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The Aurivillius compound Bi4Ti3O12 exhibits a single phase transition from a tetragonal high-temperature
phase to a ferroelectric state. By means of first-principles calculations guided by a complete symmetry analysis
of the experimental distortion, we confirm B1a1 as the �monoclinic� symmetry of the room-temperature phase
but show that the transition involves a complex interplay of six different normal modes belonging to four
different irreducible representations. Three of them are necessary for the observed symmetry break. We do not
find any feature in the energy landscape that would force the simultaneous condensation of these three order
parameters and cause such an avalanche transition, so we suggest that further experimental work might be able
to detect intermediate phases. On the other hand, the necessary condensation of pairs of normal modes of the
same symmetry already puts Bi4Ti3O12 outside the standard soft-mode paradigm and has important structural
implications. In particular, the approximate rigidity of the BiO6 octahedra is due to anharmonic couplings of
these modes. In addition, a comparison of the energy calculations and the behavior of the bond-valence global
instability index is presented.
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I. INTRODUCTION

A renewed interest in the theoretical study and design of
ferroelectric materials has arisen in recent years. One of the
reasons for this upsurge of activity has been the new possi-
bilities which ab initio density functional theory �DFT� cal-
culations have opened. For the simple perovskites such as
BaTiO3 or PbTiO3, numerous DFT calculations �see Refs.
1–3 for some reviews� have clearly demonstrated that the
thermal transition mechanism leading to the ferroelectric
phase�s� can be described by what we can call the “unstable-
mode” model, which can be summarized by the following
features:

�1� At 0 K, the paraelectric high-symmetry phase is un-
stable with respect to a polar optic mode at the Brillouin
zone center. Although other unstable modes may exist, this
�in general degenerate� polar mode is clearly the strongest
instability of the paraelectric cubic structure, with the largest
imaginary frequency.

�2� The phonon branch of the unstable polar mode is ba-
sically the only unstable phonon branch. If some other soft
branches exist, they are clearly separated from the polar
mode and have much smaller imaginary frequencies.

�3� In the ferroelectric phase, the experimental structural
distortion agrees well with the calculated unstable mode.

�4� The calculated �quartic� anharmonicity of the modes
of the whole unstable polar phonon branch is approximately
constant, which implies that it has a local character.

These properties allow an approximate description of the
behavior of these systems by considering as active degrees of
freedom only the modes of the unstable soft-mode phonon
branch, while the remaining modes can be subsumed in the
heat bath. The corresponding effective Hamiltonian is then a
sort of generalized �4 model4 with a single vectorlike local

degree of freedom per unit cell, and the anharmonic terms
are Einstein-like, i.e., a crystal field on the local variable.

The formalism based on this type of effective Hamil-
tonian, with parameters calculated by first-principles meth-
ods, has been very successful in reproducing and predicting
the essential properties of not only pure ferroelectric perovs-
kites but also those of compounds with mixed compositions
such as Pb�Zr,Ti�O3 �PZT� �see Refs. 1–3 and references
therein�.

More complicated situations can happen when several
modes that correspond to quite different local degrees of
freedom are unstable. For instance, in SrTiO3, an instability
at the border of the Brillouin zone, corresponding to a rigid-
unit mode �RUM� of the octahedra, is stronger than the ferro-
electric one and prevails over it.5 This is one of the simplest
examples of competition among structural instabilities.

The situation is even more complex in the Aurivillius
compounds, which exhibit a higher number of competing
structural instabilities. These compounds are layered bismuth
oxides formed by stacking Bi2O2 slabs and perovskitelike
blocks. Their high-temperature phase has I4 /mmm symme-
try. Many of them are ferroelectric at room temperature, but
in addition to the polar distortion, they have other nonpolar
antiferrodistortive distortions, which involve large tiltings of
the perovskitelike octahedra.6–9 For one specific member of
the family, namely, SrBi2Ta2O9 �SBT�, by means of ab initio
calculations combined with a structural and symmetry analy-
sis, we have demonstrated that a complex interplay exists
between three structural instabilities including the ferroelec-
tric one.10 This situation is expected to be common for the
whole family, since the symmetry of the ferroelectric phases
in all these compounds cannot be explained by considering
only the symmetry break due to the ferroelectric distortion.
At least the spontaneous freezing of one of the other unstable
modes is necessary in order to explain the observed symme-
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try. This requirement characterizes these systems, so that
they are beyond the simple single unstable-mode model sum-
marized above.

According to the basic paradigm of the Landau theory of
structural phase transitions,11,12 in SBT, one expects the ex-
istence of two phase transitions, one for each of the two
symmetry-breaking modes that can explain the final symme-
try of the room-temperature ferroelectric phase, and, indeed,
this is what has recently been observed in this
compound.13–15 However, such sequence of two phase tran-
sitions seems to be absent in other analogous members of the
family, such as SrBi2NbO9 �SBN� and Bi5Ti3FeO15,

16 for
which the two modes seem to condense simultaneously. This
situation is quite peculiar, since, in general, it is not expected
that more than one symmetry-breaking mode is active at a
single transition. For second order transitions, this would
only happen by pure coincidence, whereas in first-order tran-
sitions, the simultaneous freezing of two independent modes
is a rare phenomenon, which is usually attributed to a so-
called triggering mechanism, requiring a �negative� coupling
that strongly favors the simultaneous presence of the two
modes.12,17,18 This type of coupling is very rare, as it usually
has the opposite sign, i.e., the freezing of a single mode
positively renormalizes �i.e., stabilizes� through an anhar-
monic coupling the other unstable modes �for instance, those
of the corresponding phonon branch�. This explains why
transition order parameters of first order or discontinuous
structural phase transitions can, in general, also be associated
with a single irreducible representation �irrep� of the high-
symmetry space group, i.e., with a single mode instability. In
the following, we shall call avalanche transitions those that
break this basic rule of Landau’s theory, i.e., those in which
several irreps �order parameters� are required to explain the
symmetry break taking place. This term does not prejudge
the possible mechanism responsible for this type of behavior.

In Ref. 10, we were able to show that in SBT, the biqua-
dratic couplings between the three dominant unstable modes
had the usual positive sign which precludes a triggering
mechanism. Furthermore, the allowed trilinear coupling of
the three unstable modes was too small to act as an alterna-
tive triggering mechanism. Therefore, two consecutive tran-
sitions were predicted, in agreement with experiment. How-
ever, as stressed above, in some other Aurivillius
compounds, such as SBN, no intermediate phase has been
detected, despite being isomorphous with SBT in both the
high and the room-temperature phase.

Bi4Ti3O12 �BTO� apparently has also a single avalanche
transition at 670 °C between its tetragonal high-temperature
phase and its ferroelectric room-temperature phase. While
SBT and SBN have a thickness of two perovskite slabs with
BO6 octahedra, in the case of BTO, the perovskite slabs are
three-octahedra thick �see Fig. 1�. The ferroelectric phase of
BTO has been reported to be monoclinic, and its symmetry
would require at least the condensation of three different
symmetry-breaking modes corresponding to three different
irreps. Although a claim of the presence of an intermediate
phase19 has been published, it has not been confirmed and a
single phase transition between the tetragonal and the ferro-
electric phase has been reported in multiple studies and is
commonly accepted.12 Here, we perform ab initio total-

energy and phonon calculations to determine the features that
distinguish BTO from SBT, in relation to this conspicuous
behavior. We analyze our results within a group theoretical
framework that allows us to make a thorough quantitative
comparison with experimental structural results and to ex-
tract physical insight into the interplay of the different
mechanisms involved in the ferroelectric phase of this com-
pound, in particular, the possibility of a triggering mecha-
nism for the avalanche transition.38

A first-principles study of Bi4Ti3O12 was reported in Ref.
20, but only the polar instability was analyzed and the other
distorting modes present in the ferroelectric phase that are
necessary to explain the observed structure were not consid-
ered.

II. COMPUTATIONAL DETAILS

The details of the ab initio calculations presented here are
the following. We used the linearized augmented plane

FIG. 1. Structure of Bi4Ti3O12 in the high-temperature tetrago-
nal phase with space group I4 /mmm.
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wave+local orbitals code WIEN2K.21 Exchange and correla-
tion were treated within the generalized gradient approxima-
tion �GGA� by using the Perdew-Burke-Ernzerhof �PBE�
parametrization.22 The atomic sphere radii Rmt were chosen
as 2.28, 1.74, and 1.54 bohr for Bi, Ti, and O, respectively.
The parameter RmtKmax determining the plane wave basis set
was 6.5 for all calculations. Depending on the size of the unit
cell or supercell used, the k mesh was varied, but typically,
we used 4�4�4 shifted Monkhorst–Pack meshes in the
smaller unit cells and equivalent meshes for larger cells.

The phonon spectrum of the system was computed by first
performing WIEN2K force calculations for selected
symmetry-adapted distortions that were determined with the
help of the PHONON package,23 starting from a fully relaxed
tetragonal structure in a 76-atom supercell. Then, the so-
called direct method implemented in PHONON �Ref. 23� was
used. Effective atomic force constants were obtained from
the forces of 40 selected configurations and triclinic symme-
try. In each of the first 20 configurations, a single atom was
displaced by +0.05 Å in the x, y, or z direction, while the
other 20 involved the opposite displacements. Pairs of calcu-
lations with positive and negative displacements were com-
bined to get rid of quadratic response effects and minimize
errors. From these force constants, the dynamical matrix for
many q vectors was generated to compute the phonon
branches. Phonon calculations require highly accurate forces,
so we chose for the forces a rather strict self-consistency
convergence criterion, typically 0.1 mRy /bohr. For the more
relevant symmetries, static normal modes and their stiffness
were recalculated by frozen phonon calculations restricted to
the required symmetry-adapted subspaces.

In addition to the first-principles analysis, we have carried
out some calculations within the bond-valence model to
check whether the approximate mapping we found in Ref. 24
for the low-lying modes of SBT is maintained for Bi4Ti3O12.
These calculations are presented in the Appendix.

III. MONOCLINIC GROUND STATE

An initial fundamental problem in BTO concerns the ac-
tual symmetry and structure of the room-temperature phase.
While numerous powder x-ray and neutron powder diffrac-
tion studies, including very recent ones,19,25 reported a struc-
ture with space group B2cb �No. 41� �keeping the setting of
the tetragonal phase�,39 a single-crystal x-ray analysis7

claimed that the phase is monoclinic, with space group B1a1.
Within experimental resolution, this monoclinic structure
would keep an orthogonal unit cell. Monoclinic features
were also reported by macroscopic measurements.26 In order
to elucidate this first controversy on the symmetry of the
compound, we performed DFT calculations and relaxed the
structure of BTO under the B1a1 symmetry keeping the lat-
tice parameters fixed to the experimental values. This sym-
metry includes the alternative orthorhombic space group
B2cb as a supergroup.

To compare the final relaxed structure with the experi-
mental one, it is convenient to describe both in terms of
symmetry-adapted distortions. In complex cases as this one,
in which several modes of different symmetries may be fro-

zen, the number of variant �twinned� equivalent structures is
very large, involving correlated sign changes of some of the
intervening frozen modes. This precludes, in general, a direct
comparison of the structures. In the present case, the space of
distortions with B1a1 symmetry has seven subspaces that
can be distinguished by different irreps of I4 /mmm or, as
pointed out in Ref. 7, by the different space groups that they
keep invariant. These can be readily obtained by using the
tools present in the Bilbao Crystallographic Server
�www.cryst.ehu.es�.28,29 The subspaces are X3

+ �Bmab, No.
64�, Eu �F2mm, No. 42�, X1

− �Bbab, No. 68�, X2
+ �Bbam, No.

64�, Eg �I12 /m1, No. 12�, Au �I4mm, No. 107�, and X4
−

�Bmam, No. 67�, where two-dimensional irreps should be
restricted to the necessary subspace. The invariance space
group �in a common nonstandard setting� is indicated in pa-
renthesis together with its number in the International Tables
of Crystallography27 �see Fig. 2�.

The polar Eu distortion is responsible for the spontaneous
polarization along the x axis, while the polar Au mode would,
in general, induce a polarization component along the z axis.
The first three modes are compatible with the B2cb space
group, and the presence of two of them is sufficient for re-
ducing the system to this symmetry, while any of the remain-
ing four modes would further reduce the symmetry to B1a1.
A B1a1 distortion has 51 additional degrees of freedom with
respect to the I4 /mmm configuration, distributed into seven
subspaces with dimensions �8, 11, 3, 5, 8, 9, 7�, following the
order indicated above. This means, for instance, that the ex-
perimental distortion of symmetry X3

+ can be described by a

FIG. 2. Group-subgroup graph connecting the space groups
I4 /mmm and B1a1. All intermediate subgroups are indicated. If
existing, the irreducible representation of I4 /mmm associated with
symmetry-breaking modes yielding the given intermediate symme-
try is also given. The symmetries associated with the dominant
orthorhombic distortion in BTO are highlighted.
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normalized eight-dimensional “polarization vector” plus a
global amplitude QX3

+ with dimensions of length. By decom-
posing the experimental B1a1 structure7 in this form,40 we
obtain the amplitudes �in bohr� for the seven different
symmetry-breaking distortion modes, listed in Table I. The
polarization vectors were normalized within a single primi-
tive unit cell of the reference tetragonal structure. Although
the polarization vectors of the distortion modes with different
symmetries can be very different, it is important to note that
their amplitudes are expressed in a common absolute scale
and thus can be compared, yielding their relative weights.
The numbers in Table I immediately indicate the importance
of the first two distortion modes in the B2cb distortion, while
it is clear that the X2

+ distortion is the dominant one in the
further break into B1a1 symmetry. The two strongest distor-
tions, X3

+ and Eu, are analogous to those present in SBT. X3
+

involves a nearly rigid tilting around the x axis of the octa-
hedra within the perovskite slabs, together with correlated
displacements of the Bi atoms. This mode is responsible for
the duplication of the unit cell. Eu is a polar mode that can be
approximately described as a relative displacement along the
x axis of the sublattice of Bi cations with respect to the slabs
of TiO6 octahedra. This mode is the cause of the spontaneous
polarization along the x axis, and so the main responsible for
the ferroelectric properties of the room-temperature phase. A
second smaller component of the spontaneous polarization
along z is caused by the Au distortion mode.

Table I also shows the computed relaxed structure ex-
pressed in the same form. Apart from the amplitudes of the
seven distortion modes, the table lists the projections of the
associated polarization vectors on the corresponding ones of
the experimental structure, as given by their scalar products.
It can be seen that the agreement of the polarization vectors,
which describe the internal structure of each symmetry-
adapted distortion, is excellent for the dominant modes. The
amplitudes of the seven distortion modes also agree very
well but are, in general, systematically a bit larger for the ab
initio structure. This is reasonable considering that the ex-
perimental structure was measured at room temperature and
is being compared to a theoretical structure at 0 K. Order
parameter amplitudes are not expected to have reached satu-
ration at room temperature. It is important to note that some

of the amplitudes have the opposite sign. This indicates that
the calculation has arrived during the relaxation to a structure
that is related to the experimental one by twinning and shows
that, in general, a direct comparison of atomic coordinates
between theoretical and experimental atomic positions would
make no sense, as different modes with opposite amplitudes
participate in the variation of some of the atomic coordi-
nates. The twinning transformation relating the relaxed and
the experimental structure is one of the eight possible ones
for the symmetry breaking I4 /mmm→B1a1, disregarding
those that imply a 90° rotation.

The excellent agreement between the experimental and
theoretical monoclinic structures, especially with respect to
the large distortion of X2

+ symmetry, which breaks the ortho-
rhombic symmetry of the other three dominant modes, con-
firms that B1a1, and not B2cb, must be the symmetry of the
final distorted phase. This additional symmetry-breaking dis-
tortion only involves the rotations along the z axis of the
central octahedra within the perovskite-type slabs. In this
basic distortion, only a small number of oxygen atoms are
involved and so this mode would produce minor changes in
the diffraction diagram. This explains the difficulty in resolv-
ing the monoclinic distortion with powder diffraction tech-
niques, since the unit cell is kept orthogonal within experi-
mental resolution.

IV. NORMAL-MODE ANALYSIS OF THE TETRAGONAL
PHASE: MULTIPLE UNSTABLE HARMONIC

NORMAL MODES

From a direct generalization of the unstable-mode picture
of the Introduction, one would expect that the experimental
distortion in BTO should be the result of the freezing of
unstable normal modes of the tetragonal structure whose
symmetries and polarization vectors match those of the most
significant distortions observed. There should then be one
unstable X3

+ and one unstable Eu normal modes, leading to a
B2cb distortion �with the Eu mode being responsible for the
spontaneous polarization�, and an X2

+ normal mode, which is
responsible for the final B1a1 symmetry through an addi-
tional significant distortion. The rest of the distorting modes
of different symmetries present in the actual structure would
be secondary, induced distortions compatible with the sym-
metry of the final configuration.

The relation of the static low-temperature structure of
BTO with the harmonic normal modes of the high-
temperature structure is actually much more complex. The
calculation of the static normal modes of the I4 /mmm phase
finds, indeed, that the two most unstable modes of the system
have Eu and X3

+ symmetries. In contrast to SBT, the polar
mode Eu is much more unstable than the antiferrodistortive
tilting mode �the modulus of its negative stiffness is signifi-
cantly larger, and the depth of the associated energy well is
about 30 mRy / f.u., compared to 15 mRy for the X3

+ mode�.
However, there are multiple unstable “phonon” branches all
along the Brillouin zone. These branches, as in SBT, can be
traced back to a rough approximate “folding” of the branches
of an ideal perovskite. The crucial point is that among these
additional unstable branches, a second unstable mode of the

TABLE I. Comparison between the experimental B1a1 structure
of Bi4Ti3O12 �Ref. 7� and the calculated relaxed structure under this
space group. The amplitudes in bohr of the different symmetry-
adapted distortion modes for the two structures are given in the first
two rows. The third row lists the scalar product of the normalized
polarization vectors for each mode corresponding to the experimen-
tal and the ab initio relaxed structures. Normalization has been done
with respect to the tetragonal high-temperature unit cell. The first
three columns correspond to the distortions compatible with the
higher symmetry B2cb under discussion.

X3
+ Eu X1

− X2
+ Eg Au X4

−

Experimental 1.60 1.43 0.96 0.62 0.08 0.22 0.13

Ab initio relaxed −1.77 −1.33 1.07 0.82 −0.10 0.25 −0.11

Scalar product 0.998 0.996 0.998 0.99 0.73 0.80 0.64
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relevant symmetries Eu and X3
+ exists.30 The distortions cor-

responding to these four unstable modes are depicted in Figs.
3 and 4, while the energy variation as a function of their
amplitudes can be seen in Fig. 5. The most unstable X3

+ mode
�mode X3

+�1�� is rather localized at the center of the perovs-
kitelike slabs, tilting the central octahedra around the x axis
but keeping the Bi2O2 layers and the apical oxygens of the
neighboring octahedra essentially unchanged. This is in con-
trast to the second unstable X3

+ mode �mode X3
+�2��, which

mainly involves displacements of the bismuth atoms in the
Bi2O2 layers and also of the neighboring apical oxygens. It
can be clearly seen that these two harmonic normal “soft”
modes would strongly distort the BiO6 octahedra if taken

separately. Similarly, the most unstable Eu normal mode
�mode Eu�1�� is localized at the center of the perovskite slabs
and involves opposite displacements along x of the Bi and
corresponding oxygens, while the second unstable one
�mode Eu�2��, with a much weaker instability, involves a
relative displacement of the Bi2O2 layers with respect to the
apical oxygens in the neighboring octahedra �see Fig. 4�.

As in the case of the X3
+ modes, each Eu unstable normal

mode produces, when considered in isolation, a considerable
distortion of the octahedra in the perovskite slabs.

FIG. 3. �a� Projection along the x axis of the distortion produced
by the most unstable X3

+ normal mode �modeX3
+�1��. �b� The same

for the second unstable X3
+ normal mode �modeX3

+�2��. Mode am-
plitudes have been exaggerated �about 2 bohr� to stress the mode
effects.

FIG. 4. �a� Projection along the y axis of the distortion produced
by the most unstable Eu normal mode �mode Eu�1��. �b� The same
for the second unstable Eu normal mode �mode Eu�2��. Mode am-
plitudes have been exaggerated �about 3 bohr� to stress the mode
effects.
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All this makes the energy landscape of BTO strikingly
different from the one observed in SBT. In BTO, the low-
energy dynamics in the harmonic approximation is far from
respecting the assumed rigidity of the TiO6 octahedra. On the
contrary, as suggested in Ref. 31, it seems to be more in
accordance with a monatomic layered picture of the Aurivil-
lius compounds, with the normal modes combining layer dis-
placements that do not necessarily keep the octahedra undis-
torted. Although the splitting and z localization of the normal
modes are obtained at 0 K, one expects that it is maintained
at high temperatures, at which the corresponding frequencies
are normalized to real values, thus making the tetragonal
phase stable. This would mean that in the tetragonal phase,
contrary to what is commonly assumed, the TiO6 octahedra
have distorting normal modes with very low frequency. As
one would expect from the localization with the eigenvectors
of these modes, the corresponding calculated phonon
branches are very flat along the z direction. This suggests a
relaxational character for these modes and order-disorder be-
havior for the transition�s� where these modes are active, in
agreement with recent experimental reports.32 As in SBT, a
normal mode with the third symmetry present in the domi-
nant orthorhombic B2cb distortion �X1

− in this case� is also
unstable. Its polarization vector agrees with that of the actual
experimental distortion mode, and its instability is stronger
than in SBT when compared with the main unstable normal
modes �see Fig. 5�.

V. NORMAL-MODE DECOMPOSITION OF THE
EXPERIMENTAL STRUCTURE

Although the two additional unstable modes of symme-
tries X3

+ and Eu produce only a much smaller decrease in the
energy than the most unstable ones �see Figs. 5 and 6�, they
are present with nearly equal weight in the experimental
static distortion. More specifically, the polarization vector
describing the experimental X3

+ distortion can be expressed in

the basis of eigenvectors of the ab initio calculated static
normal modes of this symmetry as �0.69, 0.70, 0.07, 0.12,
0.00, −0.01, 0.02, 0.03�, where the components are ordered
from lower to higher stiffness. One can see that the two
lower modes, the only two with negative stiffness, are re-
sponsible for the final distortion with essentially equal
weight. The contributions of the other modes are basically
zero within the estimated accuracy �both of the calculation
and of the experimental data� except for a small contribution
of the fourth mode. An analogous decomposition of the po-
larization vector of the Eu experimental polar distortion in

-30

-20

-10

0

10

20

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

FIG. 5. Calculated energies per f.u. �relative to the tetragonal
relaxed configuration� as a function of the amplitude of unstable
static normal modes. The curves correspond to fitted 2-4-6
polynomials.

(a)

(b)

FIG. 6. �a� Relative change of the energy per f.u. as a function
of the amplitude of mode X3

+�2� in a structure with mode X3
+�1�

frozen with amplitude of 1.0 bohr. For comparison, the equivalent
curve for a pure X3

+�2� distortion is also shown. �b� Energy contour
map for mixed distortions involving nonzero amplitudes of the two
unstable X3

+ normal modes. The oblique position of the absolute
minima are caused by very strong anharmonic coupling terms be-
tween the two modes.

PEREZ-MATO et al. PHYSICAL REVIEW B 77, 184104 �2008�

184104-6



terms of the calculated Eu normal modes yields

�0.75,0.59,0.06,0.07,− 0.27,0.06,0.02,

− 0.00,0.02,− 0.03,0.00� .

Therefore, also in this case, the contribution of the two un-
stable Eu normal modes is overwhelming.

Hence, neither the experimental structural distortion nor
any structure component corresponding to a single irrep can
be related to a single unstable normal mode. At least six
different normal modes are present with similar weights in
the experimental structural distortion. It is especially remark-
able that the approximate rigidity of the BiO6 octahedra,
which is observed in the experimental distortion, is achieved
through the linear combination of two normal modes of the
same symmetry, both involving strongly distorting modes for
the octahedra. Their anharmonic coupling is such that it
yields an absolute energy minimum where both modes par-
ticipate in the right proportions to maintain the octahedra
approximately rigid. Figure 6 shows the strong magnitude of
this anharmonicity. Couplings of types Q1

3Q2, Q1Q2
3, and

Q1
2Q2

2 between the amplitudes Q1 and Q2 of the normal
modes X3

+�1� and X3
+�2� displace the energy minimum to a

point along the approximate direction �1,1� in the plane
�QX3

+�1� ,QX3
+�2��, and this linear combination of the two nor-

mal modes maintains the TiO6 octahedra approximately un-
deformed. In other words, in contrast to what is assumed for
the so-called RUMs in framework structures,33 here the oc-
tahedra are approximately rigid in the frozen distortion
through anharmonic couplings of octahedra-distorting har-
monic normal modes.

Something similar happens with the two unstable polar Eu
modes. However, in this case, it is important to note that
although their anharmonic coupling yields the right combi-
nation to keep the octahedra approximately rigid, this cou-
pling, in contrast to the X3

+ modes, is very weak. Figure 7
shows that the energy cost of changing the relative signs of
the two modes is very small �about 0.5 mRy / f.u.� compared
to the depth of 31 mRy of the absolute minimum for the
“right” combination of the two Eu modes �see Fig. 5�. This
implies, as shown in Fig. 7�b�, that there are two metastable
deep minima for the combination of the two Eu normal
modes with opposite signs, in spite of the fact that this would
correspond to a structural distortion with significant defor-
mation of the TiO6 octahedra. Figure 7 shows that the abso-
lute and relative minima are separated by a rather small en-
ergy barrier. One can therefore speculate about the
possibility of a two-step process for the polarization switch-
ing in these materials. The total spontaneous polarization of
the system in the ferroelectric phase is necessarily the result
of adding the contributions of the two Eu modes, which are
of the same order of magnitude. As the energy barrier be-
tween the two configurations is small, a minimal opposing
field could then be enough for favoring the configuration
with the two modes aligned in opposite directions, drastically
reducing the polarization. In the second step, the dominant
most unstable mode would then change sign overcoming a
much higher barrier. The switching properties of BTO, which
were considered in the early stages of its investigation as

characteristic of a “ferrielectric” material,34 could be related
to this peculiar interplay of these two polar modes.

VI. SEQUENCE OF PHASE TRANSITIONS OR AN
AVALANCHE TRANSITION?

We can now address the question of how the symmetry-
breaking I4 /mmm→B1a1 takes place. Although claims of
some intermediate phases have been made, including a re-
cent one in Ref. 19, their experimental support is very weak
and they contradict other reports with respect to temperature

(a)

(b)

FIG. 7. �a� Relative change of the energy per f.u. as a function
of the amplitude of mode Eu�2� in a structure with mode Eu�1�
frozen with amplitude of 1.0 bohr. For comparison, the equivalent
curve for a pure Eu�2� distortion is also shown. �b� Energy contour
map for mixed distortions involving nonzero amplitudes of the two
unstable Eu normal modes. The oblique position of the absolute
minima are caused by very weak anharmonic coupling terms be-
tween the two modes.
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ranges. Up to now, there is only clear evidence for a single
phase transition at about 675 °C. This transition is connected
with a strong peak in the dielectric constant, suggesting
that the ferroelectric distortion associated with the Eu
modes condensates at this point. This is in agreement with
our calculations, which find that the polar instability
is the strongest one, in contrast to the case of SBT, where
the most unstable mode is at the Brillouin zone boundary
and yields an intermediate paraelectric orthorhombic
phase. If a sequence of phase transitions associated with the
different active irreps were to occur in BTO, the expected
symmetry changes as temperature is decreased would be
I4 /mmm→F2mm→B2cb→B1a1, with two intermediate
phases and a successive spontaneous freezing of distortions
of Eu, X3

+, and X2
+ symmetries, so that the system would be

ferroelectric in all phases except the tetragonal one. These
intermediate phases have not been detected up to now. As
stressed in the Introduction, the simultaneous condensation
of three different order parameters of different symmetries in
a single phase transition is an unusual phenomenon even if
the transition is discontinuous. There are only a few reported
cases of the simultaneous condensation of two primary
modes. The phenomenon has been explained through a so-
called triggering mechanism,12 which requires, in general, an
unusual negative biquadratic coupling of the order param-
eters in the Landau potential governing the phenomenology
of the system around the transition.17 The condensation of
one of the order parameters can then decrease the effective
quadratic stiffness of the second one, and the jump of the
first order parameter at the discontinuous transition can be
sufficient to make the second one unstable at the same tem-
perature.

In general, a generalized Landau-type explanation re-
quires anharmonic couplings of the order parameters, which
favor their simultaneous presence in the structure. We have
therefore explored the energy landscape for all active modes
mentioned above and determined the couplings among them.
The effective biquadratic couplings between pairs of modes
are found to be positive in all cases, i.e., modes do not co-
operate in the energy minimization and the freezing of one of
them positively renormalizes the stiffness coefficients of the
others. Figure 8 shows the example of the coupling between
the ferroelectric mode Eu�1� depicted in Fig. 4�a� and the
mode X2

+, which is responsible for the symmetry breaking
from the orthorhombic B2cb to the monoclinic B1a1 sym-
metry. The X2

+ mode introduces correlated rigid rotations of
the central octahedra in the perovskite slabs around the z
tetragonal axis, which are achieved by atomic displacements
of the O1 atoms �see Fig. 1�. As can be seen in Fig. 8, this
distortion mode is quite effective in reducing the energy, al-
most as much as the most unstable polar mode Eu�1�. How-
ever, the presence of the latter drastically reduces the depth
of its energy well as a result of the strong positive biqua-
dratic coupling between the two modes. Hence, their simul-
taneous condensation in the structure is penalized. We ob-
serve a similar type of interplay between all pairs of unstable
normal modes. The effect of the coupling of the two most
unstable modes, Eu�1� and X3

+�1�, is depicted in Fig. 9. The
presence of the X3

+�1� normal mode �with an amplitude cor-
responding to the minimum of its energy curve� drastically

reduces the energy decrease achieved with the Eu�1� distor-
tion. The effect is, however, not as strong as in SBT, where
the presence of one of the two competing modes fully stabi-
lized the other one.10

On the other hand, trilinear couplings between three of the
modes would favor a triggering mechanism independently of
the sign of the coupling. However, our investigation of these
types of couplings shows that they are too weak to prevail
over the unfavorable quadratic couplings. This can be al-
ready seen from the weak variation in the amplitude of the
modes in the global mixed minimum with respect to their
amplitudes at the energy minimum when each mode is con-
sidered separately.

FIG. 8. Relative energy change per f.u. as a function of the
amplitude of the unstable mode of symmetry X2

+, which is respon-
sible for the monoclinic ground state of BTO. The lower points
corresponds to this mode as a single distortion, while the higher
points are obtained when mode Eu�1� at a fixed amplitude corre-
sponding to its energy minimum is superposed. The curves corre-
spond to fitted 2-4-6 polynomials.

FIG. 9. Relative change of the energy per f.u. as a function of
the amplitude of mode Eu�1� in a structure with mode X3

+ frozen
with amplitude of 0.9 bohr. For comparison, the equivalent curve
for a pure Eu�1� distortion is also shown.
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Obviously, the anharmonic couplings relevant in the ef-
fective Landau free energy may considerably differ from
those of the underlying energy map as they are, in general,
temperature dependent. We cannot rule out the possibility
that thermal effects are so strong as to change the sign of
these anharmonic interactions and thus drastically affect the
interplay between the modes. However, we consider this
quite unlikely. The present study shows that there is no clear
feature in the energy landscape that favors the simultaneous
condensation of the three primary symmetry-breaking modes
present in the ground state of the system. One can only state
that the anharmonic couplings that play against this phenom-
enon are significantly weaker than in SBT. Therefore, the
apparent absence of intermediate phases in BTO remains to
be explained. In any case, one should not forget that it can be
very difficult to discern as distinct close consecutive phase
transitions at high temperatures. Even at low temperatures, it
can become a challenge to resolve a sequence of transitions
within a small temperature range �see, for example, the work
reported in Ref. 35�.

VII. CONCLUSIONS

A complex interplay between different structural instabili-
ties including the ferroelectric one is characteristic for the
whole Aurivillius family, and only the combined symmetry-
breaking effects of several unstable modes can explain the
observed ferroelectric-phase symmetries. In some Aurivillius
compounds such as Sr2BiTa2O9, this leads to a sequence of
thermal phase transitions, as expected from the Landau
theory. However, in some other compounds, the different or-
der parameters present in the ferroelectric phase seem to con-
dense simultaneously. Instead of the expected sequence of
phase transitions �one for each primary order parameter�, a
single phase transition has been observed. We denote this
peculiar behavior as an avalanche phase transition, i.e., a
single phase transition whose symmetry break requires sev-
eral order parameters. According to the literature, BTO is
one of the Aurivillius compounds where an avalanche tran-
sition exists. Our first-principles energy and phonon calcula-
tions of this compound and their quantitative comparison
with experimental data evidence a complex interplay of six
different normal modes for the stabilization of the distorted
ferroelectric phase. As claimed in a single-crystal diffraction
study, and in contrast to powder diffraction results, BTO is
confirmed to be monoclinic due to a strong unstable mode
that breaks the orthorhombic symmetry. This additional pri-
mary instability involves only rotations around z of the TiO6
octahedra in the central layer of the perovskite slabs and
appears, in addition to the polar and tilting modes, respon-
sible for the orthorhombic distortion, which are the only ones
present in other orthorhombic compounds.

The normal-mode analysis of the energy landscape around
the tetragonal phase shows a rather complex relation between
the static structure of BTO and the corresponding harmonic
normal modes. Both the instabilities at the X point of the
Brillouin zone and the polar ones split into pairs of unstable
modes leading to a total of at least six different normal
modes with significant and comparable weight in the experi-

mental distortion. The observed approximate rigidity of the
BiO6 octahedra is in fact achieved through the linear combi-
nation of two normal modes of the same symmetry that
would strongly distort the octahedra if considered separately.
Thus, in contrast to the usual picture, the octahedra are rigid
only through anharmonic couplings and not within the har-
monic approximation.

Our study of the energy landscape associated with the
calculated unstable modes failed to show any feature that
would favor the simultaneous condensation of the different
order parameters. This makes it quite unlikely that a trigger-
ing mechanism is behind the existence of a single avalanche
phase transition. Therefore, the apparent absence of interme-
diate phases in BTO remains to be explained. Given the ex-
perimental difficulties intrinsic to high-temperature investi-
gations and the limitations of the powder method for
diffraction analysis �the only method used up to now at high
temperatures�, it cannot be ruled out that the intermediate
phases indeed exist but remain to be detected by more accu-
rate experimental techniques. Each of these intermediate
transitions should nevertheless exhibit the joint condensation
of two modes of the same symmetry, thus placing Bi4Ti3O12
outside the standard soft-mode paradigm.
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APPENDIX: THE BOND-VALENCE GLOBAL
INSTABILITY INDEX

When studying the low-energy landscape around the te-
tragonal configuration of the Aurivillius compound SBT,10 it
was observed that a magnitude computed within the empiri-
cal bond-valence method36 strikingly mimicked the behavior
of the ab initio total energy. This magnitude is the square of
the so-called global instability index Gii,37 which measures
the average deviation of the apparent atomic valences �cal-
culated through the bond-valence method� from their nomi-
nal values. The Gii2 and energy maps could be approxi-
mately related through a single scale factor of 500 mRy per
square valence unit.24 Here, we present a similar comparison
for some of the critical modes of Bi4Ti3O12 discussed above.

According to the bond-valence formalism, the apparent
�Vi� valence of an atom is obtained by means of bond-
valence sums that depend on the distances of the surrounding
counterions and empirical parameters:36

Vi = �
j

vij, vij = exp�dij − Rij

b
� ,

where Rij are the bond lengths, dij are parameters that depend
on the kinds of bonded atoms, and b=0.37 Å is a universal
constant. The global instability index is defined as the root
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mean square over all the atoms of the difference between
their apparent �Vi� and nominal �Vi

0� valences:

Gii2 =
1

N
�
i=1

N

�Vi − Vi
0�2,

where N is the number of atoms per unit cell. For the calcu-
lations of the apparent valences, we have used dBi-O
=2.094 Å, dTi-O=1.815 Å, and dO-O=1.500 Å, and the cutoff
for the interatomic distances was set to 4.5 Å.

Figure 10 shows the Gii2 curves for distortions corre-
sponding to the unstable modes of symmetries Eu, X3

+, and
X1

−, which can be directly compared to the corresponding ab
initio energy maps of Fig. 5. The similarity between the fig-
ures is remarkable, but it is not so strong as in SBT. The
transformation factor relating the scales employed in the two
figures is about 700 mRy per square valence unit. The nor-
mal mode X3

+�1� is more unstable than the Eu�1�, while in the
energy maps, it is the reverse. Also, the minima of the Gii2

curves for the X3
+�2� and X1

− distortions are significantly
shifted to larger values.

Despite these differences, Gii2 qualitatively behaves as
the energy, and this property is also observed when coupling

effects between these critical modes are considered. The ef-
fect of the coupling between the normal modes Eu�1� and
X3

+�1� from the point of view of the global instability index
can be seen in Fig. 11. The presence of the X3

+�1� distortion
reduces the instability of the Eu�1� distortion in a similar way
as in the energy calculation shown in Fig. 9. The factor re-
lating the scales of both figures is the same as the one be-
tween Figs. 5 and 10. For other couplings, the agreement is
maintained at a similar qualitative level. In particular, the
signs of the couplings discussed in the previous section are
already seen on the behavior of the global instability index.

As pointed out in Ref. 24, it should be stressed that the
parallelism between energy and the Gii2 is limited to the
low-energy unstable normal modes. This means that these
modes, which are favorable for the minimization of the sys-
tem energy, cannot, in general, be derived from empirical
arguments by considering only the optimization of the Gii
index.
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