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Abstract—Superior spectral properties of Filter Bank Multi-
Carrier (FBMC) techniques make them an interesting choice
for future wireless systems. In order to directly apply well-
known pilot-symbol aided channel estimation in FBMC, however,
the intrinsic imaginary interference has to be canceled. Such
cancellation method is usually designed for a doubly-flat channel.
In this paper, we investigate the effects of doubly-selectivity,
that is, time-selectivity and frequency-selectivity, on the channel
estimation Mean Squared Error (MSE) in FBMC. The calculation
of the MSE is based on a compact matrix description, allowing
us also to find an MSE minimizing channel estimation method
that takes the underlying waveform into account.

I. I NTRODUCTION

Filter Bank Multi-Carrier (FBMC) with Offset Quadra-
ture Amplitude Modulation (OQAM), in short just FBMC,
has better spectral properties compared to legacy Orthogonal
Frequency Division Multiplexing (OFDM). This allows a
flexible assignment of the available time-frequency resources
so that a large range of possible use cases can be efficiently
supported. The improved spectral properties of FBMC, how-
ever, come at a price, namely, imaginary interference which
makes certain techniques, such as Multiple-Input and Multiple-
Output (MIMO) and channel estimation, more challenging.
For MIMO, we have recently shown theoretically and through
real world measurements that it can be efficiently combined
with FBMC [1], [2]. Thus, one of the biggest issues has been
resolved, making FBMC a viable choice for future wireless
communication systems.

In this paper, we investigate channel estimation in FBMC.
One possible method to estimate the channel is based on
preambles [3], but we focus here on pilot-aided channel esti-
mation [4] because it allows to track the channel in time and
is therefore better suited for a future society in motion [5]. To
deal with the imaginary interference at the pilot positions, we
consider three different cancellation techniques: one auxiliary
symbol [6], two auxiliary symbols [7] and coding [8].

While there exist many papers which investigate pilot-
symbol aided channel estimation in OFDM from an analytical
point of view [9], [10], most works on channel estimation
for FBMC rely purely on simulations [6]–[8]. We therefore
propose a novel matrix formulation to calculate closed-form
solutions for the channel estimation Mean Squared Error
(MSE) in FBMC transmissions over time and frequency selec-
tive channels. Furthermore, we derive an optimal interpolation
method, that is, Minimum Mean Squared Error (MMSE),

which, in contrast to previous works, takes also the underlying
waveform into account.

After submission of this paper, a similar work [11] was
accepted for publication. However, [11] does not compare to
OFDM and employs only linear channel interpolation, while
we derive the MMSE interpolation.

II. M ULTICARRIER MODULATION

Let us first consider a time-continuous representation of
multicarrier systems because it describes the underlying idea
best. Afterwards, we will reformulate the transmission system
in discrete-time domain using a compact matrix description,
simplifying analytical investigations. The transmitted signal
s(t), consisting ofL subcarriers andK time-symbols, can
be expressed by

s(t) =

K∑

k=1

L∑

l=1

gl,k(t)xl,k, (1)

where the data symbolsxl,k at subcarrier-positionl and time-
positionk are modulated by the transmit basis pulsesgl,k(t),
essentially, time and frequency shifted versions of the transmit
prototype filterpTX(t):

gl,k(t) = pTX(t− kT ) ej2π lF (t−kT ) e jθl,k (2)
Note that time-spacingT and frequency-spacingF (subcarrier
spacing) determine the spectral efficiency. The received sym-
bols yl,k are then obtained by projecting the received signal
r(t) onto the receive basis pulsesql,k(t), that is,

yl,k = 〈r(t), ql,k(t)〉 =

−∞∫

−∞

r(t)q∗l,k(t) dt, (3)

with
ql,k(t) = pRX(t− kT ) ej2π lF (t−kT ) e jθl,k . (4)

Desired properties of multicarrier systems are: (bi)-
orthogonality: 〈gl1,k1

(t), ql2,k2
(t)〉 = δ(l1−l2),(k1−k2),

time-localization, frequency-localization and maximum
spectral efficiency (TF = 1). Unfortunately it is not possible
to satisfy all of these properties at the same time according
to the Balian-Low theorem. In pure OFDM (no Cyclic
Prefix (CP)) the underlying rectangular function leads to a
violation of frequency-localization. In FBMC, on the other
hand, complex orthogonality is replaced by the less strict
real orthogonality condition, making certain techniques more
challenging. The idea behind FBMC is as follows: we design
a pulse which is orthogonal forTF = 2, for example based



on Hermite polynomials [12]. Then, the time spacing as
well as the frequency spacing is reduced by a factor of two,
leading to TF = 0.5. This generates interference which,
however, is shifted to the purely imaginary domain by the
phase-shiftθl,k = π

2 (l + k). By taking the real part, we
can completely eliminate this interference and are able to
employ low complexity one-tap equalizers. Only real valued
symbols can be transmitted in such a way so that we need
two time-slots to transmit one complex-valued symbol. Thus,
our time-frequency spacing ofTF = 0.5 corresponds to
TF = 1 in terms of complex valued symbols, leading to
maximum spectral efficiency.

Let us now reformulate the transmission model in matrix
notation: the sampled transmit signals(t) in (1) can be
rewritten by

s = Gx, (5)
with

G =
[
g1,1 g2,1 · · · gL,1 g1,2 · · · gL,K

]
(6)

x =
[
x1,1 x2,1 · · · xL,1 x1,2 · · · xL,K

]T
, (7)

whereasgl,k ∈ CN×1 is obtained by sampling the basis pulses
gl,k(t) in (2) and stacking these samples in a large vector.
The variableN denotes the number of samples of the whole
transmission block and not only the samples per multicarrier
symbol! As in (5)-(7), we can reformulate the receive process
in (3) by:

y = QH r, (8)
with

y =
[
y1,1 y2,1 · · · yL,1 y1,2 · · · yL,K

]T
(9)

Q =
[
q1,1 q2,1 · · · qL,1 q1,2 · · · qL,K

]
. (10)

Similar as before,ql,k ∈ CN×1 reflects the sampled basis
pulses in (4). In an Additive White Gaussian Noise (AWGN)
channel, the Signal-to-Noise Ratio (SNR) is maximized by a
matched filter,Q = G. However, in CP-OFDM we employ a
receive pulse which is shorter than the transmit pulse,Q 6= G,
in order to gain robustness in a frequency selective channel.
Note that the (bi)-orthogonality condition in OFDM implies
that QHG = ILK , while in FBMC we observe imaginary
interference, and onlyℜ{QHG} = ILK , with Q = G, holds.

The effect of time-variant multipath propagation can be
modeled by a time-variant convolution matrixH ∈ CN×N ,
so that the overall transmission system becomes:

y = QHHGx+QHz. (11)
The statistical characterization ofH is determined by the
power delay profile and the Doppler spectral density, while
z ∼ CN (0, Pz ILK) represents the white Gaussian noise.
The big advantage of multicarrier systems is that the main
energy is usually concentrated at the diagonal elements of
QHHG, so that low-complexity one-tap equalizers achieve
good performances. The off-diagonal elements are then treated
as interference, similar to noise. We can thus split (11)
according to

yl,k = qH

l,k Hgl,k
︸ ︷︷ ︸

hl,k

xl,k + qH

l,kHG-(l,k) x
︸ ︷︷ ︸

Interference

+nl,k, (12)
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Fig. 1. Pilot-symbol aided channel estimation consists of two basic steps:
Firstly, a LS channel estimation at the pilot positions. Secondly, interpolation
of those LS estimates to obtain channel estimates at the datapositions.
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Fig. 2. In order to straightforwardly apply pilot symbol aided channel
estimation in FBMC, we have to cancel the imaginary interference at the
pilot positions. One auxiliary symbol wastes too much energy, two auxiliary
symbols causes a further loss of data symbols and coding requires a higher
computational complexity.

where hl,k describes the one-tap channel, corresponding to
the appropriate diagonal element ofQHHG and nl,k ∼
CN (0, Pn) the Gaussian noise withPn = Pz q

H

l,kql,k. Matrix
G-(l,k) in (12) reflects the interference and consists of almost
the same elements asG in (6), except that the basis pulse
vectorgl,k becomes an all zero vector0, that is,

[
G-(l,k)

]

i,j
=

{

0 j = l + L(k − 1)

[G]i,j otherwise
. (13)

The ultimate goal at the receiver is to estimate the transmitted
data symbolsxl,k which can be accomplished by a one-
tap equalizer, that is,yl,k

hl,k
. As long as the interference is

dominated by the noise, such one-tap equalizers achieve good
performances and even correspond to the maximum likelihood
symbol detection (Gaussian noise). Note that in FBMC, the
interference term in (12) remains even in an AWGN channel
(H = IN ) but becomes purely imaginary, so that, by taking
the real part, we completely eliminate this interference which
is the key idea behind FBMC.

III. P ILOT-SYMBOL A IDED CHANNEL ESTIMATION

In order to apply one-tap equalization in practice, we first
need an accurate estimate of the channelĥl,k, accomplished
in this paper by pilot-symbol aided channel estimation. The
idea is illustrated in Figure 1: the so called pilot symbols,xl,k

for (l, k) ∈ P , are known a-priori at the receiver and are used



to estimate the channel. By utilizing (12) we obtain a Least
Squares (LS) channel estimation at the pilot positions:

ĥLS
Pi

=
yPi

xPi

, (14)

wherePi corresponds to thei-th pilot position, see Figure 1.
The channel at the data positions can then be estimated through
interpolation, that is,

ĥl,k = wH

l,kĥ
LS
P , (15)

where we stack all LS estimates from (14) in the vector
ĥLS
P ∈ C|P|×1. The vector functionwl,k ∈ C|P|×1 de-

scribes an arbitrary interpolation method, for example, nearest
neighbor, linear, spline or (linear) MMSE interpolation (the
interference is approximately Gaussian distributed, so that the
linear MMSE estimation corresponds to the MMSE solution).

Channel Estimation in FBMC

In OFDM the channel estimation process works exactly as
described in (14) and (15). In FBMC, however, the LS channel
estimation at the pilot position becomes more challenging:
FBMC is based on the idea of taking the real part in order to
get rid of the imaginary interference, which only works after
channel (phase) equalization, not possible prior the channel
estimation. We thus have to operate in the complex domain
where we observe a Signal-to-Interference Ratio (SIR) of 0 dB,
too low for accurate channel estimations. To circumvent this
problem, we modify the transmitted symbols close to the pilot
position so that they cancel the imaginary interference at the
pilot positions. The unit-power data symbolsx̃ are precoded
by C, so that the transmitted symbols transform to

x = Cx̃, (16)
whereas the precoding should not change the transmit power,
that is, tr{CCH} = LK. Usually, channel state information
is not available at the transmitter, so thatC is designed to
cancel the imaginary interference for the assumption of a flat
channel. This is similar to the design of the basis pulses in (2)
and (4) for which the (real) orthogonality condition also only
holds in a flat channel. The cancellation condition can then be
expressed as:

qH

Pi
G-Pi

Cx̃ = 0, (17)
where we use the same notation as in (12) and (13) but now
Pi denotes the position(l, k) which corresponds to thei-th
pilot symbol. There exist different methods satisfying (17),
see Figure 2. One auxiliary symbol per pilot, the classical
approach [6], has the drawback of a large auxiliary-symbol
power-offset. Employing two auxiliary symbols reduces this
power-offset, at the additional cost of one (real-valued) data
symbol. However, the saved power outweighs the loss of one
data symbol for small to medium SNR ranges, so that the
overall throughput increases [7]. For a flat-fading channel,
coding achieves the best performance of all those cancellation
techniques because no power is wasted [12]: Here, we spread
M−1 data symbols overM time-frequency positions and uti-
lize the additional degree of freedom to cancel the imaginary
interference. This method, however, needs de-spreading atthe
receiver which increases the computational complexity.

IV. M EAN SQUARED ERROR

Let us now calculate the MSE of the channel estimation
methods described in Section III. Following the basic stepsof
pilot-symbol aided channel estimation, we first investigate the
LS estimation at the pilot positions and then shift our attention
to interpolation.

A. LS Channel Estimation

Inserting (12) into (14) allows us to express the LS channel
estimation error at thei-th pilot position by:

ĥLS
Pi

− hPi
= qH

Pi
HG-Pi

C
x̃

xPi

+
nPi

xPi

(18)

=

((

G-Pi
C

x̃

xPi

)T

⊗ qH

Pi

)

vec{H}+
nPi

xPi

,

(19)
whereas we use the Kronecker product⊗ to rewrite (18) by
(19) which greatly simplifies statistical investigations.Indeed,
the MSE can be straightforwardly calculated by:

MSELS
Pi

= E

{

|hPi
− ĥLS

Pi
|2
}

= (20)

1

κ
tr
{(

(G-Pi
C)T⊗ qH

Pi

)
Rvec{H}

(
(G-Pi

C)T⊗ qH

Pi

)H
}

+
Pn

κ
,

(21)
whereκ = E{|xPi

|2} denotes the power of the pilot sym-
bols (all pilots have the same magnitude) andRvec{H} =

E{vec{H}vec{H}H} ∈ CN2×N2

the sparse correlation ma-
trix of the vectorized time-variant convolution matrix. Note
that (21) covers also the case of OFDM ifC = ILK . The
(complex) noise powerPn is two times higher in FBMC com-
pared to OFDM. After taking the real part, however, we end
up with the same SNR. Imaginary interference cancellation
based on coding saves power due to the spreading which can
then be put into the pilot symbol powerκ = 2, leading to
the same data transmission SNR and channel estimation SNR.
Auxiliary symbols, on the other hand, waste energy, so thatκ
is slightly smaller than 2.

B. Interpolation

The channel estimation at arbitrary position(l, k) is ob-
tained through interpolation, see (15). Its MSE can be calcu-
lated similar to (18)-(21), leading to:

MSEl,k = E

{

|hl,k −wH

l,kĥ
LS
P |2

}

(22)

= (al,k −wH

l,kB)Rvec{H} (al,k −wH

l,kB)H+

+wH

l,k diag{MSELS
P }wl,k

, (23)

whereas the vectoral,k ∈ C1×N2

and the matrixB ∈ C|P|×N2

help to keep the notation compact and are defined as:

al,k = gT

l,k ⊗ qH

l,k and B =






gT

P1
⊗ qH

P1

...
gT

P|P|
⊗ qH

P|P|




 . (24)

Furthermore, the vectorMSELS
P ∈ R|P|×1 in (23) stacks all

MSE values from (20) in a vector. Note that the division by
the pilot symbols in (14) makes the LS channel estimation
error uncorrelated to all other variables. In particular, we are



able to employ the diagonal operatordiag{·} in (23) without
considering any cross correlations. Having calculated theMSE
in (23), a natural question is which interpolation methodwl,k

minimizes the MSE. By utilizing the orthogonal projection
theorem, that is,E{(hl,k − ĥl,k)ĥ

∗
l,k} = 0, we find such MSE

minimizing interpolation vector by

wMMSE
l,k = argmin

wl,k

E

{

|hl,k −wH

l,kĥ
LS
P |2

}

(25)

=
(

BRvec{H} B
H+diag{MSELS

P }
)−1

BRvec{H} a
H

l,k.

(26)
Not surprising, the structure of (26) follows closely conven-
tional MMSE solutions, see for example [9]. However, usually
the correlationsE{hl1,k1

h∗
l2,k2

} are assumed to be known.
We, on the other hand, show in (26) how the basis pulses,
see (2) and (4), determine these correlation matrices, thatis,
RhP = BRvec{H} B

H andRhP ,hl,k
= BRvec{H} a

H

l,k.

V. NUMERICAL RESULTS

In this section we validate our analytical MSE calculations
in (21) and (23) by simulations, assuming a Jakes Doppler
spectrum. The subcarrier spacing is set to15 kHz, same as in
LTE. We compare OFDM without CP, OFDM with CP (4.7µs,
same as in LTE) and FBMC-OQAM based on a Hermite
prototype filter [12]. In a time-variant channel, such Hermite
prototype filter performs better than the often considered PHY-
DYAS prototype filter [13]. To better investigate the effectof a
doubly-selective channel, we set the noise powerPn to zero.
This is feasible for the LS estimation because interference
and noise can be separated, as shown in (20), where we see
that the noise power is only an additive term. Thus, in order
to determine the MSE including noise, we only have to add
the noise power to the MSE without noise. Figure 3 shows
the MSE at the pilot-positions, see (21), over velocity for a
Pedestrian A channel model (10.08MHz sampling frequency).
In general, FBMC performs better than OFDM because FBMC
is more robust in a time-variant channel due to better joint
time-frequency localization. It turns out that the cancellation
condition in (17), designed for a doubly-flat channel, works
well in doubly-selective channels. Only FBMC based on one
auxiliary symbol per pilot performs poorly (close to OFDM)
because the large power-offset of the auxiliary symbol leads
to a relatively strong interference. The method based on two
auxiliary symbols per pilot, on the other hand, has a reduced
power-offset, leading to less interference and therefore to a
much better MSE. However, we have to keep in mind that one
additional real data symbol is required compared to OFDM
without CP and FBMC based on one auxiliary symbol and
coding. Note that there is little difference between OFDM with
and without CP because the Root Mean Square (RMS) delay
spread is relatively small (46 ns). Figure 4 plots the MSE for
a Vehicular A channel model (2.94MHz sampling frequency).
Compared to Pedestrian A, we have a higher RMS delay
spread (370 ns), so that, for low velocities, we see a deviation
between these two figures. For higher velocities, on the other
hand, the interference is dominated by the Doppler spread so
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Fig. 3. FBMC (1 Aux, 2 Aux and Coding) performs better than OFDM
due to better joint time-frequency localization and the fact that the imaginary
interference cancellation method is advantageous in some cases. Two auxiliary
symbols perform best but one additional data symbol has to besacrificed for
each pilot. Coding is slightly worse but has the advantage ofnot wasting any
power and having the same pilot overhead as OFDM without CP.
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Fig. 4. The Vehicular A channel model has a higher RMS delay spread
compared to the Pedestrian A channel model, so that we observe differences
for small velocities.

that they have a similar MSE. For low velocities, OFDM with
CP performs best because the CP guarantees orthogonality as
long as the maximum channel delay is smaller than the CP
length. However, this comes at the price of reduced spectral
efficiency (TF = 1.07). Furthermore, the advantage of CP-
OFDM compared to FBMC soon vanishes for higher velocities
because FBMC is more robust in a time-variant channel.

In order to investigate the effect of interpolation on the
MSE, we assumeL = 12 subcarriers and, for OFDM without
CP,K = 15 symbols, for OFDM with CPK = 14 symbols
and for FBMCK = 30 symbols. This results in the same
transmission timeKT = 1ms for all these techniques.
Similar as in LTE, we chose a diamond-shaped pilot pattern
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Fig. 6. For low velocities, the RMS delay spread limits the system perfor-
mance (except for CP-OFDM). However, a MSE of -40 dB. . . -35 dB is good
enough for most practical use cases.

and a pilot density of|P|/(KT FL) = 0.044 which, for
a fair comparison, is also the same for all methods. For a
Pedestrian A channel model, Figure 5 shows the channel
estimation MSE at the data positions, see (23). We see that a
simple interpolation method, for example linear interpolation
(a straight line), leads to a poor MSE. The interpolation error
dominates any advantages of a better LS channel estimate, so
that all methods show approximately the same performance.
By employing a better interpolation method such as MMSE
interpolation (the best possible technique in terms of MSE),
we see that the superior LS estimation of FBMC translates
also into a better performance of the channel estimates at
the data positions. The MSE is then even better than for
the LS estimates at the pilot positions because we utilize the

correlation of eight pilots, improving the estimation accuracy.
Figure 6 shows the case of a Vehicular A channel model.
Similar as for the LS channel estimation, we see the effects
of a high RMS delay spread for low velocities in the MSE.
Additionally, a high delay spread also leads to a small channel
correlation in the frequency domain, decreasing the estimation
accuracy further.

Due to lack of space, we will not include Bit Error Ratio
(BER) simulations in this paper. However, it is worth mention-
ing that all the results we observe for the MSE also translate
to the BER [14].

VI. CONCLUSION

Although the imaginary interference cancellation condition
at the pilot-positions in FBMC is designed for a doubly-
flat channel, we observe in many cases a more accurate
channel estimate than in OFDM. However, if the interpolation
method is chosen poorly, this error dominates any potential
improvement of a better LS estimate at the pilot positions, so
that all modulation methods perform similar.
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