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Abstract The first thing that comes in mind when we talk about acoustic echo
cancellation is adaptive filtering. In this chapter, we discuss a large num-
ber of multichannel adaptive algorithms, both in time and frequency
domains. This discussion will be developed in the context of multi-
channel acoustic echo cancellation where we have to identify a multiple-
input multiple-output (MIMO) system (e.g., room acoustic impulse re-
sponses).
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1. INTRODUCTION
All today’s teleconferencing systems are hands-free and single-channel

(meaning that there is only one microphone and one loudspeaker). In
the near future, we expect that multichannel systems (with at least two
loudspeakers and at least one microphone) will be available to customers,
therefore providing a realistic presence that single-channel systems can-
not offer.

In hands-free systems, the coupling between loudspeakers and micro-
phones can be very strong and this can generate important echoes that
eventually make the system completely unstable (e.g., the system starts
howling). Therefore, multichannel acoustic echo cancelers (MCAECs)
are absolutely necessary for full-duplex communication [1]. Let P and
Q be respectively the numbers of loudspeakers and microphones. For
a teleconferencing system, the MCAECs consist of PQ adaptive filters
aiming at identifying PQ echo paths from P loudspeakers to Q mi-
crophones. This scheme is, in fact, a multiple-input multiple-output
(MIMO) system. We assume that the teleconferencing system is orga-
nized between two rooms: the “transmission” and “receiving” rooms.
The transmission room is sometimes referred to as the far-end and the
receiving room as the near-end. So each room needs an MCAEC for each
microphone. Thus, multichannel acoustic echo cancellation consists of a
direct identification of an unknown linear MIMO system.

Although conceptually very similar, multichannel acoustic echo can-
cellation (MCAEC) is fundamentally different from traditional mono
echo cancellation in one respect: a straightforward generalization of the
mono echo canceler would not only have to track changing echo paths
in the receiving room, but also in the transmission room! For example,
the canceler would have to reconverge if one talker stops talking and
another starts talking at a different location in the transmission room.
There is no adaptive algorithm that can track such a change sufficiently
fast and this scheme therefore results in poor echo suppression. Thus, a
generalization of the mono AEC in the multichannel case does not result
in satisfactory performance.

The theory explaining the problem of MCAEC was described in [1]
and [2]. The fundamental problem is that the multiple channels may
carry linearly related signals which in turn may make the normal equa-
tions to be solved by the adaptive algorithm singular. This implies that
there is no unique solution to the equations but an infinite number of
solutions, and it can be shown that all but the true one depend on the
impulse responses of the transmission room. As a result, intensive stud-
ies have been made of how to handle this properly. It was shown in [2]
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that the only solution to the nonuniqueness problem is to reduce the
coherence between the different loudspeaker signals, and an efficient low
complexity method for this purpose was also given.

Lately, attention has been focused on the investigation of other meth-
ods that decrease the cross-correlation between the channels in order
to get well behaved estimates of the echo paths [3], [4], [5], [6], [7], [8].
The main problem is how to reduce the coherence sufficiently without
affecting the stereo perception and the sound quality.

The performance of the MCAEC is more severely affected by the
choice of the adaptive algorithm than the monophonic counterpart [9],
[10]. This is easily recognized since the performance of most adaptive al-
gorithms depends on the condition number of the input signal covariance
matrix. In the multichannel case, the condition number is very high; as
a result, algorithms such as the least-mean-square (LMS) or the normal-
ized LMS (NLMS), which do not take into account the cross-correlation
among all the input signals, converge very slowly to the true solution.
It is therefore highly interesting to study multichannel adaptive filtering
algorithms.

In this chapter, we develop a general framework for multichannel
adaptive filters with the purpose to improve their performance in time
and frequency domains. We also investigate a recently proposed class
of adaptive algorithms that exploit sparsity of room acoustic impulse
responses. These algorithms are very interesting both from theoretical
and practical standpoints since they converge and track much better
than the NLMS algorithm for example.

2. NORMAL EQUATIONS AND
IDENTIFICATION OF A MIMO SYSTEM

We first derive the normal equations of a multiple-input multiple-
output (MIMO) system.

2.1 NORMAL EQUATIONS
We assume that we have a MIMO system with P inputs (loudspeakers)

and Q outputs (microphones). We also assume that the MIMO system
(a room in our context) is linear and time-invariant. Acoustic echo
cancellation consists of identifying P echo paths at each microphone so
that in total, PQ echo paths need to be estimated. We have Q output
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Figure 1.1 A MIMO system consisting of P inputs and Q outputs.

(microphone) signals (see Fig. 1.1):

yq(n) =
P∑

p=1

hT
pqxp(n) + bq(n), (1.1)

q = 1, 2, ..., Q,

where superscript T denotes transpose of a vector or a matrix,

hpq =
[

hpq,0 hpq,1 · · · hpq,L−1

]T

is the echo path – of length L – between loudspeaker p and microphone
q,

xp(n) =
[

xp(n) xp(n − 1) · · · xp(n − L + 1)
]T

,

p = 1, 2, ..., P,

is the pth reference (loudspeaker) signal (also called the far-end speech),
and bq(n) is the near-end noise added at microphone q, assumed to be
uncorrelated with the far-end speech. We define the error signal at time
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n for microphone q as

eq(n) = yq(n) − ŷq(n)

= yq(n) −
P∑

p=1

ĥ
T

pqxp(n), (1.2)

where

ĥpq =
[

ĥpq,0 ĥpq,1 · · · ĥpq,L−1

]T

are the model filters. It is more convenient to define an error signal
vector for all the microphones:

e(n) = y(n) − ŷ(n)

= y(n) − Ĥ
T
x(n), (1.3)

where

y(n) = HTx(n) + b(n),

H =




h11 h12 · · · h1Q

h21 h22 · · · h2Q
...

...
. . .

...
hP1 hP2 · · · hPQ


 ,

b(n) =
[

b1(n) b2(n) · · · bQ(n)
]T

,

e(n) =
[

e1(n) e2(n) · · · eQ(n)
]T

,

y(n) =
[

y1(n) y2(n) · · · yQ(n)
]T

,

ŷ(n) =
[

ŷ1(n) ŷ2(n) · · · ŷQ(n)
]T

,

Ĥ =




ĥ11 ĥ12 · · · ĥ1Q

ĥ21 ĥ22 · · · ĥ2Q
...

...
. . .

...
ĥP1 ĥP2 · · · ĥPQ


 ,

x(n) =
[

xT
1 (n) xT

2 (n) · · · xT
P (n)

]T
.
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Having written the error signal, we now define the recursive least-
squares error criterion with respect to the modelling filters:

J(n) =
n∑

i=0

λn−ieT (i)e(i) (1.4)

=
Q∑

q=1

n∑
i=0

λn−ie2
q(i)

=
Q∑

q=1

Jq(n),

where λ (0 < λ < 1) is a forgetting factor. The minimization of (1.4)
leads to the multichannel normal equations:

Rxx(n)Ĥ(n) = Rxy(n), (1.5)

where

Rxx(n) =
n∑

i=0

λn−ix(i)xT (i)

=




R11(n) R12(n) · · · R1P (n)
R21(n) R22(n) · · · R2P (n)

...
...

. . .
...

RP1(n) RP2(n) · · · RPP (n)


 (1.6)

is an estimate of the input signal covariance matrix – of size (PL×PL),
and

Rxy(n) =
n∑

i=0

λn−ix(i)yT (i) (1.7)

is an estimate of the cross-correlation matrix – of size (PL×Q) – between
x(n) and yT (n).

It can easily be seen that the multichannel normal equations (1.5)
can be decomposed in Q independent normal equations, each one corre-
sponding to a microphone signal:

Rxx(n)ĥq(n) = rxy,q(n), q = 1, 2, ..., Q, (1.8)

where ĥq(n) [resp. rxy,q(n)] is the qth column of matrix Ĥ(n) [resp.
Rxy(n)]. This result implies that minimizing J(n) or minimizing each
Jq(n) independently gives the same results. This makes sense from an
identification point of view, since the identification of the impulse re-
sponses for one microphone is completely independent of the others.
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2.2 THE NONUNIQUENESS PROBLEM
In many situations, the signals xp(n) are generated from a unique

source s(n), so that:

xp(n) = gT
p s(n), p = 1, 2, ..., P, (1.9)

where

gp =
[

gp,0 gp,1 · · · gp,L−1

]T

is the impulse response between the source and microphone p in the
transmission room in the case of a teleconferencing system [2]. There-
fore the signals xp(n) are linearly related and we have the following
[P (P − 1)/2] relations [2]:

xT
p (n)gi = xT

i (n)gp, (1.10)
i, p = 1, 2, ..., P, i �= p.

Indeed, since xp = s∗gp, therefore xp∗gi = s∗gp∗gi = xi∗gp (the symbol
∗ is the linear convolution operator). Now, consider the following vector:

u =
[ ∑P

p=2 ζpgT
p −ζ2gT

1 · · · −ζPgT
1

]T
,

where ζp are arbitrary factors. We can verify using (1.10) that
Rxx(n)u = 0PL×1, so Rxx(n) is not invertible. Vector u represents
the nullspace of matrix Rxx(n). The dimension of this nullspace de-
pends of the number of inputs and is equal to (P − 2)L + 1 (for P ≥ 2).
So the problem becomes worse as P increases. Thus, there is no unique
solution to the problem and an adaptive algorithm will drift to any one
of many possible solutions, which can be very different from the “true”
desired solution ĥpq = hpq. These nonunique “solutions” are dependent
on the impulse responses in the transmission room:

ĥ1q = h1q + β
P∑

p=2

ζpgp, (1.11)

ĥpq = hpq − βζpg1, p = 2, ..., P, (1.12)

where β is an arbitrary factor. This, of course, is intolerable because
gp can change instantaneously, for example, as one person stops talking
and another starts [1], [2].
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2.3 THE IMPULSE RESPONSE TAIL
EFFECT

We first define an important measure that is very useful for MCAEC.
Definition: The quantity

‖hq − ĥq‖
‖hq‖ , q = 1, 2, ..., Q, (1.13)

where ‖ · ‖ denotes the two-norm vector, is called the normalized mis-
alignment and measures the mismatch between the impulse responses of
the receiving room and the modelling filters. In the multichannel case,
it is possible to have good echo cancellation even when the misalignment
is large. However, in such a case, the cancellation will degrade if the gp

change. A main objective of MCAEC research is to avoid this problem.
Actually, for the practical case when the length of the adaptive filters

is smaller than the length of the impulse responses in the transmission
room, there is a unique solution to the normal equation, although the
covariance matrix is very ill-conditioned.

On the other hand, we can easily show by using the classical normal
equations that if the length of the adaptive filters is smaller than the
length of the impulse responses in the receiving room, we introduce an
important bias in the coefficients of these filters because of the strong
cross-correlation between the input signals and the large condition num-
ber of the covariance matrix [2]. So in practice, we may have poor
misalignment even if there is a unique solution to the normal equations.

The only way to decrease the misalignment is to partially decorrelate
two-by-two the P input (loudspeaker) signals. Next, we summarize a
number of approaches that have been developed recently for reducing
the cross-correlation.

2.4 SOME DIFFERENT SOLUTIONS FOR
DECORRELATION

If we have P different channels, we need to decorrelate them partially
and mutually. In the following, we show how to partially decorrelate two
channels. The same process should be applied for all the channels. It is
well-known that the coherence magnitude between two processes is equal
to 1 if and only if they are linearly related. In order to weaken this rela-
tion, some non-linear or time-varying transformation of the stereo chan-
nels has to be made. Such a transformation reduces the coherence and
hence the condition number of the covariance matrix, thereby improv-
ing the misalignment. However, the transformation has to be performed
cautiously so that it is inaudible and has no effect on stereo perception.
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A simple nonlinear method that gives good performance uses a half-
wave rectifier [2], so that the nonlinearly transformed signal becomes

x′
p(n) = xp(n) + α

xp(n) + |xp(n)|
2

, (1.14)

where α is a parameter used to control the amount of nonlinearity. For
this method, there can only be a linear relation between the nonlinearly
transformed channels if ∀n, x1(n) ≥ 0 and x2(n) ≥ 0 or if we have
ax1(n − τ1) = x2(n − τ2) with a > 0. In practice however, these cases
never occur because we always have zero-mean signals and g1, g2 are in
practice never related by just a simple delay.

An improved version of this technique is to use positive and negative
half-wave rectifiers on each channel respectively,

x′
1(n) = x1(n) + α

x1(n) + |x1(n)|
2

, (1.15)

x′
2(n) = x2(n) + α

x2(n) − |x2(n)|
2

. (1.16)

This principle removes the linear relation even in the special signal cases
given above.

Experiments show that stereo perception is not affected by the above
methods even with α as large as 0.5. Also, the distortion introduced
for speech is hardly audible because of the nature of the speech signal
and psychoacoustic masking effects [11]. This is explained by the fol-
lowing three reasons. First, the distorted signal x′

p(n) depends only on
the instantaneous value of the original signal xp(n) so that during pe-
riods of silence, no distortion is added. Second, the periodicity remains
unchanged. Third, for voiced sounds, the harmonic structure of the sig-
nal induces “self-masking” of the harmonic distortion components. This
kind of distortion is also acceptable for some music signals but may be
objectionable for pure tones.

Other types of nonlinearities for decorrelating speech signals have
also been investigated and compared [12]. The results indicate that,
of the several nonlinearities considered, ideal half-wave rectification and
smoothed half-wave rectification appear to be the best choices for speech.
For music, the nonlinearity parameter of the ideal rectifier must be read-
justed. The smoothed rectifier does not require this readjustment but is
a little more complicated to implement.

In [6] a similar approach with non-linearities is proposed. The idea is
expanded so that four adaptive filters operate on different non-linearly
processed signals to estimate the echo paths. These non-linearities are
chosen such that the input signals of two of the adaptive filters are inde-
pendent, which thus represent a “perfect” decorrelation. Tap estimates
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are then copied to a fixed two-channel filter which performs the echo can-
cellation with the unprocessed signals. The advantage of this method is
that the NLMS algorithm could be used instead of more sophisticated
algorithms.

Another approach that makes it possible to use the NLMS algorithm
is to decorrelate the channels by means of complementary comb filtering
[1], [13]. The technique is based on removing the energy in a certain
frequency band of the speech signal in one channel. This means the
coherence would become zero in this band and thereby results in fast
alignment of the estimate even when using the NLMS algorithm. Energy
is removed complementarily between the channels so that the stereo
perception is not severely affected for frequencies above 1 kHz. However,
this method must be combined with some other decorrelation technique
for lower frequencies [14].

Two methods based on introducing time-varying filters in the trans-
mission path were presented in [7], [8]. In [7], left and right signals
are filtered through two independent time-varying first-order all-pass fil-
ters. Stochastic time-variation is introduced by making the pole position
of the filter a random walk process. The actual position is limited by
the constraints of stability and inaudibility of the introduced distortion.
While significant reduction in correlation can be achieved for higher fre-
quencies with the imposed constraints, the lower frequencies are still
fairly unaffected by the time-variation. In [8], a periodically varying fil-
ter is applied to one channel so that the signal is either delayed by one
sample or passed through without delay. A transition zone between the
delayed and non-delayed state is also employed in order to reduce audible
discontinuities. This method may also affect the stereo perception.

Although the idea of adding independent perceptually shaped noise
to the channels was mentioned in [1], [2], thorough investigations of the
actual benefit of the technique was not presented. Results regarding
variants of this idea can be found in [4], [5]. A pre-processing unit es-
timating the masking threshold and adding an appropriate amount of
noise was proposed in [5]. It was also noted that adding a masked noise
to each channel may affect the spatialization of the sound even if the
noise is inaudible at each channel separately. This effect can be con-
trolled through correction of the masking threshold when appropriate.
In [4], the improvement of misalignment was studied in the SAEC when
a perceptual audio coder was added in the transmission path. Reduced
correlation between the channels was shown by means of coherence anal-
ysis, and improved convergence rate of the adaptive algorithm was ob-
served. A low-complexity method for achieving additional decorrelation
by modifying the decoder was also proposed. The encoder cannot quan-
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tize every single frequency band optimally due to rate constraints. This
has the effect that there is a margin on the masking threshold which
can be exploited. In the presented method, the masking threshold is
estimated from the modified discrete cosine transform (MDCT) coeffi-
cients delivered by the encoder, and an appropriate inaudible amount of
decorrelating noise is added to the signals.

In the rest of this chapter, we suppose that one of the previous decor-
relation methods is used so the normal equations have a unique solution.
However, the input signals can still be highly correlated, therefore re-
quiring special treatment.

3. THE CLASSICAL AND FACTORIZED
MULTICHANNEL RLS

From the normal equations (1.8), we easily derived the classical update
equations for the multichannel recursive least-squares (RLS):

eq(n) = yq(n) − ĥT
q (n − 1)x(n), (1.17)

ĥq(n) = ĥq(n − 1) + R−1
xx (n)x(n)eq(n). (1.18)

Note that the Kalman gain k(n) = R−1
xx (n)x(n) is the same for all the

microphone signals q = 1, 2, ..., Q. This is important, even though we
have Q update equations, the Kalman vector needs to be computed only
one time per iteration. Using the matrix inversion lemma, we obtain the
following recursive equation for the inverse of the covariance matrix:

R−1
xx (n) = λ−1R−1

xx (n − 1)

− λ−2R−1
xx (n − 1)x(n)xT (n)R−1

xx (n − 1)
1 + λ−1xT (n)R−1

xx (n − 1)x(n)
. (1.19)

Another way to write the multichannel RLS is to first factorize the
covariance matrix inverse R−1

xx (n).
Consider the following variables:

zp(n) =
P∑

j=1

Cpjxj(n)

= xp(n) +
P∑

j=1,j �=p

Cpjxj(n)

= xp(n) − x̂p(n), p = 1, ..., P, (1.20)
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with Cpp = IL×L and x̂p(n) = −∑P
j=1,j �=p Cpjxj(n). Matrices Cpj are

the cross-interpolators obtained by minimizing

Jzp(n) =
n∑

i=0

λn−izT
p (i)zp(i), p = 1, ..., P, (1.21)

and zp(n) are the cross-interpolation error vectors.
A general factorization of R−1

xx (n) can be stated as follows:
Lemma 1:

R−1
xx (n) =




R−1
1 (n) 0L×L · · · 0L×L

0L×L R−1
2 (n) · · · 0L×L

...
...

. . .
...

0L×L 0L×L · · · R−1
P (n)


 ×




IL×L C12(n) · · · C1P (n)
C21(n) IL×L · · · C2P (n)

...
...

. . .
...

CP1(n) CP2(n) · · · IL×L


 , (1.22)

where

Rp(n) =
P∑

j=1

Cpj(n)Rjp(n), p = 1, 2, ..., P. (1.23)

Proof: The proof is rather straightforward by multiplying both sides
of (1.22) by Rxx(n) and showing that the result of the right-hand side
is equal to the identity matrix with the help of (1.21).

Example: P = 2: In this case, we have:

z1(n) = x1(n) + C12x2(n), (1.24)
z2(n) = x2(n) + C21x1(n), (1.25)

where

C12(n) = −R12(n)R−1
22 (n), (1.26)

C21(n) = −R21(n)R−1
11 (n), (1.27)

are the cross-interpolators obtained by minimizing
∑n

i=0 λn−izT
1 (i)z1(i)

and
∑n

i=0 λn−izT
2 (i)z2(i). Hence:

R−1(n) =
[

R−1
1 (n) 0L×L

0L×L R−1
2 (n)

]
×

[
IL×L −R12(n)R−1

22 (n)
−R21(n)R−1

11 (n) IL×L

]
, (1.28)
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where

R1(n) = R11(n) − R12(n)R−1
22 (n)R21(n), (1.29)

R2(n) = R22(n) − R21(n)R−1
11 (n)R12(n), (1.30)

are the cross-interpolation error energy matrices or the Schur comple-
ments of Rxx(n) with respect to R22(n) and R11(n).

From the above result (Lemma 1), we deduce the factorized multi-
channel RLS:

ĥpq(n) = ĥpq(n − 1) + R−1
p (n)zp(n)eq(n), (1.31)

p = 1, 2, ..., P, q = 1, 2, ..., Q.

4. THE MULTICHANNEL FAST RLS
Because RLS has so far proven to perform better than other algo-

rithms in the MCAEC application [15] a fast calculation scheme of a
multichannel version is presented in this section. Compared to stan-
dard RLS it has a much lower complexity, 6P 2L + 2PL multiplications
[instead of O(P 2L2)] for one system output. This algorithm is a numer-
ically stabilized version of the algorithm proposed in [16]. Some extra
stability control has to be added so that the algorithm behaves well for
a non-stationary speech signal. The following has to be defined:

χ(n) = [x1(n) x2(n) · · · xP (n)]T , (P × 1), (1.32)
x̃(n) = [χT (n) χT (n − 1) · · · χT (n − L + 1)]T , (1.33)

(PL × 1),

h̃q(n) = [ĥ1q,0(n) ĥ2q,0(n) · · · ĥ(P−1)q,L−1(n) ĥPq,L−1(n)]T ,

(PL × 1). (1.34)

Note that the channels of the filter and state-vector [x̃(n)] are interleaved
in this algorithm. Defined also:

A(n), B(n) = Forward and backward prediction filter matrices,
(PL × P ),

EA(n), EB(n) = Forward and backward prediction error energy
matrices, (P × P ),

eA(n), eB(n) = Forward and backward prediction error vectors,
(P × 1),

k′(n) = R−1
xx (n − 1)x̃(n) = a priori Kalman vector, (PL × 1),

ϕ(n) = Maximum likelihood related variable, (1 × 1),
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κ ∈ [1.5, 2.5], Stabilization parameter, (1 × 1),

λ ∈ (0, 1], Forgetting factor, (1 × 1).

The multichannel fast RLS (FRLS) is then:

Prediction :
eA(n) = χ(n) − AT (n − 1)x̃(n − 1), (P × 1),
ϕ1(n) = ϕ(n − 1) + eT

A(n)E−1
A (n − 1)eA(n), (1 × 1),[

t(n)
m(n)

]
=

[
0P×1

k′(n − 1)

]
+

[
IP×P

−A(n − 1)

]
E−1

A (n − 1)eA(n),

((PL + P ) × P ),
EA(n) = λ[EA(n − 1) + eA(n)eT

A(n)/ϕ(n − 1)], (P × P ),
A(n) = A(n − 1) + k′(n − 1)eT

A(n)/ϕ(n − 1), (PL × P ),
eB1(n) = EB(n − 1)m(n), (P × 1),
eB2(n) = χ(n − L) − BT (n − 1)x̃(n), (P × 1),
eB(n) = κeB2(n) + (1 − κ)eB1(n), (P × 1),
k′(n) = t(n) + B(n − 1)m(n), (PL × 1),
ϕ(n) = ϕ1(n) − eT

B2
(n)m(n), (1 × 1),

EB(n) = λ[EB(n − 1) + eB2(n)eT
B2

(n)/ϕ(n)], (P × P ),

B(n) = B(n − 1) + k′(n)eT
B(n)/ϕ(n), (PL × P ).

F iltering :
eq(n) = yq(n) − h̃T

q (n − 1)x̃(n), (1 × 1),

h̃q(n) = h̃q(n − 1) + k′(n)eq(n)/ϕ(n), (PL × 1).

5. THE MULTICHANNEL LMS
ALGORITHM

We derive two different versions of the multichannel LMS algorithm.
The first one is straightforward and is a simple generalization of the
single-channel LMS. The second one is more sophisticated and takes
into account the cross-correlation among all the channels.

5.1 CLASSICAL DERIVATION
The mean-square error criterion is defined as

JMS,q = E

{[
yq(n) − xT (n)ĥq

]2
}

, (1.35)
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where E{·} denotes mathematical expectation. Let f(ĥq) denote the
value of the gradient vector with respect to ĥq. According to the
steepest-descent method, the updated value of ĥq at time n is computed
by using the simple recursive relation [17]:

ĥq(n) = ĥq(n − 1) +
µ

2

{
−f

[
ĥq(n − 1)

]}
, (1.36)

where µ is positive step-size constant. Differentiating (1.35) with respect
to the filter, we get the following value for the gradient vector:

f(ĥq) =
[

fT
1 (ĥq) fT

2 (ĥq) · · · fT
P (ĥq)

]T

= ∂JMS,q/∂ĥq = −2rxy,q + 2Rxxĥq, (1.37)

with rxy,q = E{yq(n)x(n)} and Rxx = E{x(n)xT (n)}. By taking
f(ĥq) = 0LP×1, we obtain the Wiener-Hopf equations

Rxxĥq = rxy,q, (1.38)

which are similar to the normal equations (1.8) that were derived from
a weighted least-squares criterion (1.4). Note that we use the same
notation for similar variables that are derived either from the Wiener-
Hopf equations or the normal equations.

The steepest-descent algorithm is now:

ĥq(n) = ĥq(n − 1) + µE{x(n)eq(n)}, (1.39)

and the classical stochastic approximation (consisting of approximating
the gradient with its instantaneous value) [17] provides the multichannel
LMS algorithm:

ĥq(n) = ĥq(n − 1) + µx(n)eq(n), (1.40)

of which the classical mean weight convergence condition under appro-
priate independence assumption is:

0 < µ <
2

L
∑P

p=1 σ2
xp

, (1.41)

where the σ2
xp

(p = 1, 2, ..., P ) are the powers of the input signals. When
this condition is satisfied, the weight vector converges in the mean to
the optimal Wiener-Hopf solution.

However, the gradient vector corresponding to the filter pq is:

fp(ĥq) = −2


rpq −

P∑
j=1

Rpjĥjq


 , p = 1, 2, ..., P, (1.42)
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which clearly shows some dependency of fp on the full vector ĥq. In
other words, the filters ĥjq with j �= p influence, in a bad direction, the
gradient vector fp when seeking the minimum, because the algorithm
does not take the cross-correlation among all the inputs into account.

5.2 IMPROVED VERSION
We have seen that during the convergence of the multichannel LMS

algorithm, each adaptive filter depends of the others. This dependency
must be taken into account. By using this information and Lemma 1,
we now differentiate criterion (1.35) with respect to the tap-weight in a
different way. The new gradient is obtained by writing that ĥpq depends
of the full vector ĥq. We get:

fp(ĥpq) =
∂JMS,q

∂ĥpq

(ĥq) (1.43)

= −2E
{
zp(n)

[
yq(n) − xT (n)ĥq

]}
, p = 1, 2, ..., P,

with

zp(n) =
P∑

j=1

[∂ĥjq/∂ĥpq]Txj(n)

=
P∑

j=1

Cpjxj(n), p = 1, 2, ..., P. (1.44)

We have some interesting orthogonality and decorrelation properties.
Lemma 2:

E{xT
p (n)zj(n)} = 0, (1.45)

E{zp(n)xT
j (n)} = 0L×L, ∀p, j = 1, 2, ..., P, p �= j. (1.46)

Proof: The proof is straightforward from Lemma 1 (using mathemat-
ical expectation instead of weighted least-squares).

We can verify by using Lemma 2 that each gradient vector fp (p =
1, 2, ..., P ) now depends only of the corresponding filter ĥpq. In other
words, we make the convergence of each ĥpq independent of the others,
which is not the case in the classical gradient algorithm.

Based on the above gradient vector, the improved steepest-descent
algorithm is easily obtained, out of which a stochastic approximation
leads to the improved multichannel LMS algorithm:

ĥq(n) = ĥq(n − 1) + µz(n)eq(n) (1.47)
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with

z(n) =
[

zT
1 (n) zT

2 (n) · · · zT
P (n)

]T

and
0 < µ <

2

L
∑P

p=1 σ2
zp

(1.48)

to guaranty the convergence of the algorithm. Note that the improved
multichannel LMS algorithm can be seen as an approximation of the
factorized multichannel RLS algorithm by taking R−1

p (n) ≈ µIL×L.

5.3 THE MULTICHANNEL APA
The affine projection algorithm (APA) [18] has become popular be-

cause of its lower complexity compared to RLS while it converges almost
as fast in the single-channel case. Therefore it is interesting to derive and
study the multichannel version of this algorithm. Like the multichannel
LMS, two versions are derived.

5.4 THE STRAIGHTFORWARD
MULTICHANNEL APA

A simple trick for obtaining the single-channel APA is to search for an
algorithm of the stochastic gradient type cancelling N a posteriori errors
[19]. This requirement results in an underdetermined set of linear equa-
tions of which the mininum-norm solution is chosen. In the following,
this technique is extended to the multichannel case [20].

By definition, the set of N a priori errors and N a posteriori errors
are:

eq(n) = yq(n) − XT (n)ĥq(n − 1), (1.49)

ea,q(n) = yq(n) − XT (n)ĥq(n), (1.50)

where

X(n) =
[

XT
1 (n) XT

2 (n) · · · XT
P (n)

]T

is a matrix of size PL × N ; the L × N matrix

Xp(n) =
[

xp(n) xp(n − 1) · · · xp(n − N + 1)
]

is made from the N last input vectors xp(n); finally, yq(n) and eq(n) are
respectively vectors of the N last samples of the reference signal yq(n)
and error signal eq(n).
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Using (1.49) and (1.50) plus the requirement that ea,q(n) = 0N×1, we
obtain:

XT (n)∆ĥq(n) = eq(n), (1.51)

where ∆ĥq(n) = ĥq(n) − ĥq(n − 1).
Equation (1.51) (N equations in PL unknowns, N ≤ PL) is an un-

derdetermined set of linear equations. Hence, it has an infinite number
of solutions, out of which the minimum-norm solution is chosen. This
results in [20], [21]:

ĥq(n) = ĥq(n − 1) + X(n)
[
XT (n)X(n)

]−1
eq(n). (1.52)

However, in this straightforward APA, the normalization ma-
trix XT (n)X(n) =

∑P
p=1 XT

p (n)Xp(n) does not involve the cross-
correlation elements of the P input signals [namely XT

i (n)Xp(n), i, p =
1, 2, ..., P, i �= p] and this algorithm may converge slowly.

5.5 THE IMPROVED TWO-CHANNEL APA
A simple way to improve the previous adaptive algorithm is to use the

othogonality and decorrelation properties, which will be shown later to
appear in this context. Let us derive the improved algorithm by requiring
a condition similar to the one used in the improved multichannel LMS.
Just use the constraint that ∆ĥpq be orthogonal to Xj , j �= p. As a
result, we take into account separately the contributions of each input
signal. These constraints read:

XT
2 (n)∆ĥ1q(n) = 0N×1, (1.53)

XT
1 (n)∆ĥ2q(n) = 0N×1, (1.54)

and the new set of linear equations characterizing the improved two-
channel APA is:


 XT

1 (n) XT
2 (n)

XT
2 (n) 0N×L

0N×L XT
1 (n)


[

∆ĥ1q(n)
∆ĥ2q(n)

]
=


 eq(n)

0N×1

0N×1


 . (1.55)

The improved two-channel APA algorithm is given by the minimum-
norm solution of (1.55) which is found as [20],

∆ĥ1q(n) = Z1(n)
[
ZT

1 (n)Z1(n) + ZT
2 (n)Z2(n)

]−1
eq(n), (1.56)

∆ĥ2q(n) = Z2(n)
[
ZT

1 (n)Z1(n) + ZT
2 (n)Z2(n)

]−1
eq(n), (1.57)
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where Zp(n) is the projection of Xp(n) onto a subspace orthogonal to
Xj(n), p �= j, i.e.,

Zp(n) =
{
IL×L − Xj(n)

[
XT

j (n)Xj(n)
]−1

Xj(n)
}

Xp(n), (1.58)

p, j = 1, 2, p �= j.

This results in the following orthogonality conditions,

XT
p (n)Zj(n) = 0N×N , p �= j (1.59)

which are similar to what appears in the improved multichannel LMS
(Lemma 2).

5.6 THE IMPROVED MULTICHANNEL APA
The algorithm explained for two channels is easily generalized to an

arbitrary number of channels P . Define the following matrix of size
L × (P − 1)N :

Xp(n) =
[

X1(n) · · · Xp−1(n) Xp+1(n) · · · XP (n)
]
,

p = 1, 2, ..., P.

The P orthogonality constraints are:

XT
p (n)∆ĥpq(n) = 0(P−1)N×1, p = 1, 2, ..., P, (1.60)

and by using the same steps as for P = 2, a solution similar to (1.56),
(1.57) is obtained [20]:

∆ĥpq(n) = Zp(n)


 P∑

j=1

ZT
j (n)Zj(n)



−1

eq(n), p = 1, 2, ..., P, (1.61)

where Zp(n) is the projection of Xp(n) onto a subspace orthogonal to
Xp(n), i.e.,

Zp(n) =
{
IL×L − Xp(n)

[
XT

p (n)Xp(n)
]−1

Xp(n)
}

Xp(n),(1.62)

p = 1, 2, ..., P.

Note that this equation holds only under the condition L ≥ (P − 1)N ,
so that the matrix that appears in (1.62) be invertible.

We can easily see that:

XT
p (n)Zp(n) = 0(P−1)N×N , p = 1, 2, ..., P. (1.63)

Fast versions of the single- and multi-channel APA can be derived
[22], [23], [24].
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6. THE MULTICHANNEL
EXPONENTIATED GRADIENT
ALGORITHM

Room acoustic impulse responses are often sparse. Our interest in
exponentiated adaptive algorithms is that they converge and track much
faster than the LMS algorithm for this family of impulse responses.

One easy way to find adaptive algorithms that adjust the new weight
vector ĥq(n + 1) from the old one ĥq(n) is to minimize the following
function [25]:

J [ĥq(n + 1)] = d[ĥq(n + 1), ĥq(n)] + ηe2
a,q(n + 1), (1.64)

where d[ĥq(n + 1), ĥq(n)] is some measure of distance from the old to
the new weight vector,

ea,q(n + 1) = yq(n + 1) − ĥ
T

q (n + 1)x(n + 1) (1.65)

is the a posteriori error signal, and η is a positive constant. (This for-
mulation is a generalization of the case of Euclidean distance.) The
magnitude of η represents the importance of correctness compared to
the importance of conservativeness [25]. If η is very small, minimiz-
ing J [ĥq(n + 1)] is close to minimizing d[ĥq(n + 1), ĥq(n)], so that the
algorithm makes very small updates. On the other hand, if η is very
large, the minimization of J [ĥq(n + 1)] is almost equivalent to minimiz-
ing d[ĥq(n + 1), ĥq(n)] subject to the constraint ea,q(n + 1) = 0.

To minimize J [ĥq(n + 1)], we need to set its PL partial derivatives
∂J [ĥq(n + 1)]/∂ĥpq,l(n + 1) to zero. Hence, the different weight coef-
ficients ĥpq,l(n + 1), l = 0, 1, ..., L − 1, p = 1, 2, ..., P , will be found by
solving the equations:

∂d[ĥq(n + 1), ĥq(n)]

∂ĥpq,l(n + 1)
− 2ηxp(n + 1 − l)ea,q(n + 1) = 0. (1.66)

Solving (1.66) is in general very difficult. However, if the new weight
vector ĥq(n + 1) is close to the old weight vector ĥq(n), replacing the a
posteriori error signal ea,q(n + 1) in (1.66) with the a priori error signal
eq(n + 1) is a reasonable approximation and the equation

∂d[ĥq(n + 1), ĥq(n)]

∂ĥpq,l(n + 1)
− 2ηxp(n + 1 − l)eq(n + 1) = 0 (1.67)

is much easier to solve for all distance measures d.
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The LMS algorithm is easily obtained from (1.67) by using the squared
Euclidean distance

dE[ĥq(n + 1), ĥq(n)] = ‖ĥq(n + 1) − ĥq(n)‖2
2. (1.68)

The exponentiated gradient (EG) algorithm with positive weights results
from using for d the relative entropy , also known as Kullback-Leibler
divergence,

dre[ĥq(n + 1), ĥq(n)] =
P∑

p=1

L−1∑
l=0

ĥpq,l(n + 1) ln
ĥpq,l(n + 1)

ĥpq,l(n)
, (1.69)

with the constraint
∑

p

∑
l ĥpq,l(n + 1) = 1, so that (1.67) becomes:

∂dre[ĥq(n + 1), ĥq(n)]

∂ĥpq,l(n + 1)
− 2ηxp(n + 1 − l)eq(n + 1) + γ = 0, (1.70)

where γ is the Lagrange multiplier. Actually, the appropriate constraint
should be

∑
p

∑
l ĥpq,l(n+1) =

∑
p

∑
l hpq,l but

∑
p

∑
l hpq,l is not known

in practice, so we use the arbitrary value 1 instead.
The algorithm derived from (1.70) is:

ĥpq,l(n + 1) =
ĥpq,l(n)rpq,l(n + 1)∑P

i=1

∑L−1
j=0 ĥiq,j(n)riq,j(n + 1)

, (1.71)

where

rpq,l(n + 1) = exp [2ηxp(n + 1 − l)eq(n + 1)] . (1.72)

This algorithm is valid only for positive coefficients. To deal with
both positive and negative coefficients, we can always find two vectors
ĥ

+

q (n + 1) and ĥ
−
q (n + 1) with positive coefficients, in such a way that

the vector

ĥq(n + 1) = ĥ
+

q (n + 1) − ĥ
−
q (n + 1) (1.73)

can have positive and negative components. In this case, the a posteriori
error signal can be written as:

ea,q(n + 1) = yq(n + 1) − [ĥ
+

q (n + 1) − ĥ
−
q (n + 1)]Tx(n + 1) (1.74)

and the function (1.64) will change to:

J [ĥ
+

q (n + 1), ĥ
−
q (n + 1)] = d[ĥ

+

q (n + 1), ĥ
+

q (n)] (1.75)

+ d[ĥ
−
q (n + 1), ĥ

−
q (n)] +

η

u
e2
a,q(n + 1),
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where u is a positive scaling constant. Using the same approximation as
before and choosing the Kullback-Leibler divergence plus the constraint∑

p

∑
l[ĥ

+
pq,l(n + 1) + ĥ−

pq,l(n + 1)] = u, the solutions of the equations

∂dre[ĥ
+

q (n + 1), ĥ
+

q (n)]

∂ĥ+
pq,l(n + 1)

− 2
η

u
xp(n + 1 − l)eq(n + 1) + γ = 0,

(1.76)

∂dre[ĥ
−
q (n + 1), ĥ

−
q (n)]

∂ĥ−
pq,l(n + 1)

+ 2
η

u
xp(n + 1 − l)eq(n + 1) + γ = 0,

(1.77)

give the so-called EG± algorithm:

ĥ+
pq,l(n + 1) = u

ĥ+
pq,l(n)r+

pq,l(n + 1)

sq(n + 1)
, (1.78)

ĥ−
pq,l(n + 1) = u

ĥ−
pq,l(n)r−pq,l(n + 1)

sq(n + 1)
, (1.79)

where

sq(n + 1) =
P∑

i=1

L−1∑
j=0

[
ĥ+

iq,j(n)r+
iq,j(n + 1) + ĥ−

iq,j(n)r−iq,j(n + 1)
]
,

(1.80)

r+
pq,l(n + 1) = exp

[
2η

u
xp(n + 1 − l)eq(n + 1)

]
, (1.81)

r−pq,l(n + 1) = exp
[
−2η

u
xp(n + 1 − l)eq(n + 1)

]
(1.82)

=
1

r+
pq,l(n + 1)

,

eq(n + 1) = yq(n + 1) − [ĥ
+

q (n) − ĥ
−
q (n)]Tx(n + 1). (1.83)

We can check that we always have ‖ĥ+

q (n + 1)‖1 + ‖ĥ−
q (n + 1)‖1 = u.

Upon convergence:

‖ĥq(∞)‖1 = ‖hq‖1

= ‖ĥ+

q (∞) − ĥ
−
q (∞)‖1

≤ ‖ĥ+

q (∞)‖1 + ‖ĥ−
q (∞)‖1 = u, (1.84)
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hence, the constant u should be chosen such that u ≥ ‖hq‖1.
A normalized version of the multichannel EG± algorithm is given

below:

Initialization :
ĥ+

pq,l(0) = ĥ−
pq,l(0) = c > 0, p = 1, 2, ..., P, l = 0, 1, ..., L − 1.

Parameters :
u ≥ ‖hq‖1,

0 < α ≤ 1, δ > 0.

Error :
eq(n + 1) = yq(n + 1) − [ĥ

+

q (n) − ĥ
−
q (n)]Tx(n + 1).

Update :

µ(n + 1) =
α

xT (n + 1)x(n + 1) + δ
,

r+
pq,l(n + 1) = exp

[
PL

µ(n + 1)
u

xp(n + 1 − l)eq(n + 1)
]

,

r−pq,l(n + 1) =
1

r+
pq,l(n + 1)

,

sq(n + 1) =
P∑

i=1

L−1∑
j=0

[
ĥ+

iq,j(n)r+
iq,j(n + 1) + ĥ−

iq,j(n)r−iq,j(n + 1)
]
,

ĥ+
pq,l(n + 1) = u

ĥ+
pq,l(n)r+

pq,l(n + 1)

sq(n + 1)
,

ĥ−
pq,l(n + 1) = u

ĥ−
pq,l(n)r−pq,l(n + 1)

sq(n + 1)
,

p = 1, 2, ..., P, l = 0, 1, ..., L − 1.

Intuitively, exponentiating the update has the effect of assigning larger
relative updates to larger weights, thereby deemphasizing the effect of
smaller weights. This is qualitatively similar to the PNLMS algorithm
[26] which makes the update proportional to the size of the weight. This
type of behavior is desirable for sparse impulse responses where small
weights do not contribute significantly to the mean solution but intro-
duce an undesirable noise-like variance.

Recently, the proportionate normalized least-mean-square (PNLMS)
algorithm was developed for use in network echo cancelers [26]. In com-
parison to the NLMS algorithm, PNLMS has very fast initial conver-
gence and tracking when the echo path is sparse. As previously men-
tioned, the idea behind PNLMS is to update each coefficient of the



24

filter independently of the others by adjusting the adaptation step size
in proportion to the estimated filter coefficient. More recently, an im-
proved PNLMS (IPNLMS) [27] was proposed that performs better than
NLMS and PNLMS, whatever the nature of the impulse response is.
The IPNLMS is summarized below:

Initialization :
ĥpq,l(0) = 0, p = 1, 2, ..., P, l = 0, 1, ..., L − 1.

Parameters :
0 < α ≤ 1, δIPNLMS > 0,

−1 ≤ κ ≤ 1,

ε > 0 (small number to avoid division by zero).
Error :

eq(n + 1) = yq(n + 1) − ĥ
T

q (n)x(n + 1).
Update :

gpq,l(n) =
1 − κ

2PL
+ (1 + κ)

|ĥpq,l(n)|
2‖ĥq(n)‖1 + ε

,

p = 1, 2, ..., P, l = 0, 1, ..., L − 1,

µ(n + 1) =
α∑P

i=1

∑L−1
j=0 x2

i (n + 1 − j)giq,j(n) + δIPNLMS

,

ĥpq,l(n + 1) = ĥpq,l(n) + µ(n + 1)gpq,l(n)xp(n + 1 − l)eq(n + 1),
p = 1, 2, ..., P, l = 0, 1, ..., L − 1.

In general, gpq,l in the IPNLMS provides the “proportionate” scaling of
the update. The parameter κ controls the amount of proportionality in
the update. For κ = −1, it can easily be checked that the IPNLMS and
NLMS algorithms are identical. For κ close to 1, the IPNLMS behaves
like the PNLMS algorithm [26]. In practice, a good choice for κ is 0 or
−0.5.

We can show that the IPNLMS and EG± algorithms are related [28].
The IPNLMS is in fact an approximation of the EG± if we approximate
in the latter exp(a) ≈ 1 + a for |a| 
 1.

7. THE MULTICHANNEL
FREQUENCY-DOMAIN ADAPTIVE
ALGORITHM

Adaptive algorithms in the frequency domain are, in general, ex-
tremely efficient since they use the fast Fourier transform (FFT) as an
intermediary step. As a result, they are now implemented in many pro-
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totypes and products for acoustic echo cancellation. In this section, we
briefly explain how these algorithms can be derived rigorously from a
block error signal.

From now on and for simplification, we drop the parameter q in all
equations. With this simplification, the error signal at time n is now:

e(n) = y(n) −
P∑

p=1

ĥ
T

p xp(n), (1.85)

where ĥp is the estimated impulse response of the pth channel,

ĥp =
[

ĥp,0 ĥp,1 · · · ĥp,L−1

]T
.

We now define the block error signal (of length N ≤ L). For that, we
assume that L is an integer multiple of N , i.e., L = KN . We have:

e(m) = y(m) − ŷ(m)

= y(m) −
P∑

p=1

XT
p (m)ĥp, (1.86)

where m is the block time index, and

e(m) =
[

e(mN) · · · e(mN + N − 1)
]T

,

y(m) =
[

y(mN) · · · y(mN + N − 1)
]T

,

Xp(m) =
[

xp(mN) · · · xp(mN + N − 1)
]
,

ŷ(m) =
[

ŷ(mN) · · · ŷ(mN + N − 1)
]T

.

It can easily be checked that Xp is a Toeplitz matrix of size (L × N).
We can show that for K = L/N , we can write

XT
p (m)ĥp =

K−1∑
k=0

Tp(m − k)ĥp,k, (1.87)

where T(m − k) is an (N × N) Toeplitz matrix and

ĥp,k =
[

ĥp,kN ĥp,kN+1 · · · ĥp,kN+N−1

]T
, k = 0, 1, ..., K − 1,

are the sub-filters of ĥp. In (1.87), the filter ĥp (of length L) is parti-
tioned into K sub-filters ĥp,k of length N and the rectangular matrix
XT

p [of size (N × L)] is decomposed to K square sub-matrices of size
(N × N).
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It is well known that a Toeplitz matrix Tp can be transformed, by
doubling its size, to a circulant matrix Cp. Also, a circulant matrix is
easily decomposed as follows: Cp = F−1

2N×2NDpF2N×2N , where F2N×2N

is the Fourier matrix [of size (2N × 2N)] and Dp is a diagonal matrix
whose elements are the discrete Fourier transform of the first column of
Cp. If we multiply (1.86) by FN×N [Fourier matrix of size (N ×N)], we
get the error signal in the frequency domain (denoted by underbars):

e(m) = y(m) − G01
N×2N

P∑
p=1

K−1∑
k=0

Dp(m − k)G10
2N×N ĥp,k

= y(m) − G01
N×2N

P∑
p=1

K−1∑
k=0

Up(m − k)ĥp,k

= y(m) − G01
N×2N

P∑
p=1

Up(m)ĥp

= y(m) − G01
N×2NU(m)ĥ, (1.88)

where

e(m) = FN×Ne(m),
y(m) = FN×Ny(m),

G01
N×2N = FN×NW01

N×2NF−1
2N×2N ,

W01
N×2N =

[
0N×N IN×N

]
,

G10
2N×N = F2N×2NW10

2N×NF−1
N×N ,

W10
2N×N =

[
IN×N

0N×N

]
,

ĥp,k = FN×N ĥp,k,

ĥp =
[

ĥ
T

p,0 ĥ
T

p,1 · · · ĥ
T

p,K−1

]T
,

ĥ =
[

ĥ
T

1 ĥ
T

2 · · · ĥ
T

P

]T
,

Dp(m − k) = F2N×2NCp(m − k)F−1
2N×2N ,

Up(m − k) = Dp(m − k)G10
2N×N ,

Up(m) =
[

Up(m) Up(m − 1) · · · Up(m − K + 1)
]
,
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U(m) =
[

U1(m) U2(m) · · · UP (m)
]
,

Dp(m) =
[

Dp(m) Dp(m − 1) · · · Dp(m − K + 1)
]
,

D(m) =
[

D1(m) D2(m) · · · DP (m)
]
,

G10
2PL×PL = diag

[
G10

2N×N · · · G10
2N×N

]
,

U(m) = D(m)G10
2PL×PL.

The size of the matrix U is (2N × PL) and the length of ĥ is PL.
By minimizing the criterion

Jf(m) = (1 − λ)
m∑

i=0

λm−ieH(i)e(i) , (1.89)

where H denotes conjugate transpose and λ (0 < λ < 1) is an exponential
forgetting factor, we obtain the normal equations for the multichannel
case:

S(m)ĥ(m) = s(m), (1.90)
where

S(m) = λS(m − 1) (1.91)
+ (1 − λ)(G10

2PL×PL)HDH(m)G01
2N×2ND(m)G10

2PL×PL

is a (PL × PL) matrix,

G01
2N×2N = (G01

N×2N )HG01
N×2N

= F2N×2NW01
2N×2NF−1

2N×2N ,

and

s(m) = λs(m − 1) + (1 − λ)(G10
2PL×PL)HDH(m)y

2N
(m) (1.92)

is a (PL×1) vector. Assuming that the P input signals are not perfectly
pairwise coherent, the normal equations have a unique solution which is
the optimal Wiener solution.

Define the following variables:

y
2N

(m) = (G01
N×2N )Hy(m)

= F2N×2N

[
0N×1

y(m)

]
,

e2N (m) = F2N×2N

[
0N×1

e(m)

]

= (G01
N×2N )He(m),

G10
2PL×2PL = diag

[
G10

2N×2N · · · G10
2N×2N

]
,

ĥ2PL(m) = G10
2PL×PLĥ(m).
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We can show that from the normal equations, we can exactly derive the
following multichannel frequency-domain adaptive algorithm:

Q(m) = λQ(m − 1) + (1 − λ)DH(m)G01
2N×2ND(m), (1.93)

e2N (m) = y
2N

(m) − G01
2N×2ND(m)ĥ2PL(m − 1), (1.94)

ĥ2PL(m) = ĥ2PL(m − 1)
+ (1 − λ)G10

2PL×2PLQ−1(m)DH(m)e2N (m). (1.95)

Depending of the approximations we make on matrix Q(m), we obtain
different algorithms. There is a compromise between performance (con-
vergence rate) and complexity. Several algorithms can be deduced from
the previous form, some of them are well-known while others are new.
See [29] for a general derivation of adaptive algorithms in the frequency
domain. See also [30] and [31] for new algorithms derived directly from
the above equations.

8. CONCLUSIONS
In this chapter, we have given an overview on multichannel adaptive

algorithms in the context of multichannel acoustic echo cancellation. We
have first derived the normal equations of a MIMO system and discussed
the identification problem. We have shown that, in the multichannel case
and when the input signals are linearly related, there is a nonuniqueness
problem that does not exist in the single-input single-output (SISO) case.
In order to have a unique solution, we have to decorrelate somehow the
input signals without affecting the spatialization effect and the quality
of the signals. We have then derived many useful adaptive algorithms in
a context where the strong correlation between the input signals affects
seriously the performance of several well-known algorithms.

References
[1] M. M. Sondhi, D. R. Morgan, and J. L. Hall, “Stereophonic acoustic echo

cancellation—An overview of the fundamental problem,” IEEE Signal Process-
ing Lett., vol. 2, pp. 148–151, Aug. 1995.

[2] J. Benesty, D. R. Morgan, and M. M. Sondhi, “A better understanding and
an improved solution to the specific problems of stereophonic acoustic echo
cancellation,” IEEE Trans. Speech Audio Processing, vol. 6, pp. 156–165, Mar.
1998.
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