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Abstract. In the Group Feedback Edge Set (�) (Group FES(�))
problem, the input is a group-labeled graph G over a group Γ of order
� and an integer k and the objective is to test whether there exists a
set of at most k edges intersecting every non-null cycle in G. The study
of the parameterized complexity of Group FES(�) was motivated by
the fact that it generalizes the classical Edge Bipartization problem
when � = 2. Guillemot [IWPEC 2008, Discrete Optimization 2011] ini-
tiated the study of the parameterized complexity of this problem and
proved that it is fixed-parameter tractable (FPT) parameterized by k.
Subsequently, Wahlström [SODA 2014] and Iwata et al. [2014] presented
algorithms running in time O(4knO(1)) (even in the oracle access model)
and O(�2km) respectively. In this paper, we give an algorithm for Group

FES(�) running in time O(4kk3�(m + n)). Our algorithm matches that
of Iwata et al. when � = 2 (upto a multiplicative factor of k3) and gives
an improvement for � > 2.

1 Introduction

In a covering problem we are given a universe of elements U , a family F (F
could be given implicitly) and an integer k and the objective is to check whether
there exists a subset of U of size at most k which intersects all the elements of F .
Several natural problems on graphs can be framed as a covering problem. One of
the most well-studied covering problems are the feedback set problems. In these
problems, the family F is a succinctly defined subset of the set of cycles in the
given graph. For instance, in the Feedback Vertex Set problem, the objective
is to decide whether there exists a vertex subset S (also called a transversal) of
size at most k which intersects all cycles in the graph. That is, F is the set
of all cycles in the input graph. In the classical Odd Cycle Transversal

(Edge Bipartization) problem, the objective is to decide whether there exists
a vertex subset (respectively edge subset) S of size at most k which intersects
all odd cycles.

Yet another kind of feedback set problem deals with gain-graphs or group-
labeled graphs and is called Group Feedback Vertex Set. Group-labeled
graphs are generalizations of the well-studied class of signed-graphs introduced
by Harary [11]. These are directed graphs where the arcs are labeled by elements
of a group Γ and whenever multiplying the arc labels in order around a cycle
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results in an element other than 1Γ – the identity element of the group, the cycle
under consideration is called a non-null cycle.

In the Group Feedback Edge Set (Group FES) problem, the objective
is to check whether there is a set of at most k arcs that intersect all non-null
cycles in a given Γ -labeled graph for some finite group Γ . In the Group FES(�)
problem, we require Γ to have order �. Similarly, in the Group FVS problem,
the objective is to hit all non-null cycles with at most k vertices and in Group

FVS(�), the group is required to have order �. Although group-labeled graphs
and the Group FVS problem has been studied from a graph-theoretic point of
view (see for example [9,14,21]) the study of the parameterized complexity of
both versions of this problem was first initiated by Guillemot [10]. Formally, a
parameterization of a problem is the assignment of an integer k to each input
instance and we say that a parameterized problem is FPT if there is an algorithm
that solves the problem in time f(k) · |I|O(1), where |I| is the size of the input
instance and f is an arbitrary computable function depending only on the para-
meter k. For more background, the reader is referred to the books [3,7,8,18].
Guillemot [10] showed that Group FVS(�) is FPT parameterized by k and �
and Group FES(�) is FPT parameterized by k by giving algorithms running in
time O∗((4� + 1)k) and O∗((8k + 1)k) respectively (the O∗() notation subsumes
polynomial factors).

The first single-exponential FPT algorithm for Group FES was given by
Wahlström [20] who extended the branching algorithm of Guillemot to a more
sophisticated LP-guided branching algorithm based on newly developed tools
from the theory of valued constraint satisfaction. We remark that this algorithm,
which runs in time O∗(4k) was designed for the more general vertex version of
the problem and improved upon the work of Cygan et al. [4] who obtained
the first FPT algorithm for Group FVS parameterized only by k. In fact, the
algorithm of Wahlström as well as that of Cygan et al. works in the oracle
access model where the group is not given via its multiplication table but in
the form of a polynomial time oracle. However, this algorithm relies on solving
linear programs and hence has a dependence on the input-size that is far from
linear even when the group-size � is constant. A recently studied generalization
of Group FES(�) is the Unique Label Cover(�) problem where the input is
a graph labeled by permutations of [�], that is, elements of the symmetric group
S� and the objective is to delete at most k edges such that the resulting graph
can be labeled by elements of [�] in a way that ‘respects’ the permutations of [�]
on the arcs. The fact that Unique Label Cover(�) generalizes Group FES(�)
follows from Cayley’s Theorem which states that every finite group of order � is
isomorphic to a subgroup of S�.

Chitnis et al. [2] were the first to prove that Unique Label Cover(�) is FPT
parameterized by � and k. In fact they showed that under standard complexity
hypotheses, to obtain fixed-parameter tractability, parameterizing by both � and
k is unavoidable. Subsequently, Wahlström [20] improved upon this result by
giving an algorithm that runs in time O∗(�2k). Following this work, Iwata et al.
[13] gave an algorithm for Unique Label Cover(�) that runs in time O(�2km)
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where m is the number of edges in the input graph. This was the first linear-time
FPT algorithm for this problem and implies an algorithm for Group FES(�)
running in time O(�2km). Hence, prior to this work, the O∗(4k) algorithm in
[20] and the O(�2km) algorithm in [13] were the best known FPT algorithms
for Group FES(�) with respect to dependence on the parameter and the input
and group sizes respectively. In this paper, we give an algorithm for Group

FES(�) that comes close to matching the best of both algorithms. We obtain
an algorithm that has a dependence of 4k+O(log k) on k and a dependence of
O(�(m + n)) on the input and group-sizes. In fact this algorithm outperforms
that of Iwata et al. [13] for all � > 2. We now give a formal description of the
problem under consideration and state our result.

Group FES(�) Parameter: k
Input: A Γ -labeled graph (G, Λ) where |Γ | = � ≥ 2, integer k.
Question: Is there a set X ⊆ A(G) of size at most k such that G − X has no
non-null cycles?

Theorem 1. Group FES(�) can be solved in time O(4kk3�(m + n)) where m
and n denote the number of arcs and vertices in the input graph respectively.

Methodology. We closely follow the template developed for solving graph
separation problems via important separators in [1,16], those via LP-guided
branching in [5,10,12,15], the Valued CSP-based algorithms in [13,20] and the
skew-symmetric branching algorithm for 2-SAT Deletion in [19]. The common
thread connecting these algorithms is that they all begin by proving a ‘persis-
tence lemma’ or Nemhauser-Trotter-type theorem. In these lemmas, one proves
that the solution to an appropriate linear program or a maximum-flow question
on an appropriate network can be used to ‘fix a configuration’ for vertices which
satisfy certain properties. For instance, the classical Nemhauser-Trotter Theo-
rem [17] for Vertex Cover states that if an optimal solution to the standard
relaxation of the Vertex Cover Integer Linear Program (ILP) assigns 0 or 1 to
a vertex then there is also an optimal solution to the ILP which does the same
with respect to this vertex.

However, in this work the persistence lemma we prove will be based directly
on the solution to a max-flow question in a network as opposed to using the
solution to a linear program. The reason behind this is that the structural prop-
erties of Group FES(�) closely resemble those of the classical Edge Multiway

Cut problem while the vertex version, Group FVS(�) is closely related to the
Node Multiway Cut problem (see [4,10]). As a result, we are able to design
our persistence lemma using an appropriate analogue of the classical notion of
‘isolating cuts’ from [6]. Once we prove this lemma, we design a natural reduc-
tion rule based on it and describe a subroutine that runs in polynomial time
(with a linear dependence on � and m+n) and either finds a valid application of
the reduction rule or an arc on which a naive branching step will decrease a pre-
determined measure for the input. Finally, we remark that while the structure
of our algorithm strongly resembles that of the algorithms in the works cited
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above, the fact that we are dealing with groups of order greater than 2 while
trying to simultaneously optimize the dependence of the running time in ‘three-
dimensions’ – parameter, input-size and group-size, poses non-trivial obstacles
when it comes to actually implementing each step.

2 Preliminaries

Let Γ be a group with identity element 1Γ . A Γ -labeled graph is a pair (G,Λ)
where G is a digraph with at most one arc between every pair of vertices and
Λ : A(G) → Γ . If (u, v) ∈ A(G), then we denote by Λ(v, u) the group element
Λ(u, v)−1. For a digraph G, we denote by G̃ the underlying undirected graph.
Let P = v1, . . . , v� be a path in G̃. We denote by Λ(P ) the group element
Λ(v1, v2) · Λ(v2, v3) · · · Λ(v�−1, v�). Let C = v1, . . . , v�, v1 be a cycle in G̃. We
denote by Λ(C) the group element Λ(v1, v2) · Λ(v2, v3) · Λ(v�−1, v�) · · · Λ(v�, v1).
We call C non-null if Λ(C) �= 1Γ . Note that even though different choices of the
vertex v1 in the same cycle may lead to different values for Λ(C), it is easy to
see that if for one choice of v1 the value of Λ(C) is not 1Γ then for no choice of
v1 is it 1Γ .

For an undirected graph H and vertex set Z ⊆ V (H), we denote by δ(Z) the
set of edges which have exactly one endpoint in Z. We denote by E(Z) the edges
of H which have both endpoints in Z. This notation also extends to directed
graphs as A(Z). For a set X of edges in an undirected graph or arcs in a directed
graph, we denote by V (X) the set of endpoints of the edges or arcs in X. For a
vertex subset X, N(X) denotes the set of neighbors of X and N [X] denotes the
set X ∪ N(X). For an undirected graph G and disjoint vertex sets X and Y , a
path is called an X-Y path if it has one endpoint in X and the other in Y and
a set S ⊆ E(G) is said to be an X-Y separator if there is no X-Y path in the
graph G−S. We denote the vertices in the components of G−S which intersect
X by R(X,S). We denote by λG(X,Y ) the size of the smallest X-Y separator
in G. Due to space constraints, proofs of Lemmas marked [�] have been omitted
from the extended abstract and can be found in the full version of the paper.

3 Consistent Labelings and the Auxiliary Graph

In this section, we begin by recalling known results on group-labeled graphs that
exclude a non-null cycle. Following that, we will associate an auxiliary graph with
every instance of Group FES(�).

Definition 1. Let (G,Λ) be a Γ -labeled graph and let Ψ : V (G) → Γ . We say
that Ψ is a consistent labeling for this graph if for all (u, v) = a ∈ A(G),
Ψ(u) · Λ(a) = Ψ(v).

Lemma 1 [10]. Let (G,Λ) be a Γ -labeled graph. There is no non-null cycle in
G if and only if G has a consistent labeling.
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Observation 2. Let (G,Λ) be a Γ -labeled graph. If G has a consistent labeling,
then for every v ∈ V (G) and g ∈ Γ , there is a consistent labeling ψv

g for G such
that ψv

g (v) = g.

Definition 2. Let (G,Λ) be a Γ -labeled graph and let Ψ : V (G) → Γ be a
consistent labeling for G. For a set Z ⊆ V (G) and a function τ : Z → Γ , we say
that Ψ agrees with τ on Z if for every v ∈ Z, Ψ(v) = τ(v).

We consider a slightly more general formulation of the Group FES(�) prob-
lem, where the input contains (G,Λ, k), a set Ẑ such that G[Ẑ] is connected
and a function τ : Ẑ → Γ such that τ is a consistent labeling for G[Ẑ] and the
objective is to find a solution given that if there is a solution then there is one
whose deletion leaves a graph which has a consistent labeling that agrees with τ
on Ẑ. That is, we may assume that we are looking for a solution whose deletion
allows a consistent labeling that ‘extends’ τ . Clearly this formulation is more
general since we can simply set Ẑ = ∅ to begin with and leave τ undefined. For a
given Ẑ and τ : Ẑ → Γ , we denote by Ẑτ the set {zα|z ∈ Ẑ, α = τ(z)}. We now
define the auxiliary graph associated with the instance. We will be performing
almost all of our computations in this graph.

The Auxiliary Graph and Some Properties. For an instance I =
(G,Λ, k, Ẑ, τ) of Group FES(�), we define an associated auxiliary graph HI

as follows. The vertex set of HI is {vg|v ∈ V (G), g ∈ Γ}. The vertex vg repre-
sents the existence of an (eventual) consistent labeling of G where v is assigned
the group element g. The edge set of HI is defined as follows. For every arc
a = (u, v) ∈ A(G) and for every g ∈ Γ , there is an edge (ug, vg·Λ(a)). Observe
that corresponding to a, there are exactly � edges in HI and furthermore, these
form a matching. Therefore, HI has �n vertices and �m edges, where n and m
are the number of vertices and edges in G respectively. Note that the graph
HI in fact only depends on (G,Λ). However, we choose to denote the graph as
HI in order to facilitate an easier presentation in the description of the algo-
rithm. Moving forward, we will characterize the dependencies between vertices
when subjected to certain constraints. Before we do so, we need the following
definitions and observation.

Definition 3. Let I = (G,Λ, k, τ) be an instance of Group FES(�). For v ∈
V (G), we use [v] to denote the set {vg|g ∈ Γ}. For a subset S ⊆ V (G), we
use [S] to denote the set

⋃
v∈S [v]. Similarly, for an arc a = (u, v) ∈ A(G), we

use [a] to denote the set {(ui, vj)}i∈Γ,j=Λ(a)·i of edges in HI and for a subset
X ⊆ A(G), we use [X] to denote the set

⋃
a∈X [a]. For the sake of convenience,

we also reuse the same notation in the following way. For every v ∈ V (G) and
α ∈ Γ , we denote by [vα] the set [v]. Similarly, for every a = (u, v) ∈ A(G)
and α, β ∈ Γ such that e = (uα, vβ) ∈ E(HI), we denote by [e] the set [a].
This definition extends in a natural way to sets of vertices and edges of the
auxiliary graph HI . For a set S ⊆ V (HI) ∪ E(HI), we denote by S−1 the set
{s|s ∈ V (G) ∪ A(G) : [s] ∩ S �= ∅}. For an arc a ∈ A(G) and edge e ∈ [a], we
also use e−1 to denote the arc a.
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Observation 3 Let I = (G,Λ, k, Ẑ, τ) be an instance of Group FES(�). Then
the following statements hold. (a) For every v ∈ V (G), for every distinct g1, g2 ∈
Γ , vg1 and vg2 have no common neighbors in HI . (b) For a set S ⊆ A(G),
HI − [S] = HI′ where I ′ = (G − S,Λ, 0, Ẑ, τ). (c) If Ψ is a consistent labeling
for G, then for any u, v ∈ V (G), if ug is in the same connected component as
vg′ in HI where g = ψ(v) then Ψ(u) = g′.

Definition 4. Let I = (G,Λ, k, Ẑ, τ) be an instance of Group FES(�). We say
that a set Z ⊆ V (HI) ∪ E(HI) is regular if |Z ∩ [v]| ≤ 1 for any v ∈ V (G) and
|Z ∩ [a]| ≤ 1 for any a ∈ A(G). We say that Z is irregular otherwise. That is,
regular sets contain at most 1 copy of any vertex and arc of G.

Now that we have defined the notion of regularity of sets, we prove the fol-
lowing lemma which shows that the auxiliary graph displays a certain symmetry
with respect to regular paths. This will allow us to transfer arguments which
involve a regular path between vertices vg1 and ug2 to one between vertices vg3

and ug4 where g1 �= g3 and g2 �= g4.

Lemma 2 [�]. Let I = (G,Λ, k, Ẑ, τ) be an instance of Group FES(�). Let P
be a regular path in HI from vg to ug′ for some u, v ∈ V (G) and g, g′ ∈ Γ .
Let V (P ) denote the set of vertices of G in P and let U denote the set [V (P )].
Then, there is a set P = {Pr}r∈Γ of � vertex disjoint regular paths in HI and a
partition U of U into sets {Ur}r∈Γ such that for each γ ∈ Γ , V (Pγ) = Uγ and
Pγ is a path from vγ to uγ·Λ(P −1).

Observation 4 Let I = (G,Λ, k, Ẑ, τ) be an instance of Group FES(�). Then,
the following statements hold. (a) The set Ẑτ is regular and furthemore, HI [Ẑτ ]
is connected. (b) If S ⊆ A(G) is such that [S] intersects all Ẑτ − [Ẑ]\ Ẑτ paths in
HI then R(Ẑτ , [S]) is regular. (c) If S ⊆ A(G) is a minimal set such that G − S
has a consistent labeling that agrees with τ on Ẑ, then [S] is disjoint from A(Ẑ).

Using the observations and structural lemmas proved so far, we will now
give a forbidden-structure characterization of ‘solved’ Yes instances of Group

FES(�), that is instances where k = 0.

Lemma 3 [�]. Let I = (G,Λ, 0, Ẑ, τ) be a Yes instance of Group FES(�)
where G is connected. Let v ∈ V (G) and g ∈ Γ . Then, there is a consistent
labeling Ψ such that Ψ(v) = g if and only if there is no g′ ∈ Γ such that vg and
vg′ are in the same connected component of HI .

In the next lemma, we extend the statement of the previous lemma to include
a description of general Yes instances of the Group FES(�) problem.

Lemma 4. Let I = (G,Λ, k, Ẑ, τ) be an instance of Group FES(�). Then, I
is a Yes instance if and only if there is a set S ⊆ A(G) of size at most k such
that for every vertex v ∈ V (G), there is no path in HI − [S] from vg to vg′ for
any g′ �= g. Furthermore, if G − S has a consistent labeling that agrees with τ
on Ẑ then, [S] intersects all Ẑτ − ([Ẑ] \ Ẑτ ) paths in HI .
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Proof. We first argue both directions in the first part of the statement. In the
forward direction, suppose that I is a Yes instance and let S ⊆ A(G) be a
solution. That is, G − S has a consistent labeling. Now, suppose that for some
distinct g, g′ ∈ Γ , there is a path in HI from vg to vg′ disjoint from [S]. But by
Observation 3(b), this path exists in HI′ where I ′ = (G−S,Λ, 0, Ẑ, τ). However,
since G − S has a consistent labeling, this contradicts Lemma 3, completing the
argument in the forward direction.

In the converse direction, suppose that S ⊆ A(G) such that [S] intersects
all paths from vg to vg′ for every v ∈ V (G) and g �= g′ in the graph HI . Let
I ′ = (G − S,Λ, 0, Ẑ, τ). By Observation 3(b), we know that there are no vg-vg′

paths in HI′ for any v ∈ V (G) and distinct g, g′ ∈ Γ . But applying Lemma 3 on
each connected component of G − S (since the premise of this lemma requires
connectivity of the graph), we conclude that G − S has a consistent labeling.
This completes the argument in the converse direction.

For the second statement, suppose that Ψ is a consistent labeling of G that
agrees with τ on Ẑ. Suppose that for some u, v ∈ Ẑ and g, g′ ∈ Γ where ug ∈ Ẑτ

and vg′ /∈ Ẑτ , vg is in the same component of HI − [S] as ug′ . Then, Observa-
tion 3(c) implies that Ψ(u) = g′, a contradiction to our assumption that Ψ agrees
with τ on Ẑ. This completes the proof of the lemma. 
�

Using the above lemma, we will interpret the Group FES(�) problem as a
parameterized cut-problem. Furthermore, observe that due to this lemma, the
size of a minimum Ẑτ − [Z]\ Ẑτ separator in HI is a natural lower bound on the
number of edges of HI which correspond to the arcs in a solution for the given
instance. Note that although for a solution S ⊆ A(G), a naive upper bound on
the number of edges in [S] that are required to hit all Ẑτ − [Z] \ Ẑτ paths in HI

is �k, we will prove shortly that the actual bound is much tighter and is in fact,
independent of the group-size. This is a crucial difference between the vertex and
edge variants of this problem as a similar property does not exist in the vertex
version. We conclude this subsection by stating the following consequence of
Lemma 4 and Observation 4(b).

Lemma 5 [�]. Let I = (G,Λ, k, Ẑ, τ) be an instance of Group FES(�) and let
S ⊆ A(G) be a solution for this instance such that G−S has a consistent labeling
that agrees with τ on Ẑ. Then, R(Ẑτ , [S]) is regular.

Closed and Open Edges. Here, we will examine the set of edges crossing a
regular set and divide them into ‘closed’ and ‘open’ edges. These notions are
crucial for the description of our reduction rule. Intuitively, an edge e crossing
a regular set Z in HI is considered open if its image in G, e−1 also crosses Z−1

in G. Otherwise, it is considered closed. We now define these notions in a way
that is most convenient for us to invoke in our proofs.

Definition 5. Let Z ⊆ V (HI) be a regular set in HI and let u, v ∈ V (G) and
α, β ∈ Γ be such that e = (uα, vβ) ∈ δ(Z). We call e a closed edge in HI with
respect to Z if Z ∩ [u] and Z ∩ [v] are both non-empty. Otherwise, we say that e
is an open edge in HI with respect to Z.
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Observation 5. Let Z ⊆ V (HI) be a regular set in HI and let u, v ∈ V (G) and
α, β ∈ Γ be such that e = (uα, vβ) ∈ δ(Z). Then, the following statements hold.

(a) If e is closed with respect to Z then e−1 has both endpoints in Z−1.
(b) If e is closed with respect to Z then HI has no edge between Z ∩ [u] and

Z ∩ [v].
(c) If e is open with respect to Z then, e−1 ∈ δG̃(Z−1).

We now state and prove a crucial fact regarding the number of open and
closed edges crossing any regular set in HI .

Lemma 6 [�]. Let I = (G,Λ, Ẑ, k, τ) be an instance of Group FES(�) and let
Y ⊆ V (HI) be a regular set. Then, for every edge e ∈ δ(Y ), |δ(Y ) ∩ [e−1]| = 1 if
e is open with respect to Y and |δ(Y ) ∩ [e−1]| = 2 otherwise.

Figure 1 illustrates the structure of the edges crossing a regular set, guaran-
teed by Lemma 6. As a consequence of Lemma 6 and Observation 4(b), we have
the following.

Lemma 7. Let I = (G,Λ, k, Ẑ, τ) be an instance of Group FES(�) and let
S ⊆ A(G) be a set of size at most k such that [S] intersects all Ẑτ − [Ẑ] \ Ẑτ

paths in HI . Then, |δ(R(Ẑτ , [S]))| ≤ 2k.

v1

v2

v3

v4

a1
a2

a3

a4

b4

b3

b2

b1

c1

c2

c3

c4

d1

d2

d3

d4

x1

x2

x3

x4

y4

y3

y2

y1

p1

q1

q2

q3

q4

p4

p3

p2

Fig. 1. An illustration of all the edges crossing the regular set Z. The four sets in
the figure denote the four regular ‘copies’ of Z−1 in the graph HI . Here, the edges
(a2, b3), (a3, b1), (c2, d4), (c4, d2) are closed and the edges (x1, y1), (p1, q3) are open with
respect to Z which is the set containing v1
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Lemma 7 implies that even though [S] can contain up to �k edges, at most
2k of these are required to separate Ẑτ from [Ẑ] \ Ẑτ . Motivated by this fact, we
define the following measure on instances of Group FES(�) which captures the
gap between the budget k which is the upper bound on the size of the solution
S and the size of the smallest Ẑτ − [Ẑ] \ Ẑτ separator in HI which is a lower
bound on 2|S|. Lemma 7 implies that for a Yes instance I, the gap μ(I) is always
non-negative. Furthermore, it will be easy to see that for any given instance I,
we can check whether μ(I) is non-negative in time O(k�(m + n)).

Definition 6. Let I = (G,Λ, k, Ẑ, τ) be an instance of Group FES(�). The
gap μ(I) is defined as μ(I) = k − 1

2 (λHI
(Ẑτ , [Z] \ Ẑτ )).

Proof of Persistence and Description of the Reduction Rule. We are
now ready to prove the Persistence Lemma which plays a major role in the
design of the algorithm. In essence this lemma says that if we find a minimum
Ẑτ − [Ẑ] \ Ẑτ separator S such that R(Ẑτ , S) is regular, then we can correctly
fix the labels of all vertices which have exactly one copy in R(Ẑτ , S) and look
for a solution whose deletion allows a consistent labeling that is an extension of
this one. It will be shown later that once we fix the labels of these vertices, the
subsequent exhaustive branching steps will decrease the gap μ(I) by at least 1

2
and since μ(I) is always required to be non-negative, the depth of the search tree
will be bounded by 2μ(I).

Lemma 8 [�](Persistence Lemma). Let I = (G,Λ, k, Ẑ, τ) be a Yes instance
of Group FES(�). Let X ⊆ A(G) be a minimal set of size at most k such that
G − X has a consistent labeling Ψ agreeing with τ on Ẑ. Let T denote the set
[Ẑ] \ Ẑτ . Let S be a minimum Ẑτ − T separator in HI and let Z = R(Ẑτ , [S]).
Then, there is a solution for the given instance disjoint from A(Z−1).

Having proved the Persistence Lemma, we proceed to describe the reduction
rule based on it. Before we do so, we need to prove the following lemmas.

Lemma 9 [�]. Let I = (G,Λ, k, Ẑ, τ) be a Yes instance of Group FES(�) and
let S be a minimum Ẑτ − [Ẑ]\ Ẑτ separator in HI and let Y = R(Ẑτ , [S]). Then,
δ(Y ) is also a minimum Ẑτ − [Ẑ] \ Ẑτ separator in HI . Furthermore, if S is not
regular, then there is an edge e ∈ δ(Y ) which is closed with respect to Y .

Lemma 10 [�]. Let I = (G,Λ, k, Ẑ, τ) be a Yes instance of Group FES(�)
and let S be a minimum Ẑτ − [Ẑ] \ Ẑτ separator in HI . If S is not regular, then
there is an edge e ∈ [S] which is closed with respect to R(Ẑτ , S) and a solution
for the given instance containing e−1. Moreover, given the instance and the set
S, the arc e−1 can be computed in time O(�(m + n)).

This leads us to the following reduction rule.

Reduction Rule 1. Given an instance I = (G,Λ, k, Ẑ, τ) of Group FES(�)
and a set S which is both irregular and a minimum Ẑτ − [Ẑ]\Ẑτ separator in HI ,
execute the algorithm of Lemma10 to compute the arc a and return the instance
I ′ = (G − {a}, Λ, k − 1, Ẑ, τ).
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The correctness as well as the fact that it can be applied in time O(�(m+n))
follows from Lemma 10. However, observe that in order to apply this rule, we
need the set S. As a result, we cannot apply this rule exhaustively and we
will only apply it selectively during our algorithm. For this, we will also have a
slightly modified version of the above reduction rule. We remark that this rule is
introduced only in order to maintain a linear dependence on � at certain points
in the algorithm.

Reduction Rule 2. Given an instance I = (G,Λ, k, Ẑ, τ) of Group FES(�)
and an arc a ∈ A(G) such that there is an irregular minimum Ẑτ − [Ẑ] \
Ẑτ separator in HI that contains 2 edges of [a], return the instance I ′ =
(G − {a}, Λ, k − 1, Ẑ, τ).

Observe that in the above reduction rule, we have skipped the intermediate
step of computing a from the irregular minimum separator. This is because
sometimes, we can detect the arc a faster than we can compute the irregular
minimum separator. We conclude this subsection by arguing that applying these
reduction rules to a given instance of Group FES(�) does not increase the gap.
That is, if I ′ is the instance resulting from I by an application of these rules, then
it should not be the case that μ(I ′) > μ(I). In order to prove this (Lemma 12),
we need the next lemma.

Lemma 11 [�]. Let I = (G,Λ, k, Ẑ, τ) be an instance of Group FES(�). Let
v ∈ V (G), g ∈ Γ and Y be a regular set containing Ẑτ such that δ(Y ) is a
minimum Ẑτ − [Ẑ] \ Ẑτ separator and let r = |δ(Y )|. Let e ∈ δ(Y ) be an edge
closed with respect to Y and a = e−1. Then, the size of a minimum Ẑτ − [Ẑ]\ Ẑτ

separator in HI − [a] is exactly r − 2.

Lemma 12 [�]. Let I = (G,Λ, k, Ẑ, τ) be an instance of Group FES(�) and let
I ′ = (G − {a}, Λ, k − 1, Ẑ, τ) be the instance obtained from I by an application
of Reduction Rule 1 or Reduction Rule 2 on the arc a. Then, μ(I) = μ(I ′).

Proof. Recall that μ(I) = k − 1
2 (λHI

(Ẑτ , [Z] \ Ẑτ )) and μ(I ′) = (k − 1) −
1
2 (λH′

I
(Ẑτ , [Z] \ Ẑτ )). Let r = λHI

(Ẑτ , [Z] \ Ẑτ ) and r′ = λH′
I
(Ẑτ , [Z] \ Ẑτ ).

Lemma 11 implies that r′ = r − 2. Hence, μ(I ′) = (k − 1) − 1
2 (r − 2) = k − 1

2r =
μ(I). This completes the proof of the lemma. 
�

Having stated the reduction rules, we are almost ready to describe the algo-
rithm. Before we do so, we need two subroutines. The first subroutine simply
checks whether we can apply Reduction Rule 2 for a given arc. The second one
is the main subroutine which either allows us to say No or apply one of the
two reduction rules or compute a pair of ‘branchable’ arcs or computes an arc
which is part of some ‘farthest’ minimum isolating cut separating Ẑτ from the
rest of [Ẑ].

Lemma 13 [�]. There is an algorithm that, given an instance I = (G,Λ, k, Ẑ, τ)
of Group FES(�) and an arc a ∈ A(G), runs in time O(k�(m+n)) and correctly
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concludes either that there exists a minimum Ẑτ − [Ẑ] \ Ẑτ separator containing
at least 2 edges of [a] or that no such separator exists. Furthermore, in the latter
case, λHI−[a](Ẑτ , [Ẑ] \ Ẑτ ) ≥ λHI

(Ẑτ , [Ẑ] \ Ẑτ )-1.

Lemma 14 [�](Main Subroutine). There is an algorithm that, given an
instance I = (G,Λ, k, Ẑ, τ) of Group FES(�), runs in time O(k2�(m + n))
and

(a) correctly concludes that the given instance is a No instance or
(b) returns an irregular minimum Ẑτ − [Ẑ] \ Ẑτ separator of size at most 2k or

an arc a ∈ A(G) such that two edges of [a] appear in such a separator or
(c) returns a pair of edges e1, e2 ∈ E(HI) such that there is always a solution

intersecting the set {e−1
1 , e−1

2 } and there is no irregular minimum Ẑτ − [Ẑ] \
Ẑτ separator containing at least 2 edges from [e1] or [e2] or

(d) returns a regular set Z ⊇ Ẑτ such that δ(Z) is a minimum Ẑτ − [Ẑ] \ Ẑτ

separator and an edge e	 = (uα, vβ) ∈ δ(Z) where uα ∈ Z, such that there
is no (Z ∪ {vβ}) − [Z ∪ {vβ})] \ (Z ∪ {vβ}) separator of size at most |δ(Z)|
and there is no minimum Ẑτ − [Ẑ] \ Ẑτ separator containing at least 2 edges
from [e	].

4 Description of the FPT Algorithm for Group FES(�)

Let I = (G,Λ, k, Ẑ, τ) be the given instance of Group FES(�). The algorithm
we describe is a recursive algorithm with k = 0 as the base case. If k = 0 then
we return Yes if and only if G already has a consistent labelling. Furthermore,
if λHI

(Ẑτ , [Ẑ] \ Ẑτ ) = 0 (there is no path in HI from Ẑτ to [Ẑ] \ Ẑτ ), then we
recurse on the instance (G,Λ, k, ∅, τ ′), where τ ′ is undefined. The correctness of
this operation follows from applying Lemma 3 to the connected component of G
containing Ẑ. Finally, if Ẑ = ∅, then we pick an arbitrary vertex v in a component
of G which does not already have a consistent labeling, pick an arbitrary g ∈ Γ
and recurse on the instance (G,Λ, k, {v}, τ ′) where τ ′(v) = g. The correctness of
this step follows from Observation 2. We now describe the steps executed by the
algorithm when k > 0 and none of the aforementioned conditions hold. We begin
by executing the main subroutine (Lemma 14) on the given instance and describe
subsequent steps of the algorithm based on the output of this subroutine.

Case (a): In this case, we simply return No.
Case (b): In this case, we apply Reduction Rule 1 or Reduction Rule 2 as appro-
priate and recurse on the resulting instance.
Case (c): In this case, we branch on the arcs a1, a2 where a1 = [e−1

1 ] and
a2 = [e−1

2 ]. That is, we recursively call the algorithm on the tuples I1 = (G −
a1, Λ, k − 1, Ẑ, τ) and I2 = (G − a2, Λ, k − 1, Ẑ, τ).
Case (d): Let Z ⊇ Ẑτ be the returned regular set and let e	 = (uα, vβ) ∈ δ(Z)
be the edge such that uα ∈ Z, there is no (Z ∪ {vβ}) − [Z ∪ {vβ})] \ (Z ∪ {vβ}))
separator of size at most |δ(Z)| and there is no minimum Ẑτ − [Ẑ]\ Ẑτ separator
that contains more than one edge from [e	]. Let a ∈ A(G) such that e	 ∈ [a].
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We now branch by either adding a to the solution or by choosing not to pick
a in the solution. Formally speaking, we recursively call the algorithm on the
tuples I1 = (G − a, Λ, k − 1, Ẑ, τ) and I2 = (G,Λ, k, Ẑ ∪ {v}, τ ′) where τ ′ is the
same as τ on Ẑ and τ ′(v) = β.

This completes the description of the algorithm. The correctness of the algo-
rithm follows from the correctness of Lemmas 8 and 14, and the fact that the
branching is exhaustive. It remains to analyze the running time. Observe that
the time taken at each step of the recursion is dominated by the time required
to execute the subroutine of Lemma 14 which runs in time O(k2�(m + n)). Fur-
thermore, along any root to leaf path, Reduction Rule 1 applies at most k times.
Hence, the running time is bounded by the product of O(k3�(m + n)) and the
number of root to leaf paths in the search tree resulting from a run of the algo-
rithm on the input instance I = (G,Λ, k, Ẑ, τ).

To complete the proof of Theorem 1, we prove by induction on μ(I) that the
number of leaves in the search tree resulting from a run on input I is bounded
by 4μ(I).

5 Concluding Remarks

We have presented an FPT algorithm for Group FES(�) that for finite groups
of fixed size has linear dependence on the input-size and matches the best known
parameter dependence upto polynomial factors. For this, we had to assume that
the multiplication table of the group is explicitly known. A natural question that
remains is whether it is possible to obtain a linear time FPT algorithm in the
oracle model assuming constant query time. Finally, we leave open the question
of improving upon the 4k dependence on the parameter for Group FES(�) even
at the cost of superlinear (but still polynomial) dependence on the input-size
and group-size.
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