + [HHH + νI]−1HHv

= s + [HHH + νI]−1[Hv − νs] = s + ṽ.
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Here, the noise term has been defined including parts of the
transmitted symbol. This can only be correct as long as
the ISI contribution is smaller than the noise contribution,
i.e., ‖νs‖ ¿ ‖Hv‖. The covariance matrix of such noise
term is given by

Cṽ = σ2
v

[
I +

(
ν2

σ2
v

− ν

)
[HHH + νI]−1

]
[HHH + νI]−1.

The expression becomes particularly simple for ν = σ2
v .

Then Cṽ = σ2
v [HHH + σ2

vI]
−1. Following the approach

from ZF for the first diagonal element of [HHH + σ2
vI]

−1

det(H̃HH̃ + σ2
vI)

det(HHH + σ2
vI)

=
1

hH [I− R̃]h + σ2
v

is obtained, where R̃ = H̃[H̃HH̃+σ2
vI]

−1H̃H . Again nR−
nT +1 eigenvalues of I−R̃ are one but the remaining nT−1
eigenvalues are larger than zero. Thus,

αMMSE = (hH [I− R̃]h)/nT + (σ2
v)/nT

= αZF + (hH(P̃− R̃)h)/nT + SNR
−1

≥ αZF + SNR
−1

,

where the eigenvalues of P̃ − R̃ are positive and propor-
tional to σ2

v . The value αMMSE can thus be bounded by

αZF + SNR
−1 ≤ αMMSE ≤ αZF + (1 + γ)SNR

−1

for some positive constant γ. Important is that the eigen-
values of the original projection matrix are now not all ones
and zeros and thus an integer number for the diversity can-
not be concluded.

III. Cyclic STBC

In this and the following section we limit our consider-
ations to block codes of size nT = 4. The following cyclic
Space-Time Block Code (STBC) is considered:

S=




s1 s2 s3 s4

s4 s1 s2 s3

s3 s4 s1 s2

s2 s3 s4 s1




The number of receiver antennas nR can be chosen arbi-
trarily. To keep the investigation of the properties of this
code as simple as possible, nR is chosen to be one for the
first part of this section. In the second part, the scheme is
generalized to an arbitrary nR.

A. Special Case: nR = 1

For a 4 × 1 MIMO channel, the channel matrix degen-
erates to a vector h, which consists of 4 channel taps:
h = [h1, h2, h3, h4]

T . With the channel transition vector
h and the STBC, the received signal reads:

r=




s1 s2 s3 s4

s4 s1 s2 s3

s3 s4 s1 s2

s2 s3 s4 s1


h+v=




h1 h2 h3 h4

h4 h1 h2 h3

h3 h4 h1 h2

h2 h3 h4 h1


s+v.

(2)

The code word is multiplied by the channel transition
vector h and noise v is added. The second step in (2)
is a mathematical equivalent formulation, whereby s =
[s1, s2, s3, s4]

T . The transmission can thus be regarded
as a block transmission with the cyclic matrix H as chan-
nel matrix. To recover the transmitted symbols with the
ZF receiver, the received signal is multiplied by the pseudo
inverse of the channel matrix H#:

H# r = s + H# v

Note that the pseudo inverse of the channel matrix H#

can be calculated without a matrix inversion. Cyclic ma-
trices can be diagonialized with the aid of the FFT matrix
F. Therefore, the eigenvalues of the matrix HH H can be
easily calculated only by matrix multiplications:

Λ = FHHHFH .

The inverse of Λ = diag(λ1 , λ2 , λ3 , λ4) is once again a
diagonal matrix with inverse diagonal elements: Λ−1 =
diag(λ−1

1 , λ−1
2 , λ−1

3 , λ−1
4 ). Thus, the pseudo inverse is:

H# = (HH H)
−1

HH = FΛ−1FHHH .

The main focus of this section lies on the diversity order
of the cyclic code with a ZF receiver. As mentioned in the
introduction, the diversity order of a system can be deter-
mined by comparing the statistic of the instantaneous SNR
with a χ2 or Nakagami-m distribution. For this reason, the
SNR for each symbol has to be calculated. Therefore, the
covariance matrix of the filtered noise (ṽ = H# v) has to
be determined:

Cṽ = E
{

(HH H)
−1

HH vvHH (HH H)
−1

}

= (HH H)
−1

σ2
v = FΛ−1FH σ2

v . (3)

The i-th diagonal element of the covariance matrix denotes
the variance of the modified noise ṽ disturbing the i-th
signal component of s. Because of the constraint that the
transmit power of each symbol is one and the fact that the
variances of the modified noise are all identical, namely
σ2

ṽ = 0.25σ2
v

∑4
i=1 λ−1

i , the instantaneous SNR for each
symbol is identical and reads:

SNRZF,cyc =
4

σ2
v

∑4
i=1

1
λi

=
1∑4

i=1
1
λi

4
σ2

v

= αZF,cyc SNR. (4)

Where αZF,cyc is the fading factor and SNR = 4/σ2
v denotes

the mean SNR. The eigenvalues are defined as:

λ1 =
1
4
|h1 + h2 + h3 + h4|2; λ2 =

1
4
|h1 − jh2 − h3 + jh4|2;

λ3 =
1
4
|h1 − h2 + h3 − h4|2; λ4 =

1
4
|h1 + jh2 − h3 − jh4|2.

In Fig. 1 the statistic of the fading factor αZF,cyc is com-
pared with χ2-distributions with two, three and four de-
grees of freedom. Note, that the entries of the channel ma-
trix / vector are i.i.d. complex Gaussian with zero mean
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Fig. 1. Simulated histogram of the fading factor αZF,cyc for nR = 1

and χ2 distributions with 2, 3 and 4 degrees of freedom

and unit variance. A rough comparison of the simulated
histogram and the Probability Density Function (PDF) of
the χ2-distribution leads to the approximative result of
D ≈ 1.5 where we selected a very conservative number.

Note that all results for cyclic codes can be generalized
to arbitrary nT .

B. Extension to Arbitrary nR:

If an arbitrary nR is considered, the resulting virtual
channel matrix H consists of nR cyclic channel matrices
Hi (like in the one antenna case) which are stacked into H
by: H = (H1,H2, . . . ,HnR

)T . With such channel matrix
the eigenvalues of HH H are:

Λ = FHH HFH

= F(HH
1 H1 + HH

2 H2 + . . . + HH
nR

HnR)FH

= Λ1 + Λ2 + . . . + ΛnR (5)

With this result the eigenvalues of the matrix HHH are
the sum of the eigenvalues of the single antenna channel
matrices HH

i Hi:

λ(i) =
nR∑

j=1

λ
(i)
j (6)

The SNR definition (4) holds also for the case with arbi-
trary nR. The only difference is the modified eigenvalues
which are simply the sum of the eigenvalues of the one
antenna case.

To determine the diversity order D of the cyclic code
with more than one receive antenna, the simulated his-
tograms of several values of nR are compared with χ2 dis-
tributions. In Fig. 2 the fading factor αZF,cyc for nR = 4 is
compared with several χ2-distributions. Such comparisons
were made for nR=1,2,4,8, and 16. The resulting diversity
order divided by nR can be seen in the following table:

nR 1 2 4 8 16
D/nR 1.5 2.5 3.25 3.625 3.8125

Note, that the maximum achievable normalized diversity
order is nT =4. From these results, it can be concluded: 1.)
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Fig. 2. Simulated histogram of the fading factor αZF,cyc for nR = 4

and χ2 distributions with 12, 26 and 32 degrees of freedom

The diversity order grows asymptotically linear with nR,
2.) For the practical case of nR=4, the diversity order is
already quite high D = 13 and 3.) In the limit of nR very
large, it can be suspected, that the full diversity is achieved
D = nR nT as in the ML receiver case. In contrast to an
uncoded system, the data rate is constant and thus does
not increase linear with nT .

IV. Extended Alamouti STBC

In this section, the previous investigations are repeated
for the extended Alamouti coded scheme [2], [3]. Note that
such scheme exists for all transmit antenna numbers nT =
2k. However, we only investigate the case nT = 4. The
extended Alamouti coding scheme then reads:

S=




s1 s2 s3 s4

s∗2 −s∗1 s∗4 −s∗3
s∗3 s∗4 −s∗1 −s∗2
s4 −s3 −s2 s1


 .

First, the simple case of one receive antenna (nR=1) is
studied. The second part deals with an arbitrary number
of receive antennas.

A. Special Case: nR=1

As shown in (2) there is a mathematical equivalent de-
scription of the received signal r = Hs + v which also
can be achieved for the Extended Alamouti coding scheme,
whereby the channel matrix reads as:

H=




h1 h2 h3 h4

−h∗2 h∗1 −h∗4 h∗3
−h∗3 −h∗4 h∗1 h∗2

h4 −h3 −h2 h1


 .

It is worth mentioning, that for calculating the pseudo in-
verse of the channel matrix, no matrix inverse is necessary.
Because of the Hadamard structure of the channel matrix
H, the form HH H can be diagonalized with the matrix V:

Λ = VHHHVH .

The inverse of the diagonal matrix Λ = diag(λ1 , λ2 , λ3 , λ4)
is once again a diagonal matrix with inverse diagonal ele-
ments: Λ−1 = diag(λ−1

1 , λ−1
2 , λ−1

3 , λ−1
4 ). With this, the
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pseudo inverse is:

H# = (HH H)
−1

HH = VHΛ−1VHH .

Whereby the matrix V is

V =
1√
2




0 −1 1 0
1 0 0 1
0 1 1 0

−1 0 0 1




and the corresponding eigenvalues are:

λ1 = λ2 = h2(1 + X) λ3 = λ4 = h2(1−X)

X = 2Re {h1h
∗
4 − h2h

∗
3} /h2

h2 = |h1|2 + |h2|2 + |h3|2 + |h4|2.
To determine the diversity order of this code with a ZF

receiver, the instantaneous SNR has to be calculated. For
this purpose, the covariance matrix of the noise must be
calculated. The same expression is obtained as in (3) sub-
stituting the matrix F by V. The i-th diagonal element of
the covariance matrix denotes the variance of the modified
noise ṽ disturbing the i-th signal component of s. Because
of the constraint that the transmit power of each sym-
bol is one and the fact that the variances of the modified
noise are all identical, namely σ2

ṽ = 0.5σ2
v (λ1

−1 + λ4
−1) =

0.5σ2
v (λ2

−1 + λ3
−1) = σ2

v (h2(1−X2))−1, the instanta-
neous SNR for each symbol is identical and reads:

SNRZF,ext =
2

σ2
v

(
1
λ2

+ 1
λ3

)

=
1

2
(

1
λ2

+ 1
λ3

) 4
σ2

v

= αZF,ext SNR .

Where αZF,ext is the fading factor and SNR = 4/σ2
v de-

notes the mean SNR. In Fig. 3 the simulated histogram
is compared with χ2-distributions with several degrees of
freedom. Note that the entries of the channel matrix /
vector are i.i.d. complex Gaussian with zero mean and
unit variance. The comparison gives an excellent agree-
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Fig. 3. Simulated histogram of the fading factor αZF,ext for nR = 1

and χ2 distributions with 4, 6.4 and 8 degrees of freedom

ment with D ≈ 3.2. Note that a Nakagami-m distribution
with m=3.2 is equivalent to a χ2 distribution with 6.4 de-
grees of freedom.

B. Extension to arbitrary nR:

The eigenvalues of HH H of the channel matrix with a
general nR can be calculated as in the previous section,
obtaining (5) again. With this result, the eigenvalues of
the matrix HHH are the sum of the eigenvalues of the
one antenna channel matrices HH

i Hi, as given in (6). The
SNR definition (4) holds also for arbitrary nR. The only
difference is the modified eigenvalues which are simply the
sum of the eigenvalues of the one antenna case.

The diversity order of the coded system with ZF receiver
is once again determined by comparing the histograms of
the simulated fading factor αZF,ext with χ2-distributions.
The diversity order of the system for several nR is listed in
the following table:

nR 1 2 4 8 16
D/nR 3.2 3.5 3.75 3.875 3.9375

Note, that the maximum achievable normalized diver-
sity order is nT =4. For the Extended Alamouti coding
scheme the same conclusions can be drawn as for the cyclic
code. The important difference between the two investi-
gated codes is that the Extended Alamouti coding scheme
achieves even almost full diversity in the case of nR=1 thus
gives better results for a small number of receive antennas.

V. Summary and Conclusions

In this paper the diversity of STBC systems with ZF re-
ceivers are investigated. It is well known that ZF-receivers
achieve only a diversity order of D = nR − nT + 1, if the
channel matrix has no structure. Note, for uncoded sys-
tems with nR < nT a symbol detection with ZF is not
possible. With strong structured channel matrices, which
arise if STBC is employed, the diversity order behaves dif-
ferently. It is shown: 1.) the diversity grows asymptotically
linear with nR, 2.) high diversity can be achieved with ZF
receivers and only a few receive antennas and 3.) it can be
suspected, that the diversity order tends to full diversity
(offered by the channel itself D = nR nT ) if nR tends to
infinity.
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