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ABSTRACT: Motivated by recent progress in viscoelastic indentation analysis, the identification of
viscoelastic properties from materials exhibiting elastic, viscous and plastic material behaviour by
means of nanoindentation is dealt with in this paper. Based on existing solutions for pure viscoelastic
material behaviour, two methods allowing us to consider the effect of plastic deformation are
presented: (i) the so-called double-indentation technique, with the second indentation characterised
by pure viscoelastic material response and (ii) the use of spherical indenter geometries instead of
commonly used pyramidal indenters avoiding plastic deformation at all. Both methods are applied to
three different polymers, giving access to the model parameters of the fractional dash-pot which is
used to describe the viscoelastic behaviour. The results obtained are compared with results from
standard (single) indentation tests using a Berkovich indenter. Moreover, the influence of the
maximum load, determining the amount of plastic material response, on the identified model
parameters is investigated. Finally, the creep-compliance functions identified by nanoindentation are
compared with the respective macroscopic creep-compliance functions obtained from bendingbeam rheometer tests.
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Introduction
Recent progress in both finer-scale experimentation
(atomic force microscopy, nanoindentation, etc.) and
theoretical and numerical upscaling schemes provides
the basis for the development of so-called multiscale
models, taking finer scales of observation for describing and predicting macroscopic material behaviour
into account. The success of multiscale models is
strongly linked to the proper identification of material
properties at finer scales, serving as input for the
upscaling schemes mentioned. In this paper, extraction of viscoelastic material parameters by means of
the nanoindentation technique is presented. Parameter identification of materials exhibiting only elastic
and time-dependent material response is based on the
measured increase of penetration during the so-called
holding phase of the measured penetration history
[1–13] (see Figure 1A). Hereby, experimental data are
compared with the respective data from analytical
solution for the mathematical problem of a rigid indenter penetrating a viscoelastic medium [14–22],
giving access to the parameters of the underlying viscoelastic model. Such back-analysis schemes, how-

ever, are only applicable to materials showing no
plastic behaviour. In case of plastic deformation
occurring during the loading phase of nanoindentation tests, both plastic and viscoelastic deformations
would be assigned to the viscoelastic material response, leading to wrong parameters for the underlying
viscoelastic model overestimating the viscoelastic
material response [7, 23–25]. In order to account for
the effect of plastic deformation, two methods are
compared in this paper: (i) the double-indentation
technique and (ii) use of spherical indenter geometries
instead of the commonly used pyramidal indenters.
As regards the double-indentation technique (see
the succeeding section), the effect of plastic deformation is determined by adapting the experimental
setup (change of load history) and considered in the
employed parameter-identification scheme. The
motivation for using spherical indenter geometries,
on the other hand, is to avoid the development of
plastic deformation by reducing the stresses under
the indenter during the indentation process. Therefore, the experimental setup used for a single indentation (trapezoidal load history) may be employed
when using spherical indenters and the parameter
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Figure 1: Load–penetration curve, load history and penetration history for (A) single-indentation test and (B) double-indentation
test on material exhibiting elastic, viscous and plastic material response

identification scheme must be extended towards
spherical tip geometries (see section Parameter Identification of Viscoelastic Properties). In order to assess
the performance of the two methods presented, tests
on three polymers are conducted using either a Berkovich or a cono-spherical tip and employing both
the single- as well as the double-indentation method
(see section Materials and Experimental Setup). The
model parameters identified from the experimental
data are presented and discussed in the Results and
Discussion section. Concluding remarks are given in
the final section.

presented in [30–32]. In this paper, the concept of
effective indenters as proposed by Sakai [32] is
employed. According to Sakai [32], the reloading
indentation process (second cycle) into a plastic
imprint (stemming from the first cycle) can be
approximated by the indentation of a tip with an
effective tip shape into a flat undeformed surface.
Hereby, the face angle b of the original pyramidal
indenter is replaced by an effective face angle beff ¼
b)br, with tanbr ¼ hr/hctanb. Hereby, hr is the residual
penetration after the first load cycle and hc is the
contact height at maximum load of the first load
cycle. Following this idea, adaptation of the tip-shape
function f(q) (see Figure 2), already used in the

Single Versus Double Indentation
Recently, pre-loading of the material was performed
by Zhang et al. [25], leading to the so-called doubleindentation technique (see Figure 1B). Hereby, the
load history is characterised by two load cycles, with
the first cycle (pre-loading) leading to plastic deformation and the second cycle showing only viscoelastic deformation. Thus, the latter is suitable for back
calculation of viscoelastic properties using analytical
solutions for the respective viscoelastic indentation
problem. The second load cycle is characterised by the
penetration of a tip into the imprint resulting from
the first load cycle. In the elastic case, this reloading
cycle may be described by the contact problem of two
conforming solids [26–29]. More refined models,
considering, e.g. the shape of the plastic imprint, were
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Figure 2: Contact between rigid axisymmetric indenter of
shape f(q) and an infinite half-space (P is the applied load,
h is the penetration and a is the contact radius)
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identification scheme reported in Ref. [12], is proposed in this paper. Hereby, the effective tip shape is
given as

feff ðqÞ ¼



hr
f ðqÞ
1
hmax

so-called Sneddon solution [34], the relation between
the penetration h (m) and the corresponding load P
(N) is given for an axisymmetric indenter of shape
f(q) penetrating an elastic half-space by

(1)

h¼a

where hc was replaced by hmax (penetration at point
2, see Figure 1B) in order to avoid the use of wrong
values of hc resulting from negative values of S, i.e.
the initial unloading slope of the load penetration
curve, occurring during testing of low viscous materials. The residual penetration hr is the value of the
penetration at point 4 (see Figure 1B), accounting for
the viscoelastic deformation taking place during the
holding period after unloading, reducing the residual
penetration depth. The identification of model
parameters is identical to the identification scheme
proposed in Ref. [12], considering the holding
phase of the second load cycle and the effective tip
shape feff(q).

1
f ðqÞ ¼
2C0

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

2
2
C1 þ 4C0 q p  C1

a

f 0 ðqÞdq
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  q2
q¼0

Similar to the procedure proposed in Ref. [33], the tip
shape is described by two constants, C0 (–) and C1
(m), which are obtained from calibration of the
nanoindentation-testing equipment (see section
Materials and Experimental Setup). With these two
constants and the function f(q), both perfect cones
with a semi-apex angle a (C0 ¼ ptan2a, C1 ¼ 0) and
perfect spheres with a tip radius R (C0 ¼ )p, C1 ¼
2Rp) can be described. As regards the required solution of the elastic indentation problem, the solution
outlined in Ref. [12], applicable only to tip shapes
characterised by C0 > 0 and C1 > 0, is extended to a
more general solution also including the special case
of spherical tipq
shapes
[C0 < ﬃ0 and C1 > 0, q £ qmax,
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
with qmax ¼ C1 =ð4C0 pÞ]. According to the

1m

2

a

q2 f 0 ðqÞdq
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ :
a2  q2
q¼0

(4)

(5)
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(6)

where M is the indentation modulus, with M ¼
E/(1)m2) and

(2)

(3)
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from the apex of the axisymmetric tip as a function
of the radius q (m) (see Figure 2), giving the crosssection area of the tip, Atip, as
Atip ðqÞ ¼ q2 p ¼ C0 f ðqÞ2 þ C1 f ðqÞ

P¼2

Hereby, a (m) is the radius of the projected contact
area Ac, E is Young’s modulus, m is Poisson’s ratio and
f ¢ ¼ df/dq. Inserting Equation (2) into Equation (4)
gives the penetration and the applied load as a
complex function of the contact radius a, reading

Parameter Identification of Viscoelastic
Properties
For identification of viscoelastic properties, the procedure outlined in Refs [12, 13] is followed. Hereby,
the tip shape is approximated by the distance

Z

(7)

is a function depending only on geometrical properties, such as the tip shape (described by C0 and C1)
and the contact radius a. It is noted, that for arbitrary
values of C0 and C1 Equations (5) and (6) always give
real numbers for h and P. For negative values of C0
(spherical shape), the contact radius a is restricted by

a  qmax

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C21
¼
;
4C0 p

(8)

with qmax as the maximum possible.
Based on the analytical solution of the elastic
indentation problem [Equations (5) and (6)] for the
tip shape given in Equation (3), the viscoelastic
solution is obtained by the application of the method
of functional equations [16]. Hereby, the elastic
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operators P, M and F(a) in Equation (6) are replaced
^
^
^
by their Laplace transforms PðsÞ,
MðsÞ
and FðaðsÞÞ,
giving after re-arrangement
^
PðsÞ
1
^
^
^

^
FðaðsÞÞ
¼
¼
sPðsÞ
¼ YðsÞs
PðsÞ;
^
^
MðsÞ sMðsÞ

(9)

^
where 1=ðsMðsÞÞ
was replaced by the Laplace trans
form of YðtÞ, referred to as indentation compliance
function in the following. Back transformation to the
time domain gives
Z t
  sÞ dPðsÞ ds:
FðaðtÞÞ ¼
Yðt
(10)
ds
0
The left-hand side of Equation (10) depends only
on geometric properties, i.e. the constant parameters
C0 and C1, and on the experimentally obtained
contact radius a(t). The right-hand side of Equation
(10), on the other hand, depends on the mechanical
properties of the viscoelastic half-space represented

by the indentation compliance function YðtÞ
and the
load history P(t). The still unknown contact radius a
is determined from the measured penetration h using
Equation (5).
For identification of viscoelastic model parameters
for the materials presented in the following section, a
fractional dash-pot is used. The respective creepcompliance function reads
 k
t
JðtÞ ¼ Ja
;
(11)
s
where Ja (GPa)1) is the creep compliance at t ¼ s and
k (–) is the creep exponent, with 0 £ k £ 1. s is
introduced for dimensional reasons and is set equal
to 1 s. The fractional dash-pot is able to cover a wide
range of material behaviour from pure elastic (k ¼ 0)
to pure viscous (k ¼ 1) materials. Considering the
indentation compliance function for incompressible

materials, with YðtÞ
¼ JðtÞ=4, Equation (10) becomes,
for the fractional dash-pot and the holding phase of a
trapezoidal load history [13],
Z

t

Jðt  sÞ dPðsÞ
ds
4
ds
0
(
)
 k
Pmax
1
1
kþ1
kþ1
Ja
½t
 ðt  sL Þ  ;
¼
4sL
k þ 1 s

FH ðJa ; k; tÞ ¼

(12)

where sL (s) is the loading duration. In order to
determine model parameters from nanoindentation
test data, the error between the analytical model response [Equation (12)] and F(a(t)) obtained from the
nanoindentation test data [Equation (7)], denoted as
Fexp, is minimised within the holding phase by
adapting the unknown model parameters Ja and k.
The mentioned error is defined by
RðJa ; kÞ ¼

eðJa ; kÞ
;
u

(13)

with
e2 ðJa ; kÞ ¼

n
X
½Fexp fa½hðti Þg  FH ðJa ; k; ti Þ2 ;

(14)

i¼1

and
u2 ¼

n
X

2
Fexp
ðti Þ;

(15)

i¼1

with ti denoting different time instants within the
holding phase.
As regards the double-indentation technique, the
tip-shape function f(q) is replaced by the effective tip
shape feff(q) ¼ (1)hr/hmax)f(q). Considering feff(q) in
the presented identification scheme, the functions
describing the tip shape given in Equations (7) and (5)
are adapted, reading Fexp,eff(a) ¼ (1)hr/hmax)Fexp(a)
and heff ¼ (1)hr/hmax)h. Moreover, t ¼ 0 refers to the
beginning of the second load cycle (point 4 in
Figure 1B).

Materials and Experimental Setup
Three different polymers, i.e. low-density polyethylene (LDPE), polymethyl methacrylate (PMMA) and
polycarbonate (PC), are considered in this study. The
respective values for Young’s modulus and Poisson’s
ratio were taken from the literature and are listed in
Table 1. Nanoindentation tests were conducted at
room temperature using a Hysitron Triboindenter
nanoindenter (Hysitron, Minneapolis, MN, USA)
with a three-sided Berkovich diamond tip and a
cono-spherical tip with a nominal tip radius of 5 lm.

Table 1: Young’s modulus and Poisson’s ratio of polymers considered
Polymer (source)

LDPE (http://www.matweb.com)

PMMA (http://www.matweb.com)

PC (Bayer Industry Services)

Young’s modulus (GPa)

0.139–0.35

1.8–3.1

2.3–2.4

Poisson’s ratio (–)

0.38

0.35–0.4

0.37

48
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All tests were performed with a closed-loop feedback
control, providing a constant load during the holding phase of the test. As the drift correction gave
unstable results, the drift correction was de-activated
for all nanoindentation tests conducted.
The load history of the single indents (see
Figure 1A) is characterised by a loading phase with a
duration of 3 s followed by a holding phase of 20 s at
maximum load. During double indentation, the load
was applied in 0.2 s in the first load cycle and then
reduced to 1 lN in 0.2 s. After a holding phase of 20 s
at a load of 1 lN, the load was increased again in 3 s
to 50% of the load applied in the first load cycle, and
held constant for 20 s. In order to study the dependence of the identified model parameters on the load
considered during the nanoindentation test, the following maximum loads were applied: (i) LDPE: 1000,
750, 500, 250, 125, 50 lN for the Berkovich tip and
750, 500, 375, 250, 125, 50, 25 lN for the spherical
tip; (ii) PMMA: 10000, 7500, 5000, 2500, 1000, 500,
250, 100, 50 lN for both tip shapes; (iii) PC: 10000,
7500, 5000, 2500, 1000, 60 lN for both tip shapes.
For determination of the macroscopic creep-compliance function, bending beam–rheometer tests were
performed. Hereby, a specimen with the height h
(mm) and the width b (mm) is placed horizontally on
two bearings (spacing l ¼ 102 mm). During the test, a
constant load F is applied for 240 s at the midspan of
the beam. The compliance function J(t) is obtained
from the measured increase of the mid-span deflection u(t) by extending the solution for the elastic case

u¼

Fl3 1
Fl3
1
Fl3 1
¼
¼
;
4bh3 E 4bh3 2ð1 þ mÞG 12bh3 G

1 Perform indents in a material with given elastic
properties (e.g. FQ) in the depth range of the
indentation experiments.
2 Compute the projected contact area Ac ¼ p/4(S/
M)2, where S (N m)1) is the initial unloading slope
of the load–penetration curve and M is the
indentation modulus, with M ¼ E/(1)m2), where
E ¼ 72 GPa and m ¼ 0.17 for FQ.
3 Plot Ac as a function of the contact depth hc, with
hc ¼ h)0.75Pmax/S, and approximate the soobtained function by
Ac ¼ C0 h2c þ C1 hc

(18)

where C0 (–) and C1 (m) are constants describing the
tip shape.
The machine compliance, required for determination of the correct penetration depth in the calibration procedure, was determined according to Ref. [36]
using the Berkovich tip.
Figure 3 shows the area function Atip(f(q)) for the
Berkovich and the cono-spherical tip. Although the
shape of the Berkovich tip is well approximated by a
cone over the whole penetration range (C0 and C1
remain positive and approximately constant), the
shape of the cono-spherical tip changes from spherical (Figure 3A) to conical (Figure 3B) and again to
spherical (Figure 3C). These findings were also
observed in scanning electron microscopy images
(see Figure 4), showing the mentioned change of the
tip shape from spherical, to conical, and again to
spherical.

(16)

Results and Discussion
where an incompressible material behaviour (Poisson’s
ratio m ¼ 0.5) is assumed, to the case of viscoelastic
deviatoric behaviour, replacing 1/G by J(t), reading

JðtÞ ¼

12bh3
uðtÞ:
Fl3

(17)

Tip-shape calibration
The area function of the Berkovich tip was obtained
by the standard calibration procedure outlined in
Ref. [35] using fused quartz (FQ) as calibration
material. For the cono-spherical tip, on the other
hand, additionally single-crystal aluminium (Al) was
used for the calibration, giving access to the area
function for larger penetrations (up to 1.2 lm). The
calibration procedure, however, is the same for both
materials and tip shapes:

All three polymers were tested considering different
values for the maximum load using the single- and
double-indentation technique using the Berkovich
and the cono-spherical tip. For each maximum load,
at least nine indents were conducted and mean values for the identified parameters for the fractional
dash-pot, Ja and k, were computed. Figures 5–7 show
the identified model parameters as a function of the
maximum penetration depth which is directly
related to the respective maximum applied loads, for
LDPE, PMMA and PC obtained for single and double
indentation for both tip shapes.
For all four test setups (single and double indentation using a Berkovich or a cono-spherical tip) a
higher variation of the creep exponent at small loads
is observed. This variation is assigned to the influence
of the drift during NI testing, which is more pronounced for small penetrations.
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Figure 3: Area function Atip for Berkovich and cono-spherical tip plotted for different penetration depths (values for C0 and C1 refer
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Figure 4: Scanning electron microscope image of the conospherical tip employed, showing the change of the tip shape

As regards the results from testing with the Berkovich tip, both methods reveal a similar load dependence of Ja and k for all three materials, reaching a
constant value of both parameters as the maximum
load increases (see Table 2). Comparing the identified
parameters obtained from single and double

50

indentation, the single-indentation technique was
found to overestimate the initial creep compliance
for all three polymers, which is explained by the
occurrence of plastic deformation. The creep exponent, on the other hand, is only slightly underestimated by the single-indentation technique.
The results obtained from testing with the conospherical tip show a quite different dependence of
the identified parameters on the maximum load. For
very small penetration depths, for which the tip
shape is spherical (see section Tip-shape Calibration),
the single- and double-indentation techniques give
the same values for the model parameters. Furthermore, these values agree very well with the results
from double indentation using the Berkovich tip.
However, with increasing penetration depth, the
model parameters obtained from single indentation
using the cono-spherical tip increase continuously.
This increase is explained by the larger amount of
plastic deformation as the penetration depth
increases. The model parameters obtained from
double indentation, on the other hand, show a different behaviour with the highest value for both
parameters at a minimum penetration depth of about
300 nm. Although the initial creep compliance seems
to reach a constant value for increasing penetration
depth, the creep exponent increases continuously.
This variation of the identified parameters is assigned
to the tip shape, changing from spherical to conical
and to spherical again (see Figure 3). As the employed
calibration procedure for the tip shape is based on
two parameters (C0 and C1), the complicated tip
shape is well approximated only for small penetration depths (within the first spherical region). In fact,
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Figure 5: Fractional dash-pot parameters for LDPE obtained from single and double indentation using (A) a Berkovich tip and
(B) a cono-spherical tip for different values of hmax
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for such penetration depths, both the single- and
double-indentation techniques give the similar
results to those obtained from double indentation

using the Berkovich tip, highlighting the purely viscoelastic behaviour in case of penetration using a
spherical tip.
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Table 2: Initial creep compliance Ja and creep exponent k for considered polymers obtained from single- and double-indentation
testing using a Berkovich and a cono-spherical tip

Initial creep compliance Ja (GPa)1)

Tip

Test method

Berkovich

Single indentation

33.75

1.00

1.77

Double indentation

28.84
27.00

0.81
0.90

1.01
1.10
0.037

Cono-spherical
Creep exponent k (–)

Berkovich
Cono-spherical

In order to assess the identified model parameters,
the creep-compliance function [Equation (11)] is
plotted for all three polymers using the parameters
given in Table 2 (see Figure 8) and compared with
the creep-compliance function obtained from bending-beam–rheometer tests using Equation (17). In
contrast to the results obtained from single indentation, the creep-compliance function corresponding
to model parameters identified via double indentation shows a good agreement with the macroscopic
test results for all three materials considered. Especially in case of PC, showing the highest amount of
plastic deformation, the parameters identified via
single indentation lead to a creep-compliance function significantly overestimating the macroscopic
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LDPE

PMMA

PC

Single indentation

0.065

0.093

Double indentation

0.066

0.105

0.049

0.090

0.090

0.045

properties. The creep-compliance function corresponding to the model parameters identified via
double indentation, on the other hand, agrees well
with the compliance function obtained from the
bending beam–rheometer test.

Summary and Conclusions
The identification of viscoelastic model parameters
from indentation tests was dealt with in this paper.
Accounting for the plastic material response during
the loading phase of indentation tests, results from
single and double indentation using a Berkovich and
a spherical tip were presented. The parameters for the
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Bending beam rheometer
Single-indentation technique
Double-indentation technique
(A)

(B)

J(t) [GPa–1]

(C)

J(t) [GPa–1]

J(t) [GPa–1]

50
1.6
40

2.0

1.4
1.6

1.2
30

1.0

1.2

0.8

20

0.8

0.6
0.4

10
t [s]
0

0.4

0.2

t [s]

0

50

100

150

200

t [s]
0

0
0

50

100

LDPE

150

200

0

PMMA

50

100

150

200

PC

Figure 8: Creep-compliance function obtained from single- and double-indentation technique using a Berkovich tip for (A) LDPE,
(B) PMMA and (C) PC compared with creep-compliance functions obtained from bending beam–rheometer tests

fractional dash-pot, describing the viscoelastic
behaviour of the three types of polymers considered,
were determined from back calculation using the
increase of penetration during the holding phase of
the indentation test. Based on the so-obtained model
parameters, the following conclusions can be drawn:
1

The initial creep compliance of the fractional
dash-pot identified via single indentation overestimates the creep compliance obtained from
double indentation, which is explained by
assigning the plastic deformation to the viscoelastic material response, giving higher values for
the initial creep compliance.
2 For spherical tip shapes (within the first spherical
region of the cono-spherical tip), the same
parameters were identified using single and double indentation, indicating that no plastic deformation occurred during the indentation process.
Furthermore, the identified parameters agreed
well with results from double indentation using
the Berkovich tip indicating the correct consideration of the plastic deformation in the presented
double-indentation technique.
3 The parameters determined via single indentation
lead to a creep-compliance function significantly
overestimating the creep-compliance function
obtained from bending beam–rheometer tests.
The creep-compliance function obtained from the
model parameters identified via double indentation using the Berkovich tip as well as using the
spherical tip, on the other hand, showed good
agreement with the macroscopic properties,
highlighting the good performance of the presented double-indentation technique.

In summary, both the double-indentation technique as well as the use of spherical indenters were
found to be appropriate for considering/avoiding
plastic deformation during the identification of viscoelastic model parameters for materials exhibiting
viscoelastic and plastic material behaviour. The conventional single-indentation technique using a Berkovich tip, on the other hand, may be employed in
exceptional cases of materials dominated by viscoelastic material response, such as low-density polyethylene.
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28. Goodman, L. E. and Keer, L. M. (1965) The contact stress
problem for an elastic sphere indenting an elastic cavity.
Int. J. Solids Struct. 1, 407–415.
29. Johnson, K. L. (1992) Contact Mechanics. Cambridge University Press, Cambridge.
30. Stilwell, N. A. and Tabor, D. (1961) Elastic recovery of
conical indentations. Proc. Phys. Soc. 78, 169–179.
31. Pharr, G. M. and Bolshakov, A. (2002) Understanding
nanoindentation unloading curves. J. Mater. Res. 17,
2660–2671.
32. Sakai, M. (2003) Elastic recovery in the unloading process
of pyramidal microindentation. J. Mater. Res. 18, 1631–
1640.
33. Thurn, J. and Cook, R. F. (2002) Simplified area function
for sharp indenter tips in depth sensing indentation.
J. Mater. Res. 17, 1143–1146.
34. Sneddon, I. N. (1965) The relation between load and
penetration in the axisymmetric Boussinesq problem for a
punch of arbitrary profile. Int. J. Eng. Sci. 3, 47–57.
35. Oliver, W. C. and Pharr, G. M. (1992) An improved
technique for determining hardness and elastic modulus
using load and displacement sensing indentation experiments. J. Mater. Res. 7, 1564–1583.
36. Hysitron Inc. (2006) Triboindenter User Manual. Hysitron
Inc., Minneapolis, MN.

21. Ting, T. C. T. (1966) Contact stresses between a rigid
indenter and a viscoelastic half-space. J. Appl. Mech. 33,
845–854.

54

 2008 The Authors. Journal compilation  2008 Blackwell Publishing Ltd

j Strain (2009) 45, 45–54

