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Abstract

We discuss the Kaluza—Klein reduction of spaces with (anti-)self-dual Weyl tensor and point out the emergence of the Einstein—Weyl equations
for the reduction from four to three dimensions. As a byproduct we get a simple expression for the gravitational instanton density in terms of the

Kaluza—Klein functions.
© 2007 Elsevier B.V. All rights reserved.

1. Introduction

Recently we carried out a Kaluza—Klein reduction from n to
n — 1 dimensions of conformal tensors (Weyl for n > 4, Cot-
ton for n > 3) [1]. We obtained the descendant expressions in
terms of the Kaluza—Klein functions (metric tensor and gauge
potential in the lower dimensionality). Further we imposed the
condition of conformal flatness, i.e., the vanishing of the higher
dimensional conformal tensor, thereby obtaining equations sat-
isfied by the Kaluza—Klein functions. Solutions to these equa-
tions describe the immersion of a lower dimensional structure
into a conformally flat space.

When reporting our calculations at a conference [2], we were
apprised that our 4 — 3 dimensional story is closely related to
the theory of Einstein—Weyl spaces in three dimensions, widely
studied in mathematics, though apparently of no relevance to
physics [3]. We were informed that our final equations and re-
sults are known to mathematicians [4-9], provided some adjust-
ments are made. (We studied spaces with Lorentzian signature,
which is not common practice in the mathematical setting.)
Nevertheless, it appears that our analysis, if not our results,
is somewhat different from what is found in the mathematical
literature. Also the interest in Einstein—Weyl theory is mostly
non-existent in physics. Therefore, in this Letter we describe
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the material, with the hope that it will appeal both to physicists
and to mathematicians.

In Section 2 the Einstein—Weyl theory is reviewed. In Sec-
tion 3, dimensional reduction of the 4-dimensional Weyl ten-
sor is accomplished by the Kaluza—Klein method. Self-duality
conditions in Euclidean four dimensions then lead to equa-
tions that are closely related to the Einstein—Weyl equations in
three dimensions. Conformal flatness is then reconsidered as a
more restrictive condition. With Lorentzian signature, confor-
mal self-duality is not possible with real fields; only conformal
flatness can be imposed. We exhibit the differences that arise
when Lorentzian signature is employed. In Section 4 we present
a simple result that follows from our Kaluza—KIlein reduction of
the Weyl tensor and its dual: the gravitational instanton density
(also known as Chern—Pontryagin term) is expressed in terms of
the Kaluza—Klein functions. Finally, we discuss an application
thereof in physics, to Chern—Simons modified gravity.

2. Précis of Einstein—Weyl theory

Einstein—Weyl theory (in any dimension) is equipped with
a metric tensor g,, and an additional vector w,—the “Weyl
potential ’—which arises when the covariant “Weyl derivative”
VZV , involving the torsion-less “Weyl connection” wt wv» acts
on g, and preserves its conformal class, cf., e.g., [6].

V}‘:Vg;w = 8)»g;u) - wakugav - wa)\vgua = zwkguw (1)
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The Weyl connection, which leads to (1), can be constructed
from the conventional Christoffel connection I'* wv»> supple-
mented by a w,,-dependent expression.

w)‘m, = FAW + w)‘g,w — wMSf,‘ — wUSI);. 2)

A curvature tensor is determined as usual by

[V;‘liv’ VXV] Vo = _Wrﬂa;w Vg, 3
whose traces define “Ricci” quantities.

er_v = Wra/wz\)s 4)
W= Wkt . Q)

The Einstein—Weyl equation then requires that Wr(w), the
symmetric part of the “Ricci” tensor,! be in the same conformal
class as the metric tensor,

Wr(;w) = )‘guv (6)

or equivalently in three dimensions

1
Wr(,w) — gg,w W —o. @)

From (2) and (3) Wr(,w) can be expressed in terms of the usual
Ricci tensor r,,,,, supplemented by w,-dependent terms.

Wr(uv) =Tuy + d(uwv) + wy Wy + 8uv (d)\w)L - wkwk)- (8)

Here d is the covariant derivative constructed with the 3-
dimensional Christoffel connection. Thus the Einstein—Weyl
equation (7) requires the vanishing of a tracefree quantity.

1 1
Fuv — gg;wr +d(p,wv) - gg,uvd)ﬂﬂ)L

1
+wywy — ggp.vw)uw)\z()' &)

Egs. (1) and (8) are preserved under conformal transfor-
mations: the metric tensor is rescaled and the Weyl potential
undergoes a gauge transformation.

guv — ezag,w, wy, — wy + 9,0. (10)

This gauge freedom is fixed by choosing the “Gauduchon
gauge” d, w" = 0. Within the Gauduchon gauge, a further cal-
culation shows that (9) may be simplified. First present (9) as

Fuy Hdgwyy +wuwy, = Agpy. (11
Multiply this by d*w" to form
AR dwyy = Adyw? —ryy d*w” —ww, d*w?
1
=Ad,w" — d“(rlww”) - Ew“ dﬂw2
+w” d"rpy. (12a)

Since d"ry,, = %avr, the above is rewritten as

I We define symmetrization by r(,,) 1= %(r,w + ryu), anti-symmetrization
by rjv) == %(rw — ryu) and note that generically Wrw is not symmetric.

1 1
d wdw,y = (A ey + §w2>duw“

1 1
—d* (r,ww” — S Wul = Ewﬂw2>. (12b)

In the Gauduchon gauge, the first term on the right-hand side
vanishes. The second term vanishes when integrated over the
relevant manifold, provided it is compact. Alternatively, if the
manifold is open, with a boundary at infinity, sufficiently rapid
drop-off conditions on the relevant quantities still ensure a van-
ishing integral. In either case, the integral of the left-hand side
vanishes. If the metric on the space is positive, the vanishing
of the integral ensures the vanishing of the integrand and fi-
nally of d(,wy). In this situation the Einstein—-Weyl equations,
gauge-fixed to the Gauduchon gauge, reduce to

1
Fuv = 38 Wy — gg,wwxwA =0, (13)

d(uw,,) =0. (14)
Eq. (14) shows that in the Gauduchon gauge the Weyl vector w,

is a Killing vector for the 3-dimensional Einstein—Weyl geome-
try, with the above delineated further properties of the 3-space.

3. Kaluza—Klein reduction of the 4-dimensional Weyl
tensor and its dual

We are concerned with the 4-dimensional Weyl tensor,

CKLMN ._ pKLMN _ KM gNIL +gL[MSN]K’ (15)

8

which is constructed from the Riemann tensor

R¥ pyn =T N —onT X me
+ I8 ypr Py — ¥ ypI P 1 (16)
and the Schouten tensor
1

Sun = Ryn — ggMNR, 17

where

RMN = RKMKN, RI:gMNRMN. (18)

We use capital letters to denote 4-dimensional quantities, as
above, and lower case letters for 3-dimensional entities, as in
Section 2.

We choose the 4-dimensional metric tensor gy to be of the
Kaluza—Klein form

+a,a a
gun =e*° (g;w a wY 1“) (19)
v

corresponding to the line element
2
ds(24) =gMN dxM dxN = o2 [ds(23) + (aﬂ dx" + dx4) ], (20)
with
ds(23) =guvdxtdx”. 21

Since we are interested in the conformal tensor the overall con-
formal factor ¢2° has no si gnificant role, so henceforth we omit
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it. Furthermore we take the Kaluza—Klein mode functions (g,
ay) to be independent of the “fourth” coordinate denoted by x4

The Riemann tensor, evaluated on the metric (19) is given
by a variant of the Gauss—Codazzi equations. These then lead
to the corresponding formulas for the Weyl tensor

CHYAT _ z(gﬂ[)»cr]v . gv[kcr]u) — _E;leté)Lr/Scwﬁ7 (22)
1 1 1

o im (1 Sy pr gt = g ) 23)
2 3 3

C;w)A + Cuvkrar — _euvrkkr’ (24)

ki :==d fr)s (25)

with

fri=e"o,a,. (26)

The quantity €*'* denotes the e-tensor, which is related to
the antisymmetric e-symbol é*"" by e*'T = é#V/ /g, and
dy is the 3-dimensional covariant derivative involving the 3-
dimensional Christoffel connection. Note that both ¢, and k,,,
are traceless.

Now we define the dual Weyl tensor (¢ RS again is the
tensor).
*CABMN ._ léMNRsCABRS_ @7

The Weyl tensor and its dual share all the symmetries of the
Riemann tensor. Also they are traceless in every pair of indices.
Moreover, in four dimensions not only C A pcp is conformally
invariant and thus independent from o in (20), but also its dual
(with the same index positions).

The relations between the 3-dimensional components of
*CABMN 404 CABMN gpe

*Ccrr;w — E;wagaﬂ (Ccrrﬂ4 + (/wcmcﬁka)»)7 (28)
1
*Corp.4+*corp.vav — Eep.aﬁgaygﬁacaryé' (29)
The remaining components of *CABMN are determined by the
symmetries and trace properties of that tensor.
We now equate (28) and (29) to (£) the corresponding
Weyl tensor components thereby requiring the 4-dimensional

Weyl tensor be (anti-)self-dual. This produces equations that
are solved by

Cuv = Ekpy. (30)

Comparison with the Einstein—Weyl equations (9) shows
that we have regained them, provided f* is identified with
F+w#. Moreover, we are already in the Gauduchon gauge, by
virtue of the transversality of f*, see (26). We may appeal
to asymptotic conditions to argue that k,, vanishes, as above.
Alternatively, the demand that the 4-dimensional space be con-
formally flat, i.e., that its Weyl tensor vanishes so that it is both
self-dual and anti-self-dual, implies that ¢, and k;, vanish
separately. Therefore, the asymptotic conditions which estab-
lish k&, = 0 are strong enough to render conformally flat any
(anti-)self-dual spacetime with a Killing vector [given by 9,4 in
the adapted coordinate system (20)].

Once (30) is replaced by the vanishing of each side, it is
a straightforward matter to derive further equations that also
appear in the mathematics literature [4,5,7-9]

r=5f*+c, (31)
duFuy =0, (32)

where c is a constant and
FH =€ 4, fi. (33)

Eq. (32) shows that there exists in the 3-dimensional geometry
a further Killing vector, F'*, which is constructed from the curl
of f,, when the latter is non-vanishing.

When the spacetime possesses Lorentzian signature, the
Gauduchon argument cannot be carried to the conclusion that
dwy) vanishes. However our dimensional reduction proce-
dure arrives at that result directly. With Lorentzian signa-
ture (19) is replaced by

gun =€ (g*“ e ‘“M) : (34)
—ay, -1

Formulas (22), (24), (25) and (26) continue to hold but (23)
changes in that the terms quadratic in f* acquire the oppo-
site sign. With Lorentzian signature (anti-)self-duality cannot
be imposed on real fields, so the only possible requirement is
vanishing of the (3 4+ 1)-dimensional Weyl tensor. This leads to
the vanishing of ¢, (with the appropriate sign change) and to
the Killing equation for f#.

Finally we observe that it is not known whether the Einstein—
Weyl equations derive from an action/Lagrangian. Our ap-
proach does not shed any new light on this. However, when a
further Ansatz is posited for our equations, viz. that the Kaluza—
Klein functions be circularly symmetric, 2-dimensional actions
that lead to these equations have been constructed [1]. These
actions are related to each other by a specific duality that exists
for generic 2-dimensional dilaton gravity [10].

4. Chern—Pontryagin term
The Chern—Pontryagin term
D= %*RABCDRABCD,
* RABCD ._ EECDMNRABMN (35)
can be represented by the alternative formula

1
P= E*CABCDCABCD. (36)

Its properly normalized volume integral yields the gravitational
instanton number.

With the results from Section 3 it is now straightforward to
calculate the dimensional reduction of P. Using the Kaluza—
Klein split (19) [or (34)] it proliferates into

1
P= E*c"”‘fy‘S Capys +2°CP74Copya + 25 CP4Chapa. (37)
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By virtue of the symmetry- and trace-properties of C4pcp and
its dual, we obtain from (22)—(26), (28) and (29) the simple
result

P =8c""kyy (38)

for the Chern—Pontryagin term. This formula is useful for
Chern—Simons modified gravity [11]. Namely, in that theory P
has to vanish on classical solutions. In practice it turns out to
be difficult to implement this constraint effectively [12]. How-
ever, if 4-dimensional space—time admits one Killing vector our
reduction scheme applies and (38) can be exploited.

The constraint

P=0=c"k,, (39)

has three different classes of solutions. Either c,,, vanishes or
kv vanishes or they are orthogonal, in the sense that (39) holds.
This parallels the situation in gauge theory, where *F F o« E - B
vanishes either for electric (E # 0, B = 0), magnetic (B # 0,
E =0) or wave configurations (E - B=0, E #0# B).”

The “electric” case, ¢, # 0 and k,, = 0 is equivalent to the
Killing equation

d fry =0, (40)

which means that for non-vanishing f}, the 4-dimensional space
must exhibit at least two Killing vectors: one of them, 9,4, is as-
sumed for the Kaluza—Klein reduction, while the other emerges
from lifting f* to a 4-dimensional Killing vector. However,
with non-vanishing c,, the vector F* from (33) in general
does not fulfill the Killing equation (32). If f#* is geodesic,
f'd, f* =0, then the Killing equation (40) establishes a con-
servation equation

duj=0, 41
for the scalar current
ji=r (42)

This conservation is neither necessary nor sufficient for (40).
The “magnetic” case, k;, # 0 and ¢, =0, yields a condi-
tion resembling the Einstein equations,

1 1
P g R I F g =0, 3)

The upper (lower) sign is valid for Euclidean (Lorentzian) sig-
nature. Instead of (31), which no longer needs to hold, the
Bianchi identities establish a covariant conservation equation

d,j* =0, 44)
for the symmetric tensor current
M =g"(r F 2L £6 1 f (45)

This conservation is necessary but not sufficient for (43).

2 The analogy with gauge theory also applies to the square of the Weyl tensor
and its dual, CABCPCypop =*CABCD*Cypep = 8(c* cpy + KMV k),
which matches with the gauge theoretic F 2 & (E% + B?), where the upper
(lower) sign refers to Euclidean (Lorentzian) signature.

The general case, ¢*Vk,, =0 and ¢y, # 0 # k., allows
further analysis. Inserting (23) and (25) into (39) yields

1 1
(r’”— ggu”rﬂ:fuqu:ggwf2>dufv=0' (46)

Again the upper (lower) sign is valid for Euclidean (Lorentzian)
signature. Now we use d,, f* =0 and get

r™d, f, + %du(fzf“) =0. (47)

The Bianchi identities establish a covariant conservation equa-
tion

d,j* =0, (48)

for the vector current

1 1
=t = St LR (49)

This conservation is necessary and sufficient for (47). The 3-
dimensional conservation (48) of the current (49) is recognized
as the dimensionally reduced, 4-dimensional conservation

DaJA=0 (50)

of the Chern-Simons current

2
+ grEBFFFCGFGDE>v (5D

when P vanishes. The structure of the current (49) resembles
the dimensionally reduced gravitational Chern—Simons term
[13]: it has a term cubic in f and terms linear in f which are
coupled linearly to curvature.

We can now rephrase the constraint (39) as the statement that
the current (49) must be covariantly conserved. A special case
emerges if f# vanishes, i.e., a; is pure gauge. Then the current
vector (49) vanishes and (48) holds trivially. This happens, e.g.,
for stationary spacetimes which are also static.
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