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Main objectives

@ existing gap in tribological literature:
lubrication represented ‘unsatisfactorily accurate’ =

@ describing lube flows by adopting first principles of continuum mechanics:
asymptotic theory of hydromechanical lubrication

Why is this expedient?
@ rational estimate of methodical error

@ rational extension of classical theory to include e.g.
EHD, inertia, micro-scale effects (cavitation, surface roughness)
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Phenomenon of lubrication

pressurised counter-sliding (tilted) solid contacts: Stribeck curve
w= T= II(Str,a,...)
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Basic (realistic) assumptions
lubricant flow

@ ‘simple’ fluid
excludes multi-phase flow (binary mixture lubricant-air):
2 (intensive) state variables define local thermodynamic equilibrium

@ Newtonian fluid
lube oils, ionic liquids (vapour pressure very low), H,O, many gases:
at normal conditions, even for high pressures & shear rates, not for low
temperatures

@ laminar

@ volume forces (gravity) neglected

bearing geometry

@ clearance slender
compared to typical macro-length (e.g. journal radius)
@ perfectly hydrodynamic operation
‘hydraulically smooth’ surfaces:
macroscopic flow description unaffected by mean asperities
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Outline
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Governing egs in Eulerian representation

any reference frame X, f
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Governing egs in Eulerian representation
any reference frame X, f D=0+ -V 4,

continuity
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Governing egs in Eulerian representation
any reference frame X, f  Dy:=0;+ -V ¢,

continuity
Dip+pV-i=0

momentum

ﬁ()'?'ref + 2f2ref><ﬁ+ bta) =V.X )

M
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Governing egs in Eulerian representation

any reference frame X, f  Dy:=0;+ -V ¢,
continuity

Dip+pV-i=0

momentum

ﬁ()'"('ref—i—Zfl,efxﬁ—&—ﬁtﬁ):@-ﬁ, 22—[5’4—57

thermal energy, st law of thermodynamics

pép DT =T DPH+b-V-q, d=A.Vi

B. Scheichl (AC=T, VUT) Fluid mechanics of lubrication |

71



Governing eqgs in Eulerian representation

any reference frame X, f Dy:=0;+a- @(;()

continuity
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Governing egs in Eulerian representation

any reference frame X, f  Dy:=0;+ -V ¢,

continuity

Dip+pV-i=0

momentum

ﬁ()'"(',ef—i—Zfl,efxﬁ—&—ﬁtﬁ):@-i‘, 22—[5’4—57 A= A"
thermal energy, 1st & 2nd law of thermodynamics

76, DT =T Dp+&-¥-q, &=AVi>0

constitutive laws for deviatoric & bulk stresses & heat flux

Newtonian fluid A = #[Vid+ (Va)"] + (7 — Z7)(V-a)l
| |

shear bulk viscosity
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Governing egs in Eulerian representation

any reference frame X, f  Dy:=0;+ -V ¢,

continuity

Dip+pV-i=0

momentum

PRrer + 20+ Dyil) = 9.5, S=-pl+A, A=A

thermal energy, 1st & 2nd law of thermodynamics

56y D F = fT D+ &g, &=A-Fi>0

constitutive laws for deviatoric & bulk stresses & heat flux
Newtonian flud A = 7[@ﬁ+ (Va)r] + (7|"7’ - Zi)(V-a)l

shear bulk viscosity

Fourier's law & =_XVT
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Thermodynamic properties of ‘simple’ fluid

B. Scheichl (ACZT, VUT) Fluid mechanics of lubrication |



Thermodynamic properties of ‘simple’ fluid

caloric eq of state

e . oh J e _{O0h
h="h(p.T) G = (ﬁ),; [kg—d ”Z“”(%L
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Thermodynamic properties of ‘simple’ fluid

caloric eq of state

Y . oh J - oh

h=h(p,T o= —= — 1, BT=1-p5 ==
®.7) P (ar),s [kgK} ‘ p<8p)f

thermal eq of state

=ren 5=5(57), [/

= 77- == —= -

=ie® h=3(5%) |k

B. Scheichl (AC=T, VUT) Fluid mechanics of lubrication |

8/1



Thermodynamic properties of ‘simple’ fluid

caloric eq of state

L 3 oh J o oh

h=h(p,T o= —= — 1, BT=1-p5 ==
®.7) P (ar),s [kgK} ‘ p<8p)f

thermal eq of state

-l P==3(58), 8]

=p(p, T =—<| == 7

=ie® h=3(5%) |k
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Thermodynamic properties of ‘simple’ fluid

caloric eq of state

2nd law of thermodynamics

i, A, B, 6 >0, seldom <0 (H0!)

B. Scheichl (AC?T, VUT) Fluid mechanics of lubrication |

8/1



Outline
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Non-dimensional quantities
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Non-dimensional quantities

kinematic quantities
t=t0/L, x=x/L, ¢=¢&/C, u=1ia/0
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Non-dimensional quantities
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t=t0/L, x=x/L, ¢=¢&/C, u=1ia/0
reference state

p=p/pr, 0=(T-T)/T

B. Scheichl (AC?T, VUT)

Fluid mechanics of lubrication |



Non-dimensional quantities

kinematic quantities

t=t0/L, x=x/L, ¢=¢&/C, u=1ia/0
reference state

p=p/p, 0=(T-Ta)/T,

p= ﬁ/ﬁr ) (n,n’) = (ﬁaﬁl)/ﬁr , A= S\/S\r , B= Bfa , Cp= 6p/5p,r
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Non-dimensional quantities

kinematic quantities
t=t0/L, x=x/L, ¢=¢&/C, u=1ia/0
reference state
p=p/pr, 0=(T-T/T,
p=p/pr, (') =(07)/ir, A= S\/S\r , B= Bfa , Co=20Cp/Cpr
key groups

clearance slenderness ¢ := C/L

temperature ratio vi= T/ T,
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Non-dimensional quantities

kinematic quantities
t=t0/L, x=x/L, ¢=¢&/C, u=1ia/0

reference state
p=p/p-, 0=(T-Ta)/T,

p:ﬁ/ﬁfv (nﬂnl):(ﬁ7ﬁ/)/ﬁfv )‘ZS‘/SV7 ﬁ:ﬁNfa7

key groups

clearance slenderness ¢:=C/L

temperature ratio v i=T,/Ta
Reynolds number Re := UL p, /i,
Prandtl number Pr := &y riir/ e
Péclet number Pe := Re Pr
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Non-dimensional quantities, contd

C(XH,t)

natural metric

X=X | +eepn, U=U|+ce,w, Uu)=u)e
e”'en:O, 8ne||:8nen:0
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Non-dimensional quantities, contd

C(X||,t)

natural metric

X=X | +eepn, U=U|+ce,w, Uu)=u)e
e”'en:O, 8ne||:8nen:0

V= E@ = VH +€71enan
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Non-dimensional quantities, contd

C(X||,t)

natural metric

X=X | +eepn, U=U|+ce,w, Uu)=u)e
e”'en:O, 8ne||:8nen:0
V=IV=V+c'en0
|| < n%n O(E)
—_——
V-(pu) =V -(pu))) + en-On(py)) + eV)-(pepw) + en-On(peyw)
—_——
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Non-dimensional quantities, contd

C(X||,t)

natural metric

X=X | +eepn, U=U|+ce,w, Uu)=u)e
e”'en:O, 8ne||:8nen:0
V=IV=V+c'en0
|| < n%n O(E)
—_——
V-(pu) =V -(pu))) + en-On(py)) + eV)-(pepw) + en-On(peyw)
—_——

e,,-e||8,,(pu”) =0 pWV” +en 8n(pW)

Dy = (L/U)Dt = 01+ u-V = u- V| + w0y



Navier—Stokes eqs
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Navier—Stokes eqs

:5r o= 7A7’r0£/é2 s 7~-r = i ~2/5\r J
state g=q(p,1+19), g=p,n, X\ C = jr
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Navier—Stokes eqs

Br = ﬁr[]i/é2 ) -,N-r =Tl ~2/5\r J
state q:q(pa1+’70)’ q=p,1n, A G = pr
continuity Op + V- (pu) = Oip + V) (pU)|) + epwV) -€n + On(pw) = 0
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Navier—Stokes eqs

Br = 7’7r0£/é2 ) -,N-r =Tl ~2/;\r J
state q=q(p,1+70), q=p,1n, A G = pr
continuity Op + V- (pu) = Oip + V) (pU)|) + epwV) -€n + On(pw) = 0

momentum Ree2p(X or + 202,r x U+ Dil) + Vp =€ V- A
A=q[Vu+(Vu)' + (v — 5n)(V-u)l
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Navier—Stokes eqs

Br = 7’7r0£/é2 ) 7N-r =Tl ~2//N\r J
state qZQ(p,1+’70), q:PM?,A, Co = ﬁr
continuity Op + V- (pu) = Oip + V) (pU)|) + epwV) -€n + On(pw) = 0

momentum Ree2p(X or + 202,r x U+ Dil) + Vp =€ V- A
A =q[Vu+ (Vu)' + (v — 5n)(V-u)l

energy Pe e2pcy, D = B(1 +10)Dip + 2 [P + V- (AV0)]
b=A-Vu, v:=T/T,
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Navier—Stokes eqs

Br = 7’7r0£/é2 ) -,N-r =Tl ~2/;\r J
state q=q(p,1+70), q=p,1n, A G = pr
continuity Op + V- (pu) = Oip + V) (pU)|) + epwV) -€n + On(pw) = 0

momentum Ree2p(X or + 202,r x U+ Dil) + Vp =€ V- A
A=q[Vu+(Vu)' + (v — 5n)(V-u)l

energy Pe e2pcy, D = B(1 +10)Dip + 2 [P + V- (AV0)]
b=A-Vu, v:=T/T,

ek, V~elendn J

momentum 0~ —Vp+0n(ndnty)), O~e'yp
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Limit process

classical lubrication approximation
thin film ek 1
quasi-isothermal ~ <« 1

inertia neglected Ree? < 1, laminar flow: Re < 10°
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Limit process

classical lubrication approximation

thin film ek

quasi-isothermal ~ < 1

inertia neglected Ree? < 1, laminar flow: Re < 10°

typical values e<107%, Proi =~ 70.. .2102 = Pe<108, Pec® < 102!

v

V- (pu) ~ V- (puy)) + 9n(pw) + O(¢)
p(p, 1 +70) ~ p(p,1) + O(7)
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V-(pu) ~ V- (pu)) + 9n(pw) + O(c)
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Vi~V+0() V=V, for n=0

[u, w, p,p, 0, n,...](x,n,te,Re,v,...)~[U, W, P,Q, ©, N|(x|,n,t)+- -

¢~ C(xy,t)+ O(e) journal bearing !
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Leading-order egs
state & energy Q=QP,1), Q=9, N
continuity 9Q + V-(QU) + on(QW) =0 (1)

momentum VP =0,N0pU), 0,P=0 = 0,Q=0,N=0 (2)
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kinematic BCs
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n=0: U:U1(X||,t), W= Wp71(XH,t) (3)
HZC(XH,t)Z U= U2(X||,t), W =06,C+ Ug-vltl)C-f— Wp’g(XH,Z’) (4)

C
1,3),4 = a,(QC)+v?.<Q/O Udn) + Q(Wp2— Wp1) =0
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Leading-order eqgs

state & energy Q=QP,1), Q=9, N

continuity 9Q + V-(QU) + on(QW) =0 (1)
momentum VP =0,N0pU), 0,P=0 = 0,Q=0,N=0 (2)

kinematic BCs
n=0: U:U1(X||,t), W= ij(XH,t) (3)
HZC(XH,I')Z U= U2(X||,t), W =06,C+ U2-V|(|)C+ Wp,g(XH,f) (4)

C
1,3),4 = 8t(QC)+V°~<Q/0 Udn> + Q(Wp2— Wp1) =0

vOoP

_ M B -

@.@.@ = U=s3mn-0+ gle-U)+ U
Hagen—Poisseuille Couette
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Integral mass balance

_CS V|‘|)P Do Uy + Uy

Cc
/0 Udn=Q+CU,, Q= N m: 5
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Integral mass balance

_C3 V“l’P D U, + U

9
/O Udn:Q+CUm, Q:: W, m - >

generalised Reynolds eq O. Reynolds (1886), A. Sommerfeld (1904), L. Prandtl (1937)

Vi@ =( 0+ Un-Vi )QC)+QCV}-Un+Q (Wpz — W)
'squeeze’ Couette + sliding = ‘wedge’ permeability

Q=9(P), N=N(P)

elliptic 2nd-order PDE for P(x|,t) and given C(x,t), Un(x),1)

kinematic wave operator 0; + U, 'VI(I) most relevant for gas bearings

linear for incompressible lubricant with constant properties (Q =N = 1)

in general to be solved numerically
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generalised Reynolds eq — some important properties

Csvﬁp _U1+U2
12N 0 "2

VP-(-2Q) = (9 + Un-V)(QC) + QC V- Up + Q(Wp 2 — Wp )

Q=9(P), N=N(P)
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generalised Reynolds eq — some important properties

o VP Ui+ Us
12N 7 T2

V0-(—0Q) = (8 + Up-V0)(QC) + QC V- Up + Q(Wp2 — Wp,1)

Q=09(P), N=N(P)

rigid contacts, no Navier slip  V9-[Uy, Uz, Un] = 0
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generalised Reynolds eq — some important properties

civiP Ui+ Uy
12N 7 T2
V-(—=9Q) = (8 + Unm-V)(QC) + QC VP - U + Q(Wp 2 — W) ]

Q=9(P), N=N(P)

rigid contacts, no Navier slip Vﬁ-[Uh U, Uy =0
Galilean transformation [x), 1] =[x}, + S(t'), 1]
[V, 0 = [V}, 0 — SV ]

[C. P Ui 2)(x), 1) = [C', P, Uyl (x| ), [QN](P) =[Q N'](P)
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generalised Reynolds eq — some important properties

c® V‘(‘)P B U, +U>
12N 0 "2
VE(=QQ) = (0t + Unm-V)(QC) + QC V) -Um + Q(Wp2 — W) )

Q=09(P), N=N(P)
rigid contacts, no Navier slip Vﬁ-[Uh U, Uy =0
Galilean transformation [x), 1] =[x}, + S(t'), 1]
[Vit, & = [V, 00 — SV} ]
[C. P Ui 2)(x), 1) = [C', P, Uyl (x| ), [QN](P) =[Q N'](P)

[Us, U, U] —[U, U, U] — S invariance against sliding motion S
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Validation of tribo-systems

typically find

@ P(x,t), x| €2 subjectto P(0£2,t)= P,
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Validation of tribo-systems
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@ load-bearing capacity  F(t / Pe,d?
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Validation of tribo-systems

typically find
P(x),t), x € £ subjectto P(992,t)=P,
@ load-bearing capacity  F(t / Pe,d?
clearance C(xj,t) is

@ prescribed

@ found from fluid—structure interaction
machinery (e.g. shaft) dynamics = F = F(0xC, 9;C, C)
EHL = P=P(C)
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Classical application: journal bearing

|
' liquid film

cavitation

reference quantities On=0aRi, pr=ioR?/C?
geometrical parameters e=C/R; <1, eccentricity ¢ = &/(Ra— R))

non-dimensional quantities C=1+ccosf + O(?), Upn(=N =Q) =1
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Further outlook

include

@ EHL

@ inertia (Re<® ~ 1, start-up, high-speed rotors, rapid load cycles)

@ turbulence

@ film rupture & cavitation (surface tension)

@ effects acting on micro-scale < ¢ (surface roughness, mixed friction)
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Further outlook

include

@ EHL

@ inertia (Re<® ~ 1, start-up, high-speed rotors, rapid load cycles)

@ turbulence

@ film rupture & cavitation (surface tension)

@ effects acting on micro-scale < ¢ (surface roughness, mixed friction)

rational method: perturbation techniques

@ multiple scales, matched asymptotic expansions
@ numerical solution of reduced problem (simulation tools)
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Thank you for your attention !
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