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ABSTRACT. In this paper, we focus on the influence of heterogeneity and
stochasticity of the population on the dynamical structure of a basic susceptible-
infected-susceptible (SIS) model. First we prove that, upon a suitable math-
ematical reformulation of the basic reproduction number, the homogeneous
system and the heterogeneous system exhibit a completely analogous global
behaviour. Then we consider noise terms to incorporate the fluctuation effects
and the random import of the disease into the population and analyse the
influence of heterogeneity on warning signs for critical transitions (or tipping
points). This theory shows that one may be able to anticipate whether a bi-
furcation point is close before it happens. We use numerical simulations of a
stochastic fast-slow heterogeneous population SIS model and show various as-
pects of heterogeneity have crucial influences on the scaling laws that are used
as early-warning signs for the homogeneous system. Thus, although the ba-
sic structural qualitative dynamical properties are the same for both systems,
the quantitative features for epidemic prediction are expected to change and
care has to be taken to interpret potential warning signs for disease outbreaks
correctly.

1. Introduction. Infectious diseases have a big influence on the livelihood (and
indeed lives) of individual people as well as the performance of whole economies
([56]). The development and understanding of mathematical models that can ex-
plain and especially predict the spreading of such diseases is therefore of enormous
importance. A seminal work in this area was provided by Kermack and McKendrick
in 1927 [43]. Up to this day their model is used as basis for analysis, although it
has of course been extended in numerous ways. One such way is to consider hetero-
geneous populations. This is due to the realisation that individual people differ in
their genetics, biology and social behaviour in ways that influence the spreading of
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infectious diseases. One type of model treats these individual traits as a static pa-
rameter ([17, 29, 53]). Since these parameters have a certain distribution amongst
the population some information may be gained by studying the moments of this
distribution ([21, 61]). Other models deal with time varying heterogeneities like age
or duration of the infection ([4, 22, 36]). For a more complete overview of different
ways to model heterogeneity in this context we refer to textbooks on mathematical
epidemiology such as [11, 19, 41].

In this paper we will exclusively deal with susceptible-infected-susceptible, in
short SIS, models. These models assume that an individual is either infected or
susceptible, and furthermore that an infected individual recovers from the infection
with no lasting immunity and immediately becomes susceptible again. One of the
main applications of SIS models are sexually transmitted diseases ([13, 24, 35, 66]),
but other bacterial infections can also be modelled this way ([28]). There are also
applications of this model outside of biology, for example in the study of spreading
of computer viruses ([42, 64]) or social contagions ([32]). Heterogeneous versions of
this model also have a long history, see for example [50].

One feature that is present in most of these models is the existence of a threshold
that fundamentally influences the behaviour of the system. This threshold is usually
given in terms of the basic reproduction number Ry. If this number is smaller than
one, then a disease can not lead to an outbreak and usually a disease free population
rests, mathematically speaking, in a stable steady state. If Ry is however bigger
than one, then a disease can become endemic in a population. In many diseases
this number is not constant but is susceptible to seasonal or other environmental
changes ([3, 41]). Hence, it is important to provide rigorous mathematical analysis
of how Ry has to be viewed for heterogeneous populations ([15]).

Once we understand this influence of heterogeneity, then it is of great interest
to analyse possible warning sings that indicate the approach of Ry to the critical
value, when Ry depends upon parameters. One approach to model this setup is to
consider epidemic dynamics as a multiple time scale system where the population
dynamics, including infection and recovery, are fast while parameters influencing
Ry drift slowly, so that Ry increases from the sub-threshold regime Ry < 1 to the
critical value Ry = 1. Considering also stochastic perturbations, it has been shown
in various epidemic models ([45, 55]) that there exist warning signs for the upcoming
critical value when recoding time series from the sub-threshold regime Ry < 1. We
follow in this vein and study how incorporating heterogeneity into a stochastic SIS
model influences the warning sings of an impending critical transition.

In this paper we will study in particular the influence of heterogeneity on scaling
laws. Knowing the exact nature of scaling laws is necessary if they are to be used
to predict epidemic outbreaks. Only if they are known is it possible to match the
theoretical warning signs to data and consequently anticipate significant changes in
the progression of a disease. See [48] for an example where prediction from measles
data [25] is realised. Furthermore, knowledge of scaling laws give information about
the stochastic stability of the progression of the disease. In particular it tells us
with which rate the stability decreases, which has important real world effects as
this can result in (short-lived) increases of the prevalence of the disease. However,
warning signs from homogeneous population models do not directly generalize to
the heterogeneous situation. In particular, the functional form at which the warning
sign of variance rises, does depend crucially on many additional factors, which are
not predicted by simple homogeneous SIS-models.
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The paper is structured as follows. In Section 2 we briefly review a homoge-
neous SIS-model as a baseline for our considerations. We state some known results
about this model that are relevant to our analysis. In Section 3 we introduce the
heterogeneous model we wish to study. In Section 4 we analyse the global dynam-
ical structure of this model. In Section 5 we explain, why we extend the model
by a slow parameter drift and by a noise term. Furthermore, we explain some
background from the theory of warning signs for stochastic multiscale SIS models
with homogeneous populations. In Section 6, we numerically analyse the influence
that heterogeneity has on the behaviour of the system near bifurcation point by
looking at the variance as warning sign. In Section 7, we provide a few first steps
to explain the numerical observations. In particular, Sections 6-7 show that the
heterogeneity of a population exhibits different scaling laws than predicted for a
homogeneous population. We conclude in Section 8 with an outlook of future prob-
lems for epidemic models with heterogeneous populations which arose during our
analysis.

2. The homogeneous model. Basic SIS-models are well understood and an in-
depth discussion of them can be found in introductory books about mathematical
epidemiology (e.g. [10, 11, 41]). As a baseline homogeneous model we use

. I(t)
— — = >
. I(t)
= —_—— - = >
where % = " denotes the time derivative, 5 > 0 is the transmission rate and v > 0

the recovery rate. The parameter n models the propagation of the disease due
to imported cases of the infection. Such import can, for example, be explained
by brief contacts with individuals outside of the population (see [41, 55]). The
parameter 77 has also been used with many different interpretations. For examples,
see [2, 32, 33, 60, 65]. The general model with n > 0 will be used in the analysis
of the steady states and bifurcation of the deterministic heterogeneous model. For
the analysis of the stochastic model it will be included in the noise term.

Note that the positive quadrant is invariant for (1) so our choice of initial con-
ditions ensures that the population sizes of infected and susceptibles remain non-
negative. We shall only consider (I(t),S(t)) € [0,+00) x [0,+00) for ¢ > 0 from
now on.

By adding the two equations in (1), it is easy to see that S(¢)+I(¢) is constant in
this model. Because of the structure of (1) we can assume without loss of generality
that S(t)+1(t) = 1, since re-scaling both variables S(t) and I(t) by the inverse of the
population size yields a total population of size 1. By substituting S(¢) = 1 — I(¢)
into the equation for I(t) we can describe the system by the single equation

i(t) = B~ I(O)I() + (1 — I(t) = A1), 1(0) = L. (2)

If n = 0 then we define Ry = g, known as the basic reproduction number. If Ry <1
then (2) has single steady state, I* = 0, that is globally asymptotically stable. If
Ry > 1 then (2) has two steady states. The steady state I* = 0 remains but is now
unstable. The second steady state is I** = % and is globally asymptotically stable
with the exception of Iy = 0. From a mathematical perspective, this exchange-of-
stability happens at a transcritical bifurcation when (I, Ry) = (0,1). If n > 0 then
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(2) always has one steady state. It is globally asymptotically stable, i.e., all non-
negative initial conditions yield trajectories that are attracted in forward time to
the steady state.

3. The heterogeneous model. We now modify the baseline model (1) by dividing
the population according to some trait that is relevant to the spreading of the
disease. This can indicate social behaviour like contact rates or biological traits like
natural resistance towards the disease (for a detailed interpretation of heterogeneity
we refer to introductory works in epidemiology, e.g. [19]). Each individual is assigned
a heterogeneity state (h-state) w which lies in some set 2. This w can of course also
be a vector carrying information about more than one trait.

We assume that the disease spreads amongst the population of each h-state
according to the dynamics

81(t.0)= 60 7y S0 ()6 ) + A (1.0, 5(0,) = o) .,
Ft,0)=B(6) gy S @S (0.6) =@ (1), 10,6) = T,

where we use the definitions
T(t) :== / q(w)S(t,w) dw J(t) = / q(W)I(t,w)dw.
Q Q

Here we consider the following variables:

q(w) is the intensity of participation in risky interactions of an individual with
h-state w,

B(w) = p(w)g(w) where p(w) is the force of infection of the disease towards an
individual with h-state w,

~(w) is the recovery rate for an individual with h-state w,

7(w) is the h-state dependent fraction of individuals that become infected
through the import of the infection from outside the population.

Of course, n(w) can also take any of the different interpretations mentioned in
section 2. Note that if all these variables are constant then the heterogeneous
system (3) is equivalent to the homogeneous system (1).

We want to make a short note about two aspects of this model. One is that for
each w the population S(¢,w) + I(t,w) is obviously constant. This implies that w
itself is not influenced by the disease and an individual that has h-state w at the
beginning remains in that h-state for the duration of our consideration. The second
have been used before ([21, 22, 61]). Such a transmission function can for example
be derived by assuming a population with a heterogeneous social contact network
([53]). Models with such populations are at the centre of intensive current research
(see e.g. [6, 7, 18, 40]).

We now formulate the mathematical assumptions for the heterogeneous popu-
lation epidemic model used in our subsequent analysis. The set € is a complete
Borel measurable space with a nonnegative measure p and [, du(w) = 1. All
integration with respect to w is taken to be with respect to that measure. All
functions and parameters are assumed to be nonnegative and measurable with re-
spect to p. Since S(t,w) + I(t,w) is constant we can introduce a density func-
tion f(w) = S(t,w) + I(t,w). We can assume without loss of generality that

aspect is the transmission function Transmission functions of this type
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fQ f(w)dw = 1. The function g(w) is taken to be positive almost everywhere on €,
i.e. there is always some probability for risky interaction for each h-state. We have

T(t) + J(t) = /

[ a@)(S(t0) + I(10) do = / o) f(w) dw = C

Q

for some constant C' > 0. By using Lg) instead of g(w), we can assume without

loss of generality that T'(t) + J(t) = 1. We also assume that the three functions
B(w), v(w) and n(w) are bounded, which makes sense from a modelling viewpoint.
Furthermore, we assume there exists an € > 0 such that

i > i > €.
ul}relgﬂ(w) >¢e and Jrelg'y(w) >e

These assumptions just mean that the transmission probability is never equal to
zero when infected and susceptible individuals meet and that there is always at least
some positive, albeit potentially very long, time after which any infected individual
recovers from the disease. An important consequence of these assumptions is that
the functions S(t,-), I(t,-) are measurable for every ¢ > 0 (see Theorem 1 in [62]).
For n(w) we consider two cases. First the case that there exist a set A C Q with
positive measure such that n(w)f(w) > 0 for w € A. We denote this case by n > 0.
The second case where such a set does not exist will be denoted by n = 0.

Using S(t,w) = f(w) — I(¢t,w) and T(t) + J(t) = 1 we can describe the system
(3) by

I(

t,w) = (B(w)J () +n(w))f(w) = (B(w)J () + n(w) +7(w)I({t,w)
1(0,w) = Iy(w), (4)
J(t) = /Qq(w)f(t,w) dw.

It is now a natural question to ask which dynamical features are shared by the
homogeneous population ordinary differential equation (ODE) given by (2) and the
heterogeneous population differential-integral equation (4).

4. Persistence of dynamical structure. In this section we show that in terms
of steady state solutions and their stability properties the system (4) exhibits the
same behaviour as the system (2).

Theorem 4.1. Ifn > 0 then the system (/) has a unique steady state solution. This
solution is globally asymptotically stable. If n = 0 we define the basic reproduction
number
Bw)
Ro= [ a@)f@? ) . )
Q 7(w)
If Ry < 1 then (4) has the unique steady state solution I(t,w) = 0. This solution
is globally asymptotically stable. If Ry > 1 then (4) has exactly two steady state
solutions, one of which is I(t,w) = 0. In this case, the solution I(t,w) = 0 is
an unstable steady state solution while the second steady state solution is globally
asymptotically stable with the exception of In(w) =0 a.e. on Q.

Proof. We first show t}lat the system does indeed have thAe number ofA steady states
we claim it has. Let I(w) be a steady state of (4) and J = [, ¢(w)I(w)dw. As a
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steady state of (4) I(w) is characterised by the equation
; Bw)J +n(w)
I(w) = > .
ST @
Plugging this into the equation for .J yields
; Bw)J +n(w)
J = ~ dw. 7
Lo g v "

Every solution .J to (7) yields a steady state of (4) by putting it into equation (6).
Thus, we are searching for the roots of the function

@) = | () Ble)z + ()

Blw)z +n(w) +v(w)
in the interval [0,1]. We have

dw— =z

and

B B(w) +n(w)
o) = [ aters )5+ 1@) +7@)

</q(w)f(w)dw—1 =T{t)+J(t)—1=0.
Q

dw—1

A simple calculation yields

/ Blw)v(w)
@) = [ 1 G iy T
/0= [ o)y 2O 1) 2 5000)
) (Bw)z +n(w) +~(w))

Note that the second derivative is always negative. We consider the case n > 0 first.
We know that g(x) = 0 has a solution since g(0) > 0 and g(1) < 0. Since g(x) is
concave this solution is unique. Consider now the case n = 0. In this case ¢g(0) = 0,
so 0 is a solution. If ¢’(0) < 0 then g(x) negative on the whole interval [0, 1] due to
the concavity of g(x). If however ¢’(0) > 0 then g(x) is positive for small enough
z. Using same reasoning as in the case > 0 we see that there exists a unique
positive solution to g(x) = 0. We therefore need to determine whether ¢'(0) > 0.
Since n = 0 this is given by

dw -1,

/ Bw)
7 0) = [ @) dw—1= -1
We see that if Ry < 1 then ¢’(0) < 0 and 0 is the only solution to g(z) = 0, if
Ry > 1 then ¢’(0) > 0 and there exists a unique solution in of g(z) = 0 in (0,1)
alongside the solution 0.
Now we want to show that the system converges to a steady state. In order to

do this, we first need to show that J(t) converges. In particular, we want to prove:
Lemma 4.2. The limit J* = lim J(t) exists. Furthermore,
t—+oo

. (@) (B)J (1) + n(w))
I(tw) s 0e 1w) 2 550 @) T 1)

(8)
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The proof of Lemma 4.2 is one major difficulty in this proof. However, the
argument is quite lengthy and technical; hence we include it in Appendix A.

Now that we know that J(¢) converges it remains to show that if n = 0 and
Ry > 1 then J(t) converges a positive value and not to 0 unless Ip(w) = 0 a.e. on
Q. Consider the inequality

sup (260) 700 = [ atrswn (29) 1ty > [ )2 1t00)do.

cea \7(¢) cea \7(¢) v(w)
Thus, if J(t) is positive and sufficiently small we have
_ B e

Ro 1>/Qq( )y (e
o J(H)Ro — J(t) > /Q o) 5 T0Iw)d
& 90 [ @)@ 22 do- [ awittwde > [ o000 o
& "(7“’ Bw) I (£) =y (w)I(t,w) — Bw)(B)I(t,w))dw > 0

o Y(w )

o /M(w)f(t, )dw > 0.

This shows that the term fQ %I (t,w) dw is monotonically increasing. But since

/ 4 oy ydw < — 1 g,

¥(w) Jggww)

we see that J(t) is bounded below by a positive, monotonically increasing function.
Therefore it can not converge to 0. Since Ip(w) > 0 on a set of positive measure we
have that J(0) > 0. Thus, J(¢) converges to a positive value.

Conversely, if Iy(w) = 0 a.e. on Q then J(0) = 0. Directly from (4) we see that
in this case I(t,w) = 0 for a.e. w € Q and thus J(t) = 0 for all ¢ > 0.

Since J(t) converges, the convergence of I(t,w) follows immediately from (8).
Obviously the limit of I(¢,w) is one of the steady states we identified above. We
have also shown that if there are two steady states then I(t,w) converges to the
positive one, unless Iy(w) = 0 a.e. on €. Since in all other cases the convergence
of I(t,w) is independent of the initial data, the claim about asymptotic stability is
proven. O

In the case 7 = 0 the value Ry acts as a threshold value that determines whether
there exists an endemic steady state or not. So far Ry has only this mathematical
meaning. The basic reproduction number is however a biological concept. Using the
definition given in [20], the basic reproduction number is defined as the expected
number of secondary cases produced, in a completely susceptible population, by a
typical infected individual during its entire period of infectiousness. We now want
to show that the value Ry as we defined it coincides with this definition. Also in
[20] the following result was obtained.

Proposition 1. Let S(w) denote the density function of susceptibles describing
the steady demographic state in the absence of the disease. Let A(T,(,w) be the
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expected infectivity of an individual which was infected T units of time ago, while
having h-state w towards a susceptible which has h-state (. Assume that

o0

[ Atrw)dr = a)pie).
0
Then the basic reproduction number Ry for the system is given by

Ro = /Q a(@)b(w)S(w) dw.

In our case the function f(w) describes a steady state, provided that there are
no infected individuals. The value S(w) denotes the strength of infection for an in-
dividual with h-state w. The value ¢(w) indicates the number of infectious contacts
an infected individual with h-state w has. On the other hand 5(¢) = p(¢)q(¢) is the
average amount of risky contacts that would lead to an infection that an individual
with h-state ( has. The chance of an infectious contact between the infective w indi-

vidual and a specific ¢ individual is therefore given by q(w)% = q(w)B({).
Q

In the absence of susceptible individuals the equation for the infected is given by
I(t) = —~(w)I(t), which suggests that the probability that an infected individual is
still infected at time ¢ is given by e~ 7@t Since the infectivity of an individual is in
our case independent of how long ago the individual was infected, we can conclude
that the expected infectivity A(7,(,w) is given by q(w)B(¢)e™ )7, Since

o0 oo

[ cwrdr= [awperar - 5(4“)3((3,
0 0

we can use Proposition 1 and get

q(w)
Ro= [ 5 L2 ) o,
Q ¥ (w)
This is exactly the basic reproduction number as defined in Theorem 4.1.

5. Extending the model. Although the heterogeneous population SIS model (4)
does capture additional realistic features of populations, there are several effects
which it cannot account for at all, or does not account for very well. In particular,
finite-size effects and small fluctuations are not included. Furthermore, most realis-
tic heterogeneous parameter distributions, e.g. the transmission rate, are not fixed
in time but could be considered as additional dynamical variables. In this section,
we extend the model (4) to include these effects.

5.1. Noise. The validity of deterministic epidemiological models is usually argued
by viewing them as the average transmission and recovery rate of individual random
contacts in a sufficiently large population. It is therefore justified to expect to see
some remaining randomness in the actual progression of the disease ([12, 34, 49, 52]).
Furthermore, in many of the interpretations 7 is small in magnitude and derived
from seemingly random processes. We therefore want to model random effects by
exchanging the term containing 1 with a term containing a stochastic process. A
natural starting point for the case when the functional form and properties of the
stochastic process are not known is to consider white noise & = £(t) with mean
zero E[£(t)] = 0 and d-correlation E[(¢) — &(s)] = 6(t — s), i.e. £ is a generalized
stochastic process, so-called white noise, as discussed in [5]. We also want to consider
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the case where the noise depends upon the heterogeneity and write £ = £(t,w)
with the caveat that w € Q still denotes the variable measuring the heterogeneity
distribution, while we suppress the underlying probability space for the stochastic
process £ in the notation.

Putting £(¢,w) into equation (3) yields

$(t,w)= —ﬂ(w)mﬁ%sww (W)Lt w0)— o (@)E(t,w), S(0,0) = So(w) )
it =ﬁ<w>T(t)Jf)J(t)s<u W)= A@I(tw) + o (@E(tw), 1(0,0) = Io(w).

The function o(w) : Q — [0, +00) is assumed to be bounded and basically provides
the noise level for a specific w. Note that for every w, the sum S(¢,w) + I(t,w) is
still constant. We can therefore again describe the system (9) by the smaller system

I(t,w) = Bw)J () f(w) = (B(w)J (1) + 7 (W)L, w) + o(w)E(t,w),
J(t) = /Qq(w)I(t,w) dw.

One problem with using an additive noise term is that I(¢,w) always has to be
positive. But in this model it would be possible for I(¢,w) to become negative. To
disallow this we will use

(10)

I(t,w) = max{0, f(w)J(t) f(w) + o (w)&(t,w)} if I(t,w)=0.

Similarly, since I(t,w) has to be smaller than f(w), we use

I(t,w) = min{0, —y(w) f(w) + o(W)E(tw)} if I(tw) = f(w).
In the following considerations we restrict ourselves to models using additive noise.
However, we want to indicate another commonly encountered modelling possibility,
which is using a multiplicative noise term instead of an additive one. That is, to
use

i(t,w) = B@) T (1) (@) — (B@)T (1) +71(@)I (@) + g(I(t,w), w)E(t,w),
J(t) = / 2(@)I(t,w) dw,

where g : R x Q — [0,+00) is bounded. Imposing the conditions g(0,w) = 0 and
g(1,w) = 0 can now ensure that it is never possible for I(¢,w) to become negative
or larger than f(w). Usually, one also assumes that g(-,w) does not vanish between
zero and one.

We note that if both effects are present, i.e. internal fluctuations as well as
external fluctuations, and we assume that both noise terms act as summands in the
model, then the noise term is

[o(w) + g(I(t,w), w)[E(t,w). (12)

Near the two states I(¢t,w) = 0 and I(t,w) = f(w), we have that g(I(t,w),w) is a
higher-order term in comparison to the constant term as long as the constant term
does not vanish and we are mainly interested in the regimes near the the two states
I(t,w) =0 and I(t,w) = f(w) in the remaining part of this work. Also note that a
multiplicative noise term g(I(¢,w),w)&(t, w) with g(0,w) > 0 can always be written
as

(11)

g(I(t,w),w)é(t,w) = [9(0,w) + (9(I(t,w),w) — g(0,w))] &(t,w),
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which is near I(t,w) = 0 again the sum of an additive noise term and a term of
higher order. Based on these arguments, we proceed with additive noise but it could
definitely be interesting to investigate the purely multiplicative noise in future work.

5.2. Multiple time scales. As a final extension of our model we now introduce
a slow variable into the system. Making certain model parameters slow dynamic
variables is a very natural extension used in virtually all areas of research in math-
ematical biology ([27, 46]). The main reason is that it is usually not correct to
assume that all system parameters are fixed but most system parameters are going
to change slowly over time, so a parametric model should rather be viewed as a
partially frozen state for a model with multiple time scales.

We will focus on a change in the transmission rate 8(w). In fact, there are many
different possibilities that may lead to a slowly changing transmission rate, including
seasonal changes, evolutionary processes, socio-economic influences, and so on. We
will consider the case where the basic reproduction number increases from being
smaller than 1 to being bigger than 1. It is precisely the dynamic transition regime
which we are interested in.

We assume that the time dependence of the function S(¢,w) is such that Ry is
increasing in ¢t. For example, assume that 5(¢,w) is separable, i.e. there exists a
function By(t) such that S(¢,w) = Bo(t)B(w), and that this function By(t) evolves

according to the equation By(t) = € for 0 < € < 1. In this case we would have

Po(t)B(w) fw)
Rolt) = [ a@)7(e) 25 o= 50() [ a(e) )2 do.
Thus, Ro(t) is strictly increasing and, if 35(0) is small enough, Ry(0) < 1. This is
exactly the situation we want to capture. This effect can of course also be achieved
with a S(t,w) which is not factorisable. We are therefore looking at the system

I(t,w) = B(t,w) J(O)(f (W) = I(t,w)) = (@) (t,w) + o (W)E(t,w),

B(t,w) = eh(t,w), (13)
70 = [ @it de.
Q
with an appropriate function h(¢,w).

5.3. Warning-signs for the homogeneous fast-slow stochastic model. In
this section, we briefly recall some techniques for fast-slow systems and warning
signs for stochastic fast-slow systems. For reviewing this material, we consider a
simple homogeneous version of (13) to simplify the exposition

I(t) = BOIE)A - I(t) =)+ o&(t), (14)
Blt) = &
where I = I(t) is the fast variable and g = [3(t) the slow variable. For ¢ = 0,
e =0, the set Cop = {(I,B) € [0,400) x [0,4+00) : I[(8 —~v— BI) =0} is called the
critical manifold ([38]) and consists of steady states for the fast subsystem, which is
obtained by setting € = 0 in (14). The transcritical bifurcation discussed in Section
2 separates Cy into three parts in the positive quadrant

CSZCQQ{R()Sl}, CSZCOQ{R0>1,I:0}, CSZCQQ{I>O}.

Then C§ and C§ consist of attracting steady states for the fast subsystem, while
Cy is repelling. The stability is exchanged at the transcritical bifurcation point
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with 8 = =, i.e. at Rg = 1. The deterministic fast-slow systems analysis of the
dynamic transcritical bifurcation with 0 < ¢ < 1 can be found in [44, 57], where
one key point is that one can extend a perturbation C¢, a so-called attracting slow
manifold, of C¢ up to a region of size I ~ O(¢'/?) and B — v ~ O(c'/?) as ¢ — 0
near the transcritical bifurcation point. The relevant conclusion for us here is that
a linearisation analysis is expected to be valid up to this region, excluding a small
ball of size O(/?).

It can be shown that sample paths of the stochastic system with 0 < ¢ <
1, 0 < 0 < 1 also track with high-probability the attracting manifold inside a
neighbourhood of order O(e) plus a probabilistic correction term ([8]). However, as
the transcritical bifurcation point (I, ) = (0,~) is slowly approached from below
B 7, the probabilistic correction term starts to grow. Indeed, there is a simple
intuitive explanation for this behaviour due to an effect also called “critical slowing
down”. To understand this effect, Taylor expand the drift and diffusion terms of
the I-component of the stochastic differential equation (14) around C§ and keep the
linear terms, which yields

I(t) = [8 = MNZ(t) + ot (1), (15)

where we view (8 as a parameter for now and use Z to emphasize that we work on
the level of the linearisation. Then (15) is just an Ornstein-Uhlenbeck (OU) process
([23]). Consider the regime 3 <+, then the variance of the OU process increases if
B increases and it is an explicit calculation ([45]) to see that

2

tliinoo Var(Z(t)) ~ o

as 7, (16)

so the variance increases rapidly as we start to approach the bifurcation point by
changing the parameter 8 more towards . This makes sense intuitively as the
deterministic stabilizing effect from the drift term [8 — v]Z(t) pushing towards a
region near C§ is diminished (“critical slowing down”) and hence the noisy fluctu-
ations increase. It is known that the effect of critical slowing-down in combination
with noise can be exploited to predict bifurcation points in certain situations (see
e.g. the ground-breaking work [63]). The idea has been also suggested in the con-
text of ecology ([14]) and then applied in many other circumstances ([58]). In fact,
one may prove that we indeed have for the full nonlinear stochastic fast-slow sys-
tem (14), under suitable smallness assumptions on a fixed noise level and staying
O(£'/?) away from the region of the deterministic bifurcation point, that

Var(I(t)) ~ — + higher-order terms, ast 7t, (17)

(tcrit - t)

where a = 1, A = 02, B(terit) = v with B(0) < tepir; the details can be found
in [45] using moment expansion methods, and in [9] using martingale methods
and/or explicit OU-process results. The main practical conclusion is that there
is a leading-order scaling law of the variance as the value of Ry is approached by
letting the transmission rate slowly drift in time. This scaling law can be used
for prediction as the scaling exponent o = 1 is universal for a non-degenerate
transcritical bifurcation. In fact, a calculation of the leading-order covariance scaling
laws for all bifurcations up to codimension-two in stochastic fast-slow systems has
been carried out in [45], which builds a mathematical framework for generic systems.
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However, this theory simply does not apply to the heterogeneous population
model (13) we consider here. In particular, the influence of heterogeneity on early-
warning signs has not been investigated much to the best of our knowledge (for
examples see [39, 58]). Since it is a key effect in realistic models of disease spreading,
it is natural to ask, how it influences the scaling law (17).

6. Numerical results. Here we present numerical simulations of the homogeneous
and heterogeneous system to see the influence of the heterogeneity. We have chosen
to consider the variance as the early warning sign. We assume that the variance
behaves like ﬁ for appropriate A and «, where t..;; is the time at which
Ro(t) = 1. The main difficulty lies in correctly determining ov. We will calculate it
by fitting the reference curve ﬁ to the time series of our simulation using the
least squares method. To smoothen the time series we will average the variance over
100 simulations. However, since the reference curve goes to infinity at t..;; we do
not fit the curve over the whole interval, which also takes into account the theory,
which excludes a small e-dependent ball near Ro(t) = 1 as discussed in Section
5.3. We therefore calculate the best fit over 80% or 90% of the considered time
interval. Generally, fitting over 90% gives better results. In the cases we consider
only 80% of the interval, fitting over a larger part would not yield reasonable results
as the solution goes to —oco. These are cases in which the sample path drops below
the negative unstable branch of the transcritical bifurcation (see Figure 5). Since
different choices in the size of the considered interval lead to slightly different values
for ae we cannot claim to calculate the exact a that the variance of I(t) follows. We
will however be able to detect changes in the level of « that are due to influences
of the heterogeneity.

One further aspect we fix for all our considerations is the order in which we
aggregate the system and calculate the variance. We could calculate the variance
of I(t,w) and then aggregate these variances, or first calculate I(t) = [, I(t,w)dw
and calculate the variance of I(t). We choose the latter option since in applications
it is more feasible to be able to track the changes of the prevalence of the disease in
the whole population rather than being able to track it for each h-state, as would
be required by the first method.

In this section, we shall only consider the numerical simulations make observa-
tions about the results. A more detailed discussion why certain effects may occur
is then given in Section 7.

First we consider the homogeneous system with additive noise and a very simple
multiplicative time dependency of 5:

I(t) = B Bo(t) (1 — I(t)I(t) — vI(t) + o&(t),
Bo(t) = E.

As initial conditions we choose I(0) = 0 and 8y(0) = 0. The parameters are chosen
as f§ =0.3, vy =04, and 0 = 0.01. The time scale separation parameter ¢ for the
slow variable drift is set to ¢ = 0.0001. If we allow I(¢) to become negative then
we know that the variance of I(t) should behave as ﬁ In Figure 1 we show
the variance of I(t), averaged over 100 simulations, and the reference curve with
both the theoretical exponent o = 1 and with the exponent provided by the best
fit over 80% of the time interval. The measured exponent is reasonably close to the
theoretically predicted value v = 1; this slight underestimate is expected as a tran-
scritical bifurcation splits into two saddle bifurcations upon generic perturbations
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FIGURE 1. Here we see the variance of the aggregated variable I()
without cut-off (left) and with cut-off (right). As a reference we
show the curve A/(terie — )¢ with both the expected theoretical
exponent o = 1 and with the exponent a provided by the best
fit. In the case without cut-off we fit over 80% of the time interval
which results in a = 0.9125. In the case with cut-off we fit over 90%
of the time interval and get @ = 0.8414. Note that as we approach
the critical moment the curve for the variance is noticeable below
the curve with a = 1.

and for saddle-nodes the exponent is a = 3; see also [45] for more details, which
exponents may occur in the generic cases.
Figure 1 also shows the result of this calculations if we cut off I(t) at 0, i.e. we

use the rule
f(t) =max{c&(t),0}, if I(t)=0

for the discrete-time numerical scheme; for an introduction to numerical schemes
for stochastic ordinary differential equations see [30]. The results show that the key
exponent « decreases in comparison to the system without cut-off.

Next, we consider the heterogeneous system. We are going to consider situations
in which the white noises £(¢,w) are dependent on each other for different w € Q,
or where the space of h-states is discrete to understand, which implications these
assumptions have on the model. Note that both assumptions have a direct modelling
motivation. Usually, we may group or cluster different parts of a heterogeneous
population into different classes, e.g. all parts with a different trait. Secondly, &(¢,w)
models all stochastic internal and external effects and one natural assumption would
be that all classes of the heterogeneous population are subject to the same external
fluctuations, which would lead to the case £(t,w) = &(t), i.e. the same white noise
acts on all h-states. Note that for the aggregated variable I(t) we have

f(t)Z/Qﬁ(mw)J(t)(f(w)—I(t,W))—W(W)I(Lw) der/U(W)E(tM) dw.

Q
If © is continuous and the £(¢,w) are independent of each other, then we have
Joo(w)é(t,w)dw = 0 and the influence of the noise is reduced to indirect effects.
We therefore consider either continuous € with dependent £(t,w) or a discrete
with independent £(¢,w).
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FIGURE 2. In the top row we see the results of the best fit for
the discrete heterogeneous system for two different values of n. For
n = 2 the best fit results in A = 0.0432 and « = 0.7842, for n = 100
in A = 0.0004 and o = 0.7135. Note that both values are smaller
for the bigger n. In the bottom row we show the influence of n
on the parameters for the best fit, calculated over 90% of the time
interval. Both o« and A decrease as n increases. The decrease is
steep for small n and approaches a constant level as n becomes
large.

We start with the discrete h-state scenario. For an integer n > 1 we set

Q:{nz_lzi:(),n-,n—l}.

As measure p we choose the counting measure normed to 1 over 2

/ch)(w) dw = %ZQs(wi).

We assume that 8(t,w) = Bo(t)B(w) and fy(t) = e. As in the homogeneous case
we choose I(0) = 0 and 5y(0) = 0 as initial conditions and 8 = 0.3, v = 0.4, and
o = 0.01 for the parameters. The time scale separation parameter ¢ for the slow
variable is again set at ¢ = 0.0001. Here the heterogeneity influences the number

of elements in © and the distribution f(w).

Furthermore, £(t,w) are chosen as n

independent identically distributed random variables. We will both now and for
continuous (2 later consider the distribution

o) = 2

o / 1 052 dC.
e 26
J V27

(w—0.5)2
— (=057
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F1GURE 3. The top row shows the results for the continuous het-
erogeneous system for two different values of p. For p = 0.05 the
best fit over 90% of the time interval was calculated as o = 0.8587
and A = 0.0074. For p = 0.95 these values were o« = 0.7885 and
A = 0.0923. We can see that for p = 0.95 the variance is visibly be-
low the reference curve with a = 1 while for p = 0.05 it still follows
this curve quite closely. The bottom row shows the influence of the
parameter p on the values a and A of the best fit, calculated over
90% of the time interval. In o we see initially a steady decrease
until it reaches a constant level. In A we see an initial increase until
the values reach a fixed level. Note that the levelling out for both o
and A occur for the same values of p. Furthermore, by comparing
these results with the function f(w) for various p, one can see that
this coincides with those values of p for which the support of f(w)
becomes the whole of €.

This is simply a normal distribution with mean 0.5 truncated to 2. The parameter
0 is the standard deviation of this distribution. Note that as 6 goes towards 0,
the function f(w) converges to the delta~distribution é(w — 0.5). Hence, the the
heterogeneous system starts to approximate the homogeneous one as § — 0. On
the other hand, if # — +o0 then f(w) converges to the constant function f(w) = 1.
We will therefore parametrise f(w) with § = ﬁ*i for p € (0,1). In the discrete
case which we consider first, this yields approximately a binomial-type distribution.
In the top row of Figure 2 we show the result for p = 0.5 and two different choices
of n. The bottom row of the same figure shows how both o and A in the best fit
curve change with increasing n. A clear trend is observed showing that a (and A)
decrease as n is increased.

For the heterogeneous system with continuous € we choose = [0,1] with u as
the Lebesgue measure. At first we again restrict the influence of the heterogeneity
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FIGURE 4. We see the influence of the parameter p on the values
a and A of the best fit, calculated over 90% of the time interval.
With increasing 1 both o and A decrease significantly.

to the function f(w). The choice of the other parameters in unchanged from the
discrete system. What has to be changed however, is the noise term in the equation.
As mentioned above we want the noise for different h-states to be dependent on each
other. We do this by using the first natural approximation of using the same white
noise for all h-states, i.e. £(t,w) = £(¢) independent of w. In Figure 3 we show the
variance of I(t) against the reference curves for two different values of the parameter
p, as well as how p influences both A and a.. The results show that upon increasing
p, we first see o increase and A decrease until they stabilize for larger p. We observe
that the stabilization approximately happens when the distribution f(w) starts to
have full support on [0, 1].

The last case we are interested in here is to consider a system where B(t,w) is
not separable in the sense that it cannot be factored into a product of functions
depending only on ¢ and w. From the modelling standpoint, this means that the
evolution of the transmission rate and the heterogeneity in the population interact
in a non-trivial way, for example, one may consider the situation when a certain
population trait amplifies the change in the transmission rate, while another trait
decreases it. As a first benchmark mathematical example, we simply set

B(t,w) = e(w + 0.5)t° 75,

which is solved by S(t,w) = et*T9-5. We restrict any further influence of w to f(w).
However, we choose f(w) slightly differently than before. We set

1 wmw?
e 2x0.12
V270.1
flw) = = ;

(¢—mw)?
240.12 dC

1
/ 1 _
—e
J v2m0.1
i.e. a normal distribution with mean p and a standard deviation of 0.1. We let
vary in [0,1]. All other parameters are the same as before. Figure 4 shows, how
p influences A and « as calculated from an aggregation of 100 simulations and

fitted over 90% of the time interval. We observe a very strong trend in the crucial
exponent «, which decreases as the mean p of f(w) is increased.

7. Explanations. In this section we give some explanations, formal or heuristic,
for the effect that are observable in our simulations
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FIGURE 5. Averaged path of the homogeneous system, averaged
over 100 simulation, both with and without cut off. The path
without cut off eventually tends towards —oo as it drops below the
unstable branch of the transcritical bifurcation.

7.1. Homogeneous system. The first effect we want to explain is the influence
of the cut off on the homogeneous system. Since the steady state solution I(t) =0
is asymptotically stable and the added white noise always has an expected value of
0, in the system without cut off I(¢) fluctuates around 0. Once we introduce the
cut off I(t) can no longer fluctuate freely. This introduces a bias in the positive
direction. That is, a sample path I(t) is free to change upwards but we stop it
when it changes too far downwards. This results in the averaged path being strictly
positive (see Figure 5). Another effect is that because we restrict the fluctuations
of the white noise we decrease the variance of the resulting stochastic process I(t).
This can be seen by comparing the two results in Figure 1. Finally, in the system
without cut-off the variance increases at a certain rate. In the system with cut off
this increase is still present, but we also have a second effect at work. Due to the
fact that the averaged path also increases, each individual sample path has, as it
were, more space to fluctuate in, as a downwards deviation from the average path
can now be bigger than before without hitting 0. Thus in addition to the usual
increase in the variance there is also a decrease of the restriction we place on the
variance. Therefore, the increase of the variance is steeper in the system with cut
off. This steeper increase is translated into a decrease of a.

7.2. Discrete heterogeneous system. We now want to analyse the observed
changes in the heterogeneous system. We first look at the case where € is discrete.
Recall that we used

1 _(w-05?2 1]
e 202 —

V2l C’

flw) =

with

1 _(nil 70,5)2

1 n
C == — ¢ 262
n ; V2l

Since C' is increasing in n and converges we have that, heuristically, for a fixed
w € Q the value f(w) decreases monotonically towards a value dependent on w and
0. A more rigorous way to state this is to say that if w is in 2 for a discretisation
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level ny and for a level ny with ny < ng, then f(w) is smaller for ny. Now note that
due to the fact that we have chosen most of our parameters independent of w, the
linearisation of I(t,w) is given by
I(t,w) = B(t) f(w)Z(t) —vZ(t,w) + o&(t,w).

Thus, if f(w) becomes smaller then I(¢,w) becomes more “rigid”, i.e. it fluctuates
less, which results in smaller value of A. But this in turn also means that as Ry
approaches 1 the additional freedom to fluctuate increases. This results in a bigger
increase in the variance of I(¢) and thus a smaller value of «. Both of these effects
are visible in Figure 2. Furthermore, by comparing this figure with the value of
C for various n one can see that the levelling out of o and A coincides with the
levelling out of C' as it converges towards a fixed value.

7.3. Continuous heterogeneous system. For the heterogeneous system with
continuous 2 we note that by definition we always have I(t,w) € [0, f(w)]. If the
parameter p is big enough then f(w) is large enough for all w so that the upper
bound is not important due to the fact that it is never reached. If p is small however,
then f(w) also becomes small for some w. Thus we not only have a cut off at 0
but also at f(w). Thus, for small p the variance is even more restricted. Also for
these w a rise of the average path will not result in more freedom in its fluctuation
due to the restriction above by f(w). Only when p increases and the upper bound
f(w) becomes less and less important, then the increase of the variation is aided by
a increased freedom to fluctuate, which leads to lower values of . In Figure 3 we
see exactly this behaviour. Since these changes in A and « depend solely on these
cut off effects we expect that they vanish if we make the same simulations for the
system without cut off. The results of such a simulation show indeed that p has no
discernible influence on A or a.

7.4. Non-separable transmission rate. In order to explain our observations of
the system where ((¢,w) is not separable we first look at the linearisation of the
equations. We assume that all functions in our equations are in L?*({2). We can
write for the deterministic system (4)

I(t,w) = F(I(t,w))

with
FUI(t.0)) = ) | a@)I(t) do(F () = 1(t) = @) (1)
The Fréchet-derivative of F, evaluated at I* and applied to {(w), is given by

[(311;([*)} C(w) :/3(w)/ﬂq(w)g(w)dw (fw) = I)

B /Q 4@)I* dw (@) — Y(@)(w).

We define a linear operator T by TZ(t,w) = [%(O)] Z(t,w). In particular, the
equation linearised at 0 reads as

I(t,w) = TZ(t,w) = f(w)Bw) /Q q(W)Z(t, w) dw — y(W)Z(t, w).

We are interested in the spectrum of the operator T'. We consider this operator on
the space X = {¢ € L*(Q) : ((w) € [0, f(w)]}, i-e. the subset of L?({2) that consists
of the points which are possible states of our system. A point A € C is an eigenvalue
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of T if and only if there exists an eigenvector ( € X such that T¢( — A\( = 0. This
equation in its longer form is

F(@)B(w) / ¢@)C(w) dw — Y(W)¢(w) — A(w) = 0.

Q
We can rearrange this to get

= w 75(“)) w w)dw
) = F) =20 [ atw)ote) o

Plugging this into the above equation yields

0= ()56 [ a1 )= o [ gistits- 1)) [ a0t as
— 150 [ i)t ( [ a2 -1)
An eigenvalue A of T must therefore satisfy
[ a2 -1 (18)
Q y(w) 4+ A
(7(w) + A)¢(w) =0 and /Q 4(w)¢(w) dw = 0. (19)

Note that any A that satisfies the first equation in (19) is negative as v(w) is strictly
positive. Furthermore, due to ¢(w) being a positive function, any eigenvector to
fulfil the second equation in (19) has to be negative somewhere. The domain X
which we consider for T' does therefore not contain any eigenvectors satisfying this
equation. For these reasons we consider only equation (18) to be relevant for our
considerations. This equation has a unique solution. Note that for A = 0 the left
hand side is exactly Ry. In particular, )\ is positive if Ry > 1 and negative if Ry < 1.
Note that if we assume in our calculations that v(w) is independent of w then we
can rearrange the equation (18) to identify \ as'

A= / 4(@) (@) B(w) dw — 7.

If we now assume that [(t,w) is a time dependent slow variable, then we can
expect that this equation approximately describes the evolution of A. In particular,
if B(t,w) is separable, B(t,w) = Bo(t)B(w), then [, ¢(w)f(w)B(w)dw is a constant
K and we get
A(t) = Bo(t)k — 7.

We know that A(t) is the exponential rate with, which the quasi-stationary system
(e = 0) would go to 0. Hence, for negative A(t), the smaller it is the more “rigid”
the system is. If Sy(t), and thus A(t), is increasing fast near the critical point then
it is tightly locked to O until shortly before t..;;. Therefore, we expect a sharp
increase in the variation close to t.,;; and thus a low a. We show this effect for the
homogeneous system in Figure 6.

In our simulation for the heterogeneous system we achieve the same effect by
changing the distribution f(w). Recall that we used §(t,w) = et**9-5. Thus, for

IThis is an example why we only consider equation (18): if «(w) is constant then (19) has
exactly one solution A2 = —~. This eigenvalue is always smaller than A and does therefore not
concern us.
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FIGURE 6. The homogeneous system for different 5y (t), with best
fit over 90% of the time interval. While for 8y(t) = £t*-® the vari-
ance is still in the vicinity of the reference curve with the theoretical
exponent o = 1 (although visibly below it), for By(t) = t!® these
curves are markedly different. This can also be seen in the value
« of the best fit. In the former case it is @ = 0.8435 while for the
latter we get o = 0.3795.
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FIGURE 7. The function A(¢) for different choices of u. We can
see that for p = 0 the function A\(¢) is concave and for p = 1 it
is convex. For the intermediate value p = 0.5 it is approximately
linear. Furthermore we see a significant difference in the time it
takes for A(t) to reach 0.

w = 0 the increase is as the square root of ¢ while for w = 1 it is polynomial. With
the parameter p we can control, which increase is dominant. If y is small then f(w)
is concentrated on those w for which B(t,w) a et%5. Thus it grows slowly and we
expect a higher a. Also the system is less “rigid” and allows for a higher overall
variance in I(t) and thus larger A. As p increases, so does the derivative of A(t)
and we expect a more rigid system (hence smaller A) and a faster increase of the
variance near the critical point (smaller o). Both of these behaviours can be seen
in Figure 4. In Figure 7 we show how A(t) behaves for different choices of p.
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8. Outlook. In this paper we have provided new insights on qualitative persistence
and quantitative non-persistence of various dynamical phenomena in an SIS-model
with heterogeneous populations. The main conclusions are that one can expect
a generic dynamical structure of a disease-free and endemic state, separated by a
transition at Ry, to persist. However, the classical warning signs for tipping points
have to be re-considered carefully in heterogeneous epidemic models. In particular,
we observed that the scaling law exponent for the inverse power-law increase of the
variance decreases and in many cases lies below the theoretically predicted values
of the homogeneous population system. This means that using an extrapolation
procedure with fixed exponent to predict the region, where the practical Ry-value
lies, may not give the correct epidemic threshold.

Since, this work is one of the first investigations of warning signs in heteroge-
neous population models, it is clear that many open questions remain. Here we
shall just mention a few of these. From a mathematical perspective, it would be
natural to ask for a full analytical description of phenomena arising near bifurcation
points for heterogeneous stochastic fast-slow systems. There are basically no results
in this direction available yet, although recent significant progress in mathematical
multiscale dynamics may suggest that a (partial) analysis should be possible ([45]).
From a biological and epidemic-modelling perspective, it would be interesting to
compare different classes of models to the fast-slow heterogeneous stochastic SIS
model we considered with a view towards heterogeneity, epidemic thresholds and
warning signs for critical transitions. For example, this could include SIR models
([31, 54]), adaptive network dynamics ([26, 51, 59]), and stochastic partial differen-
tial equations ([1, 47]).

Of course, many other extensions of the model, for example demographic changes,
could also influence the behaviour. A focus on quantitative scaling laws could shed
new light on which models are most appropriate for certain disease outbreaks, when
results are compared with data. Finally, this work shows that if actual data is to
be used to predict epidemic outbreaks, scaling laws for heterogeneous systems have
to be analysed in greater detail.

Of course, our study here only carries out a few important baseline steps to
achieve these future goals. Nevertheless, it provides clear evidence for the need to
further investigate the interplay between various effects such as parameter drift,
noise, and heterogeneity in the context of biological models, which exhibit bifurca-
tion phenomena of high practical and social relevance.

Appendix A. The convergence in mean. Here we prove the auxiliary result
Lemma 4.2, which shows that for the deterministic heterogeneous SIS model we
study, a suitable weighted mean of the infected population J(t) := [, q(w)I(t,w) dw
has a well-defined limit.

Proof of Lemma /.2. We employ the same notation as in the proof of Theorem 4.1.
In addition, define J* = limsup,_, . J(t) and J, = liminf; o J(t). Assume that
J(t) does not converge, then J* — J, > 0. In the following five steps we lead this
assumption to a contradiction.

Step 1. Define
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We get this function by setting I(t,w) = 0 in (4) and solving for I(t,w). Further
define O = {w € Q : f(w) > 0}. Obviously Q\Qy is of no interest as I(t,w) =

o f(w)B(w)y(w
0 there. Note that aJ(t)h(J( )yw) = (b(w)J(( ))+57(235rﬁ3(w))2 > 0 on €y such that

Lh(J(t),w) 20« J(t) = 0. This also shows that h(.J(t),w) is monotone in J(t).
We have

1(t,w) = (B@)J (1) + n(w)) f(w) = (B@)J (1) + n(w) + 1) (t,w)
= (BT () +n(w)f ) o0
— (Bw)J(t)+n(w)+v(w)) (h(J(t),w) + I(t,w) = h(J(t),w))
= (Bw)J () +n(w) +y(w)) (A(J(t),w) — I(t,w))
Note that we get
I(t,w) S0 < I(t,w) = h(J(t),w). (21)

This proves one of the claims in Lemma 4.2. Using (20) we get
d
—h(J

’ dt ’8

W) ( )

:’u)() (W) +7(w))?

where C = SUPLeq; (B(w) + n(w) + v(w)).
Step 2. Define

6(w) = h(J*,w) = h(J.,w)
= f(w) ( BWI* +nw)  (Bw)s +nw)) >
6(W)J* +’r]( )+7(w) (w)J +77(W) +’y(w)

) By (@) (J° = 1) |
BT 1) + () (B + 70 77

For all € > 0 there exist arbitrarily large ¢t* such that J(t*) < J, +¢e. We
want to give an estimate for ¢(w) such that h(J(t),w) < §(w)/3 + h(J, + &,w) for
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t € (t*,t(w)). Because of (22) we get

B)y(@)(J" = T.)
Hw) > 6(w) _ W) e e @ @)

= B o B@)v(@)
3f (@) G @z € 3/ (@) @) mrn? ©

_ (J* = Js) (n(w) +7(w))*
(B(w)J* +n(w) +7(w)) (B(w)Js +n(w) +7(w)) 3C
L infuco, ((nw) +7(W)?*) (J* =) _
- 3C3
Note that £ > 0 and is independent of w.

Step 3. Because of
S(w) > fluw) st wwggw)) A

we have for every € > 0 a t. such that h(J(t),w) < h(J*,w)+ed(w)/2 for all ¢ > t..
Assume now that I(t,w) > h(J*,w) + d(w). Then using (20) we see that

[(t,0)] = (B)T (1) + n(w) +1(w)) (I (), w) = [(t,0)
> inf () 42306 2 57) jnt (FD) i (1) + (),

wEQS 2 wle fw) ) weay

From this and (21) we get that for ¢ large enough we have I(t,w) < h(J*,w)+¢ed(w)
for all w € Q.

Step 4. Choose € > 0 small enough such that the two inequalities

) 2
nw) -2 5 g e w) + 26w), 20 < inf (@) +a(w)  (23)
3 3 3 weNy
hold true. Now choose a t* such that J(t*) < J. +¢. Let t* also be large enough
such that for all ¢ > t* we have
I(t,w) < h(J*,w) + 5@. (24)
For every w € Q0 and for t € (t*,t* + k) where I(t,w) > h(J*,w) —ed(w)/3 we have
because of the first inequality in (23) that |I(t,w) — h(J(t),w)| > §(w)/3. Thus,
using the second inequality in (23), we get
[1(t,0)] = (B@)T (1) + n(w) +1(w)) [T (B),) = [(t,)
O(w) 26(w)e
> ——= inf > .
> 8 int (o) + () 2 22

Combining this with (24) and using (21) yields

It" + Kk, w) < h(J*,w) —5@, w € Q.

Step 5. Let 7 > t* 4+ £ be such that A(J(7),w) > h(J*,w) — €d(w)/3 for all
w € Qp and J(r) > J(t) for t € (t* + k,7). Since I(t,w) is increasing if and
only if h(J(t),w) > I(t,w) we have for all w € Qf that I(T, w) < h(J(7),w).
Thus I(7,w) > 0 for all w € Qf and consequently .J fQ I(r,w)dw > 0.

Therefore, if I(t,w) = h(J(t),w) for any t > 7, we have that I(t w) = 0 while
J(t) > 0 and consequently -Lh(J(t),w) > 0. Hence, I(t,w) < h(J(t),w) for all



1116 A. WIDDER AND C. KUEHN

t > 7 and all w € Q. This in turn implies that J(¢) is monotonically increasing for
t > 7. Thus, J(t) converges in contradiction to our assumption. O

Acknowledgments. AW would like to thank the Austrian Science Foundation
(FWF) for support under grant P 24125-N13. CK would like to thank the Austrian
Academy of Science (OAW) for support via an APART Fellowship and the EU/REA
for support via a Marie-Curie Integration Re-Integration Grant. Both authors ac-
knowledge very stimulating discussions with Vladimir Veliov at the beginning of
this work.

REFERENCES

[1] E. J. Allen, Derivation of stochastic partial differential equations for size-and age-structured
populations, Journal of Biological Dynamics, 3 (2009), 73-86.

[2] F. Altarelli, A. Braunstein, L. Dall’Asta, J. R. Wakeling and R. Zecchina, Containing epidemic
outbreaks by message-passing techniques, Physical Review X, 4 (2014), 021024.

[3] S. Altizer, A. Dobson, P. Hosseini, P. Hudson, M. Pascual and P. Rohani, Seasonality and
the dynamics of infectious diseases, Ecology Letters, 9 (2006), 467—-484.

[4] B. Ainseba and M. Iannelli, Optimal screening in structured SIR epidemics, Mathematical
Modelling of Natural Phenomena, 7 (2012), 12-27.

[5] L. Arnold, Stochastic Differential Equations: Theory and Applications, Wiley, 1974.

[6] S.Bansal, B. T. Grenfell and L. A. Meyers, When individual behaviour matters: Homogeneous
and network models in epidemiology, Journal of the Royal Society Interface, 4 (2007), 879—
891.

[7] S.Bansal, J. Read, B. Pourbohloul and L. A. Meyers, The dynamic nature of contact networks
in infectious disease epidemiology, Journal of Biological Dynamics, 4 (2010), 478-489.

[8] N. Berglund and B. Gentz, Geometric singular perturbation theory for stochastic differential
equations, Journal of Differential Equations, 191 (2003), 1-54.

[9] N. Berglund and B. Gentz, Noise-Induced Phenomena in Slow-Fast Dynamical Systems,
Springer, 2006.

[10] F. Brauer and C. Castillo-Chavez, Mathematical models in population biology and epidemi-
ology, Springer, New York, 2012.

[11] F. Brauer, P. van den Driessche and J. Wu, Mathematical Epidemiology, Vol. 1945, Springer,
2008.

[12] T. Britton, Stochastic epidemic models: A survey, Mathematical Biosciences, 225 (2010),
24-35.

[13] S. Busenberg and C. Castillo-Chavez, A general solution of the problem of mixing of sub-
populations and its application to risk-and age-structured epidemic models for the spread of
AIDS, Mathematical Medicine and Biology, 8 (1991), 1-29.

[14] S. R. Carpenter and W. A. Brock, Rising variance: A leading indicator of ecological transition,
Ecology Letters, 9 (2006), 311-318.

[15] C. Castillo-Chavez, W. Huang and J. Li, Competitive exclusion in gonorrhea models and other
sexually transmitted diseases, SIAM Journal on Applied Mathematics, 56 (1996), 494-508.

[16] D. Clancy and C. J. Pearce, The effect of population heterogeneities upon spread of infection,
Journal of Mathematical Biology, 67 (2013), 963-978.

[17] F. A. B. Coutinho, E. Massad, L. F. Lopez and M. N. Burattini, Modelling heterogeneities
in individual frailties in epidemic models, Mathematical and Computer Modelling, 30 (1999),
97-115.

[18] S. Y. Del Valle, J. M. Hyman, H. W. Hethcote and S. G. Eubank, Mixing patterns between
age groups in social networks, Social Networks, 29 (2007), 539-554.

[19] O. Diekmann and J. A. P. Heesterbeek, Mathematical Epidemiology of Infectious Diseases:
Model Building, Analysis and Interpretation, Vol. 146. Wiley, Chichester, 2000.

[20] O. Diekmann, J. A. P. Heesterbeek and J. A. J. Metz, On the definition and the computation of
the basic reproduction ratio Rg in models for infectious diseases in heterogeneous populations,
Journal of Mathematical Biology, 28 (1990), 365-382.

[21] J. Dushoff, Host heterogeneity and disease endemicity: A moment-based approach, Theoret-
ical Population Biology, 56 (1999), 325-335.


http://www.ams.org/mathscinet-getitem?mr=MR2489626&return=pdf
http://dx.doi.org/10.1080/17513750802162754
http://dx.doi.org/10.1080/17513750802162754
http://dx.doi.org/10.1103/PhysRevX.4.021024
http://dx.doi.org/10.1103/PhysRevX.4.021024
http://dx.doi.org/10.1111/j.1461-0248.2005.00879.x
http://dx.doi.org/10.1111/j.1461-0248.2005.00879.x
http://www.ams.org/mathscinet-getitem?mr=MR2928729&return=pdf
http://dx.doi.org/10.1051/mmnp/20127302
http://www.ams.org/mathscinet-getitem?mr=MR0443083&return=pdf
http://dx.doi.org/10.1098/rsif.2007.1100
http://dx.doi.org/10.1098/rsif.2007.1100
http://www.ams.org/mathscinet-getitem?mr=MR2787193&return=pdf
http://dx.doi.org/10.1080/17513758.2010.503376
http://dx.doi.org/10.1080/17513758.2010.503376
http://www.ams.org/mathscinet-getitem?mr=MR1973280&return=pdf
http://dx.doi.org/10.1016/S0022-0396(03)00020-2
http://dx.doi.org/10.1016/S0022-0396(03)00020-2
http://www.ams.org/mathscinet-getitem?mr=MR2197663&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR3024808&return=pdf
http://dx.doi.org/10.1007/978-1-4614-1686-9
http://dx.doi.org/10.1007/978-1-4614-1686-9
http://www.ams.org/mathscinet-getitem?mr=MR2452129&return=pdf
http://dx.doi.org/10.1007/978-3-540-78911-6
http://www.ams.org/mathscinet-getitem?mr=MR2642269&return=pdf
http://dx.doi.org/10.1016/j.mbs.2010.01.006
http://www.ams.org/mathscinet-getitem?mr=MR1115994&return=pdf
http://dx.doi.org/10.1093/imammb/8.1.1
http://dx.doi.org/10.1093/imammb/8.1.1
http://dx.doi.org/10.1093/imammb/8.1.1
http://dx.doi.org/10.1111/j.1461-0248.2005.00877.x
http://www.ams.org/mathscinet-getitem?mr=MR1381656&return=pdf
http://dx.doi.org/10.1137/S003613999325419X
http://dx.doi.org/10.1137/S003613999325419X
http://www.ams.org/mathscinet-getitem?mr=MR3096545&return=pdf
http://dx.doi.org/10.1007/s00285-012-0578-x
http://www.ams.org/mathscinet-getitem?mr=MR1702455&return=pdf
http://dx.doi.org/10.1016/S0895-7177(99)00119-3
http://dx.doi.org/10.1016/S0895-7177(99)00119-3
http://www.ams.org/mathscinet-getitem?mr=MR1882991&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1057044&return=pdf
http://dx.doi.org/10.1007/BF00178324
http://dx.doi.org/10.1007/BF00178324
http://dx.doi.org/10.1006/tpbi.1999.1428

(22]
23]
[24]

[25]

[26]
27]
(28]
29]
(30]
(31]

32]

33]
34]
(35]
(36]
37]
(38]
39]
[40]
[41]

42]

[43]
[44]
[45]

[46]
[47)

(48]

[49]

HET. POP. DYN. & SCALING LAWS 1117

G. Feichtinger, T. Tsachev and V. M. Veliov, Maximum principle for age and duration struc-
tured systems: A tool for optimal prevention and treatment of HIV, Mathematical Population
Studies, 11 (2004), 3-28.

C. Gardiner, Stochastic Methods, 4th edition, Springer, Berlin Heidelberg, Germany, 2009.
G. P. Garnett and R. M. Anderson, Sexually transmitted diseases and sexual behavior: In-
sights from mathematical models, Journal of Infectious Diseases, 174 (1996), 150-161.

B. T. Grenfell, O. N. Bjgrnstad and B. F. Finkenstadt, Dynamics of measles epidemics:
scaling noise, determinism, and predictability with the TSIR model, Ecological Monographs,
72 (2002), 185-202.

T. Gross, C. J. Dommar D’Lima and B. Blasius, Epidemic dynamics on an adaptive network,
Physical Review Letters, 96 (2006), 208701.

G. Hek, Geometric singular perturbation theory in biological practice, Journal of Mathemat-
ical Biology, 60 (2010), 347-386.

H. W. Hethcote, Qualitative analyses of communicable disease models, Mathematical Bio-
sciences, 28 (1976), 335-356.

R. I. Hickson and M. G. Roberts, How population heterogeneity in susceptibility and infec-
tivity influences epidemic dynamics, Journal of Theoretical Biology, 350 (2014), 70-80.

D. J. Higham, An algorithmic introduction to numerical simulation of stochastic differential
equations, STAM Review, 43 (2001), 525-546.

A. N. Hill and I. M. Longini, The critical vaccination fraction for heterogeneous epidemic
models, Mathematical Biosciences, 181 (2003), 85-106.

A. Hill, D. G. Rand, M. A. Nowak and N. A. Christakis, Emotions as infectious diseases in
a large social network: The SISa model, Proceedings of the Royal Society B, 277 (2010),
3827-3835.

A. Hill, D. G. Rand, M. A. Nowak and N. A. Christakis, Infectious disease modeling of social
contagion in networks, PLoS Computational Biology, 6 (2010), €1000968, 15pp.

T. House and M. J. Keeling, Insights from unifying modern approximations to infections on
networks, Journal of The Royal Society Interface, 8 (2011), 63-73.

J. M. Hyman and E. A. Stanley, Using mathematical models to understand the AIDS epi-
demic, Mathematical Biosciences, 90 (1988), 415-473.

H. Inaba, Endemic threshold results in an age-duration-structured population model for HIV
infection, Mathematical Biosciences, 201 (2006), 15-47.

A. R. Ives and V. Dakos, Detecting dynamical changes in nonlinear time series using locally
linear state-space models, Ecosphere, 3 (2012), 1-15.

C. K. R. T. Jones, Geometric singular perturbation theory, in Dynamical Systems, Springer,
1609 (1995), 44-118.

I. Kareva, M. Benjamin and C. Castillo-Chavez, Resource consumption, sustainability, and
cancer, Bulletin of Mathematical Biology, 77 (2015), 319-338.

M. J. Keeling and K. T. Eames, Networks and epidemic models, Journal of the Royal Society
Interface, 2 (2005), 295-307.

M. J. Keeling and P. Rohani, Modeling Infectious Diseases in Humans and Animals, Princeton
University Press, 2008.

J. O. Kephart and S. R. White, Directed-graph epidemiological models of computer viruses, in
Proceedings. 1991 IEEE Computer Society Symposium on Research in Security and Privacy,
1991, 343-359.

W. O. Kermack and A. G. McKendrick, A contribution to the mathematical theory of epi-
demics, Proceedings of the Royal Society London A, 115 (1927), 700-721.

M. Krupa and P. Szmolyan, Extending slow manifolds near transcritical and pitchfork singu-
larities, Nonlinearity, 14 (2001), 1473-1491.

C. Kuehn, A mathematical framework for critical transitions: Normal forms, variance and
applications, Journal of Nonlinear Science, 23 (2013), 457-510.

C. Kuehn, Multiple Time Scale Dynamics, Springer, 2015.

C. Kuehn, Warning signs for wave speed transitions of noisy Fisher-KPP invasion fronts,
Theoretical Ecology, 6 (2013), 295-308.

C. Kuehn, G. Zschaler and T. Gross, Early warning signs for saddle-escape transitions in
complex networks, Scientific reports, 5 (2015), art.nr. 13190.

G. E. Lahodny Jr and L. J. Allen, Probability of a disease outbreak in stochastic multipatch
epidemic models, Bulletin of Mathematical Biology, 75 (2013), 1157-1180.


http://www.ams.org/mathscinet-getitem?mr=MR2057036&return=pdf
http://dx.doi.org/10.1080/08898480490422301
http://dx.doi.org/10.1080/08898480490422301
http://www.ams.org/mathscinet-getitem?mr=MR2676235&return=pdf
http://dx.doi.org/10.1093/infdis/174.Supplement_2.S150
http://dx.doi.org/10.1093/infdis/174.Supplement_2.S150
http://dx.doi.org/10.1103/PhysRevLett.96.208701
http://www.ams.org/mathscinet-getitem?mr=MR2576546&return=pdf
http://dx.doi.org/10.1007/s00285-009-0266-7
http://www.ams.org/mathscinet-getitem?mr=MR0401216&return=pdf
http://dx.doi.org/10.1016/0025-5564(76)90132-2
http://www.ams.org/mathscinet-getitem?mr=MR3190510&return=pdf
http://dx.doi.org/10.1016/j.jtbi.2014.01.014
http://dx.doi.org/10.1016/j.jtbi.2014.01.014
http://www.ams.org/mathscinet-getitem?mr=MR1872387&return=pdf
http://dx.doi.org/10.1137/S0036144500378302
http://dx.doi.org/10.1137/S0036144500378302
http://www.ams.org/mathscinet-getitem?mr=MR1943229&return=pdf
http://dx.doi.org/10.1016/S0025-5564(02)00129-3
http://dx.doi.org/10.1016/S0025-5564(02)00129-3
http://dx.doi.org/10.1098/rspb.2010.1217
http://dx.doi.org/10.1098/rspb.2010.1217
http://www.ams.org/mathscinet-getitem?mr=MR2754025&return=pdf
http://dx.doi.org/10.1371/journal.pcbi.1000968
http://dx.doi.org/10.1371/journal.pcbi.1000968
http://dx.doi.org/10.1098/rsif.2010.0179
http://dx.doi.org/10.1098/rsif.2010.0179
http://www.ams.org/mathscinet-getitem?mr=MR958152&return=pdf
http://dx.doi.org/10.1016/0025-5564(88)90078-8
http://dx.doi.org/10.1016/0025-5564(88)90078-8
http://www.ams.org/mathscinet-getitem?mr=MR2252076&return=pdf
http://dx.doi.org/10.1016/j.mbs.2005.12.017
http://dx.doi.org/10.1016/j.mbs.2005.12.017
http://dx.doi.org/10.1890/ES11-00347.1
http://dx.doi.org/10.1890/ES11-00347.1
http://www.ams.org/mathscinet-getitem?mr=MR1374108&return=pdf
http://dx.doi.org/10.1007/BFb0095239
http://www.ams.org/mathscinet-getitem?mr=MR3312555&return=pdf
http://dx.doi.org/10.1007/s11538-014-9983-1
http://dx.doi.org/10.1007/s11538-014-9983-1
http://dx.doi.org/10.1098/rsif.2005.0051
http://www.ams.org/mathscinet-getitem?mr=MR2354763&return=pdf
http://dx.doi.org/10.1109/RISP.1991.130801
http://www.ams.org/mathscinet-getitem?mr=MR1867088&return=pdf
http://dx.doi.org/10.1088/0951-7715/14/6/304
http://dx.doi.org/10.1088/0951-7715/14/6/304
http://www.ams.org/mathscinet-getitem?mr=MR3067587&return=pdf
http://dx.doi.org/10.1007/s00332-012-9158-x
http://dx.doi.org/10.1007/s00332-012-9158-x
http://www.ams.org/mathscinet-getitem?mr=MR3309627&return=pdf
http://dx.doi.org/10.1007/978-3-319-12316-5
http://dx.doi.org/10.1007/s12080-013-0189-1
http://dx.doi.org/10.1038/srep13190
http://dx.doi.org/10.1038/srep13190
http://www.ams.org/mathscinet-getitem?mr=MR3078807&return=pdf
http://dx.doi.org/10.1007/s11538-013-9848-z
http://dx.doi.org/10.1007/s11538-013-9848-z

1118 A. WIDDER AND C. KUEHN

[50]

[51]

[52]
[53]
[54]

[55]

A. Lajmanovich and J. A. Yorke, A deterministic model for gonorrhea in a nonhomogeneous
population, Mathematical Biosciences, 28 (1976), 221-236.

Y. Moreno, R. Pastor-Satorras and A. Vespignani, Epidemic outbreaks in complex heteroge-
neous networks, The European Physical Journal B-Condensed Matter and Complex Systems,
26 (2002), 521-529.

I. Nasell, The quasi-stationary distribution of the closed endemic SIS model, Advances in
Applied Probability, 28 (1996), 895-932.

A. S. Novozhilov, Epidemiological models with parametric heterogeneity: Deterministic the-
ory for closed populations, Mathematical Modelling of Natural Phenomena, 7 (2012), 147-167.
A. S. Novozhilov, On the spread of epidemics in a closed heterogeneous population, Mathe-
matical Biosciences, 215 (2008), 177-185.

S. M. O’Regan and J. M. Drake, Theory of early warning signals of disease emergence and
leading indicators of elimination, Theoretical Ecology, 6 (2013), 333-357.

[56] M. T. Osterholm, Preparing for the next pandemic, New England Journal of Medicine, 352

(2005), 1839-1842.

[57] S. Schecter, Persistent unstable equilibria and closed orbits of a singularly perturbed equation,

Journal of Differential Equations, 60 (1985), 131-141.

[58] M. Scheffer, J. Bascompte, W. A. Brock, V. Brovkhin, S. R. Carpenter, V. Dakos, H. Held,

E. H. van Nes, M. Rietkerk and G. Sugihara, Early-warning signals for critical transitions,
Nature, 461 (2009), 53-59.

[59] L. B. Shaw and I. B. Schwartz, Fluctuating epidemics on adaptive networks, Physical Review

E, 77 (2008), 066101, 10pp.

[60] H. Shi, Z. Duan and G. Chen, An SIS model with infective medium on complex networks,

Physica A, 387 (2008), 21332144,

[61] V. M. Veliov, On the effect of population heterogeneity on dynamics of epidemic diseases,

Journal of Mathematical Biology, 51 (2005), 123-143.

[62] V. M. Veliov, Optimal control of heterogeneous systems: Basic theory, Journal of Mathemat-

ical Analysis and Applications, 346 (2008), 227-242.

[63] K. Wiesenfeld, Noisy precursors of nonlinear instabilities, Journal of Statistical Physics, 38

(1985), 1071-1097.

[64] J. C. Wierman and D. J. Marchette, Modeling computer virus prevalence with a susceptible-

infected-susceptible model with reintroduction, Computational statistics € data analysis, 45
(2004), 3-23.

[65] M. Yang, G. Chen and X. Fu, A modified SIS model with an infective medium on complex

networks and its global stability, Physica A, 390 (2011), 2408-2413.

[66] J. A. Yorke, H. W. Hethcote and A. Nold, Dynamics and control of the transmission of

gonorrhea, Sexually transmitted diseases, 5 (1978), 51-56.
Received August 10, 2015; Accepted April 05, 2016.

E-mail address: andreas.widder@tuwien.ac.at
E-mail address: ck274@cornell.edu


http://www.ams.org/mathscinet-getitem?mr=MR0403726&return=pdf
http://dx.doi.org/10.1016/0025-5564(76)90125-5
http://dx.doi.org/10.1016/0025-5564(76)90125-5
http://dx.doi.org/10.1140/epjb/e20020122
http://dx.doi.org/10.1140/epjb/e20020122
http://www.ams.org/mathscinet-getitem?mr=MR1404315&return=pdf
http://dx.doi.org/10.2307/1428186
http://www.ams.org/mathscinet-getitem?mr=MR2928737&return=pdf
http://dx.doi.org/10.1051/mmnp/20127310
http://dx.doi.org/10.1051/mmnp/20127310
http://www.ams.org/mathscinet-getitem?mr=MR2462419&return=pdf
http://dx.doi.org/10.1016/j.mbs.2008.07.010
http://www.ams.org/mathscinet-getitem?mr=MR808261&return=pdf
http://dx.doi.org/10.1016/0022-0396(85)90124-X
http://dx.doi.org/10.1038/nature08227
http://www.ams.org/mathscinet-getitem?mr=MR2496146&return=pdf
http://dx.doi.org/10.1103/PhysRevE.77.066101
http://dx.doi.org/10.1016/j.physa.2007.11.048
http://www.ams.org/mathscinet-getitem?mr=MR2213134&return=pdf
http://dx.doi.org/10.1007/s00285-004-0288-0
http://www.ams.org/mathscinet-getitem?mr=MR2428286&return=pdf
http://dx.doi.org/10.1016/j.jmaa.2008.05.012
http://www.ams.org/mathscinet-getitem?mr=MR802569&return=pdf
http://dx.doi.org/10.1007/BF01010430
http://www.ams.org/mathscinet-getitem?mr=MR2041255&return=pdf
http://dx.doi.org/10.1016/S0167-9473(03)00113-0
http://dx.doi.org/10.1016/S0167-9473(03)00113-0
http://dx.doi.org/10.1016/j.physa.2011.02.007
http://dx.doi.org/10.1016/j.physa.2011.02.007
http://dx.doi.org/10.1097/00007435-197804000-00003
http://dx.doi.org/10.1097/00007435-197804000-00003
mailto:andreas.widder@tuwien.ac.at
mailto:ck274@cornell.edu

	1. Introduction
	2. The homogeneous model
	3. The heterogeneous model
	4. Persistence of dynamical structure
	5. Extending the model
	5.1. Noise
	5.2. Multiple time scales
	5.3. Warning-signs for the homogeneous fast-slow stochastic model

	6. Numerical results
	7. Explanations
	7.1. Homogeneous system
	7.2. Discrete heterogeneous system
	7.3. Continuous heterogeneous system
	7.4. Non-separable transmission rate

	8. Outlook
	Appendix A. The convergence in mean
	Acknowledgments
	REFERENCES

