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Abstract. In this paper we study dielectric elastomers accounting for constitutive cou-
pling by means of electrostriction using a multiplicative decomposition of the deformation
gradient tensor. The resulting constitutive relations are reduced to the special case of thin
single layer plates made of incompressible dielectric elastomers. As an example problem
we study the electro-mechanically coupled behavior of such a single layer plate in the ab-
sence of mechanical forces with special emphasis on the effect of electrostriction on the
breakdown instability.

1 Three-dimensional constitutive relations

This section discusses relations involving certain physical entities, which are the non-
symmetric Cauchy stress tensor o and the spatial polarization vector p, as well as their
material counterparts, the second Piola-Kirchhoff stress tensor S = JF~! .o - F~T and
the material electric polarization vector P = JF~!.p. F is the deformation gradient
tensor, J = detF its determinant and C = FT . F is the symmetric right Cauchy-Green
tensor. Moreover, we have the spatial electric field vector e and the material one £ = e-F.
With the free energy per unit mass ¥ = ¥(C, £) and the mass density pg in the reference
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configuration we write the thermodynamic relation
: 1. .
pO\I/:(S+’P8-C )--50—’P-£, (1)

in which 87! = PE . C~! is the so-called second Piola-Kirchhoff polarization stress tensor.
We also note that the skewsymmetric part of the bracketed term must vanish due to the
local balance of moment of momentum, which reads

skew (S + PE - C_l) = 0; (2)

S9 =84 PE - C!is denoted as the symmetric stress tensor in the following. The above
thermodynamic relation is a well known form of the time derivative of the free energy as
it has been frequently reported in the literature, see e.g. [1], [2].

1.1 Multiplicative decomposition

Following the approach proposed in [3] we introduce a multiplicative decomposition of the
deformation gradient tensor as

F= Fme . Fel7 (3)

with a mechanical part F,,,. and an electrical part F; = F;(€), such that the right Cauchy-
Green tensor is C = FZZ - Cipe - Fep with the mechanical part C,,e = F%e - Fpe. Now, the
free energy is assumed as the sum of a purely mechanical part depending only on C,,. and
an electrical part; hence, we write

U = Upe(Ce) + Tul(C, E), (4)

and compute the time derivative to

o a\Ijme
B acme

\\ . )
0 el'-C—l-a el‘

'Cme + 55 9E

¥ £. ()

All second rank tensors in this relation are symmetric. It remains to compute the time
derivative C,,e. Using C,,. = Fe_lT -C- Fe_l1 we find

Cme = Fe_lT -C- Fe_l1 — 2sym (Cme : Fel : Fe_ll> : (6)

With the symmetry of OV1ne/OChe and Fgp = F () the first term in the above relation
for ¥ becomes

ov . ov
me e = Fil . me
9Cp.  Cme=Fa 5

a\Ilme 6Fel c
8Cmecme 88>g, (7)

-T s -1
-F, - C— (2F€l
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and eventually we find

: L Ve o OV : 0T OF, 0¥\ .
\Ij:(Fell'acme'FelTJr ac)"c_<2F€ll'ac:e'Cme"as_ ae)"s‘ (8)

Comparing the two relations for ¥ renders two constitutive relations, one for the symmetric
second Piola-Kirchhoff stress tensor and one for the material polarization vector,

ov ov
S _ .ol = -1 me T el
S°=S+PE-C 2p0Fel ac, Fel + 2p0780 ,
— 8\I/me 8Fel a\I]el
— 9, F L. - Coe - _ )

Here, the material polarization is composed of two parts, an electrical one P, and P coup
that accounts for the constitutive coupling; these two are

_ 8\I/el
£o DE

a\I/me aFel

Pe = aC,. Vme t 9E

and  Peoup = 2p0F&1 .

(10)

Hence, the polarization stress tensor can as well be decomposed into two parts, SPO =
Spol,el + Spol,coup’ with

Spol,el — Pelg . Cfl = —po <a‘1’el> £ - (3*17

0E
ov OF
pol,coup — .01 = 2F—1 . me . el ) _1' 11
> Pempl -G =0 ( ©9C,. O oE ) £ )
In particular, we consider ¥ (C, €) as
1 _
PO\I/el = —5}(608 . (C L. 8) y (12)

with the permittivity in vacuum ¢ and the constant susceptibility x. This specific form of
U, differs from the one used in [3] as it does not involve J. The derivatives with respect
to £ and C are easily computed and result into

)

—poaa;lc‘f Cl=xeg (C'-€)(E-Ch)=xeC-(EE)-CT,

oWy 1 1
20055 =xe0C - (EE) - CT, (13)

such that
ov ov
pol,el - _ el o1 — el

S popg €°C 20055 (14)
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holds. Therefore, the constitutive relation for the sum of the stress tensor and the po-
larization stress tensor due to the coupling polarization Pcoyp, the so-called symmetric
electro-mechanical stress tensor S =S 4 P o€ - C~! can be written as

OV e
0C e

S = 2poF ! i (15)

Moreover, with C,,,. = F&T -C- Fgll, the coupling polarization vector can be written as

JOF
em -1 el
Peouwp =S -C-F_ - 9E (16)
This completes the constitutive modelling, which we summarize as follows:
S =8 +PE-C =887 and P =P+ Peoups (17)
with
ov ov
em -1 me =T ol,el __ el
S = 2p0F€l . acme . Fel and Sp — 2p0 ac 9
aqjel em —1 8Fel
P = —po 9E and  Peoyp =S -C-F_ -~ 9E (18)

With the aid of these constitutive relation the thermodynamic relation can also be written
as

pO\I’ = Fel : Sem . FZ} t §Cme + SPOLGZ t §C - Pel -E. (19)
=p0Wme(Crme) =po¥ e

In this sub-section the multiplicative decomposition was introduced as proposed by [3]; in
addition the constitutive relations resulting from this decomposition have been discussed
in detail and an alternative form for the electrical part of the free energy was proposed.

1.2 Total stress formulation

In this sub-section we introduce the notion of the the Maxwell stress tensor and of the
total stress tensor, which are common in the field of nonlinear electro-elasticity to account
for pondomotive forces. We begin by augmenting the free energy by a term accounting for
the polarization in vacuum,

1 _
oSt = po¥ — S0 JE - (C L&) = po¥ + poWaug- (20)

Now we compute poS2; with Voug = Yaug(C, €) this results into

. . A . ov
poSt = po¥ + po—=2 - C+ pop— 22

oC o & (21)



Elisabeth Staudigl, Michael Krommer and Yury Vetyukov

which immediately finds

. oW 1. v .
_ . —1 aug L _ _ aug A
pOQ_<S+P8 C™H 20075 ) e (’P g ) 3 (22)

With the derivative of the augmentation term in the free energy with respect to £, which
is

OV qug

S —£0JCT1- & (23)
and the derivative with respect to C,
OVaug 1 . 1 4 1 _ LM
050 250.] [C EE — 21(88 C )] C = 2S (24)
we have
: 1 1. .
pof2 = <s +DE-C ' - 5eOJC—l (EE - -C—1)> 5C-DE, (25)

in which D = P + 9JC~! - £ is the material electric displacement vector. The brack-
eted term is the total second Piola-Kirchhoff stress tensor S, which is the sum of the
mechanical stress S, the polarisation stress SP% and the Maxwell stress SM®. Therefore,

. 1. )
poQ:StOt-EC—D-g (26)

holds. Finally, without presenting a derivation, we note that the material electric displace-
ment vector can be written in the well known form

Ve Oy Oy 0D

D= —po

(27)

o Mag g T Mo
as the derivative of the augmented free energy with respect to the material electric field,
and the total second Piola-Kirchhoff stress tensor follows from

oW, o, MWy O
ac T ac T e T e

as twice the derivative of the augmented free energy with respect to the right Cauchy-
Green tensor. Both, the total stress tensor as well as the material displacement vector
are involved in the balance / equilibrium conditions as well as the continuity conditions.
We introduce the total first Piola-Kirchhoff stress tensor as P! = F - S and note the
relations

S* = 2pg (28)

Vo P =b,., n-[P]=0 and Vo-D=0, n-[D]=0, (29)

which can be found for instance in [4],[5]. by, are mechanical body forces and Vj is the
invariant differential operator of the reference configuration.
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1.3 The concept of a fictitous intermediate “stress-free” configuration

The symmetric electro-mechanical stress tensor

8\I]me -T
——me g
8Cme el

vanishes, if C,,. = I as long as the specific form of the mechanical part of the free energy
U,ne(Crne) ensures this condition. In the absence of a rigid-body rotation this also results
into Fy,e = I, and hence, F = F;, which constitutes an intermediate configuration. The
deformation from this configuration to the actual configuration by means of F,,. results
into a stress S, which can be computed from a purely elastic constitutive relation. A

S =8 + Peoup€ - C 1 =2pF ;" - (30)

Intermediate configuration

F=F,, SS — gpol.el
E 3 2 Pel

F= Fme . Fel
SS — Spol,el + Sem
E s P =P +Pcoup

o(C,E)

Actual configuration

Reference configuration F

Figure 1: Schematic overview of involved configurations for constitutive modelling within the
multiplicative decomposition

schematic overview of the three configurations is shown in Figure 1.

e In the reference configuration the electric field vector and the electric polarization
vector vanish, &€ = 0 and P = 0, and the deformation gradient tensor equals the
identity tensor, F = I. Hence, the symmetric stress tensor is trivial as well, S° = 0.

e In the intermediate configuration, which emerges due to to the electric field € by
means of the electrical deformation gradient tensor Fo; = F;(€), the polarization
vector is equal to its electrical part, P = P,;, and the symmetric stress tensor equals
the electrical part of the polarization stress tensor, S° = SPh¢l. To a certain degree
the constitutive process, which corresponds to the deformation from the reference
configuration to the intermediate configuration, is characterized by the electrical part
of the free energy ¥, (C,E).
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e The actual configuration, which is a result of any type of sources, emerges by means
of the mechanical deformation gradient tensor F,,.; hence, it is charcterized by F =
F,.e - Fe. The symmtric electro-mechanical stress tensor S is assigned to this
deformation, and the symmetric stress tensor is S° = SPoh¢l 4 §¢™  The electric
field vector £ is kept constant, but the polarization vector contains the coupling
polarization as well, P = P¢; + Peoup- This constitutive process is characterized by
the mechanical part of the free energy W,,.(Cpe).

Allthough this concept of an intermediate “stress-free” configuration in terms of the sym-
metric electro-mechanical stress tensor is quite appealing for the constitutive modelling,
this intermediate configuration does not exist in the real problem, even if F; is compat-
ible and no mechanical forces act on the body. This can be explained with the presence
of the Maxwell stress tensor as soon as an electrical deformation gradient F; = F¢(€),
and therefore an electric field is applied. The Maxwell stress tensor represents additional
source terms - in terms of a body force as well as a surface traction - preventing this
“stress-free” intermediate configuration to exist. It is however possible that a “stress-free”
configuration with F # F; exists, in which the total stress tensor vanishes, rather than
the electro-mechanical stress tensor.

1.4 Specific constitutive relations
We introduce the electrical part of the deformation gradient tensor F.; as
Fel = eXpDu (31)

in which D is a second rank symmetric tensor; this specific law was proposed in [3].
Then, we may as well write D = InF.; and by a proper choice of D we ensure that the
electrical part of the deformation gradient tensor is actually an electrical right stretch
tensor, Fo; = Rg; - Uy = Ug;. Therefore, D is identical to an electrical logarthmic strain
tensor D = InU,;. We introduce a unit vector in the direction of the material electric field
vector £, which we denote as m. Then, we choose

D=c¢(£-&mm+c (£ -&)(I—mm), (32)
in order to account for electrostriction, which we consider to be quadratic in €. ¢; and
co are electrostrictive material parameters. Moreover, we can write Fg = Ay zmm +
Aet (T — mm), in which

Aetg =e€xp(c1€-E) and Ay =exp(c€-E). (33)

It remains to specify the specific form of the mechanical part W,,.(C,,e) of the free en-
ergy ¥ = U, (Cpre) + ¥ (C, E). In the present paper we will be using a neo-Hookean
hyperelastic strain energy function,

p0Wme(Cme) = Ume (Ic,., I1c,  ITIc, ) = % (Ic,. —3—2InJ) + K(InJ)%,  (34)
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with the Lame parameter 4 and the bulk modulus K. The purely electrical part poWe;(C, E)
and the augmentation term poWq.4(C, €) have already been defined.

2 Thin dielectric elastomer single layer plates

We consider thin single layer plates made of a dielectric elastomer with a constitutive
relation as introduced above. The dielectric elastomer layer is equipped with electrodes at
its horizontal surfaces; hence, it is near at hand to approximate the material electric field
vector £ as £ = £€m, in which m is the unit vector in thickness direction in the reference
configuration. Moreover, we assume the right-Cauchy Green tensor as C = Cy 4+ C3zmm,
in which Cj refers to the plane part of C. Likewise, Cye = Ca e + C33 memm holds due
to the specific form of F;. With these assumptions, we specify the augmented free energy
Q as

52
Cs3’

in which Ic,,, = trCpe, IIc,,, = Cme - Cpe and I, = detC,, are the three invariants
of Cppe. With C,pe = Fe_lT -C- Fe_ll, we can write these invariants as

1
pOQ = pO\I]me (Icme7 IICme’ IIICme) 550 (X + J) (35)

Io,. =\ 1o, + 2 5Css, T, = M\ 5C5 + A Ic, , Ilc,, = A" A 5CssIc,.

(36)

me

We study only incompressible materials and we apply the incompressibility condition to
both, F.; and F. Concerning F; this results into detF.; = 1; hence, we have

detF,. = /\6173)\2 = exp ((01 + 262)82) =1 — ¢ = —2c¢, (37)

such that )\;12 = Aei3 = exp (0182) = A\, 2. Moreover, detC = 1 results into C33 =
detCz_1 = IIIEQI. Then, the invariants of C,,. are

Ig,,. =M Ic, + NITIG!  Ilc,, = NIIIG? + \*IIc, , Illg,, =1. (38)

For the incompressible neo-Hookean material we write the augmented free energy as
_ _ 1
o = g ()\e 260Cy + AATTTG) — 3) — 5ell1c,E% = poa, (39)

with the permittivity € = eo(x + 1) = €,€0, with the relative permittivity &, = x + 1 and
the electrical stretch A\, = exp (0282) = exp ((—01/2)52). The plane part S{ of the total
stress tensor and the thickness component D3 of the material electric displacement vector,
which are the only non-zero parts of the total stress tensor and of the electric displacement
vector, are

0Q9 O
I O

Qo
and D3 = —poa (40)

0y
tot —9
S5 PO~ €

80 —6][[025 Po
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3 Electromechanical stability

As a preliminary study we consider a plate, for which the deformation is not constrained
and no mechanical forces are applied. We denote the thickness with h and we apply a
voltage V' between the two electrodes; hence, €3 = V/h = £ holds. In such a problem the
resulting in-plane deformation is homogenous and characterized by a constant spherical
plane right Cauchy-Green tensor. Therefore, Co = CI, with C' = A\? applies; here, X is the
principal stretch in both in-plane directions, A\; = A2 = A, and I = I — mm is the plane
part of I. Moreover, the two invariants of Cy are

Ic, =2C =2)\*, IIlc, =C?*=)\" (41)

Under these conditions, the augmented free energy for the incompressible neo-Hookean
material is written in terms of the principal stretch A as

1
poft = 5 (A0 + MM = 3) — Sexte?. (42)

The plane part of the total second Piola-Kirchhoff stress tensor follows from

0Qy 0 ON 1 8&221 ‘
8702 = POWTCQ = POXW 2;
here, we have used the relation 9Cy/0X = 2AI5. We assume the contribution to the surface
tractions at the vertical edges, which results from the Maxwell stress in the surrounding
medium to be negligible, such that the plane part of the total second Piola-Kirchhoff stress
tensor vanishes in this specific problem. With the augmented free energy po€ls for the

conservative problem at hand, the equilibrium condition can be stated in the form of the
Principle of Gibbs,

S = 2y (43)

00
Po I\

from which equilibrium stretches A are obtained. It remains to specify the material param-
eters u, e, and c;. We use a polyurethane elastomer, for which material parameters were
reported in [6] as e, = 8.8, Y = 3p with Y = 3.6MPa. In order to proceed with identifying
the electrostrictive parameter c¢;, we write the equilibrium conditions using the thickness
stretch A3, which follows from the incompressibilty condition as A\? = )\gl. Therefore, we
have

= (A7 = AP - a2 =, (44)
n

(205" — A2 — AgQ%a‘? = F()\3,82) = 0. (45)

The nonlinear function F()\3,E?) is approximated in the vicinity of A3 ~ 1 and £2 =~ 0,
which results into the linear relation

€3 = — (E — 61> 52 = —M(‘:2, (46)
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with the Biot strain e = A3 — 1 and an apperant electrostrictive coefficient M. Two
particular effects contribute to the strain: the electrostrictive effect, which in our approach
is accounted for by the parameter ¢; and the Maxwell effect which is mainly due to Coulomb
interaction and charcterized by the first term in this linear relation. The experimentally
identified value taken from [6] is M = 7.07 x 1071°m?V =2 which results into ¢; = —6.86 x
10~m?V~2, Figure 2 shows the equilibrium Biot strain as a function of the square of the

0.08

0.06

n - 0.04
ot s

0.02

‘ ‘ ‘ 0

0 50 100 150 -15 -10 -5 0 5 10 15
&/ TV m™? &/MVm™'

Figure 2: Equilibrium Biot strains in the small signal and deformation regime

electric field (left) and as a function of the electric field (right) for relatively small electric
fields and strains. The presented results are very close to the experimental ones provided
in [6]. The solid line corresponds to a solution using the multiplicative decomposition
as proposed in this paper, the dashed line is the linearized response from eq. (46), and
the dotted line in the left plot shows the electrical Biot strain e, 3 = A3 — 1 with the
electrical part of the thickness stretch A¢j3 = A2 = exp(c1£?). Within the small signal

0.2

0 0.2 0.4 0.6 0.8 1
L-1/1 L-1/1

Figure 3: Equilibrium Biot strains in the large deformation regime

and deformation regime the deviation between the different curves and solutions is quite

10
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small; this changes, if we increase the electric field, as shown in Figure 3. In the left plot
we compare the present solution (solid line) accounting for electrostriction with a solution,
for which electrostriction is neglected, ¢; = 0, see e.g. [7]. One can see the extremely
high importance of electrostriction, which was also pointed out in [6]. Electrostriction
also significantly reduces the critical electric field and increases the corresponding critical
Biot strain, at which the so-called electromechanical breakdown occurs. Beyond this point
(horizontal tangent in the plot) no more stable equilibrium solutions exist. In the right
plot of Figure 3 we compare our solution (solid line), the linearized response (dashed line)
and the electrical part of the Biot strain (dotted line). As long as the Biot strain and the
electric field are relatively small the three curves coincide quite well, a behavior that is fully
lost for large strains. The deviation of the actual Biot strain from the electrical part of the
Biot strain characterizes the deviation of the actual configuration from the intermediate
one, and hence, the evolution of the symmetric electro-mechanical stress tensor. Finally,

0.0 0.5 1.0 1.5 2.0
(c1/c10) / 1

Figure 4: Critical electric field £..;; vs. electrostrictive coefficient ¢y

we discuss the effect of electrostriction on the electromechanical breakdown in some more
detail. For that sake, we compute the second derivative of the augmented free energy with
respect to the stretch A to

0%Qs

POW

Stability of an equilibrium point requires this second derivative to be positive. From the
equilibrium condition and the stability margin pg 8;?3 = 0 we find

o\ -6
(22) =1 Slew(agti g = Y7 oot )

)\e,crit

— (A2 50N 0) - 3A2%52. (47)

from which we can compute the critical value it Ae crit and furthermore Aepi¢. For Ao = 1,
which means ¢; = 0, this result is well-known from the literature, see [8]. In Figure 4 we
present the dependance of the breakdown electric field &.,.;; on the electrostrictive coefficient
c1, which is scaled with respect to the value cig we have used in the above results.

11
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4 Concusion & Outlook

The present paper was focussed on the discussion of a multiplicative decomposition of
the deformation gradient tensor in dielectric elastomers to account for electrostriction.
Only single layered plates were studied. In the future the approach will be extended to
geometrically nonlinear shells with layers made of such dielectric elastomers. Moreover, the
specific constitutive law for the electrical part of the deformation gradient will be revisited.
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