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Inverse Methods for Reconstruction of
Channel Taps in OFDM Systems
Tomasz Hrycak, Saptarshi Das, and Gerald Matz

Abstract—We describe a novel pilot-aided method for estimation of
doubly selective wireless channels in OFDM systems. We compute the first
few Fourier coefficients of each channel tap from the pilot information. We
then estimate the BEM coefficients of the channel taps from their respective Fourier coefficients using a recently developed inverse reconstruction
channel taps, the proposed method uses
method. For a system with
( log ) operations and ( ) memory per OFDM symbol.
We validate our method by simulating a system conforming to the IEEE
802.16e standard.
Index Terms—Basis Expansion Model (BEM), channel estimation,
doubly selective, inverse reconstruction method, OFDM.

I. INTRODUCTION
A. Motivation
Orthogonal frequency-division multiplexing (OFDM) is a multicarrier modulation technique with several advantages, e.g., high spectral
efficiency and robustness against multipath propagation. OFDM based
communications through rapidly varying doubly selective wireless
channels attract a great deal of scientific and commercial interest.
OFDM is used in high-mobility communication systems, e.g., Mobile
WiMAX (IEEE 802.16e), WAVE (IEEE 802.11p), and DVB-T (ETSI
EN 300 744).
Communication systems using multicarrier modulation schemes
over doubly selective channels are affected by intercarrier interference
(ICI), which makes equalization more difficult. ICI is caused by the
Doppler effect, and the carrier frequency offset. The Doppler effect
is proportional to the receiver velocity and the carrier frequency and
depends inversely on the intercarrier frequency offset.
In the case of scalable OFDM, the required bandwidth grows with
the number of subcarriers. Increasing the bandwidth increases the sampling frequency, which in turn proportionally increases the number of
resolvable discrete multipaths. For example, Mobile WiMAX with
subcarriers typically exhibits a discrete path delay of K
8 ; see [1]. A
large number of channel taps makes channel estimation much harder.
Such challenging regimes require an accurate channel estimation algorithm, whose complexity scales with the number of subcarriers.

K

B. Previous Work
Doubly selective channels, whose taps vary with time, are commonly
estimated using the Basis Expansion Model (BEM); see [2] and [3].
The BEM approximates the channel taps by linear combinations of
prescribed basis functions. In this approach, channel estimation reduces to estimation of the basis coefficients of the channel taps. Several
bases have been proposed for modeling doubly selective channels. The
BEM with complex exponentials (CE-BEM) [4] gives rise to a banded
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frequency-domain channel matrix. Unfortunately, the CE-BEM is not
sufficiently accurate for doubly selective channels due to the Gibbs
phenomenon; see [2]. Other BEMs include the generalized CE-BEM
(GCE-BEM) [5], the polynomial BEM (P-BEM) [6], [7], and the BEM
with discrete prolate spheroidal sequences (DPSSs) [2].
The papers [3] and [7] are focused on estimation in extreme regimes,
where the channel taps noticeably fluctuate within a single OFDM
symbol duration. For a channel with L taps, the method presented
in [3] requires (L2 ) flops and memory to estimate the BEM coefficients. The method of [7] requires only (L log L) operations and
(L) memory for the same task.
Typically, equalization of the received signal is done after estimation
of the channel. A method proposed in [8] uses the estimated BEM coefficients directly for equalization of the received signal, without ever
creating the channel matrix. With K OFDM subcarriers, that equalizer
has a complexity of (K log K ) and requires (K ) memory. There
exist other low-complexity equalization methods, e.g., [9] and [10].

O

O

O

O

O

values assumed by the taps at the sampling times are denoted by hl [n],
i.e., hl [n] = hl (nTs ). After discarding the cyclic prefix, the receive
signal y [n] is given by the formula

y[n] =

O

O

II. SYSTEM MODEL

We consider a single-user CP-OFDM system with K subcarriers and
a cyclic prefix of length Lcp . We denote the transmission bandwidth
by B , and the sampling period by Ts = 1=B . We assume that Lcp Ts
exceeds the channel’s maximum path delay and, consequently, no intersymbol interference (ISI) occurs.
The time-domain transmit signal x[n] is obtained by modulating the
frequency-domain transmit symbols A[k](k = 0; . . . ; K 1) using
the inverse discrete Fourier transform (IDFT) as follows:

0

x[n] = p1
K

K 01
k=0

A[k]ej2 ; n = 0Lcp ; . . . ; K 0 1:

0

0

(1)

We note that the indices n = Lcp ; . . . ; 1 correspond to the cyclic
prefix.
We denote the channel tap with delay l by hl ; 0 l L 1, where
L is maximum discrete-time delay. We assume that L = Lcp . The

0

hl [n]x[n 0 l] + w[n]; n = 0; . . . ; K 0 1

(2)

B. Basis Expansion Model
In the framework of the Basis Expansion Model (BEM), each
channel tap hl is represented as a linear combination of the basis
functions [2], [3]. The number of basis functions used is called the
model order, and denoted by M . In this paper, we study rapidly
varying channels, and analyze the channel taps within a single OFDM
symbol duration KTs (excluding CP). Consequently, we represent the
lth channel tap as

hl (t) =

M 01
m=0

blm Bm (t);

0

t KTs

(3)

l = 0; . . . ; L 0 1, and blm is the mth basis coefficient of the lth channel
tap.

C. BEM With Prolate Spheroidal Wave Functions
In [2], the authors view the channel taps as band-limited functions
of time, and introduce a BEM with the discrete prolate spheroidal sequences (DPSSs) [13]. Instead of the DPSSs, we use their continuous
counterparts, the prolate spheroidal wave functions (PSWFs) [12] as
a basis for the wireless channel taps. The resulting BEM is called a
PSWF-BEM. Advantages of the PSWF-BEM can be summarized as
follows. For a fixed model order M , the PSWF-BEM approximates
the channel taps as continuous functions of time, and the PSWFs depend only on the time–bandwidth parameter [12], which reflects the
magnitude of the maximum Doppler shift. In contrast, the DPSSs are
defined at discrete time instances. Moreover, the DPSS-BEM depends
on the number of samples N , which is typically equal to the number
of subcarriers K . However, the number of subcarriers is a transmission
parameter, which is unrelated to intrinsic properties of the channel. The
PSWFs are the limits of the DPSSs as the number of samples N increases to infinity. In practice, the two approaches result in a similar
accuracy of approximation, with the PSWF-BEM being simpler.
Our definition of the PSWFs follows [13, p. 383]. For a fixed parameter c > 0, we consider the eigenproblem
1

A. Transmitter–Receiver Model

l=0

where w[n] denotes complex additive noise.

C. Contributions
In [7], the authors present a pilot-aided method for computation of
the Fourier coefficients of the channel taps, which requires (L log L)
operations and (L) memory. Subsequently, the BEM coefficients in
a fixed, but arbitrary basis, are computed from the Fourier coefficients
of the taps by the orthogonal projection on the subspace spanned by the
basis. In this paper, we are only concerned with estimation of the BEM
coefficients from the estimated Fourier coefficients. Specifically, we
study the inverse reconstruction method [11]. While the inverse method
can be used with arbitrary bases, we develop our approach using the
basis of the prolate spheroidal wave functions (PSWFs); see, e.g., [12].
We estimate the basis coefficients of the taps, however, without necessarily reconstructing the full channel matrix. For equalization, we use
the method proposed in [8].
The paper is organized as follows. In Section II, we describe our
OFDM transmission model, the basis expansion model of the wireless
channel, introduce the PSWF-BEM, and summarize the method of
[7] for estimation of the Fourier coefficients of the channel taps.
In Section III, we formulate the inverse reconstruction method. In
Section IV, we first provide an overview of the BEM coefficients
estimation using the inverse method, next we describe further details of
the BEM estimation algorithm and its complexity analysis. We present
our simulation results in Section V, and our conclusions in Section VI.
Our simulations conform to the IEEE 802.16e standard [1].

L01

c x 0 y) (y)dy =  (x); 01 x

sin (

01 (x 0 y)

:

1

(4)

Equation (4) has a square integrable solution only for a discrete set
1 . . . > 0, with the corresponding
of positive eigenvalues 0
real-valued eigenfunctions 0 ; 1 ; . . ..
A discrete version of the eigenproblem (4) is used in [2, eq. (8)]
to define the DPSSs. The DPSSs are used to represent the discretized
wireless channel taps because these sequences arise in the solution of
a discrete spectral concentration problem [2, eq, (5)], and thus form
an efficient basis for band-limited channel taps. Similarly, the PSWFs
arise as the solutions to the following spectral concentration problem:
find a band-limited function with bandwidth c > 0, whose energy on
the interval [ 1; 1], normalized as a fraction of the total energy, is the
highest possible [13]. Specifically, the function 0 maximizes the normalized energy on the interval [ 1; 1], the function 1 maximizes the
normalized energy on the interval [ 1; 1] among the functions orthogonal to 0 , etc.

0

0

0
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We consider one OFDM symbol of duration Ts (excluding the
cyclic prefix), and regard the channel taps as functions defined on
the time interval [0; KTs ]. We model the channel with the maximum
Doppler shift of max using rescaled PSWFs, whose bandwidth does
not exceed max . Specifically, we set

hl (t) =

M

01

m

=0

blm 9m (t); t 2 [0; KTs ]

(5)

where blm is the mth PSWF coefficient of the lth channel tap for l
0; . . . ; L 0 1, and

t

9m ( ) =

m

2t
01 :
KTs

=

(6)

The bandwidth parameter c of the PSWFs m is set to 2max KTs , the
latter quantity is known as the time-bandwidth product. In Section IV,
we derive explicit formulas for the PSWF-BEM coefficients in terms
of the receive signal.
Our reconstruction algorithm requires the evaluation of the Fourier
transforms of the PSWFs, which can be expressed in terms of the same
PSWFs rescaled by the factor of 1c [14, eq. (7)]

1 0|!x
e
01

n (x)dx

0|)n

= (

n
c

2

n

!
; !2 :
c

III. INVERSE RECONSTRUCTION METHOD
The objective of the inverse reconstruction method [11] is to reconstruct an unknown function as a linear combination of given basis functions from a finite number of the Fourier coefficients of the function.
Specifically, a linear combination is constructed whose Fourier coefficients match the given Fourier coefficients of the unknown function.
Given a function f (x) defined on the interval [01; 1], and a positive
integer D , we consider the first D Fourier coefficients of f (x) given
by

1 0jdx
f (x)dx; D0 d D+
e
(9)
01
where D0 = 0b(D 0 1)=2c; D+ = bD=2c, and b1c denotes the
0
D+ , and D+ 0 D0 = D 0 1.
floor operation. Clearly, D0
f^(d) =

We approximately reconstruct the function f as a linear combination
D basis functions 80 ; . . . ; 8M 01
of fixed M

f  fM (t) =

An accurate, pilot-aided, FFT-based estimation method for the
Fourier coefficients of the channel taps is presented in [7]. With L
discrete channel taps, that method requires O(L log L) flops and
O(L) memory, and does not require any statistical information. In
this paper, we use the same algorithm for estimation of the Fourier
coefficients of the channel taps.
We consider the lth channel tap hl on the interval [0; KTs ], and define its k th Fourier coefficient as follows:

Hl k
[

KT
] =

0

e0j 2k

hl (t)dt:

jf^(d) 0 f^M (d)j2
D

H

(10)

(11)

d D

where f^M (d) is the k th Fourier coefficient of fM . The coefficients am
minimizing the expression (11) are computed as the solution of the
overdetermined least squares problem

a

a2

kP a 0 ^f k

(12)

f

where = [a0 ; . . . ; aM 01 ]T ; ^ = [f^(D0 ); . . . ; f^(D+ )]T , and P is
the D 2 M matrix whose entries are the respective Fourier coefficients
of the basis functions

Pdm = 8^ m (d);
(13)
m = 0; . . . ; M 0 1; d = D0 ; . . . ; D+ . If P has full rank, then the
overdetermined least squares problem (12) has a unique solution given
by:

a

(8)

We assume that estimated Fourier coefficients of the channel tap ~ l [k]
are given for D0
k
D+ , where D0 and D+ are fixed cutoff
frequencies.
Reconstruction of the channel taps from the estimated Fourier coefficients as truncated Fourier series corresponds to the CE-BEM [4].
However, the CE-BEM is not sufficiently accurate for estimation of
doubly selective channels because of the Gibbs phenomenon; see [2]
and [7]. Nevertheless, estimated Fourier coefficients can be used to estimate the BEM coefficients with respect to a fixed arbitrary basis. In
[7], the BEM coefficients are computed by the orthogonal projection
of a truncated Fourier series onto the linear space spanned by the basis
functions. It is noteworthy, that the projection onto a well chosen basis
also remedies the Gibbs phenomenon [15], and results in better approximations for the channel taps. In the next section, we introduce another
method for the computation of the BEM coefficients from estimated
Fourier coefficients of the channel taps, known as the inverse reconstruction method.

am 8m (t):

The essence of the inverse reconstruction method is to require that the

min

D. Fourier Coefficients of Channel Taps

=0

m

am ’s minimize the norm of the difference of the D lowest Fourier coefficients of f and fM

(7)

A BEM with the Legendre polynomials is introduced in [7]. It is
known that the Legendre polynomials are obtained from the PSWFs in
the limit as the bandwidth c decreases to 0 [12, Theorem 5.2]. Consequently, for sufficiently small values of c, a wireless channel can be
reasonably well modeled with the Legendre polynomials; see Section V
for simulation results.

01

M

=

P y^f

(14)

where P y is the Moore–Penrose pseudoinverse of the matrix P .
We note that the inverse reconstruction method can be used to compute approximate expansion coefficients of a function with respect to an
arbitrary basis from the Fourier coefficients of the function. Depending
on the choice of the basis, the Fourier coefficients appearing in the (13)
may be known in a closed form, or may need to be precomputed by a
suitable numerical integration method.
One of the main motivations behind the development of this method
is to mitigate the Gibbs phenomenon [11], [16]. Typically, orthogonal
analytic functions, e.g., polynomials, are used for reconstruction if the
unknown function is additionally assumed to be analytic.
IV. ESTIMATION OF BEM COEFFICIENTS
A. Overview
We apply the theory developed in the previous section to compute the
PSWF expansion coefficients by the inverse method. Given a positive
integer D , we estimate the first D Fourier coefficients of the channel
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TABLE I
OPERATION COUNT FOR THE PROPOSED ALGORITHM PER OFDM SYMBOL OBTAINED FOR
, AND
(AS USED IN THE SIMULATIONS)

= 256

= 32

=3

=2

H

taps ~ l [d] using the pilot assisted algorithm described in [7]. We consider the channel taps on the interval [0; KTs ], and approximate them
using the rescaled PSWFs 9m defined by (6). A straightforward cal^ m (d) are related to those
culation shows that the Fourier coefficients 9
of the PSWFs as follows:

^ m (d) = (01)d KTs ^m (d):
9
2

TABLE II
SIMULATION PARAMETERS: (a) TRANSMISSION SIMULATION PARAMETERS AND
(b) CHANNEL SIMULATION PARAMETERS

(15)

Using (7), we obtain

^ m (d) = (01)d (0|)m KTs
9

m
2c

m

d
c

(16)

where c = 2max KTs as explained in Section II. In view of (14), the
estimated PSWF coefficients of the lth channel tap are given by

[~bl;0 ; . . . ; ~bl;M 01 ]t = P y [ ~ l [D0 ]; . . . ; ~ l [D+ ]]t

H

H

(17)

where P is defined by (13).
The estimated PSWF expansion coefficients can be used for equalization of the received signal without creating the entire channel matrix,
see [8]. We note that the proposed BEM estimation method can be used
with any set of basis functions, we use the PSWFs only for illustration.
B. Detailed Description and Complexity Analysis
We assume that the pseudoinverse of the matrix P , which we denote
by P y , is precomputed. The matrix P y is dimensioned M 2 D , and
thus requires M D real numbers for its storage. The first D Fourier coefficients for all L channel taps, i.e., ~ l [d], are computed as described
in [7]. That method requires exactly DL log L + DL complex flops,
and the storage of DL + L complex numbers. Finally, the PSWF expansion coefficients of the channel taps are computed using (17). This
step requires M DL flops, and the storage of M L complex numbers.
The steps of the algorithm are presented in Table I, together with their
complexity, and a typical number of operations per OFDM symbol for
a setup with K = 256 subcarriers and L = K=8 discrete path delays.

H

C. Comparison With the Previous Method
In the Appendix, we show that the proposed estimation algorithm is
algebraically equivalent to the method proposed in [3]. In that paper,
the parameter Bc denotes the bandwidth of the approximating frequency domain channel matrix, and Q denotes the order of the BEM
basis. These two parameters in [3] are related to the parameters D
and M , respectively, of the present paper. Specifically, M = Q + 1
and D = 2Bc + 1. However, the proposed method has dramatically
lower complexity than that of [3]. Specifically, with L channel taps, the
proposed method requires O(L log L) operations and O(L) memory,
whereas the least square method in [3] requires O(L2 ) of both flops and
memory. The improvement complexity from O(L2 ) to O(L log L) is
significant. For example, Mobile WiMAX with K = 2048 subcarriers
exhibits a typical discrete path delay of L = K
8 = 256; see [1]. In this
case, the proposed algorithm is faster by a factor of logL L = 32.

V. COMPUTER SIMULATIONS
A. Description of Experiments
The OFDM transmission, and the wide sense stationary uncorrelated
scattering (WSSUS) channel are simulated using parameters given in
Table II. At the receiver’s end, we process one OFDM symbol at a
time. We first discard the cyclic prefix from the receive signal. Next we
estimate the BEM coefficients, using the BEM with the PSWFs and
the BEM with the Legendre polynomials. For estimating the BEM coefficients from the estimated Fourier coefficients, we use the inverse
method proposed in this paper, and the orthogonal projection method
proposed in [7]. The estimated BEM coefficients are further used for
equalization of the receive signal; see [8]. As a measure of performance, we report the normalized mean-square error (NMSE) of the
channel taps, averaged over 100 000 OFDM symbols. Furthermore, we
also report the BER averaged over 100 000 OFDM symbols, computed
after equalization, discarding pilots, quantization, deinterleaving, and
decoding using the BCJR algorithm, which is named after its inventors: Bahl, Cocke, Jelinek and Raviv. We note that reconstruction of
the channel matrix is not necessary for equalization [8].
B. Discussion of Simulation Results
Fig. 1(a) and (b) shows the NMSE as a function of Eb =N0 for the
BEM with the Legendre polynomials and the PSWFs, respectively.
Similarly, Fig. 2(a) and (b) shows the BER after equalization as a function of Eb =N0 for the BEM with the Legendre polynomials and the
PSWFs, respectively. A channel with the Doppler spread of 16% of the
intercarrier frequency is used in the above experiments. For both bases,
i.e., the PSWFs and the Legendre polynomials, we compute D = 3
Fourier coefficients per channel tap, and use the BEM model order
M = 2. In all figures, the curve labeled “conventional” is obtained
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Fig. 1. NMSE versus
at a Doppler of spread 16% of intercarrier frequency spacing. (a) BEM with Legendre polynomials. (b) BEM with PSWFs.

Fig. 2. BER versus
at a Doppler of spread 16% of intercarrier frequency spacing. (a) BEM with Legendre polynomials. (b) BEM with PSWFs.

via single tap estimation in the frequency domain. From these figures,
it is evident that the quality of estimation with the PSWFs and the Legendre polynomials is equal at relatively low Doppler spreads. We also
note that estimation with the projection method is more robust to ambient noise than the estimation with the inverse method.
Fig. 3(a) and (b) shows the NMSE and the BER as functions of
Eb =N0 with a channel having a Doppler spread of 62% of the intercarrier frequency spacing. We notice that at such a high Doppler spread,
estimation with the PSWFs with a proper time-bandwidth product is
significantly more accurate than one with the Legendre polynomials.
For the BEM with the PSWFs, the inverse method and the projection method work equally well. On the other hand, for the BEM with
the Legendre polynomials, the inverse method has significantly better
BERs than the projection method. The performance of the BEM with
the PSWFs depends on a proper choice of the time-bandwidth product
for the PSWFs (see [3] for a discussion), whereas the BEM with the
Legendre polynomials does not have such a parameter.

the BEM coefficients of the channel taps from their estimated Fourier
coefficients. We employ the inverse reconstruction method for this purpose. We compare the proposed method with an older one, which uses
the orthogonal projection for the same purpose. We observe in our numerical simulations that the projection method works better for low to
medium Doppler shifts, and the inverse reconstruction method works
better for relatively high Doppler shifts.
With L discrete channel taps, the proposed BEM coefficient estimation method requires (L log L) flops and (L) memory. By contrast,
a previous method by Tang et al. requires (L2 ) flops and memory.
The estimated BEM coefficients can be used directly for equalization,
without constructing the channel matrix; see [8]. In addition, we propose the prolate spheroidal wave functions (PSWFs) as a basis for the
channel taps.

VI. CONCLUSION
We present a novel algorithm for estimation of the BEM coefficients in OFDM systems. The proposed method efficiently computes

O

O
O

APPENDIX A
RELATIONSHIP TO PREVIOUS ESTIMATION METHODS
In this Appendix, we describe how our method is related to that of
Tang et al. [3]. The entries of the time domain channel matrix H are
zero, except possibly for the entries of the form H (n; n l) = hl [n];

0
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~m (d) denotes the dth Fourier coefficient of the mth basis funcwhere B
tion.
The approach of [3], and also of this paper, is to form a set of equations with the entries of HF corresponding to the pilot locations, and
solve it for the BEM coefficients blm . We observe that using (19) is
equivalent to (12) in [3]. The complexity of this approach is O(L2 ). Our
approach is based on (18), and with our frequency-domain Kronecker
Delta (FDKD) pilot arrangement, (18) gives rise to a factorization of
the system matrix into the DFT matrix of order L, and a D 2 M matrix
P . Consequently, the complexity of our approach is O(L log L).
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