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Abstract—We consider network coding for the time-division
two-way relay channel (TWRC). Based on achievable rates, we
study the optimal transmission time allocation for a three-phase
transmission protocol. While existing network coding schemes for
the TWRC perform “hard” network coding, we propose a novel
soft-information-based joint network-channel coding scheme. A
detailed description of the operation of each network node in
our scheme is given. Moreover, we discuss optimal log-likelihood
ratio quantization as well as the transmission of quantized soft
information. Finally, we assess the performance of the proposed
scheme using numerical simulations, including a comparison to
conventional “hard” network coding and to direct transmission
without relay.
Keywords—Network coding, cooperative communications, soft
information processing, two-way relaying

I. I NTRODUCTION
In the two-way relay channel (TWRC) two users exchange
independent messages with the help of one relay. This setting
is relevant, e.g., for cooperative cellular networks. Network
coding [1] at the relay was recognized as efficient means to
improve spectral efficiency in this context. Our focus is on
the half-duplex case with a three-phase transmission protocol,
which is easy to implement in practice. In the first two phases,
the users separately transmit their messages and in the third
phase the relay broadcasts a network-coded combination of
the user data. For such a scenario, [2] optimizes the transmission time allocation for fixed power allocation whereas [3]
optimizes the power allocation for fixed time allocation.
We note that the TWRC with full-duplex transmission
has been considered in [4]–[6]. Furthermore, for the halfduplex case with a two-phase protocol (i.e., simultaneous
user transmissions), achievable rates have been discussed in
[7]–[11] and practical schemes using network coding have
been developed in [12]–[15]. The authors of [16] consider
achievable rates of two-phase and three-phase schemes and
give a comparison of relaying strategies for the TWRC.
In this paper we propose a novel transmission scheme for
the three-phase time-division TWRC with network coding,
based on soft information processing at the relay in the spirit of
[17]. In our scheme, the relay re-encodes the received signals
using the soft-encoder recently proposed in [18]. The networkencoded soft information is then quantized and forwarded
to the users. We design optimal log-likelihood ratio (LLR)
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quantization at the relay [19], and we present a practical
solution for the transmission of quantized LLRs. Simulation
results confirm that the proposed scheme provides significant
gains compared to existing schemes without soft information
processing at the relay. Our scheme allows for low-complexity
implementation with small decoding delay.
The remainder of this paper is organized as follows. Section
II introduces the system model and deals with informationtheoretic aspects of the three-phase TWRC. In Section III
we describe the joint network-channel coding at the relay
and in Section IV we explain the corresponding decoders.
Section V focuses on the design of the LLR quantizer and
the transmission of the quantizer indices. Simulation results
are presented in Section VI and conclusions are provided in
Section VII.
II. S YSTEM M ODEL
A. TWRC Model
We consider two nodes A and B that exchange independent
messages with the help of the relay R. All transmissions
happen in separate time slots. The total number of channel uses
per transmission is M = MA + MB + MR , where Mi denotes
the number of symbols transmitted by node i ∈ {A, B, R}. The
fraction of transmission time allocated to node i is denoted by
Δi = Mi /M .
At node A, a vector uA of KA information bits is encoded
by a terminated systematic rate-1/2 convolutional code with
generator matrix G = (1 g1 /g0 ), where g1 = 138 and g0 =
158 (this corresponds to the constituent code of the turbo code
used in UMTS LTE [20]). Using the rate-matching strategy
of UMTS LTE (cf. [20]), the encoder output is punctured to
obtain a codeword cA of length 2MA = 2ΔA M , which is
then mapped to a sequence xA of MA QPSK symbols. The
signal xA is broadcast to B and R in the first transmission
time slot. In the second time slot, node B transmits to A and
R the signal xB , which is obtained in a completely analogous
manner. The average information rate (in bits per channel use)
of nodes A and B is given by RA = KA /M and RB = KB /M ,
respectively. The sum-rate equals RS = RA + RB .
B. Channel Model
Assuming that all links are Gaussian, we have
−n/2

yij = dij

xi + wij ,

(1)

where xi is the signal transmitted by node i, yij is the
corresponding receive signal at node j, dij is the distance
between nodes i and j, n is the path-loss exponent, and wij
is zero-mean, circularly symmetric complex Gaussian noise
an average
with covariance matrix N0 I. We impose 
 transmit
power constraint at each node i, i.e., E xi 22 /Mi = 1,
where E{·} denotes the expectation operator and ·2 denotes
the 2 -norm. Thus, the signal-to-noise ratio (SNR) for the link
between node i and node j is given by γij = d−n
ij /N0 . Note
that dji = dij and thus γji = γij . We assume that the SNR
γij is known at the receiving node j.
For simplicity we assume that the relay R is placed halfway
between A and B so that dAR = dBR = dAB /2 and
γAR = γBR = 2n γAB . Assuming a path-loss exponent of
n = 3.52 according to the Okumura-Hata model [21], we have
[γAR ]dB = [γBR ]dB = [γAB ]dB +10.6dB. Due to the higher SNR
on the relay-to-user links, the relay uses 16-QAM.
C. Information-Theoretic Limits
We next use results on achievable rates to find the optimal
transmit time allocation and the corresponding achievable
sum-rate. Let Cij (γij ) denote the system capacity of the
point-to-point link between node i and node j under a given
signaling scheme as a function of the channel SNR γij . For
our system, an achievable rate region is given by the closure
of the set of all rate pairs (RA , RB ) satisfying [16, Thm. 3]
RA < min{ΔA CAR (γAR ), ΔA CAB (γAB ) + ΔR CRB (γRB )},
RB < min{ΔB CBR (γBR ), ΔB CBA (γBA ) + ΔR CRA (γRA )}.
For this achievable rate region, the sum-rate-optimal time
allocation can be obtained by solving the linear program
s = arg max RA + RB ,

(2)

s

subject to As  0, s  0, ΔA +ΔB +ΔR = 1.
T
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The linear program (2) can be solved by standard methods
(see, e.g., [22]). In the remainder of this paper, we restrict to
the special case of the symmetric TWRC with R  RA = RB
and γAB = γBA , γAR = γBR , γRA = γRB . Here, Δ  ΔA =
ΔB ∈ (0, 1/2] and ΔR = 1 − 2Δ. Hence, we can reformulate
(2) as Δ = arg maxΔ R. This simpler optimization problem
admits the closed-form solution
CRB (γRB )
,
(3)
Δ =
CAR (γAR ) − CAB (γAB ) + 2CRB (γRB )
if CAB (γAB ) < min{2CRB (γRB ), CAR (γAR )}; otherwise Δ =
1/2, i.e., the relay is inactive and the TWRC degenerates
to two point-to-point channels. With (3), the maximum sumrate equals RS = 2Δ CAR (γAR ). Fig. 1 shows Δ and RS
versus γAB for the channel model described in the previous
subsection. The case of Gaussian signaling is shown for
comparison.
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Figure 1: Optimal time allocation parameter Δ and maximum
achievable sum-rate RS versus γAB for the symmetric TWRC.
III. R ELAY O PERATION
Fig. 2 shows a block diagram of the relay R, which
processes the signals yAR and yBR (cf. (1)) received during
the first two transmission phases. The relay performs (i) soft
channel re-encoding of the observations, (ii) network encoding
of the re-encoded observations, and (iii) broadcasting of the
network-coded soft information to the users.
A. Soft Re-encoding
Since the processing of yAR and yBR is identical, we restrict
to yAR in the following. First, yAR is passed through a soft
demapper which delivers a block LA,ch of LLRs for the code
bits cA . These LLRs are then passed to a soft-input softoutput (SISO) BCJR channel decoder [23] which produces
posterior LLRs LA for the information bits uA . The interleaved
information bit LLRs LA = Π (LA ) constitute the input of
a SISO channel encoder [18], which computes LLRs for the
codeword bits cA corresponding to the interleaved information
bits uA = Π (uA ). The SISO encoder uses the same generator
matrix G as the encoders at A and B. Note that the SISO
encoder is truncated, since exact termination of the SISO
encoder is not possible. The output of the SISO encoder is
punctured to match the length MR = ΔR M of the relay
transmit signal xR , resulting in a block of LLRs LA for the
punctured codeword cA . The same steps are performed for
yBR . Since yAR and yBR are received and processed in disjoint
time slots, the processing chain needs to be implemented only
once in hardware, thereby reducing silicon area.
B. Soft Network Encoding
We perform soft network encoding of the punctured output
of the two SISO channels encoders. This allows us to use
a single broadcast transmission to convey information about
both codewords cA and cB to both nodes simultaneously. The
network encoder implements the “soft” version of the parity
check equations cR = cA ⊕ cB , where “⊕” denotes elementwise modulo-2 addition. The output of the soft network
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Figure 2: Block diagram for the relay node R.
encoder thus is LR = LA  LB , where the boxplus operation
“” (see [24]) is performed element-wise.
C. Transmission of Soft Information
The LLRs LR computed by the soft network encoder are real
numbers and hence must be quantized for digital transmission.
We use a scalar quantizer Q(·) with Q levels that maps each
LLR to a corresponding quantizer index zR ∈ {0, 1, ..., Q−1}.
The quantizer indices zR are then modulated onto 16-QAM
symbols. The LLR quantizer and symbol mapping both turn
out be critical and are discussed in more detail in Section V.
We note that in the case of two-level quantization (Q = 2),
the SISO encoder and the network encoder can be replaced by
a conventional encoder and an XOR operation, respectively.
The output of the “hard” network encoder is then modulated
directly. However, the decoders at A and B still use the
reliability information provided by the (quantized) LLRs l0
and l1 (cf. (4)) about the transmitted bits.
IV. R ECEIVERS AT N ODES A AND B
The decoding at B (A) is based on viewing the encoder at
A (B) and the re-encoding at the relay as a distributed parallel
concatenated convolutional code (PCCC). In the following, we
restrict to the receiver processing at node B (node A decodes
in an analogous manner). Fig. 3 shows a block diagram of
the joint network-channel decoder employed at node B, which
processes the observations yAB and yRB (cf. (1)) received in
the first and the third time slot, respectively. Both observations
are passed through a soft demapper. The channel LLRs LR,ch
corresponding to yRB are passed to the source decoder, which
computes an estimate L̂R of the network-coded LLRs LR
(the source decoder is described in Section V). The network
decoder then computes an estimate L̂A of the punctured code
bit LLRs LA according to L̂A = (1 − 2 cB )  L̂R (“”
denotes element-wise multiplication). Here we used the fact
that node B knows its own information bits uB and hence
can exactly compute the punctured code bits cB using the
same encoder as the relay (cf. the upper-most branch in
Fig. 3). It is worth noting that performing network decoding
iteratively, i.e., in a turbo-like fashion, does not improve the
performance of the system, since the receivers know their
own message perfectly and hence can completely reverse the
network encoding operation in a single step.
Finally, the output of the network decoder and the output of the demapper corresponding to yAB are processed
by a conventional iterative (turbo) decoder. The distributed
PCCC formed by the constituent codes at nodes A and R is
decoded by alternatingly executing the BCJR algorithm on
the constituent codes and exchanging extrinsic information
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Figure 3: Receiver block diagram for node B.
about the information bits between the decoders. After a fixed
number of iterations, the posterior LLRs for the information
bits uA are sliced to obtain the decoding result ûA . The
decoding complexity of our scheme is moderate since the
iterative decoder converges usually after only one iteration
(cf. Section VI). Moreover, a small decoding delay can be
achieved with short information block lengths KA , KB without
noticeable performance loss.
V. Q UANTIZER AND S IGNAL D ESIGN
We next discuss the design of the LLR quantizer and
transmit signal at the relay and we propose a simple, yet
effective, source decoder.
A. Quantizer Design
The relay uses digital modulation and hence needs to quantize the network coded LLRs. The scalar Q-level quantizer
Q maps an LLR LR to a reproducer value lk , k ∈ Z =
{0, 1, . . . , Q − 1}, according to
Q(LR ) = lk

if LR ∈ Ik ,

where Ik denotes the kth quantization interval. The relay then
broadcasts the index zR = k to A and B.
Our quantizer design is based on maximizing the mutual
information I(cR ; zR ) between the network-coded bit cR =
cA ⊕ cB and the quantizer index zR for fixed Q. A local
optimum of this non-convex problem can be found numerically
using the information bottleneck method (IBM) [25]. This
approach has first been used in [19], where, however, error-free
transmission of the quantizer indices zR has been assumed.
The iterative IBM algorithm requires the distribution p(cR , LR )
as input and yields a 0/1-valued assignment p(zR |LR ) which
in turn determines the quantization intervals Ik (see [19] for
the details). However, since I(cR ; zR ) does not depend on
the reproducer values lk , the latter can still be freely chosen.
Following [26], we use the LLRs of the equivalent discrete
channel p(zR |cR ), i.e.,
lk = log

p(cR = 0 | zR = k)
,
p(cR = 1 | zR = k)

k ∈ Z.

(4)
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Here, L is the sub-block of channel LLRs in LR,ch that
correspond to zR . Note that |L̂R | ≤ maxk |lk |. The posterior
distribution of the quantizer index in (5) can be expressed as

Figure 4: Optimized mapping for four-level quantization.
p zR = k | L = C p(zR = k)
The LLR quantizer parameters designed according to Algorithm 1 and (4) are stored at all nodes. The relay chooses
the appropriate quantizer parameters depending on the SNR
γAR = γBR and signals this choice to the users. Throughout we
assume that A and B are fully aware of the quantizer choice
at the relay. We note that for Q > 2 the quantizer output
distribution p(zR ) is strongly non-uniform. The resulting nonuniform prior distribution of the transmit symbols xR should
be taken into account by the demappers at the user nodes.
Finally, we note that the quantizer design described above
is superior to other quantizer designs, e.g., mean-square error
optimal (Lloyd-Max) quantization and uniform quantization.
B. Signal Design
We next discuss how to map the quantizer indices zR to
16-QAM symbols for two-level and four-level quantization.
For Q = 2, we map four quantizer indices to one 16-QAM
symbol using Gray labeling. For Q = 4, each index zR is
represented by its natural binary representation bR = (b0 b1 )
(1)
(2)
(1) (2)
and the four bits bR , bR of two quantizer indices zR zR
are mapped to one 16-QAM symbol. In this case, however,
Gray labeling is not optimal because the quantizer bits are not
equally significant, i.e., it matters which bit is in error. We
optimized the symbol labeling by using the mutual information
between bR and the corresponding channel output as score
function [27] and by applying the binary switching algorithm
(BSA) [28]. The BSA quickly finds a very good (if not the
optimal) bit labeling without performing a brute-force search
over all 24 ! ≈ 2 · 1013 possible labelings. The resulting
(1) (1) (2) (2)
mapping for the bits b0 b1 b0 b1 is shown in Fig. 4.
C. Source Decoder
The source decoders at A and B aim at computing an
estimate of the actual reproducer value lzR using the LLRs
LR,ch . A simple source decoder could, for example, detect the
transmitted quantizer index zR , yielding ẑR ∈ Z, and output
the corresponding reproducer value lẑR . This is optimal iff
ẑR ≡ zR , i.e., iff the transmission of the quantizer index is
error-free. In our system, the quantizer indices are transmitted
over a noisy channel and hence transmission errors will occur.
In this case source decoding should not be performed as
described above.
Instead, we propose a source decoder which computes a
convex combination of the reproducer values lk , where the

(5)

k=0

(k)

J−1


exp − bj Lj

j=0

1 + exp − Lj

,

where C is a normalization factor, Lj is the jth element of L
(k) (k)
(k)
and b0 b1 . . . bJ−1 is the binary representation of the
quantizer index zR = k (here J = log2 Q denotes the
number of bits per quantizer index). The effectiveness of the
proposed source decoder (5) is confirmed by the simulation
results in Section VI.
VI. S IMULATION R ESULTS
In this section we compare the bit error ratio (BER) performance of the proposed scheme to three reference schemes. The
first two reference systems are point-to-point systems using
either the convolutional code with generator matrix G or the
UMTS LTE turbo code as channel code. The third reference
scheme is a conventional joint network-channel coding scheme
for the TWRC with “hard” network coding (XOR) at the
relay. In this case the relay performs network coding only
if both observations were decoded successfully, otherwise it
does not transmit at all. For our scheme we show the BER
performance for two-level and four-level quantization with and
without the source decoder (SD) described in Section V-C.
The BER performance comparison is fair since all schemes
transmit at the same overall rate, the same average transmit
power constraint is imposed at all nodes, and the total power
per transmission is the same for all schemes.
We choose KA = KB = 256 information bits and the
sum-rate RS = 1. This yields a total of M = 512 channel
uses per transmission. In our system, RS is achievable at
γAB = −7.8 dB and the corresponding optimal transmit time
allocation is ΔA = ΔB = 0.358 (cf. Fig. 1). Thus we have
MA = MB = 183 and MR = 146. For the point-to-point
systems we have MA = MB = 256. The BER results shown in
Fig. 5 have been obtained by Monte Carlo simulation of 60 000
transmissions for each scheme at each marker position. We
use random interleavers, where the interleaver depth is equal
to the block length and a different interleaver realization is
used for each transmission. All relaying schemes perform a
single decoder iteration. The turbo code uses five iterations.
From Fig. 5 we observe that the point-to-point schemes are
outperformed by all relaying schemes. The turbo code does not
perform significantly better than the convolutional code due to
the small block length. Our scheme with two-level quantization outperforms the hard network coding scheme, since the
relay transmits LLRs l0 and l1 even if it could not decode
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Figure 5: BER performance comparison.
both observations completely. The source decoder improves
the performance of our scheme with Q = 2 significantly, e.g.,
by more than 2 dB at a BER of 10−3 . However, four-level
quantization gains another one to two decibels compared to the
case of Q = 2 with source decoding. For Q = 4, the source
decoder improves the performance only slightly. In terms of
BER performance, our scheme does not benefit from a larger
block length and additional decoder iterations. We conjecture
that this is because the BER is dominated by the error floor
of the decoder which is reached after only one iteration. (The
error floor of the decoder decays as the SNRs increase.)
VII. C ONCLUSIONS
We have proposed a novel transmission scheme for the
TWRC based on soft network coding at the relay. For this
scheme, we have discussed the optimal allocation of transmission time to the network nodes. Soft re-encoding is performed
by the relay based on a recently proposed SISO channel encoder. We have considered optimal LLR quantization together
with a practical scheme for the transmission of quantized
LLRs. Simulation results show that the proposed transmission
scheme features excellent performance and offers a gain of
up to 4.5 dB at a BER of 10−3 compared to a conventional
“hard” network coding scheme. Low decoding complexity and
a small decoding delay make this scheme perfectly suited for
next generation cooperative wireless networks.
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[27] F. Schreckenbach, N. Görtz, J. Hagenauer, and G. Bauch, “Optimized
symbol mappings for bit-interleaved coded modulation with iterative
decoding,” in Proc. IEEE Global Telecommunications Conf., vol. 6, Dec.
2003, pp. 3316–3320.
[28] K. Zeger and A. Gersho, “Pseudo-gray coding,” IEEE Trans. Comm.,
vol. 38, no. 12, pp. 2147–2158, Dec. 1990.

