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The Glowinski - Le Tallec splitting method
revisited in the framework of equilibrium problems

in Hilbert spaces

P. T. Vuong∗and J. J. Strodiot†

Abstract

In this paper, we introduce a new approach for solving equilibrium problems
in Hilbert spaces. First, we transform the equilibrium problem into the prob-
lem of finding a zero of a sum of two maximal monotone operators. Then, we
solve the resulting problem using the Glowinski–Le Tallec splitting method
and we obtain a linear rate of convergence depending on two parameters.
In particular, we enlarge significantly the range of these parameters given
rise to the convergence. We prove that the sequence generated by the new
method converges to a global solution of the considered equilibrium prob-
lem. Finally, numerical tests are displayed to show the efficiency of the new
approach.

Keywords: Maximal monotone operator, Glowinski–Le Tallec splitting method,
Equilibrium problem, Nash equilibrium, Global convergence.

1 Introduction

The equilibrium problem, also called the Ky Fan inequality problem [13], has been
recently reconsidered by Blum, Muu and Oettli in [5, 27, 28]. This is a very
general problem because it includes, among others, the optimization problem, the
variational inequality, the saddle point problem, the Nash equilibrium problem in
noncooperative games, the fixed point problem. The interest of this problem is
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that it unifies all these particular problems in a convenient way. Many methods
have been proposed for solving equilibrium problems as the projection methods
[22, 24, 26, 34], the proximal point methods [17, 25], the extragradient methods
with or without linesearch [30, 35, 36, 38], the bundle methods [29]. We refer the
readers to [4] and the references quoted therein, where an excellent survey of the
existing results is presented.

The strategy used in this paper consists in transforming the equilibrium prob-
lem into the problem of finding a zero of a sum of two maximal monotone oper-
ators. The first one is multivalued and corresponds to the normal cone associated
with the feasible set of the equilibrium problem. The second one is single-valued
and coincides with the derivative with respect to the second variable of the equi-
librium function. For solving this problem, we propose to use the Glowinski–Le
Tallec splitting method introduced in [14] and whose convergence has been stud-
ied in [35] for finite dimensional spaces. In this paper, our aim is first to prove
the linear convergence of the Glowinski–Le Tallec splitting method not only in the
framework of Hilbert spaces but also for a larger range of parameters than the one
used in [35]. Then, in the second part, these new convergence results are applied
to the equilibrium problem.

The paper is organized as follows: In Section 2, some preliminary results are
recalled. Linear convergence of the Glowinski–Le Tallec splitting method is estab-
lished in Section 3 following the value of the parameters. In Section 4, applications
of the Glowinski–Le Tallec splitting method to equilibrium problems are discussed
and some numerical results are reported. Finally, some conclusions are discussed
in the last Section.

2 Preliminaries

Let H be a real Hilbert space endowed with an inner product and its induced norm
denoted 〈·, ·〉 and ‖ · ‖, respectively. Let C be a nonempty closed convex subset of
H and let f be a function from C×C to R such that f (x,x) = 0 for all x ∈C. The
equilibrium problem associated with f , in the sense of [5], is denoted EP( f ,C),
and consists in finding a point x∗ ∈C such that

f (x∗,y)≥ 0 for every y ∈C.

The set of solutions of EP( f ,C) is supposed to be nonempty and denoted Sol( f ,C).
Here we also assume that the function f (x, ·) : C→ R is convex and differentiable
at x for every x∈C. Many methods have been proposed in the literature for solving
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such a problem, see for example [4, 34, 38] and the references quoted therein.
Setting, for every x ∈C,

Ax = NC(x) and Bx = ∇2 f (x,x),

where NC(x) denotes the normal cone to C at x, it is easy to see that the operators
A and B are maximal monotone with A multivalued and B single-valued [3]. So the
equilibrium problem EP( f ,C) is equivalent to the following problem:

(P) Find x∗ ∈ H such that 0 ∈ Ax∗+Bx∗.

Indeed, we obtain immediately the following equivalences:

x∗ ∈ Sol( f ,C)⇐⇒ x∗ ∈ argmin
y∈C

f (x∗,y)⇐⇒ 0 ∈ ∇2 f (x∗,x∗)+NC(x∗).

A large variety of methods can be found in the literature for solving problem (P)
when A and B are maximal monotone with A multivalued and B single-valued.
Most of them are based on the forward-backward scheme [7, 8, 9, 31, 39] where
at each iteration a forward step for B is alternated with a backward step for A as
follows:

xk+1 = JλA(I−λB)xk.

Here λ is some positive steplength, I is the identity operator and JλA = (I+λA)−1

is the resolvent operator of A. This operator is single-valued [3, 7, 9, 12]. Among
the well known other schemes, let us mention the Peaceman–Rachford scheme
[20, 32], the Douglas–Rachford scheme [6, 10, 11, 16, 20, 33] and the Glowinski–
Le Tallec scheme [14]. This last method has been introduced by Glowinski and
Le Tallec and applied by them for solving, among others, elastoviscoplasticity, liq-
uid crystal, eigenvalue computation problems. The corresponding Glowinski–Le
Tallec iteration can be described as a triple forward-backward iteration as follows:

xk+1 = Jλ1A(I−λ1B)Jλ2B(I−λ2A)Jλ1A(I−λ1B)xk

where λ1,λ2 > 0. Since for every maximal monotone operator T defined on H and
for every µ,ν > 0, we have the following identity:

I−νT =
ν

µ

(
γJµT − I

)
(I +µT )

where γ = 1+
µ

ν
, we can rewrite the Glowinski–Le Tallec iteration as

xk+1 = Jλ1A(I−λ1B)Jλ2B

(
λ2

λ1

)(
αJλ1A− I

)
(I−λ1B)xk
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where α = 1+
λ1

λ2
. Written under this form, we immediately see that this formula

is well defined for a multivalued operator A and a single-valued operator B. The
proof of convergence of this scheme to a solution x∗ ∈ Sol( f ,C) has been given by
Haubruge et al. [35] for finite dimentional spaces. Our aim in this paper is to prove
the linear convergence of the Glowinski–Le Tallec method in the framework of
Hilbert spaces and with a larger range of parameters. Once obtained, these results
will be applied for solving equilibrium problems. Moreover, numerical tests will
be reported to show the efficiency of the new method. However, before starting all
these results, we need to recall some preliminaries.

Let C be a nonempty closed convex subset of H. For every point x∈H, there exists
a unique nearest point in C, denoted PCx, such that ‖x−PCx‖ ≤ ‖x− y‖ for every
y ∈C. We know that PC is a nonexpansive mapping from H onto C and for every
x ∈ H, u ∈C, the following property holds

u = PCx⇐⇒ 〈x−u,v−u〉 ≤ 0 ∀v ∈C.

Moreover, if we set Au = NC(u) for every u ∈C, then for any x ∈H and λ > 0, we
have the following equivalences:

u = JλAx ⇐⇒ u = (I +λA)−1x

⇐⇒ x ∈ u+λNC(u)

⇐⇒ x−u ∈ λNC(u)

⇐⇒
1
λ
〈x−u,v−u〉 ≤ 0 ∀v ∈C

⇐⇒ 〈x−u,v−u〉 ≤ 0 ∀v ∈C

⇐⇒ u = PCx. (1)

On the other hand, let T : H → 2H be a multivalued operator. The graph of T , the
effective domain of T and the inverse of T are defined, respectively, by

Gr(T ) = {(x,y) ∈ H×H |y ∈ T x};

D(T ) = {x ∈ H |T x 6= /0};

T−1y = {x ∈ H |y ∈ T x} ∀y ∈ H.

Let us also recall some well-known definitions useful in the sequel [3].
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Definition 2.1. The operator T : H→ 2H is said to be

(a) strongly monotone if there exists γ > 0 such that

〈u− v,x− y〉 ≥ γ‖x− y‖2 ∀(x,u),(y,v) ∈ Gr(T );

(b) monotone if
〈u− v,x− y〉 ≥ 0 ∀(x,u),(y,v) ∈ Gr(T );

(c) maximal monotone if it is monotone and its graph is not strictly contained in
the graph of any other monotone operator.

Definition 2.2. The single-valued operator F : D⊆ H→ H is said to be

(a) nonexpansive if
‖Fx−Fy‖ ≤ ‖x− y‖ ∀x,y ∈ D;

(b) firmly nonexpansive if

‖Fx−Fy‖2 ≤ ‖x− y‖2−‖(I−F)x− (I−F)y‖2 ∀x,y ∈ D;

(c) co-coercive if there exists σ > 0 such that

〈Fx−Fy,x− y〉 ≥ σ‖Fx−Fy‖2 ∀x,y ∈ D;

(d) Lipschitz continuous if there exists L > 0 such that

‖Fx−Fy‖ ≤ L‖x− y‖ ∀x,y ∈ D.

The following lemmas are useful to establish our main results.

Lemma 2.1. ([11]) Let T be a maximal monotone operator defined on H. Then, for
any λ > 0, the resolvent JλT is single-valued, firmly nonexpansive, and everywhere
defined.

Lemma 2.2. ([3], Proposition 23.11) Let T be a strongly maximal monotone op-
erator defined on H with modulus η > 0. Then, for any λ > 0, the resolvent JλT is
Lipschitz continuous with constant 1

1+λη
.

Lemma 2.3. Let T be a co-coercive operator defined on H with modulus σ > 0.
Then, for 0 < λ ≤ 2σ , the operator I− λT is nonexpansive. If, in addition, T
is strongly monotone with modulus δ > 0, then the operator I− λT is Lipschitz
continuous with modulus L =

√
1−λ (2σ −λ )δ 2.
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Proof. Let x,y ∈ H, we have

‖(I−λT )x− (I−λT )y‖2 = ‖x− y‖2−2λ 〈x− y,T x−Ty〉+λ
2‖T x−Ty‖2

≤ ‖x− y‖2−λ (2σ −λ )‖T x−Ty‖2 (2)

≤ ‖x− y‖2. (3)

This means that I−λT is nonexpansive.
If in addition, T is strongly monotone with modulus δ > 0, using Cauchy-Schwarz
inequality, we have, for every x,y ∈ H, that

δ‖x− y‖2 ≤ 〈x− y,T x−Ty〉 ≤ ‖x− y‖‖T x−Ty‖.

Hence
δ‖x− y‖ ≤ ‖T x−Ty‖.

Substituting the last inequality into (2), we obtain

‖(I−λT )x− (I−λT )y‖2 ≤ (1−λ (2σ −λ )δ
2)‖x− y‖2

i.e., the operator I−λT is Lipschitz continuous with modulus

L =
√

1−λ (2σ −λ )δ 2.

2

Remark 2.1. When the operator T is Lipschitz continuous and strongly monotone
with modulus l > 0 and δ > 0, respectively, we have that T is co-coercive with
modulus σ = δ

l2 . So, in this situation, from Lemma 2.3, we have that for 0< λ ≤ 2δ

l2 ,

the operator I−λT is Lipschitz continuous with modulus L =
√

1−λ (2δ

l2 −λ )δ 2.
2

Lemma 2.4. Let T be an operator which is co-coercive with modulus σ > 0 and
strongly monotone with modulus δ > 0. Then δσ ≤ 1.

Proof. For every x,y ∈ H, since T is σ co-coercive, we have, using Cauchy-
Schwarz inequality, that

‖T x−Ty‖‖x− y‖ ≥ 〈T x−Ty,x− y〉 ≥ σ‖T x−Ty‖2

or equivalently,
‖x− y‖ ≥ σ‖T x−Ty‖. (4)
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On the other hand, since T is δ strongly monotone, using again Cauchy-Schwarz
inequality, we obtain

‖T x−Ty‖‖x− y‖ ≥ 〈T x−Ty,x− y〉 ≥ δ‖x− y‖2

which leads to
‖T x−Ty‖ ≥ δ‖x− y‖. (5)

Combining the two inequalities (4) and (5), we obtain the conclusion. 2

3 Convergence of the Glowinski – Le Tallec splitting method

Let H be a real Hilbert space and let {xk} be the sequence generated by the Glowinski-
Le Tallec splitting iteration

xk+1 = Jλ1A(I−λ1B)Jλ2B

(
λ2

λ1

)(
αJλ1A− I

)
(I−λ1B)xk k ∈ N (6)

where x0 ∈H, α = 1+ λ1
λ2

and λ1,λ2 > 0. Here A and B are supposed to be maximal
monotone operators on H with A multivalued and B single-valued. The following
proposition plays a key-role in the convergence analysis of the sequence generated
by the Glowinski–Le Tallec splitting method. Since its proof is similar to the one
given in [35] for finite dimentional spaces, it will not be given here.

Theorem 3.1. Let T be a maximal monotone operator defined on H, and let µ and
ν be two positive real numbers. Set γ = 1+ µ

ν
. Then, the operator γJµT − I is

Lipschitz continuous with constant L = max{1, µ

ν
}. In particular, when µ = ν , the

operator 2JµT − I is nonexpansive. If, in addition, T is co-coercive with modulus
τ > 0 and if µ ≤ ν < 2τ , then γJµT − I is Lipschitz continuous with constant L =
µ

ν
≤ 1 .

Now we are in a position to discuss the linear convergence of the Glowinski–Le
Tallec splitting method. First let us recall that a sequence {xk} ⊂ H converges
linearly to x ∈ H if there exists a number r ∈ (0,1) and an index k0 such that
‖xk+1− x‖ ≤ r‖xk− x‖ for all k ≥ k0. The number r is called the linear rate of
convergence.

In the next theorem we consider the case when 0 < λ2 ≤ λ1 ≤ 2σ , where σ

is the modulus of co-coercivity of operator B. In that case, our result improves
significantly the convergence ratio found by Haubruge et al. in [35], Theorem 2.2.
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Theorem 3.2. Suppose that the operator B is co-coercive with modulus σ > 0 and
strongly monotone with modulus δ > 0. If 0 < λ2 ≤ λ1 ≤ 2σ , then the sequence
{xk} generated by the Glowinski–Le Tallec splitting method converges linearly to
a solution of (P) at the linear rate

r =
[
1−λ1(2σ −λ1)δ

2] 1
1+λ2δ

< 1. (7)

Proof. We prove this theorem by considering separately the following opera-
tors in the Glowinski–Le Tallec scheme (6):

Jλ1A, I−λ1B, Jλ2B, αJλ1A− I.

First we have, using Lemma 2.1, that the resolvent Jλ1A is nonexpansive. Since
the operator B is σ co-coercive and δ strongly monotone, and since 0 < λ1 ≤ 2σ ,
it follows from Lemma 2.3 that the operator I−λ1B is Lipschitz continuous with
modulus

r1 =
√

1−λ1(2σ −λ1)δ 2.

On the other hand, since the operator B is δ strongly monotone, from Lemma 2.2
we obtain that the resolvent Jλ2B is Lipschitz continuous with modulus

r2 =
1

1+λ2δ
.

Finally, since λ2 ≤ λ1, we can conclude by using Theorem 3.1 that the operator
αJλ1A− I with α = 1+ λ1

λ2
is Lipschitz continuous with modulus

r3 = max{1,
λ1

λ2
}=

λ1

λ2
.

Gathering the above operators, we deduce that the operator

G = Jλ1A(I−λ1B)Jλ2B

(
λ2

λ1

)(
αJλ1A− I

)
(I−λ1B)

is contractive with modulus

r =
[
1−λ1(2σ −λ1)δ

2] 1
1+λ2δ

< 1.

So the sequence {xk} generated by the Glowinski-Le Tallec splitting method con-
verges linearly to a solution of (P) at the linear rate r. 2
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Remark 3.1. The smallest value for r is obtained when λ1 = λ2 = σ and is equal
to

r∗ = (1−σ
2
δ

2)
1

1+σδ
= 1−σδ .

This means that, if σδ = 1, then we obtain immediately the solution of problem (P)
after one iteration by choosing λ1 = λ2 = σ . 2

Remark 3.2. When the operator B is Lipschitz continuous and strongly monotone
with modulus l > 0 and δ > 0, respectively, the operator B is co-coercive with mod-
ulus σ = δ

l2 . So, using Remark 2.1, we have that the operator I−λ1B is Lipschitz
continuous for 0 < λ1 ≤ 2δ

l2 with modulus

r1 =

√
1−λ1

(
2δ

l2 −λ1

)
δ 2.

In this situation the sequence {xk} generated by the Glowinski-Le Tallec splitting
method converges linearly to a solution of (P) at the linear rate (7) with σ = δ

l2 . 2

Remark 3.3. In [35, Theorem 2.2], it was proved that if B is co-coercive with
modulus σ > 0 and B−1 is Lipschitz continuous with modulus δ1 > 0 and 0 < λ2 ≤
λ1 ≤ 2σ , then the sequence {xk} generated by the Glowinski–Le Tallec splitting
method converges linearly to a solution of (P) at the linear rate

c1 =
√

1−λ1(2σ −λ1)/δ 2
1 .

It is easy to see that, the optimal value of c1 is

c∗1 =
√

1−σ2/δ 2
1 (8)

when λ1 = σ . 2

On the other hand, when B is co-coercive with modulus σ > 0 and B−1 is
Lipschitz continuous with modulus δ1 > 0, we have that

〈Bx−By,x− y〉 ≥ σ‖Bx−By‖2 ≥ σ

δ 2
1
‖x− y‖2 ∀x,y ∈ H

implying the strong monotonicity of B with modulus σ

δ 2
1

. Therefore, as a conse-
quence of Theorem 3.2, we have
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Corollary 3.1. Suppose that the operator B is co-coercive with modulus σ > 0 and
B−1 is Lipschitz continuous with modulus δ1 > 0. If 0 < λ2 ≤ λ1 ≤ 2σ , then the
sequence {xk} generated by the Glowinski–Le Tallec splitting method converges
linearly to a solution of (P) at the linear rate

r =
[

1−λ1(2σ −λ1)
σ2

δ 4
1

]
1

1+ λ2σ

δ 2
1

< 1.

Moreover, the optimal rate is

r∗ = 1− σ2

δ 2
1

(9)

when λ1 = λ2 = σ . 2

Remark 3.4. We observe that

r∗ = 1−σ
2/δ

2
1 = (c∗1)

2 < c∗1.

This means that the optimal rate given in (9) is much better than the one given in
(8) in the sense that it allows us to divide at least by two the number of iterations
to obtain the same accuracy. 2

Now we consider the case λ1≤ λ2. The following result has not been examined
in [35].

Theorem 3.3. Suppose that the operator A is strongly monotone with modulus η >
0 and the operator B is co-coercive with modulus σ > 0. If 0 < λ1 ≤min{λ2,2σ},
then the sequence {xk} generated by the Glowinski–Le Tallec splitting method sat-
isfies the following inequality:

‖xk+1− x∗‖ ≤
λ2

λ1(1+λ1η)
‖xk− x∗‖ ∀k ∈ N, (10)

where x∗ is the unique solution of (P).
Moreover, if λ2 ∈ [λ1,λ1(1+λ1η)), then the sequence {xk} converges linearly to
x∗ at the linear rate

s =
λ2

λ1(1+λ1η)
< 1.

Proof. We prove this theorem by considering separately the following opera-
tors in the Glowinski-Le Tallec scheme (6):

Jλ1A, I−λ1B, Jλ2B, αJλ1A− I.
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The operator A being strongly maximal monotone with modulus η > 0, it follows
from Lemma 2.2 that the resolvent Jλ1A is Lipschitz continuous with modulus

s1 =
1

1+λ1η
.

On the other hand, the operator B being co-coercive maximal monotone with mod-
ulus σ > 0, one can apply Lemma 2.3 and Lemma 2.1 to obtain that the operators
I−λ1B and Jλ2B are nonexpansive. Since λ1 ≤ λ2, it is easy to see from Theorem
3.1 that the operator αJλ1A− I is Lipschitz continuous with modulus

s2 = max{1,
λ1

λ2
}= 1.

Gathering the above operators, we deduce that the operator

G = Jλ1A(I−λ1B)Jλ2B

(
λ2

λ1

)(
αJλ1A− I

)
(I−λ1B)

is Lipschitz continuous with modulus

s =
λ2

λ1(1+λ1η)
.

Then the inequality (10) holds. Now, if λ2 ∈ [λ1,λ1(1+λ1η)), then

s =
λ2

λ1(1+λ1η)
< 1

and the proof is complete. 2

Remark 3.5. This result shows that the convergence rate of the sequence generated
by the Glowinski–Le Tallec splitting method depends on both λ1 and λ2 in the case
when 0 < λ1 ≤ min{λ2,2σ}. Furthermore the smallest ratio is obtained when
λ1 = λ2 = 2σ and is equal to

s =
1

1+2ση
.

2

Remark 3.6. In the proof of Theorem 3.3, we observe that the strong monotonicity
of A is only used to obtain the contraction of the operator Jλ1A. In some cases,
the contraction of Jλ1A can be obtained without assuming the strong monotonicity
of A, and the conclusions of Theorem 3.3 still hold. For example, when C is a
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strongly convex set 1 and A=NC is the normal cone operator to C, the resolvent Jλ1

coincides for all λ1 > 0, with the projection PC onto C which is a contraction onto
H \C [2, Theorem 2.2]. This is obtained without assuming that the operator A=NC

is strongly monotone. Note also that, when C is a strongly convex set, the normal
cone NC is not strongly monotone in general because NC(x) = {0} ∀x ∈ int(C). It
is only strongly monotone on the boundary of C [37, Proposition 2.9]. 2

In the situation when the operator B is co-coercive and strongly monotone, we
obtain the following result:

Theorem 3.4. Suppose that the operator B is co-coercive with modulus σ > 0 and
strongly monotone with modulus δ > 0. If 0 < λ1 ≤ min{λ2,2σ}, the sequence
{xk} generated by the Glowinski–Le Tallec splitting method satisfies the following
inequality:

‖xk+1− x∗‖ ≤
λ2

1+λ2δ

[
1−λ1(2σ −λ1)δ

2
]

λ1
‖xk− x∗‖ ∀k ∈ N,

where x∗ is the unique solution of (P).
Moreover, if

ρ =
λ2

1+λ2δ

[
1−λ1(2σ −λ1)δ 2

]
λ1

< 1 (11)

then the sequence {xk} converges linearly to x∗.

Proof. We prove this theorem by considering separately the following opera-
tors in the Glowinski-Le Tallec scheme (6):

Jλ1A, I−λ1B, Jλ2B, αJλ1A− I.

Since A is maximal monotone, the resolvent Jλ1A is nonexpansive thanks to Lemma
2.1. The operator B being co-coercive with modulus σ > 0 and strongly monotone
with modulus δ > 0, it follows from Lemma 2.3 that the operator I−λ1B is Lips-
chitz continuous with modulus

ρ1 =
√

1−λ1(2σ −λ1)δ 2.

Furthermore, from Lemma 2.2, the resolvent Jλ2B is Lipschitz continuous with
modulus

ρ2 =
1

1+λ2δ
.

1We recall that a nonempty subset C ⊂ H is called strongly convex of radius R > 0 if it can be
represented as the intersection of closed balls of radius R > 0, i.e. there exists a subset X ⊂ H such
that C = ∩x∈X B(x,R), see e.g. [2, 37].
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Finally, since λ1 ≤ λ2, it is easy to see from Theorem 3.1, that the operator αJλ1A−
I is Lipschitz continuous with modulus

ρ3 = max{1, λ1

λ2
}= 1.

Gathering the operators, we deduce that the operator

G = Jλ1A(I−λ1B)Jλ2B

(
λ2

λ1

)(
αJλ1A− I

)
(I−λ1B)

is Lipschitz continuous with modulus

ρ =
λ2

1+λ2δ

[
1−λ1(2σ −λ1)δ

2
]

λ1
.

If

ρ =
λ2

1+λ2δ

[
1−λ1(2σ −λ1)δ

2
]

λ1
< 1

then the sequence {xk} converges linearly to a solution of (P). 2

Now we examine when inequality (11) holds. In that purpose we observe that

ρ =
λ2

1+λ2δ

[
1−λ1(2σ −λ1)δ

2
]

λ1
<

λ2

1+λ2δ

1
λ1
. (12)

So, to obtain that ρ < 1, we can choose λ2 such that the right-hand side of (12) is
less than 1, i.e., that

(1−λ1δ )λ2 ≤ λ1. (13)

If λ1 ≥
1
δ

, then inequality (13) holds for all λ2 > 0.

On the other side, if λ1 <
1
δ

, then (13) holds for 0 < λ2 ≤ λ1
1−δλ1

.

Remark 3.7. When the operator B is Lipschitz continuous and strongly monotone
with modulus l and δ , respectively, the operator B is co-coercive with modulus
σ = δ

l2 and the conclusion of Theorem 3.4 is still valid. 2

From Theorem 3.2 and Theorem 3.4, we have the following corollary.

Corollary 3.2. Suppose that the operator B is co-coercive with modulus σ > 0
and strongly monotone with modulus δ > 0. Assume that 1

2 ≤ σδ ≤ 1. If λ1 ∈[ 1
δ
,2σ

]
, then for every λ2 > 0, the sequence {xk} generated by the corresponding

Glowinski–Le Tallec splitting method converges linearly to a solution of (P). If
0 < λ1 <

1
δ

, then the same conclusion holds for every λ2 ∈
(

0, λ1
1−δλ1

]
.

13



Proof. Let λ1 ∈
[ 1

δ
,2σ

]
. If λ2 ≥ λ1 then 0 < λ1 ≤ min{λ2,2σ} and ρ < 1.

So the conclusion follows from Theorem 3.4. If 0 < λ2 < λ1, then apply Theorem
3.2 to get the conclusion. The proof is similar when λ1 ∈

(
0, 1

δ

)
. 2

The following example illustrates the case 1
2 ≤ σδ ≤ 1.

Example 3.1. We consider the affine variational inequality [21, 23]:

Find x∗ such that 〈Mx∗+q,y− x∗〉 ≥ 0, for all y ∈C

where C is a nonempty convex set of Rn and M is a symmetric positive definite
matrix of order n. We choose, for every x ∈ C, Ax = NCx, where NC denotes the
normal cone of C, and Bx = Mx+q. Let λmin and λmax be the smallest and largest
eigenvalue of M, respectively. Then the operator B is co-coercive with modulus
σ = 1

λmax
and strongly monotone with modulus δ = λmin on C. Indeed, for every

x,y ∈C, we have

〈Bx−By,x− y〉 = 〈M(x− y),x− y〉

≥
1
‖M‖
〈M(x− y),M(x− y)〉

=
1

λmax
〈M(x− y),M(x− y)〉

=
1

λmax
‖Bx−By‖2, (14)

and
〈Bx−By,x− y〉= 〈M(x− y),x− y〉 ≥ λmin‖x− y‖2.

In this case, if λmax ≤ 2λmin, then
1
2
≤ σδ ≤ 1. Furthermore, if we choose λ1 such

that λ1 ∈
[ 1

δ
,2σ

]
=
[

1
λmin

, 2
λmax

]
, then the sequence {xk} generated by the corre-

sponding Glowinski–Le Tallec splitting method converges linearly for all λ2 > 0.
In particular, if λmin = λmax = λ , then it follows from Remark 3.1, that the solution
of the affine variational inequality can be obtained after one iteration by choosing
λ1 = λ2 =

1
λ

.

In the next section, we give some numerical tests to show that the sequence {xk}
generated by the Glowinski–Le Tallec splitting method converges more quickly
when the parameter λ2 is increasing and approaches +∞.
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From Theorem 3.3 and Theorem 3.4, we easily deduce the following corollary:

Corollary 3.3. Suppose that all the assumptions of Theorem 3.4 are satisfied. Sup-
pose in addition that the operator A is strongly monotone with modulus η > 0 and
that 1

δ
≤ λ1 ≤ 2σ . Then the sequence {xk} generated by the Glowinski–Le Tallec

splitting method converges linearly to a solution of (P) at the linear rate

λ2

1+λ2δ

[
1−λ1(2σ −λ1)δ

2
]

λ1(1+λ1η)
< 1. (15)

Moreover, the smallest ratio is obtained when λ1 = λ2 = σ and is equal to

1−σδ

1+ση
.

4 Application to equilibrium problems

In this Section, we apply the Glowinski–Le Tallec splitting method for solving the
equilibrium problem EP( f ,C):

Find x∗ ∈C such that f (x∗,y)≥ 0 for every y ∈C.

Here we assume that C is a nonempty closed convex subset of H and that f is a
function from C×C into IR such that f (x,x) = 0 for all x ∈C. We also assume that
the function f (x, ·) :C→R is convex and differentiable at x for all x∈C. Moreover,
we suppose that the derivative x→ ∇2 f (x,x) is co-coercive with modulus σ > 0
for all x ∈C i.e.,

〈∇2 f (x,x)−∇2 f (y,y),x− y〉 ≥ σ‖∇2 f (x,x)−∇2 f (y,y)‖2 ∀x,y ∈C.

Several methods have been proposed for solving a finite-dimensional equilibrium
problem satisfying this assumption, see for example [34] and the references quoted
therein.

In view of using the Glowinski–Le Tallec splitting method for solving problem
EP( f ,C), we define the operators A and B as follows:

Ax = NC(x) and Bx = ∇2 f (x,x) for every x ∈C

where NC(x) denotes the normal cone to C at x.
With these notations, problem EP( f ,C) is equivalent to the problem

(P) Find x∗ ∈ H such that 0 ∈ A(x∗)+B(x∗).
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Since Jλ1A = PC, the projection onto C, the Glowinski–Le Tallec splitting iteration
for solving the equilibrium problem can be expressed as

xk+1 = PC(I−λ1B)Jλ2B

(
λ2

λ1

)
(αPC− I)(I−λ1B)xk (1)

where α = 1+ λ1
λ2

and λ1, λ2 are positive real numbers.

For convenience, we can replace (1) by the system

ȳk = PC (xk−λ1Bxk),

yk = α ȳk− (xk−λ1Bxk),

zk = [ I +λ2B ]−1

(
λ2

λ1
yk

)
,

xk+1 = PC (zk−λ1Bzk).

Under this form, it is easy to prove that if xk = ȳk, then xk is a solution of EP( f ,C).
Indeed, if xk = ȳk = PC(xk−λ1Bxk), we have, using the basic property of the pro-
jection operator, that〈

xk− (xk−λ1Bxk),y− xk
〉
≥ 0 ∀y ∈C.

Since λ1 > 0 and Bxk = ∇2 f (xk,xk), the last inequality can be rewritten as〈
∇2 f (xk,xk),y− xk

〉
≥ 0 ∀y ∈C.

On the other hand, since the function f (xk, ·) is convex, we have

f (xk,y)− f (xk,xk)≥
〈

∇2 f (xk,xk),y− xk
〉
∀y ∈C.

Combining the last two inequalities, and noting that f (xk,xk) = 0, we obtain

f (xk,y)≥ 0 ∀y ∈C.

But this means that xk ∈ Sol( f ,C).

Next, when we assume that the sequence {xk} generated by (1) is infinite, we can
obtain from Theorems 3.2 and 3.4 that if the operator B defined by Bx = ∇2 f (x,x)
for every x ∈ C is co-coercive with modulus σ > 0 and strongly monotone with
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modulus δ > 0, then the sequence {xk} generated by the Glowinski–Le Tallec split-
ting iteration (1) converges linearly to x∗, the unique solution of problem EP( f ,C)
when 0 < λ2 ≤ λ1 ≤ σ . The same result holds when 0 < λ1 ≤ max{λ2,2σ} pro-
vided that (11) is satisfied.

As pointed out by one of the referees, when the bifunction f is differentiable
with respect to the second variable, the equilibrium problem EP( f ,C) can be con-
sidered as the following variational inequality:

Find x∗ ∈C such that 〈Bx∗,y− x∗〉 ≥ 0 ∀y ∈C

where the operator B is defined for each x ∈C by Bx = ∇ f (x,x).
This problem can be solved by using the gradient projection method [1, 18] or the
extragradient method [36]. In [1, Theorem 3.1], the authors proved that if B is δ -
strongly monotone and L-Lipschitz continuous, then the sequence {xk} generated
by the gradient projection method, namely

x0 ∈C and xk+1 = PC (xk−λBxk) ∀k

where λ ∈ (0,2δ/L2), converges linearly to the unique solution x∗ of the equilib-
rium problem at the linear rate

r1 =
√

1−λ (2δ −λL2).

Furthermore, the optimal rate is r∗1 =
√

1− δ 2

L2 and is obtained when λ = δ/L2.
On the other hand, observe that if B is δ -strongly monotone and L-Lipschitz

continuous, then it is co-coercive with modulus σ := δ/L2.
Therefore, the optimal rate obtained by the Glowinski-Le Tallec method (see The-
orem 3.2 and Remark 3.2) is given by

r∗ = 1−σδ = 1− δ 2

L2

which is much smaller than the optimal rate given by the gradient projection method.
This will be confirmed by numerical results given below.

Now for ending this section, we will apply the Glowinski–Le Tallec splitting
method for solving numerically the equilibrium problem EP( f ,C). In this pur-
pose, the corresponding algorithms are coded in MATLAB and the stopping cri-
terion ‖xk− ȳk‖ ≤ ε is chosen for all test problems with ε = 10−6. Furthermore,
each time, two different starting points are considered with five different values
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for λ1 and λ2. We perform all computations on a Windows Desktop with an In-
tel(R) Core(TM) i7-2600 CPU at 3.4GHz and 8.00 GB of memory. The number
of iterations and the CPU time needed to get a solution are reported in a table
for each problem. We also compare the efficiency of the Glowinski-Le Tallec
method (GLM) with the gradient projection method (GPM)[1, 18], the extragradi-
ent method (EGM) [36] as well as the relaxed projection method (RPM) presented
in [34].

Problem 1: The bifunction f of the equilibrium problem comes from the Cournot-
Nash equilibrium model considered in [36]. It is defined for each x,y ∈ R5, by

f (x,y) = 〈Px+Qy+ r,y− x〉

where r ∈ R5, and P and Q are two square matrices of order 5 such that P+Q is
symmetric positive definite. It is easy to see that for each x ∈C the function f (x, ·)
is convex and differentiable over C, and that

Bx = ∇2 f (x,x) = (P+Q)x+ r.

Then for every λ > 0 we have

JλB(x) = (I +λB)−1(x) = [I +λ (P+Q)]−1(x−λ r).

Furthermore, the constraint set is defined as

C = {x ∈ R5 |
5

∑
i=1

xi ≥ 0, −5≤ xi ≤ 5, i = 1,2,3,4,5}

and the vector r and the matrices P and Q are chosen as follows:

r =


1
−2
−1

2
−1

 ; P=


3.1 2 0 0 0
2 3.6 0 0 0
0 0 3.5 2 0
0 0 2 3.3 0
0 0 0 0 3

 ; Q=


1.6 1 0 0 0
1 1.6 0 0 0
0 0 1.5 1 0
0 0 1 1.5 0
0 0 0 0 2

 .
In this problem, the operator B is co-coercive with modulus σ = 0.1256 and strongly
monotone with modulus δ = 1.8983. Consequently, the sequence of iterates gen-
erated by the Glowinski–Le Tallec algorithm converges linearly to the solution of
the problem. Moreover if we choose λ1 ∈ [σ ,2σ ], then the sequence {xk} con-
verges linearly to the solution x∗ for all λ2 > 0. From Table 1, we can see that the
sequence generated by the Glowinski-Le Tallec splitting method converges more
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Table 1: The results of Problem 1

Starting point Parameters Number of iterations CPU time (s)

(1,3,1,1,2)T λ1 = 0.2, λ2 = 0.1 12 0.5616

λ1 = 0.1, λ2 = 0.2 17 0.1092

λ1 = 0.1, λ2 = 2.0 7 0.0312

λ1 = 0.2, λ2 = 5.0 5 0.0312

λ1 = 0.2, λ2 = 50.0 3 0.0468

(−1,0,2,3,1)T λ1 = 0.2, λ2 = 0.2 12 0.0624

λ1 = 0.1, λ2 = 0.2 18 0.0936

λ1 = 0.1, λ2 = 3.0 7 0.0312

λ1 = 0.2, λ2 = 5.0 5 0.0468

λ1 = 0.2, λ2 = 50.0 3 0.0156

quickly when the parameter λ2 is increasing. Finally, the obtained solution for this
problem is

x∗ = (−0.725388,0.803109,0.72000,−0.866667,0.200000)T .

Problem 2: The River basin pollution game given in [19] consists of three players
with payoff functions:

φ j(x) = u jx2
j +0.01x j(x1 + x2 + x3)− v jx j, j = 1,2,3,

where u= (0.01,0.05,0.01) and v= (2.90,2.88,2.85) and the constraints are given
by 

x1,x2,x3 ≥ 0,

3.25x1 +1.25x2 +4.125x3 ≤ 100,

2.291x1 +1.5625x2 +2.8125x3 ≤ 100.

In this problem, we define

f (x,y) =
3

∑
j=1

[φ j(y j|x)−φ j(x)],

where x = (x1,x2,x3), y = (y1,y2,y3) and

(y1|x) = (y1,x2,x3), (y2|x) = (x1,y2,x3), (y3|x) = (x1,x2,y3).
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Then, we have

B(x) = ∇2 f (x,x) =

 0.04 0.01 0.01
0.01 0.12 0.01
0.01 0.01 0.04

 x1
x2
x3

−
 2.90

2.88
2.85


The operator B is co-coercive with modulus σ = 8.1467 and strongly monotone
with modulus δ = 0.03. The Nash equilibrium point obtained for this game is

x∗ = (21.144795,16.027853,2.725963)T .

The results obtained by the Glowinski–Le Tallec splitting method are reported in
Table 2. Again, we see that the sequence {xk} converges more quickly when the
parameter λ2 is increasing.

Table 2: The results of the River basin pollution problem

Starting point Parameters Number of iterations CPU time (s)

(0,0,0)T λ1 = 15, λ2 = 7 12 0.2808

λ1 = 8, λ2 = 8 20 0.0624

λ1 = 15, λ2 = 10 11 0.0468

λ1 = 5, λ2 = 15 21 0.1248

λ1 = 15, λ2 = 150 8 0.0624

(1,3,2)T λ1 = 16, λ2 = 8 11 0.0468

λ1 = 8, λ2 = 8 20 0.1248

λ1 = 7, λ2 = 18 17 0.1092

λ1 = 15, λ2 = 15 10 0.0624

λ1 = 16, λ2 = 80 7 0.0156

Problem 3: We consider the well-known Rosen-Suzuki optimization problem and
its reformulation as an equilibrium problem [34]. The equilibrium function f is
given for each x,y ∈ R4 by f (x,y) = φ(y)− φ(x) with the function φ defined for
x = (x1,x2,x3,x4) by

φ(x) = x2
1 + x2

2 +2x2
3 + x2

4−5x1−5x2−21x3 +7x4.
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The constraint set is given by C = {x ∈ R4 |gi(x)≤ 0, i = 1,2,3}, where

g1(x) = x2
1 + x2

2 + x2
3 + x2

4 + x1− x2 + x3− x4−8,

g2(x) = x2
1 +2x2

2 + x2
3 +2x2

4− x1− x4−10,

g3(x) = 2x2
1 + x2

2 + x2
3 +2x1− x2− x4−5.

The optimal solution of this problem is x∗ = (0,1,2,−1)T . Let us note that here
the operator

B(x) = ∇2 f (x,x) = (2x1−5,2x2−5,4x3−21,2x4 +7)T

is co-coercive with modulus σ = 0.25 and strongly monotone with modulus δ =
2.0. The results obtained by using the Glowinski–Le Tallec splitting method on
this problem are reported in Table 3. Here we can observe that the best choice for
the parameter λ1 is to take it equal to 0.5.

Table 3: The results of the Rosen-Suzuki optimization problem.

Starting point Parameters Number of iterations CPU time (s)

(1,−1,2,−3)T λ1 = 0.4, λ2 = 0.3 7 0.2028

λ1 = 0.5, λ2 = 0.3 1 0.0468

λ1 = 0.4, λ2 = 0.25 6 0.1716

λ1 = 0.3, λ2 = 0.5 11 0.3276

λ1 = 0.5, λ2 = 7.0 1 0.0468

(2,2,−2,−5)T λ1 = 0.3, λ2 = 0.2 8 0.2028

λ1 = 0.4, λ2 = 0.25 10 0.2808

λ1 = 0.3, λ2 = 0.6 13 0.3588

λ1 = 0.25, λ2 = 0.25 11 0.2964

λ1 = 0.5, λ2 = 0.5 15 0.3432

In the next table, we compare the Glowinski–Le Tallec method (GLM) with
the Gradient Projection method (GPM) [1], the Extragradient method (EGM) [36,
Algorithm 1] and the Relaxed Projection method (RPM) [34]. The number of itera-
tions and the CPU time (s) needed to get a solution are reported. As in [34, 36], we
choose the starting point x0 = (1,3,1,1,2)T for Problem 1, x0 = (0,0,0)T for Prob-
lem 2 and x0 = (5,−5,5,−5)T for Problem 3. For (GLM), we define λ1 = λ2 = σ
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and for (GPM) and (EGM) we choose the optimal stepsize, that is, λ = σ where
σ is the co-coercivity modulus of each problem. The stepsizes and parameters for
(RPM) are taken as in [34]. For Problem 3, we choose αk = 0.25(k2−1)/k2, which
is the best value given in [34, Table 4]. Observe that, as showed in the above tables,
the performance of (GLM) can be improved by choosing different stepsizes λ1,λ2.
For example, results for λ1 = 0.2,λ2 = 0.5 for Problem 1, and λ1 = 15,λ2 = 10 for
Problem 2 are displayed in the figure below.

Table 4: Comparison of Glowinski–Le Tallec method (GLM) with Gradient Projec-
tion method (GPM), Extragradient method (EGM) and Relaxed Projection method
(RPM).

GLM GPM EGM RPM

ite. CPU time (s) ite. CPU time iter. CPU time iter. CPU time

Problem 1 17 0.1404 46 0.0936 23 0.5148 41 0.2808

Problem 2 20 0.1248 52 0.156 26 0.6864 25 0.1092

Problem 3 4 0.1092 5 0.078 8 1.07641 13 0.4368
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Figure 1: Comparison of different methods for Problem 1 (left) with the parameters
chosen above, λ1 = 0.2,λ2 = 0.5 for (GLM1), and for Problem 2 (right) with λ1 =
15,λ2 = 10 for (GLM1).

5 Conclusion

In this paper, the linear rate of convergence of the Glowinski–Le Tallec splitting
method was studied for finding a zero of the sum of two maximal monotone oper-
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ators in Hilbert spaces. The aim was to apply this method for solving equilibrium
problems and to obtain numerical results showing the efficiency of the new ap-
proach. It is proved that the sequence generated by the new method converges to a
global solution of the considered equilibrium problem. Theoretical results are con-
firmed by numerical experiments. The comparison of the new method with some
others is also presented. It seems that the Glowinski–Le Tallec splitting has a very
good numerical performance both in terms of the number of iterations and the CPU
times, especially when the parameter λ2 increases and approaches +∞. Many other
test problems should be considered and other choices of the parameters λ1 and λ2
should be studied to improve the performance of this method.
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