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1. The Asymptotic Theory of Marginally Separating Turbulent Boundary Layers

A novel rational theory of the incompressible nominally steady and two-dimensional turbulent
boundary layer (TBL) along a smooth and impermeable surface and exposed to an adverse
pressure gradient, which is impressed by the prescribed external potential free-stream flow, has
been developed recently by the authors. This asymptotic flow description exploits the Reynolds-
averaged Navier–Stokes equations by taking the limit Re → ∞ where Re denotes a Reynolds
number formed by using a global length and velocity scale characteristic for the external bulk
flow. In the following all quantities are non-dimensional with that global reference scales.

The so-called classical theory, see for instance [1], is capable of describing a strictly attached
TBL only as it employs the assumption of an asymptotically small streamwise velocity defect
with respect to the external flow in the fully turbulent main part of the TBL. The new theory,
however, is an extension of the classical approach insofar as it is essentially based only on the
hypothesis that the turbulent time-mean motion is governed locally by a single velocity scale. As
an important consequence, by taking a streamwise velocity deficit of O(1), which is a necessary
characteristic of flows that may even undergo marginal separation, the boundary layer thickness
is measured by a small parameter denoted by α which is seen to be independent of Re as Re → ∞.
It then can be shown that in the primary limit α → 0, Re

−1 = 0 the TBL is represented by a
two-tiered wake-type flow; remarkably, it thus closely resembles a turbulent free shear layer. The
description of the outer main layer is addressed in [2]. There it is demonstrated analytically and
numerically by adopting a local viscous/inviscid interaction strategy that in the primary limit
considered marginal separation is associated with the occurrence of closed reverse-flow regions
where the surface slip velocity Us, which is a quantity of O(1) in general, assumes negative
values along a streamwise distance of O(α3/5). Here we add that the overall slip velocity at the
base of the whole wake region comprising both layers is written as us = Us + O(α3/4), where
the perturbations reflect the effect of the inner wake having a thickness of O(α3/2).

2. The Near-Wall Flow Regime for Finite Values of Re

It is the main purpose of our contribution to rigorously elucidate how high but finite values of
Re affect the near-wall flow regime in order to provide a rational basis for the calculation of the
wall shear stress, in particular immediately up- and downstream of separation and reattachment.
We note that the investigation of the latter flow situation is not only a challenge to settle an,
for the time being, unsolved problem in turbulent boundary layer theory, which has attracted
many researchers in the past, but also of basic engineering relevance, as none of the presently
adopted turbulence models are applicable when the wall shear stress changes sign.

In Figure 1 the resulting four-layer TBL structure is depicted where the case of the oncoming
firmly attached flow chosen. We start the analysis by focusing on the viscous wall layer adjacent
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Figure 1: Asymptotic splitting and streamwise velocity
component u of the initially attached turbulent bound-
ary layer with thickness δ, which evolves along the sur-
face given by y = 0. The notations OW, IW, IL, and
VWL mark the outer and the inner wake, the inter-
mediate and the viscous wall layer, respectively. The
asymptotic relationships are explained in the text.

to the surface where convective terms are negligibly small and Reynolds stresses have the same
magnitude as the molecular shear stress. Let y and τw denote, respectively, the coordinate
perpendicular to the surface and the wall shear stress. As far as low-order results and the
attached case τw > 0 are concerned, the asymptotic description of the wall layer turns out to be
fully analogous to that in the classical theory. That is, sufficiently far from the positions where
τw vanishes the streamwise velocity component u is expanded in the usual manner according to

u/uτ ∼ u+
0 (y+)+· · · , sgn(τw)uτ = |τw|1/2 = (|∂u/∂y|y=0/Re)1/2, y+ = y |uτ |Re = O(1). (1)

Most important, the hypothesis stated above is seen to require the celebrated logarithmic
match with the fully turbulent flow regime on top of the viscous wall layer,

u+
0 ∼ A±

−1 ln y+ + B±, A± > 0, y+ → ∞. (2)

Here the subscripts + and − denote the cases τw > 0 and τw < 0, respectively. Therefore, A+

equals the v. Kármán constant, and the values of B± shall refer to a perfectly smooth surface.
Note that for separated flows (τw < 0) an asymptotic behavior akin to (2) was already proposed
in [3] on semi-empirical grounds. Moreover, the velocity components u in the wall layer and the
intermediate layer of thickness τw, see Figure 1, match provided that the skin friction law

uτ/us ∼ A±ǫ + O(ǫ2), ǫ = 1/ ln |u3
τRe| → 0, Re → ∞, (3)

holds. This relationship between uτ and the aforementioned slip velocity us represents a gener-
alization of the well-known classical result which, in principle, is included in (3).

Let η = y/u2
τ = O(1) be the coordinate characteristic for the intermediate layer. The match

of u with the inner wake reveals a half-power law, u/uτ = O(
√

η) for η → ∞. Such a behavior
is believed to hold also on top of the viscous wall layer of a separating TBL. On the other
hand, the viscous wall and the intermediate layer collapse and, in turn, (3) ceases to be valid
when us/uτ = O(1), that is, for us = O(Re

−1/3). As a highlight of the asymptotic analysis, it is
pointed out how that merge of the near-wall layers generates a new strongly viscosity-affected
flow regime near the locations where τw = 0. There (1) is replaced by the appropriate expansion

u/up ∼ u×
0 (p×, y×) + · · · , p× = (up/uτ )

3, up = (px/Re)1/3, y× = y upRe = O(1). (4)

Herein the local value px = O(1) of the leading-order streamwise pressure gradient enters the
velocity scale up. Finally, then the generalized logarithmic law (2) is gradually transformed into

u×
0 ∼ C(p×)

√

y× + D(p×), C(p×) > 0, D(p×) ∼ us/up = O(1), y× → ∞. (5)
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