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ABSTRACT

LMS algorithms are next to their numerically robust
structure well suited for hardware implementation. In
high data rate systems, however, their recursive formu-
lation limits their performance. An architecture with
more parallelism is desirable in which speed can be
traded against chip area. This paper shows under which
conditions such a parallel LMS structure is possible by
means of particular training sequences. A new design
method is proposed to generate training sequences with
very distinct properties.

1 Introduction

Early digital implementations[1]-[3] of LMS tried to
reduce multipliers by using either signed approxima-
tions of the regression vector and/or the error signal.
These non-linear methods, however, alter the training
behavior. In general, the training speed is considerably
reduced. Thus, only in situations where long train-
ing sequences are available (like broadcasting) these
methods can be applied. Others proposed to introduce
pipelining[4] in order to increase the throughput of
the implemented hardware. A pipelining technique,
however, leads to delayed updates[5]-[6] that also
corrupt the learning behavior of the LMS algorithm.
Ideas to compensate for this were proposed in [7]-[8]
but they require often even more multiply operations.
Such straight-forward realizations of delayed-update
LMS with compensation were reported in [9].

In all of these solutions the majority of the chip area
is taken by multipliers. In communication systems
the symbols can typically be represented by integer
numbers with few digits. This allows to further reduce
the complexity and completely avoid multiplications.
In [11, 12] realizations for (2k)-QAM constellations are
proposed that are completely multiplier free.

Reducing chip area does not however solve one re-
maining problem: that is to allow pipelining without
delaying the error terms. A major di�culty is that

pipelining is hampered by its recursive nature:

e(kjk) = d(k)� xTkwk (1)

wk+1 = wk + �x�ke(kjk) : (2)

Here, the column vectors xk and wk contain the trans-
mitted symbols and estimated weights, respectively.
One recognizes the problem: �rst the new update has
to be performed before the next error can be computed.
Once the previous update is substituted in the error,

e(kjk) = d(k)� xTkwk�1 � �xTk x
�

k�1e(k � 1jk � 1)

is obtained, an expression that is higher in complexity
since now �xTk x

�

k�1e(k� 1jk� 1) needs to be computed
as well. Thus, lower latency can only be traded against
higher complexity. Successively substituting such terms
shows that all additional expressions are multiples of
xTk x

�

k�m, a term that describes the correlation between
the regression vectors. De�ne this correlation

r(k;m)
�
= xTk x

�

k�m : (3)

It is thus of interest to �nd training sequences that
have certain orthogonal properties, i.e., r(k;m) = 0
for m = 1; 2; ::;mmax. The larger mmax is, the lower
can become the latency. Clearly, if the vector xk is of
dimension 1�M , mmax < M .

Section 2 will formulate this statement more mathe-
matically and show how latency and such and orthogo-
nal property is connected. Section 3 �nally will present
construction rules in order to obtain such sequences.

2 LMS Update with Low Latency

For sequences with the orthogonal property r(k;m) =
0;m = 1::l, very low complexity versions for LMS can
be derived. De�ne the conditional error:

e(kjl)
�
= d(k)� xTkwl : (4)

If (2) is performed over l steps at once

wk+1 = wk�l + �

lX
p=0

x�k�pe(k � pjk � p) (5)



Replacing all error terms with conditional errors of the
form e(k � pjk � l); for p = 0::l leads to

wk+1 = wk�l + �x�k�le(k � ljk � l) (6)

+ �x�k�l+1[e(k � l + 1jk � l)

��xTk�l+1x
�

k�le(k � ljk � l)]

+ �x�k�l+2[e(k � l + 2jk � l)� �Y2 +O(�2)]

+
...

+ �x�k [e(kjk � l)� �Yl +O(�2)] ; (7)

with the terms linear in �:

Ym
�
=

mX
p=1

xTk�l+mx
�

k�l+m�pe(k � l+m� pjk � l)

for m = 1::l. Now note that all terms Ym (and
those of higher order in �) are multiplied by terms in
r(k;m);m > 0. If the sequences are selected so that
these terms disappear, the LMS update simply becomes

wk+1 = wk�l+1 + �
l�1X
p=0

x�k�pe(k � pjk � l + 1) (8)

which looks like an approximation of (5), and in fact has
been treated in literature as such for small step-sizes[10].
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Figure 1: The computation of the individual terms.

Figure 1 depicts the signal ow for each element in (8).
Let's assume QPSK for the moment. The convolution of
wk�l+1 and wk�p, together with the subtraction from
the reference signal d(k) requires M adder-operations.
The multiplication of the error signal with the symbols
is just a selection process (see [11, 12]). The time to
perform the convolution requires T = log2(M)Ta when
Ta denotes the adder time. The symbols xk�p now have
to be delayed by this latency before the multiplication
can be performed.
In Figure 2 the LMS update structure is completed.

Now, l identical blocks are required, denoted by Ok to
Ok�l+1. The outcome of these blocks is summed up.
This requires M adder trees with l adders each, thus
lM adders. The latency, however, is only log2(l)Ta.
The multiplication with the step-size � will not impact
the latency or complexity since it is assumed that a
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Figure 2: Complete Parallel LMS structure.

power of two will be used. Thus, the multiplication is a
�xed-wired scaling operation.

The overall latency in multiples of adder times Ta is
thus log2(M) + log2(l) + 1 = log2(2lM) for one update
of l steps. A standard implementation would require
log2(M)+ log2(2) for each update step, thus l log2(2M)
for l steps. Table1 compares the latency for some typi-
cal values of l = 1; 2; 4; 8; 16 and M = 16. The improve-
ments in latency can be quite serious. For larger values
of M , the latency can even drop below one time instant!

l log
2
(2lM)
l

log2(2M)
1 5.0 5.0
2 3.0 5.0
4 1.75 5.0
8 1.0 5.0
16 0.5625 5.0

Table 1: Comparison of LMS latency for M = 16.

In terms of complexity the new structure requires 2lM
adders for l-update steps, exactly the same as a conven-
tional implementation requires. However, due to the
recursive nature, a standard implementation could re-
use the hardware and only 2M would then be required.
Thus, the parallel structure allows to trade hardware
complexity against latency. A few remarks are neces-
sary here.

1. Note also that for l =M , the solution is obtained in
one step. See[13] for more details. This requires to
have sequences with very strong orthogonal prop-
erties (mmax = M � 1). For such perfectly orthog-
onal sequences, the LS solution can be given im-
mediately with lowest complexity and latency by
applying an FIR �lter. This requires, however, to



have a di�erent hardware for the channel training
and for the tracking mode.

2. For an e�cient implementation it is of advantage
to re-use the existing hardware. Note also that LS
only gives low complexity for perfectly orthogonal
sequences. If mmax < M , the complexity of a LS
solution can become quite large.

3. If the hardware is re-used in channel tracking mode,
it cannot be expected that the transmitted data
symbols lead to sequneces with orthogonal proper-
ties. In this case, the � can be lowered and the
algorithm is used as an approximate solution[10].

4. When a Viterbi-algorithm is applied to �nd the
transmitted data sequence, the parallel structure
can be used to �nd the optimal solution in parallel.
In this case, not all l paths are used for update but
only the one that leads to the minimum error.

3 Orthogonal Sequences

Until now, it was assumed to have sequences with or-
thogonal properties. There is plenty of literature on
orthogonal sequences. However, when it comes to the
constraint of having binary sequences, or at least those
that can be used for FIR �ltering without implement-
ing multipliers, there a very few results. One possibility
is to perform an extensive search for a-periodic binary
(also QPSK) sequences. It turns out that for every sys-
tem orderM such a sequence can be found, however, the
lengthN of the entire sequence can be rather long[14]. A
more interesting approach are periodic sequences since
they can be extended in length if needed. Table 2 lists
known sequences of simple alphabets.

M=2 1,-j
M=3 -2,-2,1
M=4 1,1,1,-1
M=5 2,2,2,2,-3
M=6 -1,1,-1,1,-1,-2
M=7 -2,-2,-1,1,1,-2,1
M=8 1,-j,1,-1,-1,-j,-1,-1
M=9 2,2,2,2,2,2,2,2,-7
M=12 -2,-2,-2,-1,1,-2,-2,2,-2,1,1,2
M=16 1,1,1,1,1,j,-1,-j,1,-1,1,-1,1,-j,-1,j

Table 2: Periodic QPSK and 4-PAM sequences for chan-
nel estimation of length M .

Sequences for M = 3; 4; 5; 6; and 9 in Table 2 are of
the form

s1 = [b; a; a; a; :::; a] (9)

s2 = [b; a;�a; a; :::; a| {z }
(M�1)- times

] : (10)

For both sequences, it is easy to verify the orthogonality
condition

b

a
= �

M � 2

2
: (11)

The problem is that for larger values of M the signals
are unbalanced.

In [15] some constructive ideas are given how to
construct orthogonal M-PSK sequences. However, the
so designed sequences are orthogonal in their entire
length while for LMS updates the orthogonality has to
hold only for a length of M elements and the sequence
needs to be at least 2M � 1 elements long in order to
allowing identi�cation.

Note that longer sequences from those in Table 2 can
be constructed by the following procedure. Take two
sequences s(k) and t(k) of lengths M and N for M and
N co-prime. Then build a new sequence by

u(k) = [s(k); s(k); :::; s(k)]| {z }
N-times

� [t(k); t(k); :::; t(k)]| {z }
M-times

: (12)

The new sequence is periodic of length NM and per-
fectly orthogonal. Build the acf of u(k) at time lag l:

N�1X
n=0

M�1X
m=0

s(mM + n)t(nN +m)

�s�(mM + n+ l)t�(nN +m+ l)

=

N�1X
n=0

t(m)t�(m+ l)

M�1X
m=0

s(n)s�(n+ l) (13)

for l = 1::NM � 1 at least one of the two product terms
equals zero. Take, for example, the sequences forM = 3
and N = 7 in Table 2, the following sequence of length
MN = 21 can be derived:

f�4;�4; 1; 2; 2; 2; 2;�4; 2;�2; 2;�1;
�4; 2; 2;�4;�2;�1; 2;�4;�1g

:

Not only sequences with perfect orthogonality, i.e.,
period M and m = M � 1 are useful. For LMS training
seqeunces with lower m are also of advantage. In the
following, it is demonstrated how such sequences for M-
PSK can be constructed. Remember that

MX
l=1

exp

�
j
2�

M
kl

�
=

�
M ; k = 0
0 ; else

Thus, a sequence g(l) satis�es the orthogonality condi-
tion if

g(l + p)� g(l) = kpl + qp; p = 1::M � 1 (14)

since
MX
l=1

exp

�
j
2�

M
g(l+ p)

�
exp

�
�j

2�

M
g(l)

�

=

MX
l=1

exp

�
j
2�

M
[g(l+ p)� g(l)]

�



equals zero if (14) is satis�ed. Now start with p = 1

g(l)� g(l+ 1) = kl + q

Iterative substitution leads to

g(l)� g(l + p) = pkl + p

�
q + k

p� 1

2

�
(15)

Now an explicit solution is possible. Start with g(1) =
q0, and select k and q, then

g(p) = q0 � kp
p� 1

2
� (p� 1)q (16)

Since this phase sequence is supposed to run as a
multiple of 2�=M , only certain periodicities will appear.

Theorem: [Cyclic Sequence] A phase sequence g(l)
of the form (16) that is a multiple of 2�=M is cyclic with
period N , where N is the smallest integer that satis�es�

N
N � 1

2
k

�
modM = 0 :

Proof:
A sequence is cyclic of period N if

g(p+N)modM = g(p) :

Substituting this condition in (15) immediately leads
to the condition given in the theorem above.

Example:
De�ne the maximal value mmax for which the sequence
is orthogonal, i.e., r(k;m) = 0;m = 1::mmax. Assume
q = q0 = 0 and M = 8. Not only 8-PSK sequences can
be obtained for this case. Have a look at the following
cases:

k : g(l) period mmax M�PSK
1 : 0; 7; 5; 2; 6; 1; 3; 4; ::: 16 7 8
2 : 0; 6; 2; 4; 4; 2; 6; 0; ::: 8 3 4
3 : 0; 5; 7; 6; 2; 3; 1; 4; ::: 16 7 8
4 : 0; 4; 4; 0; 0; 4; 4; 0; ::: 4 1 2
6 : 0; 2; 6; 4; 4; 6; 2; 0; ::: 8 3 4

According to the theorem only the cases for
k = 2; 6; 10; :: lead to a cyclic sequence of period
N = 8. However, all these cyclic cases have a
maximum orthogonality of only mmax = 3. Note
also that these sequences only are of 4-PSK while
the ones that have mmax = 7 are from 8-PSK. All
k =odd sequences are cyclic of order 2M and mmax = 7.

Does that mean, a system of order M = 6 cannot
be identi�ed by QPSK? When QPSK symbols are mul-
tiplied with their neighbors, the intermediate results
�(k) = s(k + 1)s(k)� are values in f1; j;�1;�jg. Start-
ing point thus can be these values which need to be
selected so that they add up to zero:

P
�(k) = 0.

For example, for M = 6, the set could be: �(k) =

f1;�1; j;�j; 1;�1g. The corresponding sequence that
generates such di�erences is given by (starting with a
one) s(k) = f1; 1;�1;+j;�1;�1; 1; 1;�1::g. In contrast
to the previous method, a sequence with little orthogo-
nality (mmax = 1) has been designed. Higher orthogo-
nality can be obtained by adding more constraints, for
example

P
�(k)�(k + 1) = 0, for mmax = 2, etc. The

sequence s(k) = f1; 1;�1;�j;�1; 1g, for example, has
such a feature.
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