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m Overview

v

Motivation
» Steady viscous film past horizontal plate: critical at trailing edge?

\4

High-Re limit
> Free overfall: paradigm of trans- to supercritical free-streamline flows

v

Scale separation
> Novel self-sustained triple deck
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Transcritical long-wave limit
» Transcritical singularity
> Hydraulic jump
» Unsteadiness
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Summary & outlook
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ﬂ Motivation: steady developed viscous film past horizontal plate

reference state: laminar flow at edge
» G:=Frt=gH/0% S:=We!'=6/(pHU?), Re=UH?/(LV)=0(1)
L (xay):(iay)/ﬁa u:ﬁ/07 p:ﬁ/(pﬁz)mG(er—y)_Sdzer/dxz
» G </=/>1: super-/trans- / subcritical in hydraulic limit Re > 1
» e=H/L< 1
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Motivation: steady developed viscous film past horizontal plate

viscous jump y

G

A

sublayer

Higuera (JFM 274, 1994) surmounted ill-posedness of shallow-water problem by
» prescribing intrinsic expansive edge singularity
» giving criticality in the sense of the Burns—Lighthill long-wave criterion
1
]{) P iyc)z ~ é ~1 (c=0), wecy®® (y<1)
» but not transition towards the important limits
(1) G—=0, (2) Re—
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m Motivation: steady developed viscous film past horizontal plate

(1) G—=0, (2) Re— oo

—= X, U

We here
» present preliminary results of an ongoing asymptotic analysis addressing (2)
» therefore start with potential flow in a square edge region
» in the course discover surprising phenomena on this scale upstream.
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m Steady free overfall: a classical free-streamline problem. ..

... has attracted surprisingly little attention! G=Fr2 S=We!
» find z(w;G,S)=x+iy, 7 =10 —Ing, w= ¢ +iy subject to
—0< 9 <0, y=0: y=>b(x)
0<¢p<oo, y=0: y=y (¢), ¢°/24+Sqd6/d¢+Gy_=1/2+G
—eo< P <oo, W=1: y=y.(9), ¢°/2—Sqd6/dd + Gy, =1/2+G
¢ =~ Z~w, ¢+ y~—2Gx*/(2+G)? (g~ —V—2Gy)

» by collocation/series truncation: e ™ = (t+1)2/(47)  Vanden-Broeck (textbook, 2010)

ff/wdl’ 1 :
w/dazg ~ ~ _
7 =1-"

.
[ot=t= b=
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Steady free overfall: earlier results for S =0

+
Strelkotf and Moayeri®

Xy

+0

» Montes (1992): solutions obtained even for G = 1/F02 =]
cf. Dias & Vanden-Broeck (JEM, 2011)

v

v

other situations (humps, weirs, ...): max(G) < 1
asymptotic theory for G — 0

Clarke (JFM, 1965)
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m Steady free overfall: earlier results for S =0

1.2
e sl _:o__
e
kS
2 / ——— Montes
——— Rajaratnam (mean line)
/’ O, A Rouse’
041 v Strelkoft and Moayeri®
o A 1 L 1
0 05 1 15 2

xlyo

» Montes (1992): base pressure « vx/yy < 1
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ﬂ Steady free overfall: =0 implies G <1

Considering in the z-plane the
» Cauchy—Riemann relations gy + g6y =0, gy —q6y =0
» extremal properties of potential Ing
» branching points of isotachs g = const,

we can demonstrate
» strictly accelerating flow.
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ﬂ Steady free overfall: =0 implies G <1

Considering in the z-plane the
» Cauchy—Riemann relations gy + g6y =0, gy —q6y =0
» extremal properties of potential Ing
» branching points of isotachs g = const,

we can demonstrate
» strictly accelerating flow.

consequences
» forced separation
» G < 1only: “waterfall” super- to transcritical
x— —o: [u—1,p—G(1—y),y" —1] ~a;(G)exp(Ax)[—Acos(Ay), L cos(Ay), siny]|
a1 <0, 0<A=Gtand <m/2
» G > 1: rarefaction wave propagating upstream = supercritical steady state
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Steady free overfall: consequences for S > 0

S > 0: class of solutions

» free separation at 6; > 0, x > xin(S)
» no re-impingement restricts non-uniqueness
» b =0: translational x-invariance

S = 0: unique solution
» forced separation at x =0 by gravity
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Steady free overfall: S — 0

X, u

V1+2G

inner Wiener—Hopf-type dock problem: Xmin = O(SInS), 65 = 0(§'/21n5)
cf. Vanden-Broeck (QUMAM, 1981)

» § — 0: singular perturbation problem S—0 qo =

outer solution, s =gox — 0%, ¢(G) > 0:

u 3¢ ; 15¢2 cln(—s) [ G 38/4 S
L T VS V- _ GN32 of (—s)3/2
wl 1T O T+ T | G0 | (0
WN_S3/2_W[2(§35/2+35 1/2]+0( 512, 54112)

c 740 | 5q; 2

» S < Re '/2: Ackerberg singularity at x = 0, BL already split upstream — how?

Ackerberg (JFM, 1970)
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Steady free overfall: detaching streamline for S =0

Ay, regular part

0.00018 : : ; ; v

- G ey

000014} 7 _ e

L 05---- o]

1 - G
0.0001 | i 1
S0
L 504 .
e
6e-05
2e-05
0 1

0 0.02 0.04 x 0.06 0.08 0.1

qy- 3/ lns {Zi S 4 ?’Ssl/z} LO(s, 85M7)
c g0 | Sq5 2

Ay >0
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ﬂ Scale separation

fast variable x, slow variable x:=ex

fast variation: BL reminiscent of initial stage

nonlinear Euler flow

i E
jet T | |
LD MD small-scale u~1 3
\ / ‘ interaction :
/"—T _____ \k & ¥
_’ = . S — L X, X
Ax=0(1) T Av=0(1)

=1
Il
(=)
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ﬂ Scale separation for —1 2 x = ex= 0(1): BL 2-tiered

discrete inviscid small-scale modes
> [y—y, y+ — 1]~ Z:;l aiznv(Gvs)[_ sin(A,y), sinA,E, + O(Elz)v E, :=exp(A,%/¢€)
» classical standing-wave dispersion

A= (G—SAD)tand, = A,=p™ >0 or A,=iky (kn>0)

Blasius BL (B) singularly perturbed
» &i=(1+x)/e, [0, f(X,0;G,S,€)] :=VRe/(2e€) [y, y], B :=f5(0) =0.4696

1 1/3 oo
MD: foB(n)—a1l1E1fé(ﬂ)[%51/3—/” [f3(t) 2 = 1] dr + 1+ O(e%?)

2 31/31—‘(%)

5 1 1/3
LD: f~B5— 3 aullEl/O (G —1)Ai(r)dr + O(eEy), ¢ := (2BME)*n=0(1)
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ﬂ Scale separation: viscous—inviscid interaction

discrete modes subject to BL feedback

> [w—y,y" =1]~ Y au(G,S)[—sin(Ayy) — I cos(Any), sin A, + I cos 4] E,+c.c.

» distinguished limit

A:=¢'PRe'? = 0(1)

)

e 25/6T(1) (1+%)5/6 { < 1: hierarchical BL

" 32/385/3 A
——
= 8.0884

> 1: developed flow

» dispersion detuned & modulated on long scale x

ReA, >0

ImA, #0: waves

A — (G—SAD)tan A, = TA)3 (G — SAZ + A, tand,) = {
0o 5,
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ﬂ Scale separation: nonlinear pocket, short-wave “trap”

localised wave crest, continuous spectrum
» linearisation in LD fails for %—x, = 0(¢), ¥, :=2¢lne/(3u1), Hn:=Red, < Up_1

> X, Y] = [%/e - (2/3)Ing, ls—g, ~B(X)] = O(1)
[f, p—G] ~ €23B1/3) (2 22 [¥(X,¥:G,S, A), BP(X:%)] + O(e5/%)

a novel triple-deck problem
LD: W%Wx — YWy = —dP/dX +Wyy

Y=0: ¥=%=0, Yo ¥Y~[+AX;*)+BX)?/2 [+P], X - —: ¥~Y?%2
UD: downstream mode absorbed

[A, P] — [A_, p} _ [\/W7 Pinv]7 pinv — ﬁ74/30i1nvui'nv(2u1)2/3exp(ui’an/ul)

B &) e [0(=1), 2(1)
ik (k%) = A g 26, 120069 = / e

exp(ist)dr
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M Short-scale “square” triple deck (TD)

includes all wavelengths, comparable with Ax

viscosity destabilises: ImA; # 0 T
Brotherton-Ratcliffe & Smith (TCFD, 1989), crest A 0
Bowles & Smith (JFM, 1992) / 1>

Euler region

g :
Blasius BL T Ax=0(1) = exp. accelerated BL :
_FF" —F™" G?_ GG///Z =1+G"
o Ax = O(Ine) T
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ﬂ Short-scale triple deck: interaction law

k;z/(k)_ (G + Sk*)tanhk — k . p
P(k) " X Grsk—kannk ® X T ou)Es
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Short-scale triple deck: interaction law

(k) (G+Sk?)tanhk —k
P(k) % G+ Sk —ktanhk ’

special cases

» highly supercritical flow: G« 1, <1

A(X) ~ %7[:0 P(t)coth| 2 ¢

> highly capillary flow: §>1

A'( X ][
= smh

» transcritical flow: G — 1_

pole at k=0 = algebraic downstream tail = extended theory as ui™ — 0

55/3
(2u1)?/3

—X)} dr

/ sinh[n(r —X),/2]
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ﬂ Short-scale triple deck: interaction law for k < 1

k,;z{(k)_ (G + Sk?)tanhk — k A B33
20 X Gk —kanhk® X7 2u;)2/3

long-wave limit

» G=0(1), S< 1 maintains resonance for G — 1_

G-1
A~ x? P Vv Gaijjar & Smith (Mathematika, 1983)

» highly supercritical flow: G, P = O(k?)
(S—1MA"-GA~yP V Bowles & Smith (JFM, 1992)

governs upstream edge of hydraulic jump
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@ Transcritical long-wave (KdV) limit: G=1Fy, v— 04

» vanishing exponential, here restricted to |S—1/3| = O(1)

pu=(G-Sphtanp = p=p"~VFy/(S—1/3)+0(r"?)

0.5

0.4r

0.3

0.2f

0.1

0

tany —

f(u) =u/(G—Su?) = slippery sections:

G=0.95 5=0.1
G=1.05 §=0.7

0

0.1

o2u 03 04 05

» generic expansive/compressive z~!-singularity (cf. gasdynamics)

w=go~z(1+7) —4(1/3-8" +0E%P¥) (x= —=, y—0)
———

detuning
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m Transcritical long-wave (KdV) limit: G=1Fy, y— 0.

shallow flow matching Euler flow downstream
» shallow-water parameter € — /y
> Rey :=Re/e, X :=x\Vy/|S—1/3]=0(1)
> -1, p—(1F (1 -y),y" =1~ y[-1,1,1]P(X,v)/3+0(y/?)
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Transcritical long-wave limit

TD problem  A(X;v), ¥(X,7;v) =0(1)

LD: thickness & = O(y?)

B Wpp — Wy pp = —dP/dX +Pppp

=0 P=% =0, ¥—so: P~[P+AX;V)+BR)?/2, X — —co: ¥~7P?2
MD: y*/2 > thickness A = y'3/2Re > 2 weak hydraulic jump: Kluwick et al. (Acta Mech, 2010)

UD: O(y?)-solvability = forced KdV eq.

+P—P 2+ P =B—VA
+/— ... super-/subcritical upstream (detuning), S > /< 1/3 (dispersion)

X = —oco: ﬁwzizzlpiexp(qi)?)+c.c., +1+4> =vg'/?
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m Transcritical long-wave limit

TD Euler region
YA

BL adjustment : Ax=0(1//7)
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m Transcritical long-wave limit: branching eigensolutions

upstream dispersion

+1+2=vg'?, v>0

up to 2 roots with Reg >0

+1, slightly supercritical: —1, slightly subcritical:
¢ q1=q <1 no eigensolution
+q?: v26/55/6=>m§1/\5§6]2 q1>1

v<6/55/6 = qp=q

v: stabilising destabilising
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B Tanscritical flow: 772 > A = y132Re > ¥

LD flow linearised (Airy layer, attached) = UD problem decouples

5 B 5 5 5O 5 1 )
+P— P22+ P =vpPU/3) L B(X), (X)) := / - d (0<r<1
/ (X) F7(X) T1—1 ) &=ty ( )
cf. acoustic BLs (r = 1/2): Smyth (1988), Kluwick (CISM, 1991)
X —-0_: P~46/X> tomatch compressive/expansive singularity, splits LD

X — —: v >0 prevents periodicity of P

X = 4oo: P—0 or P~2-2vX 13/T(2)+0(X %) (jump + upstream history)

implicit solution involves

» history integral splitted 3-part (asymptotic, past, current), no lagging of X
» higher-order Runge—Kutta scheme for current step X —AX <r, AX adaptive
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B Slightly supercritical flow: v =1, B(X)=Boexp|—(X —X)?] >0

X — —: PO

By =0 Bo=5...1, Xo=—-10
2 0.1 . ; ;
1.5¢
P1 0.05F B
0.5}
0 o ]
-0.5}
=il -0.05} :
_1.5_
s =15 =10 S x 0 _0'}20 18 16 -14 12 -10

hump triggers singularity spontaneously!
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B Slightly supercritical flow: v =1, B(X)=Boexp|—(X —%)?] <0
X — —cc: P—0
) By=0 Bp=-5...—1, Xog=-10
1.5¢ 4
5 S>1/3
pP1 o b Mo, SUBCHICRL
0.5¢
0 0
-0.5} ;
- dular
=P S<1/3 et
1sl 4| Bo= hydraulic jump
_2 i Il 1 1 1 Il
-20 -15 -10

slight dent triggers hydraulic jump!
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Slightly supercritical flow: v =1, B(X)=Bgexp[—(X —X0)?*] >0

0.1 : I—— .

0.05¢
0 T~ i
—0.05} By="0.1 1
-0.1 - - - - -
-20  -10 0 10 20 30 -20 -18 -16 -14 ~-12 -10

S < 1/3: singularity requires topography!
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Slightly supercritical flow: v =1, B(X)=Byexp[—(X —X()*] <0

=20 -10 0 10 20 30
slight dent triggers hydraulic jump!
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ﬂ Steady overfall — unsteady transcritical flow upstream

c(surface waves) > ¢(TS waves)

» LD quasi-steady
» UD unsteady
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ﬂ Steady overfall — unsteady transcritical flow upstream

Pr :tﬁX —Pﬁf( iﬁfﬂ?}? = V3X1/3PX —|—BX(X,T)

linear waves: P ~ Py(X)
» no self-sustained eigenmodes o< exp[i(kX — oT)]
» thus locally absolutely stable for |k| — o

—io+ik—iPy(Xo)k Fik> ~ v(ik)*/>

» global mode for T > 1?
» but convectively unstable near X = 0!

nonlinear waves reflected by singularity
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m Steady solutions for longer-scale flows

» If §=1/3, or on a longer length scale and with Fr > 1 closer to unity,

A A

Po— PPy = vag PPy + By (R).
X X X X X
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m Steady solutions for longer-scale flows

» If §=1/3, or on a longer length scale and with Fr > 1 closer to unity,

A A

Py — 13)2 = v8)21/313)? +B)?(X).
» Integrating with supercritical flow, 2 = 0, upstream

P—P2)2=vd;'PP+B(X).
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m Steady solutions for longer-scale flows

» If §=1/3, or on a longer length scale and with Fr > 1 closer to unity,

Po— PPy = vag PPy + By (R).
X X X X X

» Integrating with supercritical flow, 2 = 0, upstream

P—P2/)2=vd ' PP+ B(R).
» Withv=0

PP j2—B—0 P=1-+/1-2B, supercritical flow
7 |P=1++1-2B, subcritical flow
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M Steady solutions for longer-scale flows

v

If §=1/3, or on a longer length scale and with Fr > 1 closer to unity,

Po— PPy = vag PPy + By (R).
X X X X X

v

Integrating with supercritical flow, 2 = 0, upstream

P—P2/)2=vd ' PP+ B(R).

v

Withv =0

I P=1-+/1-2B, supercritical flow
P—P)2—-B=0, . B
P=1++/1-2B, subcritical flow

Transcritical flow at bump crest if B=1/2, P = 1.

v
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BY  The hydraulic jump: B=0

Jump solution connecting supercritical (P = 0) to subcritical (P = 2) flow
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BY  The hydraulic jump: B=0

Jump solution connecting supercritical (P = 0) to subcritical (P = 2) flow

P ~exp(X/v?)

» exponential departure from supercritical flow upstream
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BY  The hydraulic jump: B=0

Jump solution connecting supercritical (P = 0) to subcritical (P = 2) flow

Prn 2N N \%
X130 7 T(1/3)

» viscous-driven algebraic decay towards subcritical downstream
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BY  The hydraulic jump: B=0

Jump solution connecting supercritical (P = 0) to subcritical (P = 2) flow

Length scale is of O(N?)
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m Transcritical flows at small v — outer solution

Write

ﬁ:ﬁ0+Nﬁ1+"', B:ag(X), a:l/2+Nﬁ+"'
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m Transcritical flows at small v — outer solution

Write

ﬁ:ﬁO+Nﬁl+...’ B:ag()?)7 a:1/2+NB+"'
to find

Psup
— 1 _ _ Sup -5
Py=P"=1-\/1—g, P=P" +N gy (ﬁg+/ 5 1/3d§> +
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M Transcritical flows at small v — outer solution

Write

ﬁ:ﬁ0+Nﬁ1+...’ B:ag()?)7 a=1/2+NB+---

1 X ﬁSUPé
_ & 4
| — pswp (B‘H/w (X-¢&)/3 é) i

to find

Po=P"*=1-/1-g, P=P"+N

Solution regular at X = 0 gives = —W,

0 f’%”p
[
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M Transcritical flows at small v — outer solution

Write

p:ﬁO+Nﬁ1+...’ B:ag(}?)7 a=1/2+NB+---

1 X ﬁSUPé
_ s 4
1— psw (B‘H/w (X —&)153 é) i

to find

Py=P"P=1-/1—g, P=P"4N
Solution regular at X = 0 gives B = —W,
1 (; (_fgiﬁdg.
Flow is critical at bump crest at height

1/2 — NWp.
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m Singularity in outer solution

As X — 0 we have

5 . WisgnX  H(X
P:(l_f}/|X|+...)+N< lsf -3 ()+>+

X1/3

0 Psupé 5

SR~ 1P, W= [ T
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m Singularity in outer solution

As X — 0 we have

A > WisgnX _H(X)
P=(1—7|X|+--~)+N< _3X1/3 {Laco || dhoaa

We have a near-wake term due to the viscous response to the jump in derivative of
ﬁsup
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Singularity in outer solution

As X — 0 we have

WysgnX B H(X)

P(1y|X|+-~~)+N< y

%173
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m Singularity in outer solution

As X — 0 we have

N N WisgnX _H(X
P(1y|X|+-~~)+N< L 3 (%) >
~~

o1/3
4 HX,_/

R =O0(N**)
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Singularity in outer solution

As X — 0 we have

Wi san B

P=(1-yX|+--)+N
181 (1

H(X)
——

X = o(N**)
P =1+NV4y43041(Z) + -
R = N34y 3493047,
a=1/24+NWy+N3/2y /22125 1 ...
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Smoothing the singularity — inner region

Z I1
I ZZ—S:][ _t 4
’ -
Me—jz— 20D 7

271/3 7
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Smoothing the singularity — inner region

g

Z
—11? zz—sz]l ———___d¢,
N A Ve
3H(Z)
HN—|Z|—2271/3, |Z| = o.

For S = O(1) full viscous-inviscid interaction at bump crest
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Smoothing the singularity — inner region

z 1
MmMaz2_s—4 "%
y S ][,w(zfz;)l/sdé’

As S — —oo,
I~ S|'2, zZ~|8|'/2

33/41



ﬂ Smoothing the singularity — inner region

As S — —

I(Z) ~ —/|S| + 22
dg

11 ][Z 5
2 B+ 22 S+ -9

Near-wake is smoothed.
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@ Smoothing the singularity — inner region

z I
I ZZ—S:][ s
* SRS
As S — o
O=S711, z=5/2
giving
s ] 1 2 1
—I1? Zz——:—][ S ]
MRl Y s Vel
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m Incipient jumps in the inner region
reqzzo Ll 1][ 751/3@ S — o.

28] 2-¢
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m Incipient jumps in the inner region

A . 1 1 (2 I
—Es T s2 ?2][7 (ZA é)l/Bdé’ e

We have 1= +Z7
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m Incipient jumps in the inner region

O R I A
P2 =of Ede S
MRy S S 1T
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Incipient jumps in the inner region

oy sy 1 Z
—I1? 4 22 17[ Tt 4E, S oo

e = e _ d
2 82)-w(Z-E)/3
But also, about any Z = —D, branching from supercritical flow

Z=-D+S5°%, TI=-D+D6(g),

q 0
29_92:][_007(51—2)1/3(15
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m Incipient jumps in the inner region

POV | 1 /2 1
2 2 _ L g oo
-’ +Z _ﬁ_SZ][,mi(ZAfé)lﬂdé’ S — oo,

But also, about any Z = —D, branching from supercritical flow

Z=-D+S5%, T1I=-D+D6(q),

20— 0% — ][i (qeg)mdé +0(s7?)
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m Incipient jumps in the inner region

A N 1 1 Z ﬁ
2 2 ¢ o
—I2+2 ——2_—27{ v é)1/3d§, S — oo,

But also, about any Z = —D, branching from supercritical flow

Z=-D+S5%, T1I=-D+D6(q),

2062 — ][" . _-d¢ » exponential departure from 6 =0
= (g=&)Y upstream
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Incipient jumps in the inner region

POV | 1 /2 1
2 2 _ L g oo
-’ +Z _§_52][,m7(2f§)1/3d€’ S — oo,

But also, about any Z = —D, branching from supercritical flow

Z=-D+S5%, T1I=-D+D6(q),

2062 — ][" . _-d¢ » exponential departure from 6 =0
= (g=&)Y upstream
» algebraic decay towards 6 =2
downstream
1
0~2

PIvEN
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Incipient jumps in the inner region

POV | 1 /2 1
2 2 _ L g oo
-’ +Z _ﬁ_SZ][,mi(ZAfé)lﬂdé’ S — oo,

But also, about any Z = —D, branching from supercritical flow

Z=-D+S5%, T1I=-D+D6(q),

2062 — ][" . _-d¢ » exponential departure from 6 =0
= (g=&)Y upstream
» algebraic decay towards 6 =2
downstream
1
0~2———.
q'/3

» How do we fix D?
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The position of the jump

q 6
ze—ezzﬁmmdé+0(sﬁ), 6~2—

The far-wake decay of the jump solution is of order of the detuning/bump height
when

q=0(5°%),

Z=0(1).
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m The position of the jump

Write
P=Py+S2P +--
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ﬂ The position of the jump

Write
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m The position of the jump

Write
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m The position of the jump

Now
Py, =1+2D8(Z+D) — 2H(Z+D)
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The position of the jump

7 <D,
B +][ ——— _d&)| Z>-D
27 1/3

Py, =1+2D8(Z+D) — 2H(Z+D)

a2

Now

jump subcritical not
supercritical flow
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So

The position of the jump

P

=

height

0,

2D

— 1+ s
27 <v (Z+D)'/3
Bump ———

Viscous wake
of jump

7 < D,

Py = 1 A
Z<1+][ Z- éj1/3dé> Z>-D

3(Z+D)*? |, Z>-D
———

reaction of
pressure to

boundary layer in
subcritical as opposed
to superecritical flow
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m The position of the jump

Regularity at Z =0 gives D = 1

. . 11 2 . .
P=-2+——(1+————-32+D'3), Z>-1
$227 ( (Z+1)1/3 ( )
. , 1 3 "
PN_Z_?W’ Z—>°°,

Hence matching with outer flow.
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m The position of the jump

Regularity at Z =0 gives D = 1

2
Il 1)1/3

. , 11
P:_Z‘f‘*ﬁ 1+ ~
S222< z

-3(Z+ 1)1/3> . Z>-1
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ﬂ The position of the jump

Regularity at Z =0 gives D = 1

6

Jump at Z = —53/2 of magnitude 25°/2 and thickness Z ~ 0(5%/25-%) = 0(5°/?).
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M Jump upstream of crest

When S ~ O(N~'/2), jump is pushed to an X = O(1) distance upstream of crest. It
becomes narrower.
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When S ~ O(N~'/2), jump is pushed to an X = O(1) distance upstream of crest. It
becomes narrower.
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Jump is seen as a discontinuity on the X = O(1) scales.
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Jump upstream of crest

The jump takes place over a shortened X = O(N?) scale, centred about X = X say.
Jump is seen as a discontinuity on the X = O(1) scales.

Supercritical flow for X < X, subcritical for X; < X < 0 and supercritical again for
X >0.
Write

1 A A
a:§+Nﬁ+~«, P=Py+NP +---.
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Jump upstream of crest

Supercritical flow for X < X, subcritical for X; < X < 0 and supercritical again for
X >0.
Write ]
a:§+NB+~«, P=Py+NP +---.
PP =1-T—g, X<X,andX >0,
Po=¢P=1+T—g, X<X,<0,
PP =1-T—g, X>0andX >0.
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ﬂ Jump upstream of crest

Write

1 A A A
a:§+Nﬁ+~«, P=Py+NP +---.

AP 1T X< and k>0,
P(): ﬁz)ubzl_i_\/lf) Y<)?j<0,
B =1-yT—g, X>0andX>0.

5 1 24 135
M= <ﬁ+][m ()?_g)l/sdé>
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M Jump upstream of crest

PP =1-T—g, X<X,andX >0,
Py= Pgub=1+\ﬁ1—, X <X, <o,
PP =1-T—g, X>0andX >0.

5 X Py

This solution is regular at the obstacle crest if

2—P; 02(v1-g8)e ..
oty =0

B+ W +

P; is pressure just upstream of jump. Strength of jump is 2 — ;.
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M Jump upstream of crest

This solution is regular at the obstacle crest if

27’6] /0 2(\/1fg)€d§:0

SR SR =

This gives an expression for the jump position as a function of obstacle shape, g,
and height, .

36/41



M Jump upstream of crest

This solution is regular at the obstacle crest if

2-Py 02(VI—g)e
ﬁ + WO + > N1/3 R 713(1& =0
~— =~ (=X)3 -z ()Y
height  supercritical ~ “N—~——
flow wake of subcritical not
jump supercritical flow
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m Emergence of blocked flow

As B increases jump is pushed ahead of the obstacle so P; =0

2
B+WO+W+(—2W0)=O
0 (VI=g)
WO:_/im(_T)lg/fd€>O’
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m Emergence of blocked flow

As B increases jump is pushed ahead of the obstacle so 2; =0

2
ﬁ+Wo+W+(—2WO):O
0 (VI-g)
Woz—/_m(_Tlg/fd§>O,

v (its)
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m Emergence of blocked flow

As B increases jump is pushed ahead of the obstacle so £; =0

2
ﬁ—l—Wm—W—i—(—ZWO):O
0 (VT=g)

W= [ g e

-5

Jump is pushed to X; = —e when 8 = W, and the flow is blocked with subcritical
flow upstream.

37/41



Time marching to a steady solution

Runge-Kutta for time marching and FFT to evaluate fractional derivative
4

3
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ﬂ Far-wake behaviour

With 6 = —X;/X, as X — oo,

s 2(1—Py) 1 1 PR
Plr\z Xl/.’) <(1+G)1/3_1>+3)24/32(1_PJ)GX+

3X4/3( / V1 —gdé - / 1—Fdéj)
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ﬂ Far-wake behaviour

With 6 = —X;/X, as X — oo,

s 2(1—Py) 1 1 s
PlN )21/3 <(1+6)1/3_1>+3)24/32(1_PJ)GX+

3X4/3( / V1 —gdé - / 1—Fdé)

As ¢ — 0, SO no jump,

A 1 *°
le—wiw(l_vl_g)dé
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ﬂ Far-wake behaviour

With 6 = —X;/X, as X — oo,

. 2(113,)( 1

1 A %
~— —1 ———2(1—Py)oX
P X1/3 (1+0)1/3 >+3X4/3 ( 7oX+

3)?1%(2/;;@%/_21@%)

o — o, S0 blocked flow 5

Py N—X1/3.
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Summary & outlook

novelties

» steady inviscid free-surface flows exist only for G <1

theory of viscous—inviscid interaction therein beyond shallow-water limit
self-excited TD separated from Euler (downfall) region, serves as mode filter
G — 1: KdV-limit describes UD, copes with transcritical singularity

Higuera’s singularity over-restrictive?

v

v

v

v

coming next

» transcritical flow with full LD
» solving TD problem
» combining Veldman'’s indirect with pseudo-spectral method

» weakly 3D hump & UD
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Thank you for your attention!
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